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NPEJANCIOBHE K YETBEPTOMY HM3JIAHMIO

«QcHOBHO# Kypc TeopeTHueckoH Mexanuku» npodeccopa H. H, Byx-
romsua (1880—1944), pridepxaBluuil NMPH MKH3HH ABTOPA HECKOAbLKO H3-
Jauuit, 3apekoMengoBan cebf kak XopolumH y4yeOHHK AJA CTYNEHTOB
YHHBEDCHTETOB M LeHHOe nocobue, KOTOPHIM MOTYT NMOJb30BAaTLCA CTY-
JleHTBl APYTHX BY30B, 4 TAKKe HHIKeHEDH, KeJaolue NONOTHATL M YTy -
OuTs CBOM 3HAHMA B OOGNACTH MEXAHWKH.

Bropas wacts 9TOro Kypca, Kak m mepRas, mOCTPOEHa Ha MaTepHane
Jexuui, YHTAHHHIX aBTOPOM B TEYEHHE MHOTMX JeT B MOCKOBCKOM roO-
CYyAapCTBEHHOM YHMBEPCHTETe, M CONEPIKHT AHHAMHKY CHCTEMbl MarepH-
aJbHEIX TOYEK, NHHAMHKY TBePLOro Teld M Hayaja aHanuTHueckoft Mme-
XauHKM; nofpoOnee colepXaHHWe KHUIM BHAHO M3 oriasieHus. HecMOTps
Ha CPAaBHWTENbHO HeGoJbLIIOR OGbeM KHMTCH, BeCb MaTepual B Helt u3fo-
MEH C JOCTATOYHOM nOMHOTOM H WMIOCTPHPYeTCA UENbIM pagoM 3ajay
# NpuMepOB.

[Ipn moarotoBke K medaTH HACTOALLErO M3ZaHMA (MpPEABULyllee TPeThe
H3panue BHINTO B cBeT B 1945 r.) yacTh, Marepmana KHHTH TOJBepr-
nace nepepafoTKe W B Hee BHeCeH pAJ AOMOTHEHHH, YYMTHIBAIOIIKX,
8 YaCTHOCTH, H W3MEHeHHS B MPOrpamme YHHBEPCHTETCKOTO Kypca TeO-
PeTHYECKOR MeXaHMKH; OAHOBPEMGHHO YCTpDaHEeHbl 3aMededHble MOTpeu-
#©OCTH H OMEYATKH.

Hau6onee cymectennbie uamenenus BHecenw B Matepuwan m. 1 § 17,
on. 1 w3 § 18 wn. 8 § 26. HoGasnennt n. 8 § 2, § 4, nn. 3 n 11
8§8 n6s§9 md4ub68§ 26 unn 48§ 30 Hebonsume ns-
MeHeHust M A00GaBienuss CHENTAHBI W BO MHOTWMX JADYFHMX MECTAX KHHTH,

Kpome Toro, B G6abmyi0 yacTh naparpagos noGasjenbl 3a4a4d M TNpH-
Mephl,



6 NMPEJUCAOBHE K YETBEPTOMY H3JAHHIO

Kak u B mnepsBo#f wacTu, HyMepauus naparpadgos anas yao6cTsa
CCHIOK cllenana OOwlet mo Bceft Kuure. TepMuH «MaTepHa/bHAs YaCcTHUA»
daMeHeH Ha I'lpl‘lHﬂTbiﬂ B MEpPBLEIX W3JAHUAX TEPMHH «MaTepHAILHAA TOUKAR;
H3MEeHEH TaKWe B ueadx eamnoobpasna pai oGosznauenutt B ra. VIIL
Bce ocrambebie TepMuHb W 0603Havelvs, TMPHHATHIE ABTOPOM, B OCHOB-
HOM COXpaneHsl.

BuecenHnie npd nepepaboTke MaTepHana W3MeHeHHd W JOROJMHEHHS
B TeKCTe KHWTH ClellHa/bHO He OrOBApPHBAWTCA; ITO AUWIb Melnano Obl
NOJAB30BATLCA KHWMOH Kak yueOHHKOM.

Ilpu uTeHHWM KHWTHM ClelyeT HMeTb B BUIY, YTO BCe COZepalgnecs

B Helt CCHUIKH Ha TMepBYI0 4acTh HAKTCA IO INECTOMY H3LaHMIO 1)

C. M. Tapz

3y H. H. Byxroabu, OcHoBHOH Kypc TeopeTHUeCKOH MeXaHHKH, gactp Hep-
pas, U3l wectoe, Uan-so «Haykas, 1965.



I'JIABA TIEPBAf

OBIHE TEQPEMBlI JHHAMHKH
CHCTEMbBI MATEPHAJIbHbIX TOYEK

§ 1. OcHoBHbie moHATHA., CBA3H

1. Mexanuyeckana cuctema. Bugesl ceaAsell. MexaHuueckoH cucreMoft
HA3bIBAETCS TAKOE MHOMXECTBO MATepHANbHBIX TOYeK, B KOTOPOM IBHKE-
Hde KaXA0# TOYKH 3ABHCHT OT NMOJOKEHHA H JBHMEHHA OCTaAbHLIX TOYEK
CHCTeMBl. yC.TIOBﬂﬂ, Hanaramwuye Ol"paHH'-leHHH Ha ABM¥KeHHEe TOYeK CUCTEMEL,
HA3LIBAIOTCA CRA3AMH;, 9TH }TCJIOBHH AHATHTHYeCKH Bupa}ﬁam‘cn B BHIe
ypasHeHHH, CBS3HIBAIOIIMX Mexay coBof KOOPAMHATH M CKOPOCTH TOYeK
cucTeMbl, a TaikKe Bpems (cm. 4. I, § 14, n. 8). Ypasuenue nHeocsoGo-
waaowet CBA3M maeTCA PABEHCTROM BMAA

F (X0 Yo 21 Xo0 You 290 o4 Xpy Yoo 253

L5 Yo 2y En Pop e sovy Xay Papibyl =0,

THE 7 eCTb YMCAO TOYEK CHCTEMBI, HAW, COKpALIEHHO,
f(x, v, 25 %, 9, 2, HH=01), (1)
Ina ocpoGoxaalolieft ke CBA3M 9TO ypaBHEHue MMeEeT BMJ HEPABEHCTBA

f(% 3 2, %09, 2, >0 (1"

¥, 2 deasioTca QYHKUMAMH BpeMeHH, TO BpeMf B YpaBHeHMS CBA3H BXO-
AMT HeABHO 4ePe3 STH APFyMeHTH; KpOMe TOr0, OHO MOMKeT BXOIHTb H
asHo, CBA3b, He 3aBucAlllas ABHO OT BPEMEHH, HA3LIBAETCA CK/IEPOHOM-
HOM MJIM CTauMOHApHOW; €CNH ME CBA3b SBHO 3aBHCHT OT BPEMEHM, TO

Tak xax NpH [OBHKEHHH CHCTEMBI KOOPIHHATH X, ¥, & H CKOpOCTH X

.l). Ilpu oTeyTeTBMHM MHIEKCOB YCIOBHMCA B BbipameHHAX Buaa f (X, v, 2,

X, ¥, 2) NON X TOHHMATh BCK COBOKYHHOCTL BeMU4HH X|, Xy, ..., Xp 001
Y — COBOKYNHOCTbL ¥, Vg, .vsy ¥g U T. 1.



8 OBIIHME TEOPEMEI NHHAMHKHM CHCTEMB MATEPHAJIBHBIX TOYEK  [rJ. B

OH4 Ha3BIBAETCA DEOHOMHOR MAW HeCTaUMOHAPHOM, YpaBHeHHe CKaepo-
HOMHOH CBA3H MMeeT BHJ

f(x. v, 2z, x, y, 2)=0, 3]

8 CBa3b, BhHIpawadeMas ypasuenueM Bupa (1), Gymer peoHoMHOM,

Ypasuenns (1) u (2) onpenemaoT CBA3M, HAJNAraloliHe OTPAHHYEHHS
He TOJBKO H4 KOOPAMHATEI TOYEK CHCTEMbI, HO M HA MX CKODPOCTH; Takhe
CBA3H HOCAT Ha3BaHHe KHHEMATHYECKHX WIH AudbepeHUHaNbHEIX cBa3el,
Cea3p, KOTOpas HaJaraeT OrpaHHYEHHE TOABKO HA TONOKEHHA TOYEK
CMCTEMB M, CJeNOBaTeNbHO, BHIPAXKAGTCA YPABHEHHEM, CBA3LIBAIIMM
TO/MbKO KOOPAMHATH 3THX TOYEK, HAa3HBAETCA reOMeTPHYECKOH HIH KOHeu-
HOR CBA3bI0; ypaBHeHHe TeOMETPHYECKOH CBA3H MMeeT BMA

fx.y, 2;8)=0 nm f(x,y 2)=0. 3)

Mul orpaHuuHMCs PaccMOTpeHHEM KMHEMAaTHUeCKHX CBA3eH, KOTOpbie BhIpa-
KAOTCA YPABHEHHSMH, JHHEHHHIMH OTHOCHTENBHO CKOPOCTEH TOYEK CH-
CTeMBl, DTd YPaBHEHHA, CJH CBSISH DEOHOMHH, HMEIT BUA

g} (avkv+bvi’v+cvév)+ a==0, (€)]

rie a,, b, ¢, a cytb QyHKUMH KOODAHHAT X, ¥, Z M, BO3MOKHO,
Bpemenn f, T. €.

X, ¥ z
t

a, b, ¢, a
Ecin e 9TH CBASH CKISPOHOMHEI, TO OHH BLIDA3ATCH YPABHEHMHAMH BHAA
i
2 (ayxy+ by, ey2,) =0, (®)
Y=
rae a,, bv, ¢y 3aBHCAT TOAbBKC OT KOOpaWHAT X, ¥, 2.

Ymuoxkan ypapuenns (4) u (5) ma df, noayuum BbIpaXewHusi ypaBHe-
HHH KHHeMaTH4eCKHMX cBf3eH B BHIe

é(avdxv+bvdyv+cvdzv)+adr=0 (4a)

LI peoHOMHOH CBA3HM M
él(a:x‘r dx,+b,dy,+c,dz,) =0 (5a)
LI CKJIePOHOMHOR cBasu. JleBbie uacTn ypasHenuf#t (4a) u (5a) mpex-
CTaBnawT coBOR JuHeHRHble GOpMBI OTHOCHTENbHO AHdGepeHUHanoB KO-

OpaMHAT H, MOXeT ObiTh, BpeMeHH; ecau STH anHefiHble nuddepenunanb-
Hble MHOTOYJEHH ABASITCS MoAHBIME AnddepeHunanamy Kako#-uubyib



§1 OCHOBHBIE TIOHATHA, CBA3H 9

¢YHKUHH KOODAMHAT M BpeMeHH (T, €. HHTETPHUPYIOTCA), TO NOCAE HHTE-
rpuposanns auddepeHuHanbHag Cpa3b NepecrTaeT OHTh TaKOBOH M CTaHO-
BHUTCH KOHeuHOH CBA3bIO, HAMArapoILed YCIOBHA TOAbKO HA KOOPAHHATH
TOUEK CHCTEMH, T. €. TreoMeTpuuecko#t cesiabio. CienoBaTe/NbHO, CBSSH
6yper auddepeHunanbHOM TOABKO B TOM CJy4ae, eC/M OHa HEHHTe-
rpupyema.

o tepmusonoruu . Tepua mexaunueckas cHCTeMa, uMeiollas TOJbKO
CBA3M, BHIpAXEHHHE B KOHeUHOH dopme (TeOMETPHYECKHE), HA3biBaeTCH
TONOHOMHON; e/l e Ha cHCTeMy HanoxeHsl AHdepeHUHaNbHble HeHH-
TErPHPYeMbie CBA3H, TO CHCTEMA HA3bLIBAETCH HETONOHOMHOH.

[pumepamu HeroJOHOMHBEIX CHCTeM ABJIAIOTCA TBepible Tend, BbIHY-
WaeHHBle KaTHThcd Oes ckoJbXeHust no Kako#f-nubo mepoxoBaTod no-
BepxHocTH. KunemaTuyecku#t xapakrep Tako#t cBA3M BHIEH M3 TOro, 4TO
CKOPOCTb TOUKH KACAHMA TeNa ¢ NMOBEPXHOCTLIO NOJNKKHA PaBHATHCH HYMO.
Ecan ypasHenus, Bhipaxawomue 370 yCTOBMe, He MOTYT ObHTh mMpowHTe-
TpHpOBaHbl, TO CBa3b OyaeT HEroJoHOMHOH.

Mpamepsi. 1. Koneco paaguyca R xarurca 6e3 cKoJbieHHS N0 MpAMOJHHEH-
Homy penscy (puc. 1). IMonomeune xongca B maockoctd asumenua Oxy onpe-
JedsierTca KOOpAHHATAMH X, ¥ UeHTpa C Koaeca (MOMIOCA) U yrAOM NOBOPOTA §.

Ecau ocb x HampaButh BaOJAb peibca, TO y.= R (reomeTpuveckas CBA3b).
Kpome Ttoro, gommna OuThL paBHa HyMO CKOpPOCTb TOYKM Kacanua K konreca
€ pEeaLcoM; STO yCaoBHE NaeT xc—-Rtpao (xuuemaruyeckas ceass). Ho nau-

HOZ2 ypaBHeHHe CPa3y MHTErPHPYETCR H NMPHBOJMT K COOTHOUICHHIO MEXAY KOOp-
RMHATAMH X H @, UMEIOWeMy BUR X .— Rg = const. Takum o6pazoM, paccMOT-

peHHag CucTeMa ABAACTCA roJoHOMHOH.

¥ a3 ¢
O~~~
0 A e ‘” 0
Puc. 1. Puc. 2.

2. Konecuko maﬂnue'rﬁpa (C oCTpHIM, peXyulHM Kpaem) KatuTca Ge3 CKOJb-
WEeHUS 1O TOPH3OHTANbLHOH NJAOCKOCTH, OCTABAfACh MEpHEHIHKYAADHWM K 370
NAOCKOCTH; BHJ KOJECHKA B TpPOexkUHY HAa TOPM3OHTANBHYI0 NAOCKOCTH Oxy
nokalan Ha puc. 2. [TonomeHne KOJecHKa ONMpexensieTcd KOOpAHHATAMHU o Yo

ero uenrpa C (2,=R, rae R—pannyc xojecHka), yriom 0, xoropuii nao-
CKOCTh KonecHka o6pa3yeT C OChI X, M YrJAOM NOBOPOTA @ KOJECHKA BOKPYF
€ro ocH (Ha pucyHke He mokasaH). Tak Kak CKOPOCTb TOYKH KacamMa Koaechka
€ TJOCKOCTbIO paBHa HyMO, TO CKOPOCTh IeHTpa Kofeca ¥, == Rg. Haanuue

OCTPOro kpad, He NONYCKAKWEro NMepeMeileHne KOJCCHKA B HANpaBAeHHH, Tep-
MeHJMKYAAPHOM K €ro NJI0CKOCTH, TpeGyer, uToObl BEKTOp ¥, BCE BpeMa Jiewan



10 OBUIHE TEOPEMBI OHMHAMHMKU CHCTEMBI MATEPHAJNBHBIX TOYEK ({I'V1. I

B [IOCKOCTA KOJEeCHKA, 3TO MPHBOAMT K CAEAYIOWMM NBYM COOTHOUICHHAM Mex1y
KOOPAHHATAMH X Y @) 0:

%o =Rgcosf, y,=Rpsino, (a)

VYpasuenun (a), xorna 0 s= const, He MOryT ObITh IPOHHTEIDHPOBAHMLI; CJEIOBA-
TeNABbHO, CHCTEMA ABJAfeTcA HEeroJOHOMHOI.

3. Ilonomenne mapa paxuyca R, xaramierocs 6e3 CKOJbXeHHS MO TOPHIOH-
TaabHoH naockoctd (pue. 3), onpeaenseTcs KOOPIHHATAMH Xer Yo # €FO LEHTPA

H Tpems yriaMd nOBOPOTA BOKPYr leHTpa, Hanpusmep yriamu Oinepa ¢, ¥, 0
g I, § (puc. 80)]. Tak kak cko=-
pocth TOUKM kacaHua K polwHa GuTh
paBHa HyaMlo, TO CKOpoCTh uentpa C
YAOBJIETBOPAET ~ BEKTODHOMY  PaBEHCTBY
9.+ (@ X CK) =0, rae & -— MruoBennasn
yrJioBast CKOpOCTh lapa. Y4dTmBas, 970
npoexuud BekTopa CK Ha HEnoABHKHLIS
& ocn Oxyz pasusl 0, 0, — R, noiayuum
B [pOEKIHAX HA OCH
£ xc-—Rcoy»:O, yc—i-Rtox:O, 2c=0.
(6)
lTocneanee  ypaBHenWe  uMHTErpHpyercs
M Jaer reoMerpudeckoe yciaoshe z,= R.

[lepnre ke aBa ypapHeHWs HEHHTErpHPYEMHl, B 4eM MOWKHO yOeIuThCA, BHpa-
BMB @, H @y Yepe3 yraw @, P, 8 u uX Npou3BOJHBIE NO BPeMEHH [3TH BHpame-
HuA fawTca Huwe ypasHeHuamu (4) B § 14, rae p’ =y, ¢’ =o,). Caenosa-
TEALHO, JAHHAA CHCTEMA TaKiKe ABJIAETCH HEroJOHOMHOMN.

Puc. 3.

2. Ycnoeua, Hanaraemble CBA3AMH Ha BapHauHH KOOPJAHHAT.
PaceMoTpuM TONOHOMHYIO CHCTEMY W3 £ MaTepuaibHbIX TOUYEK, Ha
KOTOPYIO HaNOXEHO K KOHEUYHbIX CBs3eH, DBhIpamaeMHIX YPaBHEHHAMM BHIA

[u(x, v, 2, 6)=0 =1, 2, ..., k).

Toraa ucn0 He3aBUCHMEBIX KOODIMHAT 3TOH CHCTeMBl OyneT pasHo 3n — f
(em. u. I, § 14, n. 6). Janum cucTeMe HeKOTOPOe BHDPTYalbHOe Mepe-
MelleHHe, BCJIEICTBHE KOTOPOTO KOOpIHHATHL TOUYEK CHCTeMbl moay4at
NPHPALIEHHS, paBHbie BAPHAUMAM STHX KOOpPAHHAT

bx.. Oy, Oz, v=12 ..., n)

DTH BapuauMH, YMCAO KOTOPHIX paBHO 37, we OYAYT He3aBHCHMBIMH,
TaK KaK BCASACTBHE HANOMEHHBIX KOHEYHEIX ceazell OHHM JTOMKHE y,.'IO'
B-"IeTBOpHTb k YCJIOBH‘FIM BHIA
n
0fy Ofy Ofy 8 )
el futlt B =X §2 | = we=1; 2, o
E(axv bey Gy 89y 5z, 82y =0 (=1, . k), (6)
v=1

KOTOpEle Mbl MOJYy4YHM, Bapbupys ypaBHeHus cpsiseft (cm. u. I, § 28, m. 2).
CrnenosaTenbHo, HYMCAO He3aBUCHMBIX Bapwalu# Oyner paBHO 3n— &,
T, €. YACAY HC3aBHCHMBIX KOOPIMHAT CHCTEMEL.



§1) OCHOBHLIE MOHHATHSN. CBSI3H 11

[peanmonomum Temepb, 4TO CHCTEMAa HETOJONOMHA M HAa Hee, Kpome
KOHEUYHBIX CBfseH, BHIPAMAEMBIX ypaBHEHHUAMH BHAA

fx(x, ¥, 2, 8)=0, =1, Bovunnynlt);

Ha/MO¥eHO elle r AHpQepeHUHaTbHEX (HEHHTErPHPYEMbIX) CBA3eM, ypab-
HEHHAl KOTOPBIX HMEKT BHI

Zl(apvdxv—kbmdyv—}-cmdzv)—i—apdt_:o b=1:2; viuidl )

Ypasrennst (7) cBA3HBalOT Mexay cobo# npoexuun dx, dy, dz ucTun-
HBIX mnepeMelmeHHH TOYEeK CHCTeMbl, COBeplIaeéMbIX 34 SAeMEHTApHBIR
npoMexyrok BpemeHn df. TIpm BupTyanbhOM nepeMmelleln H3MeHeHUA
KOOpDAHHAT TOYEK CHCTeMBl BhIpaxaloTca uX Bapuauuamu Ox, dy, 8z,
npuueM Of =90, Tak KaK BHPTYalbHOE mnepeMellleHHe eCTb H3MeHeHue
MOMOMEHHA CHCTEMBI, COOTBETCTBYIOLIEE NAaHHOMY MOMeHTY (npu onpe-
JeNneHHH STHX mepeMellienuft Bpems ie Bapbupyercst). ITosTomy ypashe-
HHMe, cBA3mBalice Mexny coboit Bapuanmm xoopauHat dx, Oy, 0z,
MBI MoJayyum W3 ypaBHewus (7) nyreM 3amensl NMddepeHuualos Bapua-
UMAMH, npHHMMas BO BHMManue, uro Of==0; cnenosarensHo, and-
depeHuuaibible CBA3K THNA (7) HANAraoT HA BADHALHH KOOPIMHAT YCAOBHS

n
2‘,](apvaxv+bpvayv+cpv6zv)=o =12 ....7. (8
=

Orcwona AcHO, 4TO npu AudpepeHuHANBHBIX CBA3AX, TaK e KaK
H NPH KOHEUYHhIX, BMPTYaJbHbIE MNepeMelleHUsi COBMANANT C HCTHHHBIMH
TOMLKO B TOM CJy4ae, eCJTH CBfi3b CK/JIEPOHOMHA, T, €. eC/]H ypaBHeHue
AnddepeHUMATLHOR CBA3M HMEET BHI

n
‘g] (apydx,+b,, dy,~+c,,d2,)=0,

npuieM @y, by, €,y OyAYT QYHKUMAMH TOJALKO KOODAUHAT, HO He Bpe-
MeHH, BXOAAlIero fABHO.

Hrak, nycTh Ha CHCTeMy HANOWEHO £ KOHeUHBIX CBA3el, Bbipamae-
MBI X ypaBHeHHHMH Bi1a

fulx, v, 20 £)=0 (=1, 2, ..., &),

# r puddepeHUMaNbHEIX HEMHTETPHUDYEMBIX CBA3eH, ypaBHEHHMS] KOTOpPHIX
HMEIOT BHI

n
D@ dryFbyydy,tepdz)tadi=0 (=12, ..., ).

Yncno HesaBHCMMBIX KOOpAMHAT CHCTeMbl OyleT paBHo 3n—k, r1e 1
ecTb yMCAO TOueK CHCTeMbl. Bapuaunm We KoopAMHAT OyayT cBA3aHH
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yCIOBHAMHU

4 0 d ofy
LT TP EP P

v=1

n

1;l(irzm,c‘.mc\,-i—c‘:m,,niny‘,—[—cp‘,“)z‘,)=0 =1, 2, ..., r).
Yucno stux ycaosut pasHO R—-r, CIeNOBAaTENILHO, YHCIO HE3ABHCUMLIX
BapHaunft parHo 3n — (R —-r). Orcloma caelyer, 4TO B HErOJOHOMHBIX
CHCTEMAX YHCJIO HE3aBHCHMBLIX BapHAUMM MeHblle YHC/A He3aBHCHMBIX
KOOPIHHAT CHCTeMbl, TOTAA KaK JJIA TOJOHOMHHX CHCTeM STH 4YHCAa
COBNAaAAIOT.

Hucnrok cmenened c80000u cucmems 6yderm Ra3nsams Hucao
HeaasucumntX sapuatud xoopdunam. Torma Ans rolOHOMHON CHCTeMB
YHCAO CcTemeHel cBOGOAB PaBHO UYHCIY HE3aBHCHMBIX KOODAMHAT, a mas
HerOJOHOMHON CHCTEMBl MeHbUie UMC/A He3aBHCHMEIX KOOPIHHAT,

OGpatumca K mpuMepaM, pacCMOTPEHHHM B koume m. 1. B l}?pl-luepe I ko-
KODMHHATH Xy ¥, @ KOXECA yNOBIETBOPAIOT YPABHEHHAM Y. = R, X,— Rp=
= const. CnefoBarenbuo, NONOKEHHE KOJIECA OnMpeleasieTcs ofHON KOOpRHHATO,

nanpumMep xc; YHCAO CcTeneHeH cofojbl Koneca Takke PaABHO €nHHHLE.
B npuMepe 2 nonoxenne KolecHkKa onpeaenferca 4eThlpbMA KOOpAHHATAME
Ao Yoo @ 6. Ho papnauuu 9THX KOOPAMHAT, COTMACHO ypaBHEHHSM (a), CBA3AHLE
.s COOTHOIMMIEHHAMHK

8x, = Rdgcos 6, By = Rbgsin6.

ChepgosaresHO, He3aBHCHMMX  BapHauui
M 4] 6yner aBe, nanpumep &9 u 86, H xone-
CHKO HMeeT JBe cTeneHH CBOOGOmbL.
f B npumepe 3 umcino xoopauHAT cH-
z ot CTeMbl PaBHO MATH: X, Y. HYFAH @, V), 0.
y) Ho Bapuaunu 3THX KoopaHHar 6yayT cBa-

2 9aHbl ABYMA COOTHOIIGHHAMH, BHTEKA-
A / MHUMH H3 TEpBHX JBYX paBeHCTB CHCTE-
7

Mbl (6). CrnenoBaTenbHO, IZD HMEET TpH
¢TeneHH cBoOOOKM,

z

1 ! 3. Wnorpa OGuiBaer yuobuo 060-

Puc. 4. 8HauaTb KOODAWHATHL TOYEK OfHOR

OyKBOH C pasIMYHBIMH MHAEKCAMH, CO-

OTBeTCTBYIOLIMMH KOOPAMHATHHIM OCAM, KOTOpPbie B CBOW ouepeab 00o-
aHauatorcst HoMepamu 1, 2, 3 (puc. 4). Tax, manpuMep, XoopauHaTHI

Toukn M, BMECTO X;, ¥, 2; 0003HAYAOTCA X, X9 X
ToukH M, BMecTO X,, V,, 2, 0003HauUalTCA X, X; X,

Toukn M, BMECTO X,, ¥,, 2, 0003HAYANTCA X3,.9, X351 Xgue
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Macew sTHX Touek A ynoGCTBAa cymMupoBahus oGo3nauanrcs oaHOH
OyxBOH C TeMH Ke HHAEKCAMM, YTO M KOOPAMHATHL STHX TOYEK; HANpH-
mep, Macca ToukH M; 0603HauaeTCs WAM My, WAM My, WIH Mg, TIDHUEM,
KOHeYHO, My ==ty == mgy; macca Touxu M, obosnauaerca uau m,, HIH mg,
MIH Mg, TPHYEM mM,= ms==mg Macca ToukH M, oboanavaerca Hau
Myp_9, HIH Mg, |, WA Mg, TPHYSM Mg, o == My, == My, TaKUMH
0603HaueHnaMH Mbl OyieM HHOTZA MOJIb30BATHCA.

§ 2. OcHOBHBIE AMHAMHYECKHE BeJHUHHH

1. PaccmoTpum cHCTemy £ MaTepuaibHbIX TOUEK, HAXOIAIMXCHA B NBH~
sennd. Toria B 1060H MOMEHT BpeMeHHM KOJHYeCTBO HBHIKEHHS KAXMOM
TOYKH CHMCTEMBl C Macco# m, Oymer H300paxarbCs BeKTOpoM m, 0.,
NpUAOKEHHEIM B 9To# Touke. Ilpmsenem cuCTeMy BexkTopos m,v,
¥ KakoMmy-uubyae uenrpy O (pme. 5).
B pesyabrare mnoayumm: 1) raasHufl

BekTOp 1)
Q=2im,

KOTOPHHA paBeH TeoMeTpHYEeCKOH CyMmme
KOJHYECTB ABHKEHHS BCeX TOYEK CHCTEeMbI
H HA3bIBAETCH 2A408HbLM BEKMOPOM KO Al-
yecms OBUNCEHUA CUCM EMB WIH NIPOCTO
KOAUHECM BOM OBUNCCHUS CUCMEM, U
2) raaBHLf MOMEHT

G, = % (ry X my,),

KOTOpHH papeH TeOMeTPHYECKOH CyMde Puc. 5.
MOMEHTOB KOJIHYECTB [IBHMEHMA BCeX
TOYEK CHCTEMBI OTHOCHTENAbHO HeHTpa O M HOCHT Ha3BaHHe 24A8HO20
MOMERMA HOAULECHS QBUICEHUA CUCMEMB WM KUHEMUYLEeCKo20 MO-
MeHma cucmembl OTHOCHTeABHO Uentpa O,

2. KoauyecTBO ppHKeHHA cucrembl. Ilpeobpasyem BoipameHnue
KOJHYECTBA JABHXKEHHA CHCTeMbl

Q= g myo,.

Tak kagk 7= TO

— _drv_iz
Q—va qt o af dd Vv
v Vv

1) ¥YcaopumMca B nanbueHIIeM Jaf KpaTKOCTH BO BCeX cCiayuafdX, Koraa
n

dr
ar

870 ite MOKeT BW3BATh HelopasyMenuil, BMECTO ¥ THCaTh NPOCTO D) HIH ).
v=1 v
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Ho u3 dopumynae, onpelensdiolled paauyc-BeKTOpP Fo LUEHTpPA Macc CH-
CTeMH, CilenyeT, 4To

gmvrv=MfC,

rne M= D} m, ecTb Macca Bcel CHCTEMH; MOSTOMY
v

dr
Q=M—E§-=M¢;C, (D

rie o eCTb CKOPOCTh LEHTPa Macc. Orciona uMeeM TeOpeMy: KoAu-
yecmeo OBUJNCEHUSN cUCMeMb PABHO KoAudecm8Y OBUNCEHUR, KOMmMopoe
umen Gob UeHmp Macc cucmemvl, ecau 6ol 8 Hem Owvlaa cocpedomo-
yena Macca scei cucmemws. VHuIMM cloBaMu, KOJMYECTBO ABHYKeHHA
CHCTEMBI [JaBHO HpOHBBeB.EHH[O MaCChl CHCTEMLI HA CKOPOCTL ee HeHTpa Macc.

[TpoekuuH KO/MMYECTBa IBHKEHHA CHCTEMBl HA OCH KOOpIAMHAT 6yayT

Qx=v2mv)‘cv=MJéc, Qyzgmvjvz MS’C’
Qz=2mvév=Méc.
v

H3 nm{aaam{oﬂ TeopBMH cnenyer. YTO KOJHYSCTBO JNBMMEHHA CH-
cTeMBl 1O OTHOWeHuw K moOuM ocaM Cx'y'z’, umeoumuM [1auano
B uehtpe Macc C M mepeMellailUUMC BMeCTe C ITHUM LEHTDOM, DPAaBHO
HYmO, TaK KaK OTHOCHTeNbHO 3THX oced ©,==0. B uvactHocTn, oue-
Buano, Oyzer paBHO HYJAI0 KOAHYECTBO ABUKKEHHA TBepaoro TeJaa, Bpa-
maiolilerocs BOKDYT OCH, NpOXoaAalllell vyepe3 wueHTp Macc 9TOro Tena.

3. KuHeTHuecKkHit MOMEHT cHcTeMbl. KuHeTHYeCKHM MOMEHTOM
OTHOCHTE/EHO uempa O Ha3LBARTCA, KakK GHJIO y:(aaauo BhRILLIE, BEKTOP*

Hafs BeJMuYMHA, oOmpejleiseMas paBeH-
CTBOM

60=2(rv><mv‘vv)=
uz(rv X mv"—d’}). @)

IipeoGpasyem sTo Beipawmenue. ITpo-
BegeMm ueped uedtp macc C cucTeMs
ocn Cx'y’z" (puc. 6), xotopee Oyayr
Puc. 6. nepeMelllaTbCl NO OTHOWWECHHIO K OC-

HOBHOH wuHepuMaMbLHOH CHCTeMe OT-
cuera Oxyz nocmynameabwo BMecTe C ueHTpom Macc. OBosHauum
panuyc-BeKTop MoOOR TOUKH M, cucteMul ¢ MaccOH m, no OTHOLIEHHMIO
K ocaM Oxyz uepea r,, a No OTHOWeHHIO K ocam Cx'y'z’ uepes r!; pa-

AMYC-BEKTOD LEHTpa Macc HasoeeM r¢. Torna
ry=retr, ()
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Ecnu cucrema nBuXeTcs, TO F, o B £, CyTb (YyHKUMH BpeMeHH; no-
CKOJMbKY PaBeHCTBO (3) HMeeT MecTo B JIOOOH MOMEHT BpeMeHH, To

dr, dr, dr,,

P il R 4

Tloxcrasnss Beipawenus (3) u (4) B paBeHCTBO (2), NOMy4HM

Gozg[(rc+f;)><m (d;c +ar )]

di"c

PackpuiBad ckobxn W 0603Hauaq CKOPOCTb —z=

LeHTpa MacC uepes P,
HaXoAHuM

Go=z(rc>< mv"c)+2(fc Xm‘,%)—l—

. i dr!
-+ E(r\, va"f:)"" 2 (rv X om, d—t")
3aMeTuM, uTO v ¥

Sm,=M, Fmir =Mr,=0;
v

v
saece M —macca cucrembl, a ro==0, TaK Kax.r ecTb PaanyC-BEKTOp

toukn C B ocsix Cx’y'2’, Torma GyseMm uMeTb CleAylOUIME OYeBHIHbIE
paBencTBa:

g (re X myoe)=1r¢ X Mg,

ar! 2 dr.
v v
2(’C><’”v dt) "C‘szv a =

v y=1
:rcxdtzdm v=0.

D(ryXmor)= E m.r. >< V=0,

Ev(" X vdt) E(erv)

rae 9, eCTb CKOPOCTH TOYKH C MaccOM m, OTHOCHTeMbHO ocet Cx’y’z’.
Ha ocnoBannn 9STHX paBeHCTB mNOJYYMM BbIpameHHe KHHETHYECKOTO

{ )
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Momenta @, B BHIe

GO =rc>< M@C—i_Z(r;va”;)o (6)
v

IMepoui#t uneH MpaBoH 4acTH ecTb MOMEHT OTHOCHTENBHO wueHTpa O
KOTMYeCcTBA ABHIKEHMA, KOTOpOe HMen Oni UEHTP MacC cucTeMbl, eclH Gbl
B HeM Owia cocpeioTOYeHa Macca sced cucTembi. Bropo#t uien

G =3 (ry X m2))

NpencTasaser CO60M CYMMY MOMEHTOB OTHOCHTENbHO LEHTPA Macc Koau-
YCCTB IBUMIKEHHR TOUYEK CHCTEMbl B €e ABHXEHMM 1O OTHOWIGHMIO K MO-
JBUMHOH cucTeme orcuera Cx'y’z’,

Orciofla TMOAYHaeM TEOPEMY: KUHEMU4ecKull MOMeHm Ccucmemn
OMHOCUMENbHO KaAK020-HUGYAb HenodsuicHo20 HeHmpa pases Ho-
MEHMY OMHOCUMEAbHO JMO0 UeHMpPa KOAUdecmsa OB8UINCEHUS
Beumpa Mace 8 npeonoloNCerul, 4mo & Hem cocpedomo4eHa Macca
Bced cucmembl, CAONCEHHOMY ¢ KUHEMUYECKUM MOMEHMOM cucme Mol
OMHOCUMEAbHO HEHMPA MACC 8 ee OBUNCEHUU NO OMHOWEHUIO K NO-
Q8UICHON cucmeme omcewema, nepesMeuaoieldca eMecme ¢ yewmpoi
MACC NOCMYNAMEABHO, T. €.

Gp=r¢ X Mo+ G, 6
Pagerctso (67) MOHO ellle NMpeiCTABWTL B BHIE
Go=r¢ X Mo+ G, (6"
rae GC:Z(";X"”W@' B camom ageme, Tak xak, cormacHo ¢op-
myze (4), v:=vc+v;, TO, YUYHTHBAA TpeTbe M3 paBeHcTB (5), Oyaem
HMETh
3 X m8) =2y X m,90)+ B (1, X mo}) = F(r, X m,0)).

HITH Gcsﬂk.
Ecan nepefTH K JeKapTOBLIM KOODAMHATAM, MOJOXHB

ro=xi+y Jj+2zk ro=xi-+yJj+z.R
re=xci+yci+2ck

TO MpOeKIiHH KMHETHYECKOT0 MOMEHTa CHCTEMBI Ha OCH KOOpAWHAT, HWJH,
4YTO TO e, KHHETHYECKHe MOMEHTHl CHCTEeMBl OTHOCHTEJbHO KOOPIMHATHBIX
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OCeH, BHIPA3ATCA TaK:
G, = g My (Yy2y— 2y¥y) =
. % rie r 2y,
== M(yc2¢ — 2¢¥c) -i—g m,(9e2y—Z,90)
g, = % My (2yXy— X,2.) =
. . , . 0
! r LY AW
= M(2¢Xc —xc20)+ g m (2%, — X 20)

Oz = % mv (xv)"v_ yvx.p) —

=M (xc}:'c — YeXe)+ ? m, (xéi’;“ y\:x;)

4. NMepemena uenrtpa npusenenus. Kax Gbiio ckasawo B n. 1 storo
naparpada, KONMYECTBO ABMMEHHSI CHCTEMbl @ M KMHETHYeCKMH MOMEHT
cucreMsl G OTHOCHTEAbHO LeHTpa O ABNAOTCA COOTBETCTBEHHO IVIABHBIM
BEKTOPOM H F/IABHBIM MOMEHTOM OTHOCHTENbHO TOTO KE LEHTPA CHCTEMBI
BEKTOPOB M.V, NMPEACTaBIAOWHX COO0I0 KOJTHYECTBA JBHKEHH TOUEK CH-
crembl, Ecnu B3aTh Apyro# ueHTp npuseserus O/, To, OUEBHIHO, rAaBHLIH
BekTOp @ ocraHercs Oe3 H3MeHeHus, a
I7aBHBIH MOMEHT, T.e. B AaHHOM Cayyae £ 0=
KWHETHYECKHH MOMEHT CHCTEMBl OTHO-
cutenbHo uewrpa O, OyzeT yme
uHo#t. B camoMm mene, Tak kak (puc. 7)

Gor = % (r:r X mvvv)

H
5 st
r\r:rv‘—ooln

TO

Go = vZ i(ry— 00) X m 0] =
= 3 (r, X myo,)— 00" X % mo.,

PHC- 7.

OTKyda, MNpHHMMAax BO BHMMauHe, YTO Zm\,-v‘,ﬁq, NOJYYHM
v

Go = Go — 00’ X Q. 8)

B uactHoM cayyae, ecam Touka O’ sBagercst uewtpoM Macc C CH-
creMbi, paseHcTBO (8) maer dopmyay (6”).

5. KuHeTHyeckHit MOMEHT BpAWAWWETOCA Teda OTHOCHTEJABHO
ocH BpameHusi, B xauectBe npuMepa Hafilem KHUHETHYeCKHH MoMeHT
OTHOCHTe/IbHO OCH X AaA alcoMOTHO TBEpPAOTO Tefa, Bpamlalomerocs

2 H. H. Byxroasy
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BOKDYT 8TOH OCH € yrioBoft ckopocTeio @ (puc. 8). Kunernueckn#t mo-
MeHT TBEepJAOro Teda oTHOCHTEIbHO ock OX ecThb CymMMa MOMEHTOB KOJH-
ueCTB JBHXEHHMS BCeX TOYEK TeJa OTHOCHTeNbHO 3To# ocH. Tak xax
CKOPOCTH ToueK Tena MepnedaHKyIfApHBl K OCH BpallleHHHA, TO MOMEHT
KOJHMYeCTBA ABMKeHH TOUKM ¢ Macco#t m, oTHocHTenbHo ock Ox pasen
myh,, rie h, ecTb paccTofHHe TOUKH
oT ocu Bpamenua, ITostomy

G, = g myo A,

£

2
o
t

m,vy, Ho rax xak v,=h0, TO

-“

Beawnunna m h%, paBHas cyMMe mpo-
e

H3BeneHHH MAacchl Kawno# TOuYKW Tena Ha

»/’, KBaapaT pacCTOAHHS ee 10 HEKOTOPOH ocwm,

Puc. 8. Ha3biBaeTCs MOMEHMOM UHepyul meaa

OTHOCHTeNbHO 3TOH OCHM H HrpaeT OueHb

2

BAXKHYI0O pONL B AWMHAMEHKE TBepioro Ttena. OGoaxauas Zm\,iz\,=.}x-
Oy unM

G,=J0. (9)

Haftaem Ty e caMyio BeauuuHy HHHM nyTeM. Kumeruvweckuit momenr
TBEPAOr0 TeAad OTHOCHTENbHO KakoH-1u60 OCH X paBeH HNPOEKIHH KHHETHYECKOro
MoMeHTa OTHOCHTeNbHO M1000if TOuKK 3TOH OCH Ha OCh, T. €.

—_— . %0
G L =0y %%
rae x° ecTh eaMHMUHBIH Beklop HanpaBaeuud ocH x, Ho

G,= ? r,Xmge,
npuzeM
Py =@ X I'y}
HO3TOMY

GO=Z"‘,><”‘v(“'X"ﬂ"‘*’%”’v’i“gmu’v(‘“"v)-
v

(Otciona BUIHO, YTO BOOGINE KHHETHYSCKHMH MOMEHT BpallaoIerocs Tea, B3aTH it
OTHOCHTENBHO Kakoro-Hubyab LEHTpa, Jekalnero lla OCH BpAileHHs, He Hampa-

Baen no sroit ocu) CrpoexTupyem BekTop G, Ha och Ox; noayunm

Gx=Go-x“-—*@'xOEmvfi—va('v'xo)(”"’v).
v v
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Tak xak ock Ox HanmpaBieHa NO OCH BpauweHus, 1o (puc. 9)
O xX=0 ryx0=0P=ux; @ r,=—oxy

oTCIaa

19

G, =0 P mrs—o Y mxs =03 m,(r}—xi),
v b v

uau, TaK Kax rf,—x3=hf,, rae h, ecrb paccrosune Ttoukn M, 10 ocu Bpa-

1HIeHuA, ,
G =0 X mph’=1J0.
v

6. Kunernueckas sHeprusa cucremsl, Kuue-
muneckoll sHepeuell cucmeb. Ha3blBAeTCA CKa-
asgpHad pe/MYHHA, PpaBHad CyMMe KHHETHYECKHX
syepru#t BCeX Touek cucTeMsl. Ecam ckopocTh
ToukH ¢ Maccoit m, 0003HauMM uyepes ¥,, TO KH-
HeTHuecKasd 9Heprus cucTemst Oynet

1 2:
T____Q- mvﬂi‘ (10)
v

rie CyMMa pacnpoCTpaHseTcs Ha BCe TOYKM Cu-
CTeMbl.

BeeneM onmaTe cucremy ocet Cx’y’z’, nepe-
Melamunuxca BMeCTe C I.IEHTPOM Macc nocryna-

A

Puc. 9.

reabo (cM. puc. 6). Toraa, cornacHo pasencrsy (4), Oynem umers

0, =9.+ 7,

rie @, — CKOpoCcTb UeHTpa Macc, P, — CKOPOCTb TOYKH C maccoit m,
B ocwoBHo#t cucreme orcuera Oxyz, 0;—CKOpOCTb TOH We TOYKM mO

OTHOWCHWIO K TOIBMKHBM ocam Cx'y’2’.
y

[loacTasass 9TO 3HAYeHHe T, B BhIPAWEHHE KUHETHUECKOH sHepruu (10),

HaftogeMm, UTO

1 , 1 1 .
= Nm(oc+of =5 Xmsi+ X moc o+ Ymo).
b v Vv v

IpeoGpasyes unensl npaBo#t vactu. Tlomyuaes
g — Mo?
Sim vl =vd. Xm = Mo,
v v
rae M= D m,— Macca Bcet cucTemu. [lanee
v
% mvw(.‘ ' ‘vv == vC * ; mvvv;

HO

’
o N, 4ry 4 il
zm‘,‘v‘,—‘zmvT—EEmVFV—EMr‘:,:O’
v v v

2*
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TaK KaK r,==0; ClIen0oBaTenLHo,
’
> mo.-v,=0.
v
B pesyawtare okouvarensuo OyneMm umeThb

1 1 3
=5 Mot +5 B ma). an
v

Ilepsu#t unen npaBo#t uactH pasencrBa (11) ecTs xuneTnueckas
9Heprust, KOTOpyl0 HMeld Obl umeHTpP Macc, ecnu 6 B HeM Ouia cocpe-
IOTOYeHa Macca BCeH cuCTeMH; BTOPOH uneH npencrasiseT cofoft kuuxe-
THYECKYI0 SHEPrHI0 CHCTEMHl NMPH €e ABMMEHHH OTHOCHTE/JbHO MOABHKHON
CHCTeMBl OTCYeTd, MMeOLIEH Hayano B UEHTPE Macc M nepeMea-
wieHcst BMeCTe C HEHTPOM Macc mocTymaTedbHO. ClefoBaTenbHO, KuHe-
MUYecKan JHep2UA cucmembl pPasHa KuHemudecKold aHepauu uyedmpa
Mace 8 npednosoxnceduu, 4mo 8 Hem cocpedomoueHa macca sceil cu-
cmeMbl, CA0NCEHHOR ¢ KuHemuwecrol sSHepzuell cucmems npu 08u-
SICeHUU ee OMHOCUMEAbHO NOOSUNCHOU cucmems omcdema, nepee-
waoweldca 8mecme ¢ UEHMPOM Macc nocmynameasHo (TeopeMa
Kénnra).

IMpeanonoxuM Tenepk, 4TO CHCTEMA TOYEK ABHMETCS OTHOCHTEJBHO
MOABHKHON CHCTEMBI OTCYeTa, KOTOpad B CBOI0 oudepeldb ABHKETCA no-
cmynameAbHO OTHOCHTEJIBHO OCHOBHOH WHepUMaNbHOM CHCTeMbl OpHeH-
THDPOBKH C MPOH3BOJABHOH CKOPOCTbIO ¥y Torama, Ha OCHOBAHMH TeopeMbl
0 caoXenun cKopocTelf, CKOPOCTb Kaxko#-nnbo TOUKH CHCTEMH C Mace-
COR m., OTHOCHTeNbHO OCHOBHOM CmCTeMBl oTcuera Oyier

r
v, =7+,
rie ‘U; eCTh CKOpPOCTH TOH We TOUKH MO OTHOLIEHHI0 K MOABHXKHOH CH-

ctreme otcuera B pe3yabTate KHHeTHYeCKAa® SHEpPrud CHCTEMH AJq
JBH¥eHHs] OTHOCHTEJIbHO OCHOBHOM CHCTeMHl OTCYeTa 6)’1[31' pasHa

1 2 1 9, 1 )2 Z :
T=-§-'2mvvv-_5MtrD—|—-§- zmvvv + 0 Yym .
v v v
Ho X m 0, ecTb KOMMYECTBO JBHXKEHHS CHCTEMBI OTHOCMTENILHO mMO-
v

ZBUIKHOH CHCTEMBl OTCYET4; NPH ITOM, COrAacHo paseHCTBY (1),
{ TR r
% m o, = Mv,,

rae 1’&. ecTh CKOpPOCTH LEHTpPA MacC OTHOCHTEJBHO MOIBUNHOH CuCTeMH

OTCYeTa, MOSTOMY NpeAbIIyllee BHIpANKEHHE KHHETHYECKOH SHepruuw Mo-
et ObITb NpencTaBieHO B BHIE

w_-—%Mvg—i——é-vaqu— Mo, - vg. (12)
v
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Ecim 9,=0, 7. e. UeHTp Macc ABHKYWENCH CHCTEMB TOUEK Heno-
ABMKEH OTHOCUTENbHO TIOABHIKHOM CHCTEMBl OTCHETA, TO Vo =T, U

1 1 2
T=+ M'v?_,—}—? Emvvv.
v

T. €. MH Toayuaem Teopemy Kénura.

7. KnseTnueckan sHeprus TBepioro Tteaa. HalzeMm cnayana Kue-
THYECKYH0 SHePruio abCo/IOTHO TBepAOro Tela, ABMKYUIETOCA NOCTyna-
reabHo. Torma nas moGo#t TOUKH Tena ¥,=9¥., Tlhe P — CKOPOCTL
LEHTpa Macc, M

T=-1§2mvvf’=—é-2 mv'v?_.:-lf M, (13)

BolupcauM Tenepb KUHETHUeCKYI0 SHepTuio abCOMIOTHO TBEPROTO Tena,
BPAlWAIOLIErOCH BOKPYr HenoapuxHoM ocn Ox ¢ Yra0Bo# CKOPOCTBIO @.

Humeem 1
T —_— 52 mv'vi.
v

HO v, = h .o, Tle k, ecTb PaccTOAHWE TOUKH C Maccot m, 10 ocu Bpa-
weHus Ox, nostomy

rof —

T=ga? Yy mpt = Jah (14
v

Bennuuna Jx"—"z”%ki eCcTb MOMEHT WHepUMH TeNd OTHOCHTENbHO OCH
v

Bpanmenus. 3ameTuM, uto dopmyna (14) OyieT cnpaseanmBa U B TOM
cAy4ae, KOTAA OCb X fABJASETCHd MrHOBeHHOH OCBIO BpalleHus, TaK Kak
paBencTBO v, =l uMeeT MeCTo M JAas 3Tero cayyaa. Ilpn stom J,
OyneT MOMeHTOM HHEPLMM Tela OTHOCHTelbHO MFHOBEHHOH OCH Bpa-
1UeHH.

B oOweMm cayuae ZXBHKeHMS KHHeTHYeckas SHEPIrusl TBEePAOTO Tena
BuluucngeTcs no Teopeme Kenura. Tax xax mo Teopeme Illans xBuame-
HUe TBEPAOTO Tela OTHOCHTENbHO NOABHMHHX ocefl Cx’y 2’ cnaraerca
M3 MIHOBEHHHX BpameHHR BOKpPYr ocell, TPoOXOmAwMX yepes Touky C,

10 X mvv"f =J, 0% u dopmyna (11) naer
1 1
T =5 M} + Jo,0% (15)

rae Jo,—— MOMEHT WHeDUMHM Te/la OTHOCHTEJbHO MPHOBeHHOR OCH Bpa-
LIeHUs, NPOXOAslueH uepe3 ero LUEHTP MAacc,  — MTFHOBeHHas YrioBas
ckopocte Tena. Popmyna (15) Buipamaer Tteopemy Kénura aas abeo-
JOTHO TBEpLOTO Tena,
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8. Ocepoii momenT nHepunn. I1py BHYKHCIEHUH AHHAMMYSCKHUX XapaK-
TepHCTHK BpalLAIOLerocss TBEPAOro TeNad B UX BHIPAKEHUS BOLINA BenMUYKHA

Jx=§m\rk3‘ (16)

rae h, €CTb paccTOfHME TOYKH C MacCoH s, oT ocm x. Dra BenuuuHa
J,, KaK 6bII0 CK33aHO, HA3LIBAETCA MOMEHTOM HHEDUMM Tela OTHOCHTENBHO
OCH X HJAH OCeBbiM MOMEHTOM HHEpPLUHH.

BusichuM Mexauuuecku# cMbica Beawuunnt J,.. Ecam TBepmee Teno
HABHMETCH TIOCTYNaTenbHO €O CKOPOCTHIO T, TO ero KOJMYeCTBO IBMXe-

1
uu paBHo M, a kuuetnueckas sueprus T = o Mv?, rie M ects Macca

Bcero Tesa. IIpH BpamenuM Teia BOKPYT OCH X € YrVIOBOH CKOPOCTHIO ®
KHHETWYEeCKMH MOMEHT Tela OTHOCHTENbHO OCH Bpautetus Oyner G, =J o,

1
a KHHEeTHYeCKas 3dHeprus T=-2—Jxo32. CpaBHuBast 3TH BhIPAXKEHHs C Tpe-

ABIAYUIMMK, MOXHO C€Ka3aTh, 4TQ IPH BPAauiaTebHOM IBMUMEHHH MOMEHT
VHEPUWH Tesna OTHOCHTENbHO OCH BpPAalleHHs WrpaeT TAaKylo e POk, Kak
Macca Tesa npu NOCTYNaTe bHOM ABHYKEHUH.

M3 pasencrsa (16) BuAHO, 4TO pa3MepHOCTb MOMEHTA Huepuuu J,
ecthb [Macca - (nauHa)?]

MoMenTy uHepuuu Tesna OTHOCHTENbHO OCH MOXKHO ellle AaTh Lpyroe
Bripawxenue, [Tonomum

Jo =2 myliy = M8, (17)
v

rae M ecTb Macca Bcero Teaa; Toria i, €CTh HEKOTOpas AJHHA, KOTOpas
HA3bIBACTCA PAOUYCOM UHePYyUU Tena OTHOCHUTEJBHO OCH X,

Paguyc wHepuun, xak BWAHO M3 NpelLAYLIETO PaBeHCTBA, paBeH pac-
CTOAHUIO OT OCH X TOH TOYKM, B KOTOPOH HYXKHO COCpPelOTOUHTH Maccy
BCero Tena, 4robbl NMOAYYHTH TOT ke MOMeHT uHepuuu, QueBuaHo,

=1 % a7

Ha ¢opmynst (16) BHIHO, uTO MOMEHT HMHEPUMM Tela OTHOCHTeAbHO
IZauHOR OCH 3aBHCHT TOJBKO OT B34KOHA pacrnpelefieHus Macc B oObeme,
3aHUMaeMOM TENOM.

BhluncMM MOMEHTHl MHEDUHM HEKOTOPHX OLHOPOJHBIX TBEPIBIX Ten
(Ten0 HaswlBaeTCs OIHOPOAHHLIM, eCAH OTHOWeHMe Maccsl Ao0o# wacTH
Tena K ee oObeMy ecTh 174 BCex uacTeft Tena DeaMuUUHAa NOCTORHHAs;
8TO OTHOLIeHHWe [a3bIBACTCS IAOTHOCTBIO Te.l'la).

1) Tonroe odnopoduoe koavyo. TlycTb Mmacca koabiia M, paanyc R.
IIposenem wuepe3 uenrp C Koabua ochb Cx, MEepPNeHIUKYAAPHYIO K MJ0-
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ckoctu Koabua (puc. 10). Torma nna moGoH Toukm KoOJbLA h,=R n
Zm&i:vaﬁ: MR?, Caenoateabho, 1as KoJblLa

Jo= MR?, (18)
OueBHaHO, TAKOR e Pe3yAbTAT MOJAYYMTCH NI MOMEHTA WHEpUMH TOH-

Koft uuaMuIpuueckol 06oaoukH Macchl M M pamuyca R oTHOCHTeAbHO
ee OCH.

2) Kpyeaasn oduopoduan naacmuna (uid &
yuaundp). Ilycre macca naactuust M, pazuye R.
PazobbeM naacTHHY Ha TOHKMe KOHLEHTPHYECKHe
koabua (puc. 11, @) Tlromane kakoro-HuGyinb
M3 ITHX KOJel C palHyCcOM r, W mupuHoo Ar,
GyneT ¢ TOYHOCTBIO 1O (&rv% pasna 2mr Ar,,
a Mmacca paBHa uﬂgﬂ 2nr ,Ar,. Torza MoMeHT

HHepUMH 3TOrO KOJAbUA OTHOCHTeABHO ocH Cx, Puc 10.
NepneHAUKYMIPHOA K MJOCKOCTH  MJACTHHEL,
M
2
6yner, corjacHo dopmyne (18), pasen (-R—22rv:’_\.rv) r2. CknanwBas oce-

Bble MOMEHTBI MHepUMM BceX KoJel M Nepexons k mpeneay npu Ar,—0,
Mbl TOJYYHM BHIpAaXeHHe AJA MOMEHTA MHEpUMH BCcel IMACTHHW B Bume
onpejeseHHOTO MHTerpana

I
R
2M 2M Rt

=S [rar =20 2. |

0 l

OxoHYaTeTLHO g

1
Jx=§ MR?, (19)
6)
OueBuaHo, TakoOf ke pesyabrar Puc 11

NOJYUYHTCA 9 MOMeHTa HHEPUHH

OLHOPOLHOrO KPYraoro uuaunapa maccel M M panmuyca R OTHOCHTeTw-
HO ero ocu (puc, 11, 6)

3) Oduopoonwii mouxuil cmepocens, Tlycth macca crepxus M,
Anuda /. HailleM MOMEHT WHepuMu CTepiHS OTHOCHTeNABHO oOCH Ax,
NepPNeHIHKYASIPHOM K CTEPHHIO K npoxonsaule#t yepes ero koHew A (puc. 12).
Macca moGoro saemenra crepkus nanow Ak, Gymer pasua

M
m‘,:l—Akv. Moncrasasa 910 suauenue m, B Gopmyay (16) n nepe-
Xo&s Kk mpepeay npu AA,—>0, nonyuum

I
'3
L=4 J.mdh=7‘”—’§,
i}
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#IH OKOH4YATEJNBHO

m[-—

Je=

M. (20)

Ecan TakuM xe o6pasoM BLIYHCAHTL MOMEHT WHEDIMM OTHOTHTENLHO
ocu Cx’, npoxoasweH uvepes uentp Macc C Tena ¥ napannenbuok
y ocu Ox, TO MONYuuM

I

Jox =5 MP. (20%)

3ameraM, uTO BoOOIIE MEMHULY MOMEHTAMU HHep-
, UMM Tena OTHOCHTeABHO MapanienbHuX ocedt Ox
- — =% nCx’, us koroprix Cx’ NPOXOAUT uepe3 UeHTP
Macc Tenld, WMeeT MeCTO COOTHOIUEHHe

Jox=Jc, 4+ Md?, (21)

rpe d — paccrosune Mexay oOcamu (Teopema
8 Mo#renca).
Puc. 12. Papencrsa (20) u (20) moryr Oumtb mnoay-
YeHbl OAHO M3 APYTOro ¢ noMowmbio dpopMynst (21).
[TonpoGnee BOMPOC O MOMeHTAX MHEPUMM Tela M MX CBOHcTBax Oyner
paccMorpen B § 11; ram e Oyaer nokasana u Teopema [oftremca.

§ 3. O6mue Teopembl AUHAMHKH CHCTEMb

I. O0mue TeopeMb AMHAMMKM CUCTEMBI, ABAAACH NPAMBIM Cle]CTBHEM
ypanueuuﬂ ABWKeHHHA, JAl0T CBA3L MeXay ANHAMUYECKHMH BE/IHYHHAMMU,
XapaKTepU3YIOmMMH [ABHMEHHe CHCTEMHl, W HCHCTBYIOIMMM HA CHCTeMy
CHIaMH; B HEKOTOPBIX CJIy4YasX u3 ODmHMX TeOpeM MOXHO NMOAYYHTb Nep-
Bble MHTerpanbl [BHMeHHA. ITu MHATErpadsl vacTO [NAOT AOCTATOUYHO
JAHHBIX A4 ONpefe/eHHs ABUMKEHWS CHCTEMB W MO3TOMY HMEIT G0/b-
0e 3HAYEHWEe NPHW pPelIeHHH [PAKTMYRCKMX B3ala¥; KpOME TOrOo, OHM
JONMYCKAIOT HATASAHYI0 (PU3HYECKYI0 HMHTepPnpeTauuid M MOTyT OuiTh
BbIpAXeHH B BUle ompejeNeHHHX (HIMYECKHX 3AKOHOB, BCAEJCTBHE Yero
44CTO Ha3LIBADTCA 3AKOHAMU AUHAMHUKH.

s noanoro peureHMs MeXaHMYeCKOH 3anauM HeOOXONUMO NPOHMHTE-
TPUpPOBaTh CHCTEMY ypaBHeHHR [ABHMWEHMS M HAWTH KOOPOMHATHL BCex
TOWeK CHCTeMb Kak (YHKUMH BpeMeHH, YTO B OOJbUIHHCTBE Clyyaes
CBA3AHO CO 3HAYMTENbHBIMA TPYIHOCTAMYH, oco6eHHO ecau YHCJIO ypaBHe-
HU# Be/IMKO; HO NPaKTHYeCKH HHOTAA TpeGyercd 3HaTh AHIUL HeKOTOphle
BEe/MYKHEl, XAPAKTePH3YIOUIHE IBWMKEeHHE CHCTEMBl B LENOM, BCaejlCTBHe
Yero MOWHO He MHTErPHPOBATH BCIO CHCTeMY YpaBHeHH#, a HalTu TOMBKO
HEKOTOpbie €e MHTerpanH, 4YTo YacTo MOMeT OwTb /JerKO XOCTHFHYTO
apumenenueM obuiux TeopeM AMHAMMKH.
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2. Anddepennuancieie ypasHeHHA ABHMEHHA CcHCTeMbl, [IycTs
MBI HMEEM CHCTEMY, COCTOALUYIO M3 1 MaTepHambHLIX ToueK. PaccMoTpum
HEKOTOpYK TOuKy cucremsl M, ¢ maccoft m, (puc. 13), rae v ecrtn
HoMep Touku. B obulem cayuae Ha 9Ty TOUKY AeHCTBYIOT BHeWlHWe
BHYTPEHHHE CHJL, KOTOpBle B CBOIO OYe-
peab MOryT OblTb KAaK aKTUBHLIMM, TaK
M naccuBHbiMi (peakuuaMu ceaseft). O6o-
8HAYMM paBHOAEHCTBYIOLIYI0 BCEX BHEIIHWX
CUl, K8K AaKTHBHBLIX, T@K M IaCCHBHBIX,
DefiCTBYIOIMX HA PacCMATPUBAEMYIO TOUKY,
yepea FY, a PaBHOAEHCTBYIOWYIO BCEX BHYT-
penHux cua — uepes Fy.

Ha ocHoBanuu npuHuuna cpasef Mol
MOMEM CYHTaTb 3Ty TOYKY CBOOGONHOH, Tak
Kak K Hell npunoxeHsl, KpoMe neHCTBYIO-
IMX HA Hee AKTUBHBIX CHJl, W PEAKUHMM CBA- Puc. 13.
gell; MOSTOMY YypaBHeHHMe [BHMEHUR 3TOH,

4 TO 4HAaJAOTHH W YPaBHEHWs JNBHMEHUA BCEX JPYrUX TOUEK CUCTEMBE
OyLyT

d°ry
dt?

My — = Fy = Fy, (v=1,2,3, ..., n). (1)

Ypasuenus (1) npeacrapasioT co6oi0 7 In(pepeHIHaAbHEX YypapHe-
HM#t ABMMeHMs CHCTeMbl B BeKTOpHOH ¢opme. B npoexuusx Ha ocn
XOOPIMHAT 3TH YpaBHEHHS NaAyT 37 cxaaapuuiXx auddepeHUNanbHEX
ypaBHeHufl ABMMEHUA,

O6wme TeopeMsl JAMHAMMKM, KAK YKa3LIBaAOCh, SBASAIOTCH npﬂubmm
cnencTeuaMu 3TuX anuddepenunansuuix ypasHeuui.

3. Teopema 006 N3MEHEHHWH KOJWYECTBA ABHKEHNA CHCTEMbI W
Teopema O JABMXKEHHM uweHTpa Macce. Cnoxum nmouieHHO Bce ypaBHe~
Hua (1), Toraa noayuum

zmv ddtfs\?mEFv—l_EF 2)
v

[To Tperbemy a3akoHy HbioTOHA BHYTDeHHME CHABl TOMAPHO PABHE K
NPOTHBOMOJMOKHEI, T. €. eCan uacTaua A JeicTByer ua uacTauy B
¢ cuaot f, To uwacruua B neficTByer Ha wactuuy A ¢ cuaot —f;
RO9TOMY CYMMa BCeX BHYTPeHHHWX CMJ CHCTeMbl paBHA HyMO, T. €.

D Fy=0,
v

H papeHCTBO (2) MpHMeT BHI

zmv%:%-=2p’. 3)

v
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ﬂpHHHMaﬂ BO BHHMMAaHHE, UTO =,, HMeeM

dr,
dt

m. Ly _ dEmw_dQ
Z van dt)l B dt =t VOV =g
v

v

rie BeKTOp Q= X m,0y €CTh KOJWYECTBO ABMMEHHS CHCTeMH. 3aMe-
¥

HAA NeBYI0 4acTh ypasHeHua (3) ee 3HaueHueM, Toaydaem

= Z F, 4)
v
WM B NpOEKUHAX HA OCH
aQ
re Y, TraYr, 2 2 Fos ()
v v

PaBencTBo (4) BBIpAXKAaeT NEPBYI0 OCHOBHYIO TeOPeMy NWHAMMKH CHCTeMbl,
UMEHHO TeopeMy o0 M3MeHeHHH KOJAWYECTBA NBHIKEHHS: Npou3sodHas no
BpeMEHI OmM KoAuecmsa OBUNMCEHUS CcUCMEMb PABHA CYMMe 8Cex
dedcmeyiomux Ha cdcmemy BHEWHUX CUA.

JTy TeopeMy MOMHO TaKie TNpeJCTABHTL B HHTerpadbHOR dopwme.
Vuuoxana obe uyacTH BekTOpHOro pasenctBa (4) #a df n Gepsa 0T Hux
onpeje/eHHbie MHTErpadsl B Npefenax oT f; N0 £, MOAYYHM

t

Q—Q=Y [Fiat wm Q—@=Y s )
LU v

rie Qy — KONMYECTBO JABHMKEHUS CHCTEMBI B MOMeHT fj, 4 Q — KOMHUECTBO

ABHMEHHR B MOMEHT £ S5 eCTb uMIyabc cuabl Fy 32 NPOMEXYTOK Bpes
MeHH £ —£,. Takum o0pasoM, u3zmMereHue Koauvecmea OBUNCEHUS CH-
CmeMsl 3G HeKOMOpPsil NPOMENCYMOK BPeMeNd PABHAemCH CyMMe
UMRY.26CO8 BCeX OelicmBYIOWUX HA CUCMEMY BHEWHUX CUL 3G mOm JHce
npomedncymor speieny. B NpPoeKuMAX Ha OCH KOOPIAMHAT OyieM MMeTb

e
— Q=28 Q—Q=2ASy &—Qv=2Xs,. ©)
Y v
Ha Bekroproro coorHoueHns (4) Nerko NMoAyYHTb TEOpPeMY O ABHKEHHH
LUeHTpa Macc cucteMbl. B camom nene, npuHMMas BO BHHMaHHe, UTO
Q= Mo,

rie M ecthb Macca Bce#t CHCTeMb, a4 Tp-— CKOpOCTb €e UeHTpa Macc,
HallleM u3 ypasHeuus (4)
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WAH
f
d%r¢ o
MW“EF‘” (6)
v=1
dgl"c
Tie —pmz- €CTb YCKOpeHWe UEHTpa Macc. Ypasuenue (6) mnokaswiBaer,

YTO WHeHMP MACC CUCMeMbl OBUICEMCA KaKk MmamepualbHas MOUKE
¢ maccoli, pasHoi Macce 8celi cucmembl, Ha xKomopyw Oelicmgywom
8ce NPULONHCEHHBE K CUcmeMe BHewAue CUAbl (TeopeMa O [ABHKEHHH
HeHTpa Macc).

B HekOTOpLIX CJAyuasiX STH TeOpeMbl MOTYT HaTh HHTerpanbl HBHMe-
Hua, TlycTe Ha cuCTeMy AeHCTBYIOT TOJBKO ORHM BHYTPEHHHE CHIbI;
TOrna ’

n
2 Fi=0,
v=1
aQ

H, CNeJOBaTe]bHO, W3 ypaBHehus (4) umeeM 'EF=0’ OTKyaa

Q = const, (7
WIH, TaK Kak

Q= Mﬂcg
TO

T, == const, 7"

B arom Clydae UEHTP MacC CHCTEMBl JBHIeTCHd MO HHepUMH, H KOJH-
YeCTBO MABHMMKEHHS CHCTEMbI eCTb BeJHYHHA INMOCTOAHHAH. l‘lpoemupyﬂ obe
yactn paseHcTB (7) M (7') Ha OCH KOOpDIMHAT, TOJYYHM TPH TNeEpPBbIX
HeTErpana
Qu=¢, Qy=¢, Q,=cy (8)
UM
- o ' . oms ’ . _— ] ’
Xe=Cp Ye==05 Z =0, (8"
Eenu BHelIHHE CHAbLI, Ileﬂ(:'mylomne Ha CHCTEMY, TAKOBHI, YTO Cymma
NpoeKUKHH ITHX CHA HA KaAKy0-1u60 oOch, HaNpUMep Ha OCb X, paBHa

Hymio, T. €. €ClH EFf,x=0, TO W3 ypaeHeHuH (4") umeeM
R

dQr __
at 0,
OTKyZIa
Q, = Mx; =const, 8"

CﬂeﬂOBﬂTeﬂbHO, NMpH YKA3aHHOM YC/AOBHH NPOEKUUA KOJAMYeCTBA JABHXEHHS
CHCTEMBEI Ha OChb X €CTb BCAWMHHA MOCTOfAHHAA, WIH, YTO TO WKe, MpOeK-
LHA UEHTPa MacCc CHCTeMbl Ha 3Ty OCh MMeeT NOCTOAHHYI0 CKOPOCTb;
TeopeMa JaeT B 3TOM cCJayuae OJMH nepsuﬂ HHTEr paJ.
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NMpumepnr, 1. Ecau npeHeSpeys NpHTSXKEHHEM 3Be3l, TO HA TeAa, COCTABAAI-
IHe ConHeyHyo cHeTemy, He Oyayr Aefictsosarh BHemnue cuan. [Tostomy
LEHTP Macc CoNHEYHOH CHCTEMMB AOMKEH ABHUraThCs NMPAMoanHedHo W paBHOMEPHO
OTHOCHTEJBHO CHCTEMbl HelONBHKHHIX 3BE3N,

2. lpn B3peiBe apTHAnepHiiCKOTO cHAPAAA BOSHHKAIOT BHYTpeHHHE YRApHHE
CHAb, KOTOpPWE HEe MOI'YT HM3MEeHHThb JBHWeHWH ueHtpa Macc. [losToMy medTp
MacC BCex OCKOAKOB CHApANd H MPOYHX OCTATKOB MOCAE B3PHIBA MPOAOMKAET
ABHTAThCH M0 TOH e camMO TpPAGKTODHH, MO KOTOPOH NBAraacs HEHTp Macc
€Hapafia 1o B3puIBa. JTO BHOJAHE BEPHO A ABHXKEHMS B NYCTOTE W JHIUL MPH-
OMkeHHo CNpaBelIMBO JIAA JBMMEHHS B conporusasiomefics cpene, ubo MpH
B3PLIBE HA OCKOAKH NeHCTBYOT BHEIIHHWE CHUAB CONPOTHUBAEHHA BO3LYyXa, OTANU-
HBE OT CMA, KOTOPWE JACHCTROBAaAM HAa CHApAL.

Ha ueaoBeka, cTosmero Ha rAagKol TopHIOHTAaAbHOH NMAOCKOCTH, neficT-
BYIOT CHA3 TAHECTH H Peakuufl [IOCKOCTH, NPOSKIHM KOTOPHX Ha 3TY [AOCKOCTh
PaBHu Hymio. [ToaTOMy HATH NO HAEaNbHO rAafKOH NAOCKOCTH YeAOBex He Mor Ol
STO CTAHOBHTCA BO3MOMHLIM JAHIIL BCAeXCTBHE Hanauuua tpenus, Ecam uenosek,
CTOA Ha NAOCKOCTH, BHJBHHET BIlepen HOry, TO APyras HOTa JOJAWHA OTOJBH=-
HYTBCA Ha3al AA% COXpaHEeHHA HEMOABMICHOCTH MPOEKIMM KEHTPa Macc Ha ropH-
JOHTANBHYIO NAOCKOCTh, JTO H HMEeT MECTO, ECAH NAOCKOCTh HueanbHas. Ecan we
IIIOCKOCTh IHEPOXOBATAs!, TO HPH CKOJbMCEHUHM Pa3BUBAETCA CHAA TPeHwus, HAMpa-
BACHHAn BHepex W aApasiomascH BHemHelf cuno#t, aenawmed BOZMOKHBM JBHKE-
Hpe. llox neifcTBueM ONHHX BHYTPEHHHX MYCKYJABHBIX CHA 4e/OBEK HE MOXKET
TIEPEMECTHTD CBOH HEHTDP TAWECTH.

4. BaroHetka maccel M cTOMT Ha penbcax, a Ha Hell HAXORUTCA YEJNOBEK
Maccel m, KOTOpHH B HadaibHLH MOMEHT HEMOABKWKEH, a 3aTeM WAET [0 Baro-
HETKE cO CKOpOCTbI0 P OTHOCHTEAbHO BaroHetku (puc. 14). Tpebyercss ompese-
JHTh ABUMEHHE BArOHETKH, MpeHeOperas TPeHHEM O PeAbCHL.

;j X,
y— g —

Mg
Puc, 14,

Mpu oTcyTcTBuM TpeHMs eNUHCTREHHBIMH BHEIIHAMM CHAAMH, eltCTRYOIMME
HA CHCTEMY 4e/lOBEK — BAarOHETKa, ABJASIOTCA CHAB THKECTH H HOPMaibHBIE
peaﬂmm pe.’lbc; HOQTOH}' CyMMa npoexum"i BHEIMHHK CHA HaA I'OPHSOHT&HBH}‘I'O
OCb X paBHa HyaM0; CAEIOBATENLHO, CYMMA [poeKunfi KOAWYecTBA NBHKEHHA
CHCTEMB Ha OCh X JO/AXHA OCTaBaThea NocrosuuoH. Koraa wenoBex crosa ua
HEeMOABHIKHOH BAarOHETKe, TO KOJHYECTBO ABMMKEHHs CHCTEMBI Gbl10 PaBHO HYMMO.
Ecnu venosek noitger no BaroHeTKe €O CKOPOCThiO T BNPAaBO, 2 BarOHETKA OCTA-
HEeTCA Ha MecTe, TO KOAHYECTBO NBMKEHMA cHCTeMhl Gyaer paBHO mo, wr0 He-
BO3MOXHO, Tak Kak KOAMYECTBO NBIWEHHS CHCTEMB JOMKHO PaBHATbCA HYMO
COMAcHO HawaabHuM ycaoBuaM. ClefgoBarelbHO, BarOHETKa TOM(e AOMNHA ABU-
rarbecH,
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OGo3snaunm uepes V cKOpocTh BaroHeTKw; Torja Teopema 06 w3MeHeHUH
HOAHUECTBA JBHAKEHHA HacT B ONPOEKNHH Ha OCbh X ypaBHeHHE

met V) + MV =0,
#00 CKOpPOCTH YEJ0BEKA OTHOCHTEAbHO peabc pasHa ©-} V. M3 nocneauero
ypaBHeHHusT ONPEHeANTCA CKOPOCTh JBHKEHHH BArOHETKH
i v
M4+m ™"
3nak MHHYC TIOKasplBaer, 4TO BaroHeTtxka Oyner nBHrartbCs B CTOPOHY, obparuy
JBHMEHMI0 4EA0BEKA,

5. Macca Bana MoTopa paBHa m,, a Macca BCEX OCTaJAbHHIX €ro wacTel — my;
LeHTP MacC Band, BpamamoIErocs PaBHOMEPHO C YrAOBOH CKOPOCTHbIO @, CMELIEH

Ve=—

J
4
g
7
[mmal rn
Yy N
I, I P

g

kY

Puc, 15,

or ocH Ha paccrosiine AB =ga. HailTH peakumd omopm u Goaros, 3axpe-
NARIOUIHX MOTOP, CYMTaA, 9TO OHM NMPHBOAATCH K PaBHOAEHCTByIOLIEH € cOCTaBAA-
omuMu Ny n N, (puc. 15)

BuewHuMu cuaaMmu, ACHCTBYIOUIHMH HA MOTOP, ABAAIOTCA CHAW THWECTH m, g
d mog u peaxuuu Ny u N, YpapHenne (6) B MDOEKUMAX Ha OCH X M ¥y Jaer

MEC =N, My,=N,—(m+m)g,

rne M = m, + m,— macca BceH cucremMnl. B naHHOM cAyuae 3axoH pIBmMeHuf
penTpa Macc C Bcefi cHCTEMbl M3BECTEH; TaK KaK ¢ = wf, TO

ch=m2x4+ml(xA+as:ncot), Myc=m2y4+m‘(yﬂ——ac05mt).

Orciona, yIuTHIBAA, 970 X 4 = const, y = const, noayaum

MSEC = — m a6’ sin of, M:\"C = m,aw? cos ot
CaefloBarebHo,
Ny=—mao?sinot, Ny= (m,+ mj) g4 mae? cos ot.

Haunboaplive 3HAYEHWS PeaKNUM MMEKT COOTBETCTBEHHO NpPH Sin ®f HAM COs OFf,
PaBHHX EnUHHIE,

Ecam yraoBas cKOpocTh BpameHus TakoBa, 4T0 maw? > (m, -+ m,) g,
TO TIPM BEDPXHHX [OAOWEHMAX LEHTPA MaCC Baaa MOTOp OyAeT OTPHIBATHCSH
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OT OfIOPHOW NJOCKOCTH (IPHMHMATHCA K TOJOBKaM O0JATOB, a NPH HE3ATHHYTHX
60aTax — MOANPHIrUBATD).

6. Dapaenue cTpyu [IlycTs cTpys XuIKOCTH BhITEKAeT M3 TPyOul
€ M0N0 MONMEPEYHOro CEYeHHs O, HMES CKOPOCTb @, HANPaBASHHYI [ON
yraom o k Bepruxaau (puc. 16). Halinem cuay HopmaasHOro gasieHus cTPyH Ha
BEepPTUKAALHYW CTEHKY, MpeHebperas
CHATHEM CTPyH H CYHMTaf JBUWEHue
YCTAaHOBHBIIUMCA,

Ipumennm neppoe 13 ypapHeHuff
(5') x obbeMy WHIKOCTH, OTpPAHUuGH-
HOMY CeueHusiMu aa,, bb;, cc;. Bue-
mHed cuaol, nelicrByomeld Ha sror
ofbem u Raouell NPoeKUHIo HA OCb X,
Gyner peakuus N CTeHKH (LaBJIeHHEM
B CEYEHHH aa c-rxyn npeHefperaen).
Torna, cuuras = const 1 Gepa
t—1#y=1 cex, NOAyYHM B NPOEKUHH
Ha oCk X

(Qr — Qox)een =—N -1,
Puc. 16. 3a ceKkyHAY IPaHuLd ad; CMECTHTCH
Ha BeJAMYMHY v, nepeitas B MoJoxe-

r Fod
HHE a a;. Macca mugkocTH B ofbeme ae@ @, paBHa POV, TA€ P — MIOTHOCTD

KUAKOCTH, CJELOBATEabHO, KONHUECTBO JBHMKEHHA B BhjejenHoM obbeme yOni-
B2ET 3d CYET 3TOr0 MePeMelleHHs TPaHHUb HA Beawduny pov?, [lpupauenun we

L r r s
KOAH4ECTR JBHMEHHA B obveMax bbb by W c¢j¢ ¢; NPOGKUMH HA OCH X HE JAOT.
Nostomy (Q, —Qy,)cex=—pov? SIN® H OKOHUATEABHO

N = pov? sina.

4, Teopema o6 usmeHeHNH KHHETHYECKOT0O MOMEHTA CHCTEMBI
(nau Teopema nuaomageii), IlycTe Mbl MMeeM CHCTEMY i MaTepPHATbHEIX
TOYEK, HA KOTOpbe NeHCTBYIOT Kak BHellHWe, Tak W BHYTPEHHHE CHJHL,
BoabMem nuddepenunaibible YPABHEHHS IBHMEHHS 3TOH CHCTEMB

d*r {

my—m=F+F, (=12 ..., n
M ymHOomuM OGe 4YacTH KaxAOT0 W3 ypaBHeHHH BEKTODHO c/iepa Ha r.,
T. €, Ha COOTBCTCTBYIOIII,H“ pannyc-nemop; CHOMHB nonyqeuume TAKHM
o0pazoM paBeHcTBa, Oymem UMeTh

¥ (rox m, i) = X (e X FS) = X (ro X FY). ©)

Tak kak BHYTPEHHHE CHABl MOMAPHO PaBHH W NPOTHBOMOJOMHEL, TO
CyMMa MOMeHTOB 9THX CHJ OTHOCHTEALHO 1060T0 LeHTpa paBHa HYIO.
B camoM ZRexe, BosbMeMm age cmapl F, u Fp, npuuem Fg— —F,
(puc, 17), Torma cyMMa MOMEHTOB 3THX CHJI OTHOCUTENbHO KAKOro-nuGo
uentpa O Oyzer

raX FatryX Fa=(rg—ra) X Fg=ABXFy.
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Ho AB X Fp==0, rak Kaxk Bextopsi AB n Fp KonMHeapHH; CaenoBa-
TeAbHO, CYMMa MOMEHTOB ABYX DABHHX B3aWMHO MNPOTHBOMOMOMHBX CHJ
OTHOCHTe/NbHO NIOOOrQ UEHTPAa PABHA HYMIO; OTCIOJA BLITEKAET, YTO

3 (ry X Fi)=0.

v

ITpunnmas BO BHHMaHHe, uTO

dr, _ d dry\ "
ryX —m —E('VX dt)’

B ueM HeTpyIHO YyOeINTbCs, BHIOAHMB AnpepeHUUPOBAHHE, MOKHO
npeicTaBuTh ypasHenue (9) B Bule

%}v](rvxwzv%kg(mxﬁ)- (10)

Bblpa)KeHHe, cToslee mnoj 3HAKOM I'lpORSBO,IlHOH, eCTb KHHEeTHYeCKHUR
MOMEHT CHCTeMB OTHOCHTenAbHO HenTpa ) oGosuauas ero yepes @G,
noayuuMm ypasnenue (10) B Buze

aa
LoN(rxF). a0

Ypapueune (107) Bupamaer Teopemy
00 H3MeHeHUH KHHETHUECKOr0 MOMEHTa
CHCTeMbl, KOTOpad (GOPMYyaHpyeTcHs Tak:
npou3BOOHAf N0 BpeMend Om KuHe-
MUECKO20 MOMEHMA cuUcmeMbl OMHO- Pue. 17.
CUMEABHO KAK020-A460 HEnodsuitHOzZO
Hyedmpa pPasHa CyMMe MOMEHMOB BCeX BHEWHUX cua, dedcmeyo-
WUX HG cucmeMy, OMHOCHMEABHO MOZO Jte HeHmpa.

Ecau BOCNOAb30BaTHCA NOHATHEM CeKTOPHOW cKOPOCTH (cM. u, [,
§ 6, n. 6), ro ypasuenue (10) MOXHO elle nMpelAcTaBuTbL B BHIE

d doV e 1/
=2 Yy my Z="Y, momo S, (107)
v v

rie
4 (o) = oo
di \ dt |~ dt
eCThb CeKTOPHOE YCKOpeHWe TOUYKH.

Ypasuenne (10”) npeacraBaser coGofft Tak Ha3bBaEMYIO0 TeOpeMy I.0-
maneft: YOBOCHHAN CYMMA RPOU3BEOCHUl Mace Mame puaLbHblX moder
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KA UX CEKMOPHLIE YCKOPEHUR OMHOCUMEAbAO KQKO20-AUG0 BeAmpl
PABRA CYMMe MOMEHMOB 8CEX BHEULHUX CUN CUCMEMb OMHOCUMEAbHO
mozo JKe yesmpa.

lpennonoxum, 4TO CyMMa MOMEHTOB BHEUIHHX CUA OTHOCUTE]bHO
HeKoToporo uehrpa O paBHa Hymo (4TO, HANpMMeP, MMeeT MeCTO, €CJH
BHelIHMEe CUJIBl HA AAHHYI0 CMCTeMY He ReHCTBYIOT); TOTAa

2 (r X Fi)=0,

Chei0BaTEALHO,

OTKYla 1noayuaem BBKTOPHH“ HHTErpan

G, = const,
T. €. NPU ITHX YCAOBHAX KHHeTHYeCKMH MOMEHT cuctembl G, ecTh BeJu-
yuHa nocTosnHas, I1NOCKOCTb, mepreHAMKyaAsphas K uanpapnennio Go,
6yﬂe’r TO¥e MMeTbh MOCTOAHHOE HampaejleHHe B MPOCTPAHCTBe H HA3BI-

BaeTCs HeuaMeHsieMOH mniockoctbio Jlanmaca (HHO]‘,H,a ee TaKe HasLBaoT
NAOCKOCTLIO MaKCHMyMa naowanei).

Tpoexktupys obe 4actu pasencrsa (10) Ha ocu KoopauHaT, NOAyUaeM

CaelylouMe ypaBHeHus:
dGg 1
— = E , MO, o

-—-—--—2 momy Fy» | (11)

-E!EGEE- .-._..z moszf,
v

HIR

d .

?‘i’ zmv (yv \ryv) —_— Z (]’\, vz va:y)’
v

d - »

"ﬂzmv(zvxv_xvzv)=2(zv}?:x Xy Vz) r (119
v v

Tf'f' 2 m, (xvj’v"'yvx.v) —= 2 (xv vy y\,F:.x)o

Ypasuenns (11) MoxHO ewe NpeiCTABHUTH B APYTOM BHie, CIIPOSKTHPORAB
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o6e yacrn pasenctBa (10”) Ha ocm KoopauHaT; moayunMm
d [ do¥
S ¥z | ___ e
2 E my (__dt )—Emomxﬂ,,
v v
d {do?
2 mv—ﬁ( d:‘)zzmom,,Ff,, ! (117
v v

22:::\, ::‘( dt) zmom,—,F.,.
v

Ecin cymMMa MOMEHTOB BCeX BHEIMIHHX CWA OTHOCHTEJNbHO ONHOH H3

ocell, HampuMep X, paBHa Hyal, T. e, ecam Yymom,Fy=0, T0 ua
v

ypasHenufl (11) moayuaeM cxaasapHull HuTerpan

G, = 2, mom, (mp,) = const;
v

TakuM oOpasoM, ecad CyMMa MOMEHTOB BCeX AeHCTBYIOIMX BHEUIHHX CHA
OTHOCHTEAbHO KaKko#-aHGO OCH paBHAZ HYJII, TO CYMMa MOMEHTOB KOJH-
YeCTB [IBHMEHHST CHCTEMBl OTHOCHTENBHO TOH e OCH, WIH, YTO TO XKe,
NIPOEKUMS KMHETHYECKOTQ MOMEHTa HAa 3TY OCb TMOCTONHHA.

Ha ypasuennst (117) ToT e HHTeI‘paJI noJfyyaercs B BHIE

G -—22::1\, y7: Z =const,

C/efloBaTeNbHO, eCAM CYMM3 MOMEHTOB BHEIUHMX CHJ OTHOCHTEILHO
Kako#-HUOYIb OCH paBHAa HYMIO, TO CyMMa mpou3BeneHu# Macc Bcex
TOYEK CHCTEMH HA CEKTOPHBIE CKOPOCTH HX TpOeKUMH H4 MJIOCKOCT,
NepneHInKyAApHYI0 K TOR e OcH, ecTb BeaWyuHa NMOCTOAHHASA.
PﬂCCMOTpHM Teneps nNpHMeHeHHe TeOopeMbl © KHHETHUECKOM MO-
MeHTe K JBHMEHWID CHCTEMBl OTHOCHTEJABLHO LEeHTpa Macc, T.e, OT-
nHocuTenbHo oce#t Cx’y'z’, uMelOUMX HAYANO0 B UEHTPE MAacc H Nepeme-
IAMUXca BMeCTe € UEHTPOM MacC MNOCTYNaTteabHO 1O OTHOWEHHIO
K ocuopnoH cucteMe orcuera Oxyz (cMm. puc, 6). Ilycts nonomenue
uewtpa macc C onpencaseTca KOOPIMHATOH re, W NycTb Pamuyc-BEKTOP
TOUKH € Maccoll m, oTHOCHTenbHO ocedt Cx'y’z’ Gymer r.. Torna

ro=rc4r.. (12)

Teopema 06 H3MEeHEHHM KWHETHYECKOr0 MOMeHTa MpH ABUKCHAM MO
OTHOWICHHIO K OCHOBHOH CHCTeMe OTCYeTa HMeeT BHI

dG
'Tt‘q'=2(rv>< Fﬁ)-
v

3 H. H. Byxroasu



34 OBUIME TEOPLMbI AHHAMHWKHW CHCTEMbl MATEPHAJIBHBIX TOUEK [TJL I

3amenum cIpaBa BekTOp r, ero suaueHueM (12), a Besnunny G, ee
pupaxkeHueM (6), noayuennwsim B § 2. Torna OyneM umeTh

4 (ro X Mo)+ 2 W (ry X m@)=re X W Fot X (rv X F). (19)
v v v

HM3pecTHO, WTO uEHTP MacC CHCTEMbl ABHMeTCA KaK TOYKAa C MACCOHM,
paBHo#t Macce Bcell CHCTeMbl, K KOTOpOH NpPWIOMeEHHl BCe AeHCTBYIOIIHE
H4 CHCTEMY BHEUIIHE CHJb; MO3TOMY NO OTHOWIEHHIO K LBHMEHHIO HEHTpa
MAacC MMeIoT MECTO BCe TeOpPeMH IMHAMHKH TOYKH H, B Y4CTHOCTH, TeO=-
pema 0 KMHETHYRCKOM MOMeHTe; C/elOBaTeNbHO, HMeeM

'37(-"(: X Mog)=r¢ X EFf,-

Coxpauas B ypaBHeHHH (13) paBHble wiessr, MOJY4HM
d Al i i Y ’
7 Lo X mo)="Y(r, X F3), (14)
v v

win, obosnauas D (ry X m v)y=G,
v

4G, F .
= X (ry X F2), (149

T. . TpPA JBHXEHUW CHCTEMBI OTHOCHTe/NbHO LEHTPA MACC MPOM3BOAHAA
M0 BPEMEHH OT CYMMBl MOMEHTOB KOJMYECTB JBMMKEHHMH BCEX TOUYEK CH-
cTeMBl OTHOCHTENbHO LEHTpa MdcC paBHA CYMMe MOMEHTOB BceX mefi-
CTBYIOIUMX BHEINHMX CHMJ OTHOCHTENbHO TOTO e ueHTpal).

Takum 06pasoM, IS NBHIKEHHWA OTHOCHTEIbHO LEHTPA Macc TeopeMa
00 M3MEHEeHWH KUHETHYECKOTO MOMEHTa BBHIPawaeTcs COBEPIUEHHO TAK IKE,
KaK ecad Obl UeHTP MacC OblT HenoABMMHOH TOuKOH

B npensiaymmx paccy#AeHHAX Mbl cupTadu uextrp O, OTHOCHTEIBHO
KOTOPOro Opajn KWHETHYECKMR MOMEeHT CHCTeMB!, HENOLBHMHEIM W MOAY-
YMAM BeIpaMeHHe TeOpeMnl 00 H3IMEHeHHH KHHETHYECKOrO MOMeHTa

B BUIE
d

G
—2 = ¥ (ry X F9). (15)

l'lpH‘-IEM Kak C}'MM'& MOME2HTOB KOJMHYECTB IBHWeHHA BCeX TOYeK CHCTEeMLI,
TaK H CYMME MOMEHTOB BCEX BHEIHNHHX CHJA B3ATH OTHOCHTEALHO HEINO-
gaucnoro ueurpa O. TlocMOTpHM, Kak H3MEHHTCS 3TO BhIpAXEHHE,

1) IipueHnueM OTHOCHTENbHO LEHTpa Macc Mbl Oyjem B panbHeHmem Hasel-
Barb [ABHMEHHE OTHOCHTEJbHO CHCTEMBI OTCYeTa, HMeioulell Hauajo B HEHTpe
Macc 1 JBmXymlefica BMecTe C LEHTPOM MacC NOCTYNAaTEABHO N0 OTHOHIEHHIO
K OCHOBHOH CHCTEME OTCHETd,
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eCin 3a UEHTP MOMEHTOB B3siThb TOuKY O, KOTOpas HBHMETCS OTHOCH-
TeNbHO OCHOBHOH cucTeMbl oTcyera. Beme [§ 2, ypasnenue (8)] Mm
HALIAH, 4TO

Go = Go— 00" X Q,

nau, o6osnauas i yaobetBa mucsma Gor = G'; Go =G,

@' =G—00 XQ. (16)
Inddepenunpysn pasencrBo (16) nmo BpeMeHM H NpPHHMMAs BO BHUMaHue;
4TO d'g? =’ ecTh cKOPOCTh UeHTpa O’ OTHOCHTEJbHO OCHOBHOH cu-
CTEMB OTCYETA ¥ YTO HA OCHOBAHMM ypaBHeHus (4)
aQ __ P
T =N
v
NOTYHUM o -
a@’ _ da ;
=g o XQ— OOXZF\*- (17

da
Onpenensst OTCIONA BeAMYHHY —o- W TOACTABIAT €e B ypaBHeHHe (15),
Hahnem

daa’ ~ gy
G+ X Q=Y [(r,—00) x Fi]
v
HAM, TIDHHHMAA BO BHMMAHHWE, 4TO 7 — 00 = r; (cm. puc, 7),
dG, ’ r
S+ X Q=Y (r, X F), (18)
v

Ypasuenue (18) BuipamaeT TeopeMy 00 H3MeHeHHH KHHETHUECKOTO
MOMEHTA CHCTeMBl 10 OTHOINEHUI0 K ueHTPY O, ABHXKYILUEMYCA CO CKO-
pocrbio @' OTHOCHTENBHO OCHOBHOM cHCTeMbl oOTcueTa. IIpH sTOM cuie-

IyeT HMeTb B BHALY, 4TO 0’:—.2(,-'; K mo) T e npu Buuncaesun G/
v

CKOPOCTH T, TO4YeK CHCTeMbl GepyTCA OTHOCHTETLHO OCHOBNOL CHCTeMbi
OTCueTa, @ MOMEHTH BEKTOPOB m., U, GepyTCs OTHOCHTENBHO MOABHKHOIO
uentpa O'; B nmpaBo#t YACTH ypaBlCHHS CTOHT CYMMa MOMEHTOB BHEUINMX
CHA TAKKE OTHOCHTENLHO MOABHWHOTO uentpa O

Eciu 9' =0, To ypasueuue (18) nepexogur, OueBHZHO, B ypasHe-
nue (10) Ecau xe O cosnamaer ¢ uentpom macc C cucTeMsl, TO
'YX Q=9 X M‘vczo u ypasHenue (18) mpuuumaeT BHI

m_Z( X F2). (19)

3To ypaBHeHHe COBNaAdeT ¢ (14), €CIH y4ecTb, kak OBLIO NOKA3aHO
f
B § 2, n 3, uro G¢g=Ge¢.

3*
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Mpumepr. 1. Ecau He MpHHHMAaTh BO BHUMAHHE NPHTNKEHNS HCMONBHWHEIX
8Be3ll, TO rXaBHBH MOMEHT BHEIHWX CHA, AEHCTBYWOUIHX HA COMHEUHYIO CHCTEeMy,

PaBeH HyMO, MOSTOMy KHHETHYeCKuH MOMEHT COMHeuHOH cucreMbl G OTHOCH-

TEJBHO UEHTPA MacC AOMKEH OCTaBaThCs HewsMeHuwM, T. €. G. = const. Ilxo-
CKOCTb, MepnenzMKyaspHas K hanpasnenmio G, Takike GyAeT COXPaHATH CBOIO

OPHEHTHPOBKY OTHOCHTEJBHO HEeNOJABHYCHBIX 3RE3], W HaswlBaercd, Kak ywe Ounlao
cKasaHo, HewaMenaeMOH mnnockocrbio Jlamiaca, KOTOPHIH NPEANOMHUA OTHOCHTD
NBHKEenHe Ten COMHEYHOH cHeTeMBl K STOH NAOCKOCTH.

2, Ecau genorex cTouT Ha maardopme Kyxosckoro (Kpyraas ropHaoHTadb-
Has uaardopMa Ha INAPHKOBBEIX OMOPHLIX MOAUIHNHHKAX, KOTOpaA MOMeT Bpa-
mMAThCR € ManslM TPEHHEM BOKPYT BEpTUKAABNOH OCH), TO Ha STY cHCTEMY
{vyenoBex — nuatdopma), ecau npenebpeub TpeHueM, AeHCTBYIOT TOALKO CHAA
TAKECTH M HOpPMaldbHmE peaknuu onop. CyMMa MOMEHTOB STUX BHEIDIHHX CHJ
OTHOCHTENBHO BEPTHKaABHOH OCH x pPaBHA HYMO, CAeI0BATENABHO, ECAM CHCTEME
gooﬁmm TONUKOM BpauieHHe BOKPYr OCH X, TO BO Bce NOCJENyOLlee BpeMs

yner

Gy = /0= const, (20)

rae J,— MOMEHT HHEepPUHH CHCTEMBl OTHOCHTENbHO OCH X, @ — yrlOBasg cKO-
pocth Bpamenna. Beamuumna J, anech MomeT H3MeHSTHCH, HalpHMep, 3a cuer
HBHyeHHs pyk uenaoBexka, Ecam pykH pHavade Oblan pasBeleHb B CTOPOHHI,
a 3areM GyayT onmymiedsi, TO J, yMEHbINHTCH H yTAOBast CKOPOCTb ® YBEJHUUTCA
# HaoGopor.

AHanormuHuil pesyabraT noaydaercs NPH NPHKKe akpobata B BO3AyXE,
KorZa oOH fenaeT cankTo. B Hawane nprikka akpobar coobiiaer cBoeMmy reay
YriOByi0 CKODPOCTh BOKPYT TOPH3OHTAJbHOH OCH X, MPOXoafmcH 4epes meHtp
Macc rena, Tak kak enuHCTBeHHas AeHcTByomas HA Hero BHEIMHAS CMaAa —

cula TAKECTH — NPOXORUT Yepe3 LEHTp Macc (compo-

v THBAGHHEM BO37yXa npeHebperaem), TO ee MOMEHT

OTHOCHTEJBHO OCKH X paBeH HYAw, H 31eCh HMEET MECTO

paBercteo (20). I'pynnupys xopmyc, axpo6ar ymeHb-

IMaeT MOMEHT HHEpUMH J,, B pe3dyibTaTe 9ero yr.ao-

Bad CKOPOCTE YBENHUMBAETCA (AAH JOCTIMEHHH [MOA-
Horo obopoTa).

3. a kpyrao#i ropudoHranbHOW maardopme
panuyca R u maccm M (puc. 18), Moryme# Bpamartbhcs
6e3 TpeHMA BOKPYT Beprukaibhol ocu Oz, cTOMT ueno-
BeK Macchkt m. B HEeKOTOpDMH MOMENT OH HauuHaer
HATH BAOJb OKPYXHOCTH NAATHOPMBI CO CKOPOCTBIO T
(oTHOCHTeABHO MaaTdopMut). Hafitu yraoByio ckopoctb
Bpamenus naaThopMbl.

Prc. 18. Tak Kak CHABI TAXECTH NapalienbHE OCH Bpa-

He. IMEHHNA, A peaktuy NOMMHNHUKOB 9Ty OCh NEPEeceKaior,

TO CYyMMa MOMEHTOB BHEIIHHX CHJA OTHOCHTEAbHO OCH 2

paBHa Hyai0 W, cAeloBaTeabHo, (U, = const. Ho B HayaapHuIi MOMEHT Hu 4eno-

Bek, Hu naatopMa He gBuraauck; nostoMy G,=0 Bo BCe BpEMA IBHKEHHA,

Ecan Gu mpu ASHMEHHU WeN0BeKa NaatopMa He BPAIlaAach, TO KHHeTHuecKui

MOMEHNT CHCTeMH He GhJ Ohl paBeH Hyal0; CAENOBaTeAbHO, AAA TOro 4T06Hm G,

6niao papHo Hydio, HeoOxoaumo, utoOn cama naardopma Bpaialrick C Heko-
Topoit yraosoft cropocThio Q.

Eciu MOMeRT HHEPHUH NAATGOPMB OTHOCHTENLHO OCH Z o6o3HauuM yepes J,,
T0 KMHeTHyeckuii MOMeHT naaThopMbl OTHOCHTEABHO 3TOH OcH Gymer paseH J,Q,
CKOpOCTb 4e/IOBEKA OTHOCHTEALHO 3€MAK paBHA | Dot + Paep | == v+ QR. Toraa

MOMEHT KOJHYeCTBa JBHXKEHHS YeJOBEKa OTHOCHTEALHO OCH 2 5j'I[E‘.T paBeH
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m (v QR)R. Berapasa Bce HaljenHsie BeanyuHn B ycaosue G, =0, noayuuM

JQ+m@ut-QRR=0, omyma @=— "R

Jo+mR?"
MR?
Ecan naatdopma oxHoponsa, To no dopuyae (19) uz § 2 J,= 5+ H
_ muvR _ mv
o=——Tr -

L R(%_ﬁ- m)'

3HaK MHHYC YKa3blBaeT Ha TO, 4TO naargopma OyLeT BpaiiaThcst B CTOPOHY,
ofpaTHyio NBHXEHHIO 4YeN0BeKa.

4. Yepea cnaomHoi HemoABHMHEIE 610X BecoM p nepexuiyra rubkas de-
pacTsuMas HuTh ¢ rpydamu Becod P u Q Ha konuax (puc. 19). Ilpenebperas
BECOM HHTH M TpDeHHEM B OCH, HaHTH YCKOPEHH:
rPY30B NPH ABHMEHHH CHCTEMBL

IMpumeHsia TeopeMy o6 HIMEHEHWH KHHETHYECKOTO
MOMeHTa OTI[OCHTENBHO OCH BpaueHud Gioka Ox, co-
craBuM Tepsoe u3 ypashenuit (11):

% = 2 mom, (F%) ... (a)

Beauuuna (i, cuaraerc M3 KHHETHYECKHX MO-
MeHTOB G6J0Ka U rpy3oB u Gyler paBna

G,m.!,wﬁ—?vﬁ'-{-—%vﬁ‘.

“1
rie ©— yraoBas CKOPOCTh Oaoka, R—erc paamyc, [] I"’
U — CKOPOCTH Tpy3oB. Yuuresas, 410 J, =105 f;- R3 @ D

v
HO= —R_ y NOJAYYUM OKOHYATEABHO

G (% +P+Q) -g-v. Puc, 19,

Jaaee, > mom, (F)=PR— QR (moxaraeM aasi onpenenenuocty, aro £ > Q,
H MOMEHT CHAB CYHTACM MOJNOMUTENLHMM B TOM e HANPABACHHH, 4TO M MO-
MEHT KOAHYECTBA J[BHMEHHS, MOMEHTHl CHABL P M DEAaKuHH N OTHOCHTENLHO
ocu Ox paenm Hymo). INoncraBass Bce HaifEHHbE BEJAHUMHBI B PaBeHCTBO (a),
HOAYHUM

R dv
(P +2P+2Q) 5 Zr=FP—QR,
OTKyARa
dv 2{P—Q)
@ T pFP+Q &

5. Teopema 06 H3MEHeHHH KHWHETHYECKON O9HEPrHMH CHCTEMBI.
Tlyctb Ml MMeeM CHCTeMy n MarepuaibHLX ToveK. K kawno#t touke cu-
CTeMhu, Kpome neﬁcmy!onmx Ha Hee AKTHBHBIX CHJ, NPHJIQKHM peaxkuuud
CBa3el M pasgequM Bce NPHJIOXKeHHBIE K TOYKE CHABL HA LBe FpyIME:
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BHEIIHHE CHJIH, DaBHOLeHCTBYIOILYIO KOTOpHX o0603HaunMm uepea Fy, H
BBYTPCHHHE CHJbI, DABHOJEACTBYIOWAA KOTOpPHX nyctb Oymer Fy; torna
KAKIAYI0 TOYKY CHCTEMBl MOMHO paCcCMaTpHBark Kak CBOOGOIHYIO, HAXO-
IAUYIOCT NMoa nefCTBUeM NBYX cua Fy u Ff,. Mo orHoOWeHHIO K Kamno#t

TOYKE CHCTEMLI MMeeT MecTo TeopeMa 00 U3MeHeHMM KuHeTHYecKo# aHep-
THH, ABJAIOWAACA ClelcTBHeM ypaBuenuft (1):

2
d(m;vv)=F$'drv+Fi,0drv (’\F:I. 2, 3’ Hani u). (21)

CnoXHB 9TH /1 YDABHEHHH NOWIEHHO, NMOJyYUM

dz(—;—mvvi)-:EF:-dm “r“z F% - dr,.
v v v
T-:E(-é— mv*vi)

v

Bennunna

eCThb KHHEeTHYeCKas SHeprus cucrembl, TanuM o006pasoM, OKOHuATENBHO
OyneM HMeThb

dT =2, F% . dry-+ 2 FY . dr,. (22)
v v

Papencrso (22) Buipamaer caeayiomyio TeopeMy 06 HaMeHeHMH KH-
HeTHyecKo# oHepruu (B Audpdepenunansuoft dopme): dugbdbepenyuan ru-
Hemudeckold gHepeln cUcmeMb. pases CYMMe INEMEHMAPHHX padom
scex OelicmBYOMUX Na CUCMEMY BHEWHUX U BHYMPEHHUX CUA.

Ecan wawaoe n3 ypasHenufl (21) npencraBuTe B KoHeuHoH dopme

m'\fvi . m\’v\?

2
e (2 )U=A;+A; (w=1,2, ..., n),

i i
rae AS u Ay — pa6othi cun Fy u Fy Ha NepeMEILCHMH TOUKH CUCTeMBI
W3 HAYAALHOrQ MOJOMEHWA B Ladiloe, W 34aTeM HPOCYMMH]JOBaTb ATH pa-
BEHCTBA, TO MH NOAYYHM

T—To=X A5+ 4y ... (23)
v v

PamenerBo (23) BhpaxaeT TeopeMy 00 H3MEHeHHM KHHeTHYeCKOH
SHEPrHH B KOHe4yHOHM (MHTErpaibHOR) opme: usMeHenue Kunemuuecrol
aHepIull CcUCMmeMb ApU nepemewjexun ee u3 Kaxoh-mo Haiaasnol
Konguzypayiu 8 OGHHYIO PABHO CcyMMe palom Ha SMOM nepeme-
WeHUL BCEX MPUAONCEHHBX K CUCHEME BHEWHUX U BHYMPENHUX cun,

PaccMOTPHM, UTO TpeicTasiseT coboio CyMMa paboT BHYTpeHHUX CHI,
nojaarast, 4ro 9TH CHJAbL, KAaK CHJH B3aHMOaeHCTBHA Me}l(lly TOUKAMH CH-
CTeMbl, ABAAIOTCH (PYHKUMAMM TOABKO PACCTOAHMS MeXAy 3ITHMH TOUKAMH
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¥ HanpaBAeHbl MO NMpaAMOH, UX coeanunmomet. [Tycth MarepuannHas Touka A
aeficteyeT Ha Touky B ¢ cunoht F,, a Touka B Ha Touky A c cunoll Fy
(cM. puc. 17); Torna no Tpersemy 3akony HeioTona

FA. == - F.B'
[MonoXKHM, UTO
|F 4l = 1FBi = f(Pa5)

roe pyp=AB. Ecim Touku A m B coBepiar HekOTOPEHE 3/7eMEHTAPHHE
nepemeluenks dr, u drg, 1o pabora sTux cunx Gyler

F, -dry~4-Fpg-drg=Fp (dry—dr)=Fg-d(ry—r,=F,-dAB.

Obosnaunm opr Bekropa AB uepes @°. Torma iﬁ:pwau' Fp=
— + f(0,p)@° (3HaK 3aBHCHT OT Hanpastenus cunsl Fp) w dAB=
:—_dpAgaU+DABdaﬂ_ B pesyabTate, yuwruBas, uto @’-@%=1 u

da’ =0, noxyuum

Fp- dr,+Fp drg=Fg . dAB==% f(psp)dpas.

Orciona caelyer, 4TO 9eMeHTapHas pafora BHYTDeHHMX CWJ, C KO-
TOPHIMH JiBE TOYKM CHCTeMbl AeHCTBYIOT Apyr HA ApYra, pasHa Mpouss:-
NeHWIO CHIbI B3aumofeHcrBus HA AuddepeHUHan PACCTOSHHE MEWAY STHMU
Toukamu. HrTak, ecAH BHYTPCHHHE CMABl 3aBHCAT TOJBKO OT paccros-
Hust, TO

N Py dro =5 1 £ (0n) doyl.

Ryl
[MonoXUM, uTO

1
5 D1 f(og) dogl = aU®, 24)
k!

rie U ecrs (hyHKUHA B3AMMHBIX PACCTOSHHH MEWAY TOUKAMH CHCTEMHL,
KOTOpas HasbiBAaeTCA NOTEHLMAAOM BHYTPeHHHX CHa (Takas PyHKuws Cy-
ecTByeT, TOTOMY YTO KAWABH uleH CYMMH ecTb Auddepenunan nexo-
Topo#t YHKUMH OT Qp); TOFAAQ ypaBuerue (22) MOKHO IPeACTABHTH
B BHIE

dT — qU" =\ F5 - dry,
v
HJH

d(T+V‘”)=2 F5 - dry, (25)

rne VI = — U ecry notenunanbuas SHeprus BHYTPEHHHX CHA, WM,
npocro, BHYTPE"HQR noTeHuHaALHags SHEPrud CHCTeMB,
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Ecan Mbl uMeeM HeusMeHSeMYI0 CHCTeMY, TO IJs TaKOH CHCTeMHl Bce
dpy =0, MOTOMYy 4uTO paccTOsHHS MeXAY TOYKAMH CHCTEeMbl He H3Me-
HAIOTCS; TIO3TOMY

% [£ f (pry) dppy] = aU¥ =0,
orkyna U™ = const.

B stoM cayuae paGora BHEIIHMX CHJI MIET TOABKO HA INPHUPAILCHUS
KHHeTHYeCKOH aeprum cucteMul. Ecam cucTeMa usMeHseMas, TO, KaK mo-
KaseiBaeT ¢opmyna (25), paGora BHeLUIHHX CHA WMIET H HA NpUpalEHUE
KHHETHYeCKOH 9HEeprud, M Ha M3MeHeHHe BHYTDEHHEH SHEPIUM CHCTEMb
(nanpumep, ynpyro# sneprun). Mrak, nns HeuaMeuseMOH cuCTeMH HMeeM

dT:E Fi- dry, (26)
-

T e Ouihepenyuar Kunemuteckol sHepzuu HeudmeHae Mol cucmemnl
PABEH CYMMe 3SAeMEHMapHX palom BHeWHUX cua. 3Ty TeopeMy
MOMHO TaKue NPeACTaBHThb B MHTerpaabHOR ¢opme, aHanoruuno#r (23).

HonycTuM, 4TO BHemHHe CHaABI, paGora KOTOPHX OT/IHYHA OT HYJs,
NOTEeHUMaNbHB (HYAI0 MONeT pasHATLCHA paGoTa MAeaNbHHIX CBA3eR; mox-
pobree o6 stom cm. § 7, n. 2). Toraa

D F - dry=dU¥ =—dV*®,
<

rae V' — Buemnad noTeHumanbHas IHEprHs CHCTEeMBl, H ypaBHeHue (25)

naer d(T—+ V¥ 4 V®)—=0. Orciona caefiyer, 4T0 B paccMarpuBaeMoM
CAyuYae WMeeT MECTO WHTErpa] SHEPTHH

T+ VY 4V —=const uam E = const,

rine £ — moanas mexaHuyeckas SHeprus cHcTeMbl. MeXaHHuecKyio cucTemy,
IAg KOTOpPOH MMeeT MECTO MHTETpaj 3JHEPrHH, HA3LBAIOT KOoHCepga-
musnod.

PaccmorpuM Tenepb TeopeMy 00 H3MEHeHHM KHHETHYECKOH 3Heprum
CHCTEeMH NpPH ee ABHXXEHHH OTHOCHTENbHQ WNEHTpa MACC, T.e. OTHOCH=-
TeABHO IlO,IlBH}KHOﬂ CHCTeMHBl OTCYeTa, nepeMemalomeﬁcsl BMeCTe C HCHTPOM
Macc MocTynaTelbHO.

Jng BBHKEHHS TO OTHOWEHHIO K OCHOBHOM (MHEPUMAZbHOH) cHCTeme
oTCc4HeTa HMeeM

dT = X\ F%. dry+ X Fy - dry. 7)
v v
Ha ocxosanun Teopemn Kenura [§ 2, dopmyaa (11)] Gyzer

1 1 r
T =5 Mo+ 3 moy, (@28)
v
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—_— ’ '
Kpowme Toro, r =r.—r,, Tie r,— KOOpIMHATA LEHTPA MacC, a r, =
KOOPAMHATA TOUKM C MACCOU m, OTHOCHTEeNbHO MOABUKHBX ocelt Cx'y’2’
{cM puc 6); mosToMy

D Fi-dry+ X Fy . dry=
Wl v=1
=D F-drc+ X Fy-dry+ 2 Fy-drc + X FYy - dry
v v v v

HIH
D F-dry+ 2 Fy - dry =
v v

=X FS-drc+ X Fo-dro—+ X Fh - dry,  (29)

v v e

TaKk KaK TPeTHH 4JeH MpaBOH HacTW MpelbLAYUIEr0 paBeHCTBA

M FL.drc=drc- Y Fi=0,

v v

NOCKOAbKY MO TpeTheMy 3akoHy Holotona

> FL=o0.

v=1
Bcrapnaa B ypasHenue (27) suipamenus (28) u (29), noayuum

1 1 ‘2
d (7 M‘U%) ~+d (? 2 no, ) =
v
=Y, FS-drc+ Y, Fs-dry+ Y, Fy-dry. (30)
v v v

Tak kak LUEHTP MAacC CMCTeMbl ABHMKETCA Kak MaTepHa/bHAad TOYKA, K KO-
TOpOH MPHAOMKEHB! BCEe BHEIUHHE CHJBI H B KOTOpO#t cocpeloTo4yeHa BCH
Macca CHMCTeMbl, TO AJf Hel0, KAK W AAf BCAKOWR MarepuambHOH TOYKH,
HMeeT MeCTO TeopeMa 00 M3MEGHEHMH KHHETHUECKOHW sHeprum, T e.

d(%Mv%):EFﬁ-drc: (31)
v
fo3TOMY, coxkpamiag B pasencTse (30) paBHLIE HJeHBl, MOAYYaEM
I X ’ ’ ’
d [7251\,0:] ==2F';’, -drv+2Fi-a‘r‘,' (32)
v v v

Ypapueune (32) BoipawaeT TeopeMy 00 H3MeHEHHH KHHETHUYeCKOH sHepruu
AN NBMKEHWA CHCTeMbl OTHOCHTENLHO ee LeHTpPAa Macc, a UMEeHHO: dudh-
hepenguan Kunemuweckoll 3HepzuU CUCMeMb 8 ee OBUNCEHUN OMHO-
CUMEABHO HeRMpa Macc pasen cymMme 3ILeMEHMApRux pabom 8cex
8nympeunux U BHEWRUX Cul HQ nepe,uemeuaﬂx uxX mo4ex npa.-eoame-
HUA NO OMHOUWEHHIO K HeRmpy Macc.
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Mpumepel. Teopema 06 n3MEeHEHHH KMHeTHYECKOH IHEPruM FO3BOASET ycTa-
HaRJHBATH 3aBHCHMOCTH MENIY MEpeMemeHneM CHCTEMbl B CKOPOCTAMH €€ TOYeK
(ten) B Havale ¥ B KOulie mepeMmeiuiennd. s cHCTeM ¢ OJHOH CTenewubio CBO-
Gonnl ¢ moMombio 3TOH Teopembl cocTaBasercHd aupdepeHuunanbHoe ypasHeHWe
JIBHMEHUA.

1. Oanopoanwit 6pyc AB BecoM P monoxen HA JBa OJAHHAKOBHIX CIJOMHEIX
LUHAMHIPHYECKHX KATKa, BecOM Q Kamnbif, KOTOpHIE MOTYT KAaTUThCA 63 CKOMb-
MEeHHA Mo ropuacHTanbROd maockoctu (puc. 20). K 6pycy mpuiokeda nocTosiH-
Has cuna F. [lpenefperas CONPOTHBAEHHEM KayeHHio, HailTi cKopocTh Gpyca

N, »,
8 A F
4 2 1 V] "
L7
P PA 2
7 7R
Q, Q
Pue 20.

P 3aBHCHMOCTH OT €ro HepeMeileHHs §, a TaKke ycKopenue Opyca. [puxenue
HauMHAeTCs W3 COCTOAHHA TokofA, Opyc mO KaTKam He CKOAL3IWT.
Mpumenum ana pemeuns ypasnenue (23):

T—To=X A+ A, (a)

B wameum cayuae To=0, a T=1T;+42T, rue T, — xuHeTHueckan sHeprus
6pyca, T; — Katka. Bpyc LBHXETCA NOCTYNATeAbHO; ClenoBaTeNbHo, Ty = %f. o2,

rie v — ckopocth Opyca. Beauunny T momcunraem mo teopeme Kémura (§ 2,
dopmyna (15})):

1 @ o, 1 2
=gz %tgla®. (6)
BulpasuM 3fech BCE CKOPOCTH YepPes HCKOMYIo CKOPOCTh v. ¥ dHTHBAL, YTO TOuKa K
v
ABAeTCd MrHOBEHHHIM LEHTpOM Bpamienns, 6yleM uMerh mm—g—, rae R - pa-
1
auyc kaTka. [lanee MomeHT HHEpLKH JCX=§-—§—R2. Haxonen, rak xak 6pyc
N0 KarKy He CKOMb3WT, TO CKOPOCTh B@pXHed TOUKM KaTKa U, ==0U U vo=vfd
MopcraBass BCe 9TH 3Hayenud B paBeHcTBo (6), moaydum
30 o 3 Q o
TQHT?TL’C_W'EU' (B)
Chnenoeatenbho,
P Ty 27 = g (4P +3Q) 0% ®

MepefineM K Bhiuucrenuio paboTl. BHeltHumu cunam, neficTByOUMMH HA KAaTOK,
apasiores F, P, @, @ (Qi=@Q:=1Q), Ni, N2 u F\, Fy, rae Fy u Fy— cuan
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TPeHHS, NPEenATCTByOUIHe CKOAbMEHRW KkatkoB. PaBora cua P, Q, u @, pasua
HYJH, TAK KaK OHH nt’.pnemlﬂK%JlapHH K MepeMeuleHHaM HX TOUEK NPUAOMEeHHH.
Has touku K umeem 9,=0 u dr,=0v,4d¢=0. [lostomy N, . dr, =0,
F,- drx‘ = 0; cnenoBatenbuo, paboTa 3TUX CUJI HA KOHEYHOM MepeMemieHnu 6yneT
TakXe paBHa HyMo. AnarorudHblif pesyabTar moayunM 1as cua N, F., a Takke
IAs BHYTPEHHHX CHJ JaBAeHHs H Tpenus, ZeficTBylomux B Toukax D kacanus
6pyca H KaTKOB (OTHOCTE/bHBIE CKODOCTH TNepeMemleHusl 3THX TOUeK paBHl
HyJi0, Kax 1 ckopoctk Toukn K), Creaoratenbro; paboTy COBEPUIAET TOABKO CUAA
Fu A?=F-.s.
TMoactaBass Bece HalinenuHele 3HAauenvd B ypasHeHHe (a), mOAy4uM

35 UP+3Q v =Fs, @)

N 2gFs
"=tV s

Jdna onpelenenuss yckopenusi 6pyca mpoauddepenuspyeM ofe wacth pasen-
cTBa (1) mo BpeMenH; OyleM HMeTb

1 du
—45(4P+3Q)U—5F=F

oTKyna

ds

dt’
ds

Ho —— = v, noatoMmy, cokpauas, Haliiem OKOH4YATeJILHO

dt
— dv _ 4F
A
OfpamaeM BHWMAaHHE Ha NPHMEHEHHHIA 3]ech WPHEM ORpeneneHHs YCKOpeHHs
€ NOMOUILI0 TEOpeMbl 06 M3MEHEHHH KHHETHUECKOH 3HEepTHH,

2. K 6pycy D maccel my, neiamemy Ha raafgkofl ropu3OHTanbHON MAOCKOCTH,
NpHKPEIIeH WapHupHO B Touke A oanoponusiii crepiens AB, umeiowuii Maccy m,
u aauHY [ (puc. 21). CucTeMa HaunHAeT ABHKEHHE H3
COCTONHWA MOKOA B MOMEHT, KOTja CTepi#eHb OTKAOHEH v
AO TOPH3OHTANbHOro moaoxenus AB,. 21 g —F o —-

peuebperas TpeHieM B ocu A, HaHTH CKOpOCTh T a
6pyca B TOT MOMEHT, KOTJa CTepKeHb OPOXOJHUT yepes
BepTHKANb, o -

O6patumcs onAth K ypasuenuio (23). Tak kak ran i 14 24
BHyTpeHHHe Cuanl paboTh He coBepmaiT, TO, 060-
BRAAS KHHETHUECKYI0O BSHEPrHi0 CHCTEMH B MOMEHT,
KOrja cTepweHnb BepTHKaJeH, yepea T, OymeMm nmerdb =l

Ty —T,= 2 AL (a) Puc. 21.
v

i(s)]

Bnech Ty=0,a T\ =T, 47T, Momsyace and suuncaenus T ,, teopemoil
Kennra, umeeM

L3

1 1
Tp=gmt’, Tap==mugtsJc’, (6)

Tie @ — yraoasi CKOPOCTh CTEPKHA, a MOMeHT wunepuun J, = % myl2, Cro-

pocTh ‘Dc HeHTPa Mace CTEDKHA CKAAABBAETCH H3 OTHOCHTENbHOH (I'IO OTHOIIEHMIO
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K 6pycy) ckopoctu o', uucienno pasHoH 0,5 o M mepeHocHoll cKopocTH ©;
cenoBatenbo, v, ==0,5/0 —v. B peayaprare

2002 2
T1=—;—mlv’+-%mg(l—f';——[—v‘-‘-Im)-}—mQ—f-w’:

2
=%(m1 + my) v —”13%3‘-’)— —%— mylov.  (8)

Uro6bl HCKAWYHTL OTCIOJA BEAHYUHY @, 3aMETHM, 4TO BCe Jeficreyiomue Ha
CHCTEMY BHENIHWe CHAH BepTukaabusl, Caenoeateabdo, cymMma ux npoeknuil na
FOpM3OHTANbLHYI0 OCh ¥ DABHA HYMO U TPOeKnud KOAMUECTBA RBIKEHUs Q
CHCTEMB Ha 5Ty OCb 10MXHa OwTb Bennumnoll nocrosunoil. Tak xak Q, =0,
TO Qy= m1”y+m2"cy=0' YuaurpiBaf HanpaBneHus © U D, HAXOAHM OTCIOA

2 (my - mp) o

I
mlu=mzvc=m2(—-—m——v) H lo= 5

2
Moacrapass ato 3nauenue lo B paseHcTsO (B), HafileM OKOHYaTeNbHO
= Wmit-m) (mit-ma)
I = vl (r)
ﬁmg

PaGoty anech coBepilaeT TOALKO CUAA TAMECTH Myg; NPH 5TOM Af =0,51 - m,g.

CraepoBatenbHo, ypasHeuue (a) NPHUHHMEET

A BH]
f.‘

T,= 1 mg.

3amensn saech T HafileHHnM 3HAYEHHEM,
MONYIUM OKOHYATENBLHO

m, Y 3gl .
V(4m1 -+ my) (my - my)

3. llomaynet A u B, Becom P Kawawi,
CoelMHEHbl TMPUKPENASHHBIM K HHM WIap-
HUPHO OJAHODOIMBIM CTepKHeM aauHoH [ u
BecoMm @ (puc. 22), [TonayHe MOTYT CKOJb-
3uTh 0e3 TpeHHS N0 BIAHMHO IepleHIMKY-
AADHBIM HANPaBAAOMWAM (OfHA W3 KOTOPHIX
ropuaontanbia). Ha mnonsyn A jeficteyer

Puc. 22 rOPHSORTANbHAA CHAA £, H3MeHAIONAfACA MO

sakony F = F;sinpf. Cunrasq Benwauny Fy

Mano# no cpaBHenuio ¢ £ U Q, HafiTu 3aKOH ManbiX KojeGaHuii CHCTEMH, ecau
B MOMeHT £ =0 ona HaxOAWTCA B PAaBHOBECHOM MOJOXKEHHH.

Cocrasum nuddepeHunanpHoe ypaBHeHHe IBHIKEHHS CHCTEMBI, HOAb3YACH
pasenctBoM (26), KOTOpoe MPeACTaBHM B BHAE

dT= 2 d’Afp (a)
rie d’Af— anemenrapupie pabotst BHemnux cud. llonowenue cucremm Gynem

olipeAeNsTh YFJAOM ¢ OTKJIOHEHHR CTepXHA OT BEPTHKANW, CuuTad ero mnpu
Maabix koaebauusix mMaabiM. Mmeem

T T, Tyt T,y

BocnosssyeMest 1em, 470 Touka K ABASETC MTHOBEHHHIM LEHTPOM Bpame-
uua aaa crepwna AB, Toraa v, =ay, va=b¢p, rie a= AK, b= BK; noap-
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aysch TeM, uyto dopmyaa (14) § 2 cnpaBenauBa W AAA MCHOBEHHOro Bpamie-
HHS, DOAYIHM

l . 1 0
=27 Tap= 5 Jra®

1P ,.
Ty=g 0% T A2 =73

B

Ho tak xak toukn K u A HaXonATcf HA OAWHAKOBOM PaccTOAHuH [/2 OT uentpa
macc C crepinda, To no reopeme [oiirenca o= JAx= Q%/3g. B pesyabrare,
yuurbiBad, uto a?--b? = [}, 6yneM uMerb
1 Q\ g2
= (e )i

Jng BeiyucneHus 3aementapHoil paGoThi BOCMOAb3yeMcs TeM, 4TO OHA paBHa
MOMEHTY CHABl OTHOCHTEAbHO OCH MOBOPOTA Ha 3JeMeHTapHHH yroa MOBOpoTa
[em. u. 1, § 30, dopmyna (21)]. Tak Kak B HauleMm cliyqae MOMEHT OTHOCHTENBHO
ocd Kx cosmajaer ¢ MOMEHTOM OTHOCHTENbHO HeHTpa K, TO

zd’flz_«: (—P!sinqw—Q%sinnp-[-Flcosq) dip.

Buiuncass ua paBenctea (6) 47 u noicrasasd BCE 3HaueHud B ypaBHeunue (a),
HONY UM

% (P-{-%) 29 dt:[— (P-l--g) simp-q-Fcosqa] 1 dy.

Ho @ dt = dg. TlosroMy, mpoussens cokpauienwe, Hafiiem nuddepenunanbuoe
YpaBHEHHE JBUKEHHA CUCTEMBL B Buie

;—g(&P—}-Q) (p-]-w sin p = F, sin pt cos g, ()

Ilas Manbix KoneGanuit, Monarad sing = @, cos¢@ &~ | u BBoaA obo3Hauenua

36 (2P+0Q) _ ., 3gFs  __
w@+o ~F Terte ®

Gynem uMerThb
¥+ k% = H, sin pt. )

3to nuddepennuannuoe ypaBHeHuE Bungmnennbux konebanuil, obmee pemenue
xoropora umeeT Bua (cM. 4. I, § 35, m. 3)

p=asm (Jla:t-i--ot)J,»-kz%"p2 sin pt. (e)

3nech @ ¥ & — MOCTOAHHBE WiTerpHpoBanuf, Onpenenfid HX N0 HAYaAbHBIM JaH-
HbiM: nip =0 ¢ =0, ¢ =0, nalineM OKoOHYaTeNbHO 3aKOH KoneGanui

q:=-z£"?-(smpt-—--£—sm kt). (%)

CucTeMa MOXET COBEPWIATh Maiame KoneGanus BIadu OT 30HB pe3oHaHca p = k.
Ipu stom, ecau p <& k, TO mpubankenuo

Pp= % sin pt,

T. €. KoleGaHUfl ABAAIOTCA BHIHYHIEHHLIMH € YACTOTOR p H MEPHOROM T = 27/p.
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Ecm we p > k, To npubawxenno
H
[0 =—2 s ki,
Pk

T. €. koneGanus Gy1yT COGCTBEHHHIMH ¢ yacToTOH & U NepuonoM T == 2mt/k, riie 3ua-
q9eHue k 1aeTCA PaBeHCTBOM (I}

Ipusmep mokasuiBaer, 4T0, NOAB3YACH Teopemoil 00 uaMeneHHu KuHETHUECKOH
sHepruu B nuddepennnanpuoii gopme, MOKHO cocrasuTh HudepeHnuanbHoe
ypaBHeHHe IBmXKeHHS Jo00of MexaHHuecKOH CHCTEMBI C OXHOM CTelmeHsl CBO-
6oanl npu AOHIX JSHCTBYIOUIMX HA CHCTEMY CHJAX,

6. B xuneMatnke Mbt uMeaun Teopemy Lllaxa, cornacuo koTopo#i Beakoe
JBHXEHHe TBEPAOro TeJa MOXHO pacCMaTpHBaTh KAaK COBOKYMHOCTb I1O-
CTYNaTe bHOTO  IBHKEeHHA, ONPEAe/SEMOr0 NBHKEHHeM MpPOU3BOIbIIOH
TOYKH Tejd, H IBHKEHHA TeéJa OKOJO 3TOH TOYKM kaK HEeMOIBHKHOM.
BellenanowedHple TeopeMbl AMHAMHKA NMOKA3LIBAIOT, YTO 3a TAKYH TOUKY
yaoOnee Bcero OpaTe uenTp Macc B camom gene, nsuienue uenrpa
MaccC onpefensercs mo COOTEETCTRYIEH Teopeve Kax ABMIKEHHE MaTepn-
aMbHON TOUKH NOA AeHCTBUEM BeeX NPUIOKEHHBX K CHCTEMe BHEIIHUX ChJ, a
K ABHXKEHHIO OTHOCHTEJIbHO 1IEHTPAa MAcCC Teopembl 00 H3MeHCHWH KHHETH-
YeCKOro MOMEHTa H 00 M3MeHeHMH KHHETHYECKOHM sHepruu MpUMeHTKTCH
COBEPIIEHHO TaKk e, KaK M K ABMMEHHIO OKOJNO HENMOABHIKHOM TOUKH,
ITosToMy BcfKOe ABHAEHHE MEXaHH4eCKOM CHCTeMH MOMHO H3yuaTh, pacs
CMaTpHBAA er0 KaK COBOKYMHOCTb JABYX IBHMEHHH: mocTynaTensHoro,
ONpejeseMOro ABMKEHMEM LIEHTPA MacC, M JABHMEHHA OKOJO UeHTpa
Macc Kax HelOABHAKHOH TOUKH.

§ 4. luHamMMKa TOYKH MepeMeHHOH Macchl

1. MousaTHe o0 Texe H Touxke MNepemMeHHO maccw. [Ton Mexauu-
YecKol cHcTeMOH Mbl TOHMMaeM TaKYI0 COBOKYIHOCTE MarepHalbHBIX
TOYEK, B KOTOPOH noaOmeHue WAM JABHMKEHHE KaWAO# TOUKM B33aBHUCHT
OT MOJAOXKEHUA H ABMKeHHH BCeX OCTAJbHBIX. JTa 3ABHCHMOCTD 05}'(‘..‘10-
BAGHA HAJIHYMEM CHJI B3aUMONCHCTBUS MeWNy TOYKAMM CHCTeMLl (BHyTpeH-
Hux cua). JIo CHX mop MBI CYMTAMM MHOKECTBO Touek, 06pasyiowmx
KaXJy10 PACCMATPUBAEMYIO CHCTEMY, HeH3MeHHbIM, Mexly TeM Ha npakruie
Moryr HMeTb MeCTO CAy4Yyau, KOraa B HEKOTOPLIE MOMEHTH BpeMeHH
£, £, ... B3AHMOJCHCTBHE KAKHX-TO OTIE/bHBIX TOMEK CHCTeMH C OCTalib-
HEIMH e TOUKAMH MDAKTHYECKH MTHOBEHHO NMpeKpallaeTcd; TakuM oGpasom,
3TH TOYKH MOCAE MOMEHTOB BpeMeHH fy, £y, ... ywe He OYAYT BXOAHUTH
B paccMarpuBaeMyl0 cucteMy. B pesymbrarte cocTar, T. €. MHOKECTBO
TOULK, 06[}&3)’]0[].[}{}( AAHHYH0 CHCTeMYy, a CAeloBaTejbHO, H Macca cu-
creMel OyayT cO BpeMeHeMm H3MEHATLCA. AHAMOTHYHO MOTYT HMeTb MeCTO
ciayyau, KOrla B Kakue-TO MOMEHTHl BpeMeHH £y, f5, ... c paccMarpu-
BaeMOW CHCTEMOM MTHOBEHHO HAYHMHAIOT B3AUMOACHCTBOBATL TOYKH, 10
STOTO B JAAaHHYI0 CHCTEMY He BXOAMBUIME (C HEIO He B3aWMOJeHCTBOBAB-
mde) B pesyabTare Takme OyaeT NPOUCXOAUTb H3MeHeHWe COCTaBa
CHCTEMBI M €€ MacChl, [IpuMepoM MOMKET CAYHHTH ABHKYLMACA TpaHCHop-
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Tep, € KOTOPOr0 B Kakue-TO MOMeHTbl BpeMeHH CHHMAIOT (MM HA KO-
TOPHH KIaAYT) rpysbl.

Ing u3ydyeHus MABMKEHHA CHCTEMBl B YKA3aHHBIX CAYYadAX HYIKHO
pcAKUH pa3 mocie MOMEHTOB BpeMeHH tl, fy, ... COCTABNATb AJ4 obpa-
gopaplieHcs HOBOM CHCTeMBl CBOH YPABHEHHS ABMMEHUH, YYHTHIBAS MIHO-
BEHHOe H3MeHeHHe €e CKOPOCTH B MOMeHT OTAeneHHd (HPHCOEII.HHBHHH)
YACTHUE MeTOAaMu Teopuu yaapa (ra, VII).

Onnako B pajge cayyaes Npouecc oTAefeHus (MM NPUCOEAHHEHHS)
YaCcTHL MOXHO HPAKTHYECKH CUHTaTh HeMpephIBHBIM, a C/eJ0BaTeIbHO,
paccMaTPHBaTh KaK HeMpepPHBHHA M mpouecc W3MEHeHHHd MACCHI CHCTEMBI.

IMpumepamu TAKUX CHCTeM B MPHPOjde ABJAMIOTCA MaaBaloilas JbIuHa,
Mmacca Koropofi yObiBaeT 0OpW TasHWUH WAH BO3pacTaeT NpH HaMepP3aHHH,
naaverd, Macca KOTOpOH H3MEeHsNeTcs BC/AeJCTBHE OCElAHHS  METEOPUTHOH
e M T. 0., @ B TeXHHKe — PaKeTd HAa AKTHBHOM Y4acTKe TPAGKTOPHH
HIA pedKTHBHGIR CamoJeT, Macca KOTOPHIX YyOulBaer MNpH BHIOpaHHH
TOM/NBA, BepPeTeHO, HA KOTOpOE HAMATHIBAGTCH HJ/H C KOTOPOTO CMAaTbl+
BaeTCAd HHTb, M T. M.

CuncreMy (B HacCTHOCTH, Tel0), MacC& KOTOPOM HEeNmpepLIBHO M3MEHFeTCH
CO BpeMEHeM BCeACTBHE H3MEHeHHUHA cocrtasa CHCTEMBI, T. €. HE[pephLiB+
HOTQ MPUCOEANHEHHA K Heff HAM OoTACNeHHA OT Hee YaCTHIl, H MpUHATO
HaswBaTb cucTemoit (renom) mepemedHHOH Maccul. Ecam paccroanud, mpo-
XONHMBIE TOUKAMM TeJa, BejJHKH 10 CPaBHEHHI0 C ero pasMepaMH H/H
eCiH TeNO ABHKErCA MOCTynarelpHo, TO ero (nmpexeGperas H3MeHEHHEM
MOAOKCHHA UEHTP& MACC, MPOHCXOLALUHM B Mpouecce OTACACHHA HaH
NPUCOGNHHEHHA WYACTHI) MOKHO pPacCMaTpHBaTe KaKk TOUKY mepeMeH-
Hoft Maccel. JIgimkenne Takof TOukM MepeMEHHOM MACCH MBI H PACCMOT=
puM, nojarad, uTo macca M 3TOoff TOUKM NBJAETCA HEMPEPHIBHOH M A~
depenmpyeMoft dynknuefl ppeMmenn M (f) u uro B3aumojeHCTBHe C 3TOH
TOUKOH OTAENAOIHXCA YACTHLL NOCHe OTAe/IeHHS MIHOBEHHO NMpeKpauaercd,
4 MpHCOGNMHAIOIIHECT YacTHOBI N0 MOMEHTd MNpHcoeluHeHudt c oTOH
Touxol He B3amMoneficreylor Jlaa rTakol TOYKM MOXHO cocTaBuTh Au-
q:epenuuanbuue YpaBHeHUA, ONMUCHIBAIOIIIKHE €¢ JBUMHeHHE B TedeHHe BCETO
BpeMeHH H3MEHEHMA MACCHI.

2. Anddepedunanbipie ypaBHeHHs ABHKEeHHA TOUKH NepeMeH-
Hofi maccel (ypasHenns Meuepckoro). CocraBuM ypabienue ABHKCHHA
TOYKH “EQEMEHIIOFI Maccni, Macca KOTOpOH H3McHAeTCH BCIeACTBHE OJHO-
BPeMEHHOrO oraeneHud U ApUCOeAWHEHHH YACTHIL 0O0603HauuM B MOMEHT
spemedn £ uepes M (¢) Bcio maccy Touxu, uepez M, (£) —Maccy sowen-
WHX B ee COCTaB MPHCOEAMHAWIIUXCA vaciuy u uyeped M, (f)-— Maccy
BXONAIIHX B €e COCTAB OTAENAIOMUXCA uacTHy; 3xeck M, (f)—- Boapac-
tajowas @yuxuus (dM, > 0), a M, — yOuBawowas (@M, < 0), dyHk-
uus ke M (f) moxer OwTh Kkaxk BospacTaiolel, Tak U yObiBalonel u,
B 4acTHOCTH, MOCTOAHHOM

[lpumenuM teopemy 00 H3MEHEHHW KOMMYECTBA ABHXeHHS K CHCTEME,
cocroamel H3 TOYKH ¢ Maccod M (£), mpucoepuusiomedcs Kk He#f 3a
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Manuit mpoMeXyTOK BpeMeHH Af yacTuiipl ¢ Maccofl &MI " oraendiomehcs
OT Hee B TeYeHHE TOr0 IKe MPOMEKYTKA BpPEMEHM YacTHUL ¢ Maccol
|AM,| (puc. 23). TTo caemaHubM BHIIe NPEANOIOKeHUsM, YKA3AHHbIE
YACTHUL W TOYKA B3aMMOAEHCTRYIOT, T. €. OOpasyiT MeXaHHYecKyio
CHCTEMY JAHIUb B MOMEHT BpeMeHH £ (mocne
OTAeNCHHS HAM 10 NPHCOEAHHEHUA B3aUMOoAeH-
crus Her). [TosToMy peayibrare Halux pac-
cymieHUA OyayT chnpaBel/MBB, KOFAa MBl CO-
BepPIUIMM mpeaeabHbIA nepexon, nonaras Af — 0.
YnoMauyras TeopeMa jnaer

Q—Q,=F At (n

rae Q,-— KOIMYECTBO ABUMEHUH CHCTEMH B MO-
MeHT £, a @, — B MoMeHT £ - Af; F — paBHo-

2.
2/ 1an| ICHCTBYIOLWIAA MPUJAOKEHHBIX K TOYKE CHI.
O06o3naunM a6COMOTHYI0 CKOPOCTb TOUKH C Mac-
Puc. 23, cot M(f) uyepes ©, a abcomoTHble cCKOpPOCTH

npucoefuHslomeRca vacTHUL ¢ Maccot AM,
M oriensiouwefica vacTuust ¢ Maccol |AM,| uepes &, u m, coormer-
ctesuno. Toraa

Q@z MU—’—-&M; * By
Qi =(M-4+AM;— [AMy]) (0 +A0)+ [AM; |y,

rie Av — npupawerne CKOPOCTH TOUKH B33 INPOMEKYTOK Bpemexu Af,
TMoacraafs 3Tu Beduunnel B ypasHeuwe (1) # yuureisas, uro |AM,y|==
= — AM, (Macca HacTHIbl — BeN4YHHA NOJOXKHTe bHAA, 3 M, (£) — dyRK-
UHs YOBRIBAIOWANR), TOAyYHM

MAD+AM (v —u)+AMy(0 — )+ AM,+AM,) Ao = F At.

Orciona, geas obe yacTi paseHcTsa Ha Af M nepexoas K npeeny npu
Af — 0, HaiineM OKOHYATeNbHO

M2 — Fy o, —0) 20 (0, —0) LT, @

3ro M ectb AMddepeHUHaTbHOe YPABHEHHE ABHKEHHA TOYKHM NepeMeHHOH

maccel wan o6Gobmennoe ypaBHenue M. B. Mewepckoro, cocrasneHHo2

AJA Cayuas OJHOBPEMEHHOTOD oTae/NeHHs U NpUCOeAHHeHHA YaCTHIL.
EciH uMmeeT MECTO TOJbKO RPHCOeaAMHeHHe (WM TOMBKO OTAe/eHue)

aM, _ dM dM, d.M) §
HACTHH, TO — = — (Hm{ gf = a4 ) M Yypasueuwe (2) npunu

MaeT BHI

do aM
MWZF—F(“—‘D)—‘T‘—. 3)
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rae @ — afcoq0THAaA CKOPOCTb NMPHCOEAHHEHHA (MJIH OTAeJeHud) 4YacTHIL.
Vpapuenue B Buge (3) Owtio moayueno M. B. Mewepckum B 1897 r.,
a B o6o6ulennom suae (2) onybaukosaHo B paGore 1904 r.

BesnuvHa #, = # — ¥ NpeacTapinerT coGoi OTHOCHTe/bHYW (N0 OT-
HOUIEHHIO K OCHOBHO# Touke ¢ Maccoh M) cxopocts npHcOeAHHEHUS
(oTnenenns) wactnu. Ecau BBecTH 3TY BeNHuHMY, TO ypasHeuue (3) nmpH-
MEeT BHA

dv M
Mm-:F-{—-u,T. (4)

Kak BuanM, u npu oTAeAeHHH W NMPH NMPHCOSAMHEHWHM YACTHL ypaBHEHUSA
(3) nan (4) uMeIOT oXMH W TOT e BuA, C TON /ML pa3HULEH, uTO
aM
B Ciydae MPHCOeNHHEHHS HaCTHU —m— >0, a B cayuae uX OrAefeHust

dM
- < 0.
Ecau alcomoTHas CKOPOCTb TMPHCOSAHHAOMINXCA (OTAGAAIOLUXCA)

uyacTuL, paBHa HyMoO, T. e. #==0, To ypaBHeHne (3) MOKHO NpelcTaBuTh
B BHAe

d(Mo)
B B ®)

€C/IH e OTHOCHTe/NbHAH CKOPOCTb HNPUCOCHAMHAIOIHMKCA (OTALMAI0UHUXCA)
yacTHU ectb Hyab, T. e, &,=10, To ypasuenue Meepckoro npuHHUMacT
TAKOW e BMA, KAK AJA TOYKH MOCTOAHHOH Maccel, T. e.

do
M—_——= 6
+=F, 6)
oxHako M B NeBOil uacTH #BASETCA MPU ITOM BEAHYMHON nepeMeHHON.

3aMeTHM, HAKOHEll, YTO eCJH BBECTH BEIHUYHHY

dM
Q=u,—7, )

TO ypaBHeHue (4) MOKHO MPEACTABHTH TOXE B BHAC YPABHEHUS NBUMKSHUA
TOYKH MOCTOAHHOH Maccel

d
MT‘:.=F+(D. (8)

HUs ypasuenus (8) caeayer, uro sddekT oraeneHus (MPUCOSIHHEHUA)
4acTHL, SKBHBadeHTeH AefCTBUIO HA TOUKY (Teno) HekoTopo# moGarouno#
cuipl @, HasviBaeMOM peaxmusrob cunod.

OGosHauuM yepes szl%l CeKYHAHBIH pacxon oTaeaseMoRt (niau

npucoeanHseMolt) Macchl, H nycte @ u @, — peakTHBHBIE CHIBI COOT-
BETCTBEHHO OPW MPUCOSAMHEHMM M OTAeNeHMM yactuu. Toraa

O, = Gcex“r' 02 = — O ollys ¢))

4 H. H. Byxroaby



50 OBNIME TEOPEMBI IHHAMUKY CHCTEMBI MATEPHANBHEIX TOYEK [T 1

T. € PpeakTHBHAd CHIA PaBHa YHCJIEHHO NMPOM3BEJCHMIO CEKYHIHOrO pac-
X012 Macchi HAa OTHOCHTENBLHYK CKOPOCTb OTAEACHHH (MPHUCOELHHEHHA)
YaCTHIl M HanpaB/iena MPOTHBOMO/IOKHO BEKTOPY K, B cliydae OTIEJCHHA
YACTHIL H TaK JKe, KaK BEK10p K., B C/ly4Yde MPUCOCIHHEHHS YACTHIL

OTMeTHM B 3aK/Ti0ueHHe, 4TO npeobpasoBaHud, NPoAeiaHHBE C Ypas-
HeHneM (3), MOmHO TakuM e oOpasoM MNpPOH3BECTH H ¢ OGOOLIEHHBIM
ypaBHenneM (2).

PaccMOoTpUM HeCKOJbKO MPHMEPOB NPWIOKeHHA ypaBHeHuH Metiep-
CKOTO

3. JlpumeHHe pakersl BHe noas cua. Popmyaa llHoakoeckoro.
B xayecTBe NepBOro MpUMEPAa PACCMOTPHM C/Aydall MOCTYNATENLHOTO [BH-
WeHus paxetel BHe noas cHA (l-a 3amava llnwoaxoeckoro). Toraa, no-

aaras B pasencrBe (4) F=0, nony-
& yHM @A ABMIKEHHS! PaKeThi B STOM

cliy4ade BeKTOpPHOe ypaBHeHue

do _  dM
M=t~ (10

Hanpasum ock x BaOAL BekTOpa
cKopocTH @ pakern (puc 24) u no-
NyCTHM, YTO OTHOCHTENbHAA CKOPOCTb

Puc. 24. OTAe/IeHHA HACTHWL #, (CKOPOCTb BHI-

JeTa APOAYKTOB FOpeHHA TOMAMBA W3

CONAA PAKETHOTO JABHIaTe/f) MOCTOAHHA M HANMPAB/ICHA TIPOTHBONOAOKHO

Toraa, mpoexrnpys o0e uyactu pasedcrsa (10) Ha OCb X W YyuTHIBaA,
4T0 UV, =09, U,, = —u,, Oy1eM HMeTb

Mdv=—u,dM
Orciona, HHTErpUpys W MoJarag B HadabHbIl MOMEHT CKOPOCTb paKeThl
paBHOR v, a maccy paBHo#t M, NoOAYyUUM OKOHYATENLHO

v =1y u,In 2. (11

dopmyna (11) ycrawasnupaer, MO KaKOMY 3aKOHY BO3pAcTdeT CKOPOCTH
PaKeThl C YMEeHbUIEHHEM e MaccChl Ecnu HAuaJAbHY) Maccy TonjiHBa
obosHauurs M;, a Maccy Kopmyca pakeTsl CO BCeM 0OOpyIOBaHHEM H
nojesHEM Tpysom uepes M, ro My= M, M,, a macca paxersl B Mo~
MEHT, KOraa CropHT Bce TOmaxso, Gyder pasHa M, B pesyibrare uaii-
neM, Y4TO MpejenbHas (HanGoJbllAs) CKOPOCTh, KOTOPYIO MOAYYAeT PaKeTa,
KOrga GyneT H3pacXoLOBaHO BCE TOMIHMBO, ONMPENENAeTCA PaBEHCTBOM

vlmtro—i-a,ln(l—i—%). (12)

Aro uspectuas ¢opmyna K 3 Uwuoaxopckoro, onyGauKoRauHas B ero
pabote 1903 r.
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Wz gopmyss Llnoakosckoro caeayer TOT HHTepecHH (akT, 4T0 Mpe-
Je/lbHAgd CKOPOCTb PaKeThl 3aBHCHT TOABKO OT OTHOCHTENBHOTO Bamaca
TONAMBA H OTHOCUTeJbHOH CKOPOCTH HCTeyeHHS MPOAYKTOBR €ro TFOpeHud,
OT TOro, MO KaKoMy 3aKOHY pacxonyercsa TONIHBO, IMpelebHAad CKOPOCTh
paKeThl HE B3aBHCUT

Ilna sakoHA [ABHWEHHA PaKeThl B PacCMaTpUBAeMOM Ciayyae MOJay4acM
w3 (11), nonaras, uro npu £,=0, x =10

x == vt -+ u, Jln M(f) dt (13)

ChaepoBarenbio, 3aKOH ABHKellHA 6}’II.ET 3aBHCeTh OT 3aKOHA pacxolna
TOMAHBA, T € OT BuAa 3asucumoctd AM(£), xoropas ana BBIYHCIEHHR
uHTerpana, BXOAAUIErO B MpaByl0 4acTh paseHcrBa (13),
aomkHA OBTh 3ajaHa &

4, BepTHKaJbHOe IBHYEHHE paKeTbl B OJHOPOLHOM
nojae TawWecTH, PaccMOTPHM pakeTy, ABHKYILYIOCH BEPTH-
Kanbll0 BBEpPX B OAHOPOAHOM MOJe THAKECTH MPH OTCyT-
CTBHH CONPOTHBAGHNA cpeanl (2-8 3anava Ilmoaxoscxkoro),
Hanpasum och x TaKike MO BePTHKAIM BBePX M TIpUMeM,
YTO BEKTOD &, OTHOCHUT@/IbHOH CKOPOCTH OTleNleHH® 4acTHLL
MOCTOSIHEH W HAmpaBileH NO BEPTHKAIM BHH3 (puc. 25).
Yuursipad, 4ro Ha pakeTy AefcTeyeT cuaa Tamectn P= Mg,
MOJAy4NM YpaBHeHne ABHKeHus (4) B NPOEKUMH HA OCh X
B BUIE P=Mg

dv aM
M—d?———«-‘*—Mg—-H,—dt‘—. (14)

Hurerpupys 5T0 YypaBHCcHHe U MoOJaras, 4TO npw
t=0 M= M, ©v,=0, Haltaem creaylowuit 3aKoH H3Me-~
HEHHA CKOPOCTH,

M a
v=u,In—>— gt (15) Puc. 25.

Jlna aaabliediilero HHTerpHposaina ypasveuns (15) wamo samars xa-
Ko#t-ro 3axoH uavenenua Macchi [lpumem, uto Macca M yGuiaer no mo-
KazareJbHOMY 34KOHY

M= Mye-o, (16)

rae ¢ — NOCTOSHHL! KO3(PUIHEHT, XapaxkTepHsylOUHH OHCTPOTY uaMe-
uenns Maccol, Toraa ypasrenue (15) mpuver eua

d
ﬂ-_—%_(au,-—g)t. (17
4%
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Orciona, vuTerpupys M cuntaa npu =0 x =0, nafiaem zakon apu-
WeHHA PaKeThi:

x=(au,-—~g)-§—. (18)

B sTom papencTBe u#, eCTh, OueBWIHO, YCKOpeHue, cooblllaemoe pakere
peakTHBHOH CH/IOM, B 4eM MOXHO YGRNHTLCA H HEMOCPeACTBEHHO; B CAMOM
neje, BHYMCASR C yueTom paseHcrBa (16) peaxktuBnyo cuay, no dop-
myae (7), moAyuuM

@xm—u,%=au,MDe'“’=au,M.

W3 ypasienna (17) caeayer oYeBHAHHH BHBOL, UTO BepPTHKAIbHELHA
nokbvem Mpu U,==0 BO3MOMKEH JHMLIb B Ciyyae, KOTAa ox, > g, T. e.
Korda yckopeHue, coobmmaeMoe peaxTuBHo# cudoff, Oonblue yciopeunst
CHABL TAXKECTH

Jlonyctum Temepb, YTO MAcca paKeTbl MOXKeT yOMBATH 10 HEKOTOPOrO
anauenus M, (pasdocTs M,— M, paBna samacy TomamBa), u Haliae,
xakolf Oyzer nonuas seicora H noavema paxersi. Bpema £, asuwenus
nofl neHCTBHEM PEAKTHBHOM CHJLL (aKTHBHBHA Y4YacToK TpaeKTOpPHH) onpe-
ngenserca u3 pasetictea M;= Mye~%, orkyaa

i
t=—, (19)
riue M
n:ln-—ﬁﬁ-. (19"

Moacrasngaa 910 3uauenue f; B pasedcrea (18) u (17), uadmem nas
IJMHB X, AKTHBHOI'O Y4YaCTKa M CKOPOCTH v B KOMLUE 9TOr0 YuacTka
3HAYEHHS

D B . 18
xl-“’ %2 *
Tlocie MoMeHTa f; MacCca paKeThl OCTaeTcs NOCTORHHOU, uMes B sTOT
MOMEHT CKOPOCTh ©;, pakeTa MpoMjeT elle A0 HauBhCWeR TOUKH MyTh
2
v (e, —g)
RS S 2g0% °
Torsga AAA NOAHOM BEHICOTH MOABEMA NOAYYMUM 3HaueHuwe ff=x,- A
HIH

v=nXr—£&, (20)

2
u u
S | T T
H n (Tg o '—"‘Qa ). (21)
Kak BHIHUM, H, B OTJAHYHME OT U, 3aBUCHT OT NapameTrpa @, Olpeneanin-

nero OwcTpory pacxona TomauBa. [lpw stom H rtem Goabume, uyem
6oablite ¢. Hamboabinas BHcoTa NMOAbEMa

2,2
nu;

H* = 7

@r)
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NoyyaeTcs MpH ==00, T. €. NPU MIFHOBEHHOM CTOPaHMH TOTHBA.
TlpakTHyeckn 3TOT peayiabTaT 03HayaeT, YTO AAA MOAYueHHR HAnOO/bueH
BEICOTH NMOA'bEMa B OJAHOPOAHOM MOJe THMKECTH NMPH OTCYTCTBHH COMpPO-
THBJEHHS Hal0 BO3MOXHO OLICTPee CHHIATH TOMIHRO

PemnM Tenepb Apyryio skcrpeManbHyio sapauy. Hatinem, npu kaxom
3HAYEHHM © AJMMHA AKTHBHOrO Yyuwactka x; Oymer HauGoabiue#t (Takoft
pexuM ofecCreuwT aBHKEeHNe ¢ HaHMeHblIHM YCKOpDEeHHeM, T. e. C Hau-
MeHblUMMH neperpyskamu). Ha (20) noayuaem

0x; — 2g — u0 2
o o? ‘

[lpupasHHBaf 3TY NPOH3BOAHYIO HYMO, HaHeM, 4TO YKa3aHHGLIH onTH-
Ma/lbHbli pexuM HMeeT MecTo, Koria
2

a== ) (22)

r

g

|

=

T. €. KOTAd ycKOpeHHe, coolluaemoe peakTHBHOH cHiIOf, BaBoe Goanlue
ycKOpeHHs cHAbl TawecTd. [lo 3HaKy BTOpOH NMpousBoiHO# /1erko ybe-
OHTHCH, YTO NpH HafileHHOM 3HAYEHHW O BEAMYHHA X; IeHCTBHTENLHO
uMeer MakcumyM. M3 pasewcts (20) » (21) naxoanM, uto Bpy au, = 2g

2 2 2,2
nu; nuy

%1 max = 8¢’ = iz
[Moauas BeicoTa mogbema f1 B 3TOM ciyuae BABOe MeHblie ONTHMAJIbHOMN,
onpenengeMolt pasercrsom (217)
MoXHO NOCTABHTb ele OAHY ONTHMANBHYIO 3a1auy: NMpPH 3anauHo
JATHHe aKTHBHOTO yYacTKa X; HaHTH 3HAYEHHE O, AJA KOTOPOrO HHCIO 7t

(xapakrepusyiomee y paxkeThl 3amac TOMAKBA) Oyler HauMeHbluuM, Jlns
aToro ua (20) BeipaxaeM n? uepes X; H o) HAXOLHM

2x,02

2=
¥ au,—§g

Bbruucnfa 0TCI0Aa TPOH3BOAHYI0 OT n2 NO 00 M MPUPABHHBAA ee HYAIO,
MOAYYHM, YTO 7 HMEeT MHHUMYM HPH TOM e 3HabeHHH O, KOTOpoe
onpeneadercd paseHcTBom (22). Taxwm obpasom, B IaHHOM cayyae OaWH:
H TOT e 3aKOH H3MEHeHHd Macchl obecneyuBaer MaKCHMYM X; MpH 3a-
JaHHOM 3HAYEHHM B H MUHMMYM 7 NpU AauHOR BeldunHe x;.

PaccMoTpum Temepp APYrylo, TaK HasnBaeMylo OOpaTHY0 3agauy:
HaitieM, MO KaKOMy B3aKOHY [O0J/KHA H3MEHAThCH Macca PaKeTbl, uTOGbi
pakera coBepluana BepTHKAIbHHHA nNOABEM C MOCTOAHHOH CKOPOCTHIO,
s storo moioxum B ypaBuenuu (14) v==const; nonyuum s onpe-
AE/eHUs 3aKOHA H3MEHEHHA MacChl ypaBHeHHe

M
u, ——+ Mg =0, (23)
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Orcioaa, HHTerpupysa W monaras npu =0 M= M, uainem
_ £y
M=Mpe “r. (24)

TaxnMm oOpa3oM, paBHOMepHbIf MOABEeM paxeTH BO3MOXKEH TOABKO B TOM
ciy4ae, KOTAA 3aKOH W3MeHeHus MacChl WMeeT BMA (16); nmpu aToM ZomkHo
OnTh 00 == g/u,, WK au, == g (ycxopeHue, coobuiaeMoe peaxTHBHOM cH/Of,
PABHO YCKOPEHHIO CHJBL TAKECTH).

Tpu BeiBoge ypasuenus (14), a cnenopaTenbo, u (23) Mbl cydTam
BEKTOP #, HAMPaBJCHHLIM BEPTHKANLHO BHHS.

PaccmorpuM ewe, kakoi#t pesyAbTaT MOJYYUTCH, €CAH CYUTATH CKO-
pocTh #, HanpaBaeHHOR® no Beprukasu seepx. Toraa B ypasHenuu (23)
BMeCTO 4, Oyler crosTb — ,, U MB, WHTETPUPYHA, MOAYYHM

£ ¢
M= My B (24"

CJ‘[&I[OB&T&IH:HO, paBHOMEpHOE JABHMXEHUE MO BEPTHKAIH BO3MOKHO H
TOrAa, KOTAa Macca BO3PACTAeT MO NoxasaTeJbHOMY 3axoHy. B avom cay-
yae peakTUBHas CHJAA HampaB/ieHa TAK we, KaK BEKTOD u,, T. €. BEPTHKATbHO
BBEDX, M YPABHOBELIMBAET CHUAY TikecTH. Taxo# cayuwaft mor Obi HMeTb
MECTO, KOHEYHO, He MpH ABHKEHUW paKeTh, a, HANPUMEP, MpPH nNaneHuwH
KANIH BOABI B HACHIUEHHOW BOIAHLIMH mapamu arMocdepe, eciu dony-

P CTHTb, YTO Macca Kaniu BCAGACTBHE KOHACHCAUMH HA
/] ee MOBepXHOCTH Mapa Oyaer Bo3pacTarh no 3akoHy (247),
A a CONpPOTHUBJICHHE ABHMKEHHIO npeﬂeﬁpenmmo Mano.
5. BepTukanbHOe nBHKeHHe Tsxenoil Hutu, Mexa-
<4 HHKA TeN MepeMeHHOM Macchl HAXOJWT HHTepECHBIE MpH-

JMOMEHHA W B JIHHAMHKE HHUTH. Paccmo"rpnu Creaylo-
h A wyio sanauy. ITycTe HepacTaxuMas rubxas OAHOpOIHAR
#uth AB anuHoo [ cMoraHa B kay6ok, Jemauimi Ha
Kpalo ctona (puc. 26). Bricora crona wHas nosaom
pasua h <[. HccneayeM npouecc naaexuss HHTH CO

z CTosa Ha MoJ, npeHebperas COMPOTHBAGHHUEM pPA3MATHI-
& BAHHMIO HHTH, 4 TaKKe CONPOTHBJAECHHEM BO3AYXa IIPH ee
Puc. 26. IBHXeHHH. 3ajavya pacmagaercs va 3 srama: 1) ¢ Mo-

MeHTa Hayajda ABHXEHMS [0 MOMeHTa, xoraa ceoboj-
Hoift koHel A HMTH KOCHeTCA Mosa; 2) OT KOHUA MepBOro artama A0
MOM@HT4, KOriaa apyro#t kouen B HHTM CXOAUT €O ¢TON3; 3) OT KoOHUA
BTOPOTO 9Tama M A0 MOMEHTa, KOraa xoHenm B HuTH KOCHeTCH MoJja.
1) Tlepexoad K paccMOTPeHHIO MEePBOTO 3Tama ABHMEHHH, MPOBEEM
KoopanHaTHyl0 ocb Ox BepTHKaiblO BHH3, Geps Havano koopauxar O
B MAOCKOCTH cTOMa, H OyaeM MOJOXelHe JHTH MPH ee ABHKEHHH omnpe-
aenaTh Koopaunarod x Ttouku A (puc. 26). Haitnem apmkenue HuTH
NpH HAYaJBHBIX YCHAOBUAX

ty=0, x=0, v=x=0, (25)
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HWa dmsuueckux cooGpamenuit AcCHO, UTO yCA0BHAMH (25) mocieayiomwee
IOBHM(EHHe He OnpelleiaeTcsd ONHO3HAYHO: €CJAM CYMTAaTh, YTO B MOMEHT
f,=10 Touxka A He MMeeT yCKOpeHus, TO HuUTb OyIeT 0CTaBaTLCH B MOKOE;
ecaH Me Touka A uMeeT ycKopeHue (CO cTosa CBelIMBaeTcs GeCKOHEYHO
Majbl 37eMeHT HHTH), TO HUTh MNpuaeT B IBumenue. Hac 6yaer uure-
pecoBaTh BTOpPOK cayuah.

CoctaBuM ypaBHeHuWe ABHMEHHS HHTH. B Mpon3BOnbHBIN MOMEHT Bpe-
MeHH ¢ co crona cBemuBaerca oTpesok nutu OA amusow x < k, Ko1o-
pHIl  ABMKETCH MOCTYMaTenbHO M MOMET pAacCMAaTPUBATbCA KaK TOUKA
C nepeMenHoW Maccoit M==px, rie p-—Macca eAHHHLE AAHHBI HUTH,
K 3TOMy OTpe3ky HempepblBHO MPHCOEAHHANOTCA YACTHILbL HUTH, CBEPHYTOR
B KJAYOOK, HMesl B MOMEHT MPHCOENMHEHUA a0COMOTHYI cropocTh & = 0.
CaenoBate/ibHo, ypaBHeHHe ABHMEHHS HHTH (ypasheuue (3)) umeer BUR

aM

do
Magg=F~0

rae F—& AaHHOM Ciayuae ILE“C’I‘BYIOIH&H Hd HHUTb CHJd TAMECTH, YHCIEHHO-
pasnas pxg. ITpoekTHpys ofe yacTH 3TOrO YpaBHeHHS Ha OCb X W YuH-
THBasg, YT0 ¥, ==v, F,=F, a M=px, GyreMm umets

d
pr 20 = pgx —vp &£, (26)

Jlerko BuaeTe, uTo ypapuenue (26) uMeer ocoboe peluenne x==0, ynos-
AETBOPAIOIIEE HAYAAbHBIM VCIAOBHAM (25), npH KOTOpoM H w == x==0.
310 pelleHHe COOTBETCTBYeT YNOMAHYTOMY Bblllle CTy4al0 MOKOA HHTH.
Bynem HckaTe npyroe pewienne ypasuenua (26), naiomiee HHTepecyowHi
dv dx

d
Hac cayyalh apuxedus Huru. Jaa aroro, yunTeiBad, uTo -3%—:-&—;—5{::

-;wj—i, npdBelieM ypasuexue (26) k suay

X d(v“) +U3_'gx

OO6wumM pemexHueM 3TOro AHHeHHoro mMddepeHlHaTbHOro ypapHeHH
nepsoro nopaaxa Oyaer

2 G
02—3 gx—]-?—.

Tpu nasanvusix yciaopuax (26) C=20; caegoBaTenbHo,

v:—:—-—_"/ggx. 27)

OTCiona, HHTETPHPYSl BTOPUHUHO, MOJYHHM

2VE=1/%:9,
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# 33KOH JIBHMEHWS HUTH B paccMmaTprBaeMo#t sanaue Oymer

1
JIpHikeHHe MO TAKOMY 3aKOHY AJUTCA A0 MOMeHTa, KOraa crauer X ==1#,
64
T. €. B TeUeHHE MPOMEKYTKA BPeMeHH £; == e B Momenr #; xouen A

HUTH KacaeTCsd MOJa; CKOPOCTb HUTH B 9TOT MOMEHT, KaK BUAHO W3 dop-
Myabl (27), Oyaer

v, = %—g:‘; : (29)

2) C MomeHTa f, HAUMHAGTCA BTOPOH 3Tan ABHIKEHHA MuTH (puc. 27),
B TeyeHue sTOro 3Tana B ABMXEHHH HAXOAHTCA OTPE3OK HUTH, HMElOLIui
NOCTOAHHYI0 AJHHY %, HO COCTaB 3TOLO OTPe3Ka BCe
BpeMA HM3MEHRETCA: K HeMY HeNPephiBHO NPHCOENH-
HAIOTCA YacTHUB KAyOka, aexauiero ua crone (abco-
MOTHaA CKOPOCTh STHX HACTHIL B MOMEHT MNOpHCO-
elHHeHHA, KaK W B MPEeARAYLIEM Cyuae, paBHA HYO,
T. e. #;==0); B TO *e BpeMA OT YKa3aHHOTO OTpeaxa
HEMpephLBHO OTAGMAIOTCA YaCTHUB HUTH, Majaioiyixe
Ha MOJ, UMeA B MOMEHT OTAe/eHHs aBCOMOTHYIO CKO-
poCTh, PABHYIO CKOPOCTH HHTH, T. €. Uy =0 (Ob1/10 6Bl
| A OWHOOYHO CUHTATh Hy==0, TAK KaK KOrma CKOpOCTb

fes 77777 OTIENTHBLIEACA YacTHUBI HHTH BC/ENCTBHE €€ B3auMOo-
& AeficTBug ¢ noiom ofpaiuaeTcss B Hy/Ab, B3aUMoneh-

CTBHE STOH YAaCTHUB C JIBHXYIUIMMCA OTPE3KOM HHTH

Puc. 27. OTCYTCTBYET, MOCKOAbKY HHTb He BOCHDUHHMAeT yCK-

MR CKATHA, A Ky, KAK OblJO OTMEYEHO NMPU BbIBOIE
ypasuenus Meutepckoro, npeacraeaseT coGoil cKOpPOCTb OTAengmomelcA
YacTHUb! B MOMEHT, KOTJa OHAa ele B3auMOAcHCTBYeT ¢ HuTbO). Takum
06pa3oM, ABMKEHHE PAacCMATPUBAGMOTO OTPE3Ka HUTH OMUCHIBAETCA ypas-
HeHueM (2), KOTOpPOe MPYU YKa3aHHBIX SHAYEHHAX W, M Uy MPUHHMAET BUI

di’_ dM;

BYII.BM Ha 9TOM 9Tane ABHMEHHA CHOBA OTCYHUTHBATb BpEeMA OT HYJH,
monaras ¢, ==0; nazee, 0603HAYMM 4Hepe3 X KOOPAMHATY ToH Touku D
HuTH (cM. pue. 27), koTOpas B MoMeHT [, Haxoauaack B Touxe O (Ha
kpato crosa). Torma B ypasHenun (30) M =ph==const, F==pgh u
M, ==px [3aMeTum OQHOBpeMeHHO, uTo 3aech M, =ph —px, HO B ypas-
syierve (30) sta BeJuYHHA He BXOAHMT, TaK KaK u#, — ¥ == 0]. Ipoexrupya
.06e uactu ypasHenus (30) Ha ocb x W samensa M, F wu M, ux snave-
HUAMM, MNOAYYHM

dv dx
ph gF =phg — v Gr.
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Beenem obo3HaueHue

a?= gh. (31)
Torpa Mpeaslayluige ypasHeHWe MPHMET BUI
dv 1
“HE == 75 (a2 s If.z). (32)

310 YpaBHeHHe COBNafaeT ¢ ypaBHeHWeM ABHMEeHUA TOUKH nocrosHHoH
Maccul, Nafamouled BepTHKATbHO B Cpeje, riae CONpOTHBAeHHe Iponop-
uMoHanbHO kBaapaty ckopocri. HMurerpupys ypasuenne (32) u npudumasn
BO BHMMaHHe, uTo NpH f{=1{ =0 v=v,, rae v, onpeienseTcd papeH-
crBoM (29), Haliiem OKOHYATENbHO AMA CKOPOCTH ABHMEHHS HHUTH Bblpa-
HeHue

1 —ne

h
——=a , (33)
1+ne— e t-}-ne—
a—w_ VI—VT _
e n T YaEYg T

HerpyaHo Takie HalTH 3aBUCHMOCTb U (X), €CHM NPeACTABHTb YpaB-
uenue (32) B Buae

V=

B Y
ey

rine

dv L g 9
vax =)
W MPOMHTETPUPOBATh €ro, y4HTHBadA, 410 npu x =0 v=v,. B pesyib-

Tare OyaeM HMeTb
X

tr'-’naz—(a?-—trf)e_zT
2

WAM, TaK Kak, corracHe pasenctBaM (29) u (31), v§=§gh=%a3,

1 -2
U=a I —3e 4 (34)

W3 nonyueHHWX pe3ynbTaTOB CAedyeT, YTO CKOPOCTb NajeHHs HHUTH
CTpeMHTCH, H MpPUTOM [J0OCTaTO4YHO OBICTPO, K npeaeisHOH BeaHYHHE
Up=a=V gh.

Hcnoabaya dopmyay (34), nerko noAcYHTaTb, 4YTO KOraa Imoche
MoMeHTa £; C kayOka CMOTaeTcs OTpe3OK HUTH, pasHbifi 1,5/, cxopocrtb
ero nagenua OyaeT OTAMYATBCA OT npeleibHol Menblue yeM na 19%.
IMosromy, ecan [7>>h, cKopocTb ¥, MageHUs HHTH B KOHIUE BTOPOTO
Tana MOXHO CuuTaTh paBHOH a =)/ gh; B MPOTHBHOM CiAyude 5Ta CKO=
pocts onpefensercs no dopmyre (34).
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UroGbi #atTh BpeMs MaleHHA HHTH 10 MOMEHTa HayaJa TpeTbero
srana, CleAyeT NpOHHTErpHpoparh ypasuedue (33). YuurniBag, uro mpwu
f=¢ =0 x==0, nonyyum 3aKOH IBHKEHHS HHTH B BHje

a a
et ‘—}—ne w’
S

Orciona, mnodaras x==]—2k, Halinem Bpems £, ABHXeHMA HUTH
A0 KOHuUa BTOPOro 3Tana.

3) Ha tperbeM srame (puc. 28) MPOMCXONMT HempephiBHBIA mpouecc
YMeHbIEHHA MAcChl ABMXYuleHCA YaCTH HUTH, NMpHYEM, KaK OblIO yCTa-
HoBJieHO Bhile, afconOTHAsA CKOPOCTL OTASNAOUHXCA YACTHL B MOMEHT
OTAe/IeHUA PaBlia CKOPOCTH HUTH D, T. &. ¥ ==9. Macca aBuxywetica yactu
guth M=p(f—x), rae x—xoopanWHara koHua B
uutu. Toraa, cocraBifad Aad IBUKYIMEHACH UYacTH HHUTH

=#ln (35)

E Al |

ypasteuue (3) B MPOGKIHMH HA OCb X, MONYUHM
a0 duy dv
ph—x)— =ph—x)g nm —=g.
A
8 Orciojla, Beas TeHeph OTCHET BPeMEHH OT MOMeHTA £,
KOHIIA BTOpPOro 8Tama, T, e, nojarad f,==0, u yun-
ThiBad, 4TO NpU f; =0 v =17, HafizeM
h

’m%/ V=Ygt H x-——-'vlt—{-%i. (36)
£

Puc. 98. Takum obpasoM, xowen B HuTH B 9TOM ciAyuae mapaer
€ TIOCTOSIHHBEIM YCKOpPEeHHeM g Kak ceoGoaHag Mare-
pHanbHad TOuka nocrosnHOR® Maccel. Ckopocts koHua B MoxHO eule

HPeACTABHTL B BUAE
U= ]/v%—{—?gx, (37

Bpewms #; IBHEHHS HHTH A0 KOHLA TPEThero 9Tana M CKOPOCTb U; TOYKH
B MOMeHT MafeHHs HAa MOJX walayrcs u3 ypaenesuit (36) w (37), ecam
B HHX NOJOKNTh X ==/. L

B uacrhocTu, cuurad [>> h H NpUHUMAA Uy == g == Vglz. HalaeM, uto

v,=V3gh, t,=(V3— 1)]/%a0,73]/ %.

BCE— BpBMﬂ JABHIKEHHS HHTH OT Hauyajaa Nepeoro 2rana Ao KOHuUa TPeTbero
6yrer T =t 1t 15

PaccMoTpeHHas 3alaya HHTEpPecHa TeM, uTO B Heff Ha NMepBOM STane
MPOUCXOMT ABHIKEHHE CHCTEMBL IPH HEMPEPHIBHOM NMPHCOSTMHEHUH YaCTHL,
Ha BTOPON—-—T‘IPH OILHOBPEMEHHOM HEHPBPHBIIOM NPHCOCIHMHEHHUH W OTAE-
JeHMH YACTHIL H, HAKOHel, Ha Tpe’!‘beM""—an HEDPEPHBHOM OTaeIeHHH
qacTull.




['JIABA BTOPAY
YPABHEHHA NABHXEHHWA CHCTEMblI MATEPHAJbHBIX TOYEK

§ 5. HNpuauun HanamGepa

1. Npuuuun JanamGepa ana Touku. B npuMeHeHuu K OLHOH ma-
TepHadbiioft Touxe npuHuun [JanamBepa 3akMOuaeTCA, KaK HIBECTHO,
B TOM. YTO B Ka¥Iblif MOMEHT ABHeHHA AeHCTBYIOIIME HA TOYKY AKTHB-
nble CHABl M Peaxuuu CBA3ell MOMHO ypaBHOBecHTb H00aBAEHHEM K HUM
cunel uHepumu (cm. 4. I, § 38, m. 15). Ecau cyMMy Bcex aeHcTBylo-
IMX HA TOYKY C Maccol m akTHBHbIX cuA o0o3HauuMm yepes K, ycko-
penue —uepes W M CYMMy BCeX peakuuit
ceasel (maccuBHeIX cua)—vuepes N, 10 Ha
ocyosanun npuununa Janambepa umeem

F— mw-+N=0. (1)

Cuna F— mw =R (puc. 29) nazsana [danam-
Gepom NOTe pAHHOK CHJIOH, TaK KaK ©OHa ypaB-
HoBeliuBaeTcAd cuAof N H He coobiiaer Touke
yckopenus; nostoMy npuiunn anambepa Momer
ObiTh elle (OPMYAHPOBAH TAaK: B KawABH MO-
MeHT ABHXEHHA MOTePAHHAA CHJIA YpaBHOBELUH-
BacTCR peaklnaMu CB3eH, T. e.
R+N==0. 1"
2. Mpunuun NanamGepa pas cHcTembl, TIpHMEHHM Temepb MPUHLMIE
Nanambepa K MpPOMsBONbHOH CcHCTEMe A MaTepHaAbHHIX Toyek. PaccMo-
TPUM Kakyio-aMbo Touky CHCTEMbl C HOMepoM vV W Maccolt m,. [lycTs.
pasHolaeHcTBYOWAA BCeX JAeHCTBYIOUIMX HA TOUKY AaKTHBHBIX CHA (Kak
BHELIHMX, TaK M BHYTpeHHuX) Oyner F, a maccuBHblX (peaxuuit cBa-
seit) N; yckopenue ToYkn oBo3nayum depea w,. Toria, ma OCHOBaHHW

aKCHOMbBI CBfidelt, 3TY TOUKY MOKHO paccMaTpuBaTh Kkak cBoOoIHYI H
cocTaBuTh a8 Hee ypasdenue (1), T. e.

F,—m,w,+N,6=0, (2)y
nm, nosarags F,—m w,=R,,
R,+N,=0. @)
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Ypaspuenus (2) uan (2), cocTasneHubie LA BCEX TOMEK CUCTEMBI, Bhpa-~
walor npuduun JanamBepa aas cucreMbl: B moOO# MOMEHT ABHMEHHA
JJ,eﬁCTBle.‘.LlH& Ha Kawayw TO'-]](Y CHCTeMBl AKTHBHLIE CH/IB H peaxum{
cpsizeit MoryT OwiTh ypaBHOBelleHb [100aBienHeM K HHM COOTBETCTBYIO-
liel CHIB MHEPUMH, MAH, APYTHMH CJOBaMH, B M0O0H MOMEHT ABMIKEHHA
A% KOKAOH TOYKH CHCTEMB MOTEPAHIEE CHIBl YPABHOBEILHBAIOTCA peax=
uuamu cpAsel,

CocTaBuB A8 BCeX TOYEK CHCTeMbl ypaBHenna (2) uau (2°) u ciaoxus
HX MOWIEHHO, MOJYYHUM

ZF\'_vawv"‘i’"ZNv:O' (3)
o v v v

%R‘,+§N,,=o. (3"

Jlanee, ymHoxas Kaxioe M3 ypaBHeHuit (2) uuu (2’) sexropHo Ha r, H
CK/JTaAbIBAS WX 3aTeM NOO04YACHHO, MOAYUHM

2, X Fy—X(r, X mvwv)+§(rv X N,)=0, 4)

v v
niu

@(r,, X R,,)+2v(r,, X N,)=0. 4"

Tipn sTOM H3 CBOMCTB BHYTPEHHHX CHA C/eAyeT, uTO B ypasHeHusx (3)
n (4) coxpaHATcAd TONBKO BHellIHM e aKTHBHLIE CHJABI W PEaKIHH.

Vpasuenna (3) u (3") uan (4) w (4") noxaswiaor, uto B mMOOOH
MOMEHT ABHKCHUA .EEﬂCTBYIO]_L[HB Ha CHCTEMY BHEINHHE AKTHBHHIE CHJLL,
peakuMu CBs3ed W CH/L MHEPUMH (MM MOTepAHHLIE CHJbl M peaKlud CBA-
sefl) YAOB/JETBOPAIOT OCHOBHHIM YDABHEHWAM CTATHKM, T. €, CYMMa BCeX
HTHX CHMJA H CYyMMa MOMEHTOB BCEX 3THX CHJ OTHOCHTE/AbHO MPOU3BO/b=
HOTO UEHTPa paBHLI HYIO,

TakuM obGpasom, nmpunuun [anambepa, xax u B c/iyuae OZHOH TOUKH,
A2eT BO3MOMKHOCTb COCTABJAATL YPABHEHUA ABUMEHHA CHCTEMBl B (opMe
ypaBHenu# paBHOBeCHS, BBOAA B PACCMOTPEHHE CHJIHI HHEPUHH, KOTOpbIe
CUMTAIOTCA MPHIOKEHHBIMH K TOYKAM CHCTEMHI.

3. Ecam Mexanuveckas CHCTEMa JBHIKETCA OTHOCHTeJbHO HHeplHab-
HOMW CHCTeMbl OTCHETa, TO, NMPUMEHAd TeopeMhl 00 H3MEHEHUH KOAHYECTBA
JBMMEHHA H KHHeTHYeCKOro MOMeHTa, MK 6YILEM HMeThH IBa BB!{TOPHBIX.
YPpaBHeHHs:

dQ da

G=XF w Zr=XxF), ®)
v b

KOTOpble CBA3BIBAIOT JAeHCTBYIOLIHE HA CHCTeMY BHEUIHME CHABl ¢ AHHA-

MudeCKUMH BeauyuiaMH @ u G. ITH ypaBHEHH:, KaK YKA3HIBANOCH B Ha-

yase § 3, MOKHO 4acCTO € YCMEeXOM HCMOJAb3OBAaTh AJA H3ydYeHHA ABHMKE-
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HHAl CHCTeMBbl; ONHAKO MNOJHOCTbI0 OMPeNeNHTb 3TO ABHMKEHHE ¢ MX MO-
MOILBLI0 MOXHO He Bcerad. B camoMm 1ene, B MpoeKUMAX HAa OCH KO-
opavHAT papeHcTBA (0) naloT 6 CcKaNApHBIX YpaBHeHWHM u, crenosa-
TeAbHO, MO3BOAAT HAWTH © HeM3BecTHLIX (KOOPAMHAT, OMpeeAOUNX
I0/IOMEeHHE CHCTEMBI, ¥ peakUuB BHCIIHMX CBA3efl); Mexay TeM B ofuieM
cnyude ITHX HeH3BECTHHX MOXeT OblTb 3HauuTenbuo Gonewe. Ho, wanpm-
Mep, a8 aGcomoTHO TBepAOro Tella MOJOMKEHHe KOTOPOro OMpeielaeTcs
IIeCTbIO MAapaMeTpPaMM, PAaBCHCTBA (B) NAIOT CHCTeMy ypaBHeHHH, MO3BO-
JIAIOIHX H3YYHTL ero ABHXeHHe MONHOCTBIO.

Ecan ypasueuns (5) npenctaBuTh B BHIE

Eﬁw———o z(rvXF")-——-_ (6)

W MOCMOTPeTh HA HHX C TOuKY spexms npuuuuna danambepa, Tto, cpas-
HuBan ypasuedus (6) ¢ ypaBHeuuamun (3) u (4), Mbt yBennmca, uTO BeaH-
YHHBI —% " —% NpeACTABAAIOT COGOK COOTBETCTBEHHO TCOMeTPH-
YeCKyl0 cyMMy (r/aBublfi BeKTOD) CHJI HHEpLHMH W CyMMy MOMeHTOB (I/iaB-
HbI MOMEHT) CHJI RHEPLUWH TOueK ABHIKyLCHCS CHCTEMBI, KOTOpDbie B CHAY
npunuina  JanamGepa po/Kubi BMeCTe CO  BCEMH BHEUIHHMH CH/AAMH
(KaK AKTHBHBIMH, TAK W MAcCHBHBIMH), AeHCTBYIOLWIMMH Ha CHUCTEMY,
o0pazoBaTh ypaBHOBeLleHHyl0 CHCTeMy cuia. Ypasuwewus (6) ssasorcs
OCHOBHEIMH YPABHEHMAMH KHMHETOCTATHKH; OHH aHaNOrHYHbl OCHOBHLIM
YDaBHEHHAM CTATHKH, B KOTODHE MEPEXOAAT, eCad CHCTeMa HaXOMHMTCH
B NMOKOe, MOTOMY 4TO B 9TOM caydae Q=0 n G=0.

Kak M B craTHke, OCHOBHMHE YpaBHEH!IA KWHCTOCTATHKH ABJAIOTCA
g mobGod MexaHHYeckKO# CHCTEMB TOALKO HeoOXONMMBIMH, HO He 10-
craroudbiMe, Oanako 1aas abCOMOTHO TBepAOro Tena Oun OyayT Takme
H JOCTATOUHB M, CNCAOBATENbHO, KAK GLIAO YKasauo Belltie, BIIOJHE OIpe-
BenAoT ABHKeHHe (KOHeuHO, MDY 3aJaHHBIX HAYANbHBIX YCHOBHAX); BCA
3anaya CBOAMTCS TONBKO K HHTErPUPOBAHHIO STHX ypasieHult,

Heo6xonumo 3aMeTHTb, 4TO MPOM3BOAHBIE % H —‘:g— B paBeHcTBaX (5)
GepyTcs OTHOCHTENBHO HWHepUMANbHOM CHCTEMBl OTCUeTa; eClH Ke 31H
YpaBueHHs OTHeCTH K MOABMXHOH CHCTeMe, TO OHH MPHMYT BHI

d) 1

D tox Q=Y F,
4G XG40 X Q=Y (r X F,) 7)
3 = 2 lry X Fy),

rie ® ecTh MCHOBEHHAR YrJIOBas CKOPOCTb, ¥’ — CKOPOCTb Hauana foa”
BKHOM CHCTEMLI, NPHYEM MPOH3BOAHME OGYAYT YKE JOKAMLHLIMH,
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4, Tipumepsl. 1. Hepea nenoasumALIA 630K nepekmgra rubkas Hepacramuman
HHTb, Ha KOHLAX KOTOPOH NojBelnenn rpyau pecom P m @ (puc. 30, 2). Hafitu
YCKOPEHHUE rpPY30B, HATAKEHHE HUTW W JaBaeHne Ha och. Maccoii 6aoka u Hurh
nperebpeyb.

Ipeanonomum, ato P > ; toraa cuctema rpysos A n B Gyner asurarncst
¢ HexkoropbiM ycxopenneM w@. [lockoabky Ipysbl IBHMYTCA JIOCTYIATEABHO, HX
MOXHO paccMaTpHBaTh Kaxk Martepuaasusie Touki. [lpuxaanmsas  rpysam 4 u B,
KpoMe aKTHBHWX Cud P u Q, ciin HHEPUHM, COCT2BUM, COFNACHO NPHHIMIY
Hanambepa, ycaoBHE PaBHOBECHS CHCTCMHEI, IIPHPABHAB HYJIO CyMMY MOMEHUTOB

BCEX CUA OTHOCHTENbHO OCH GAOKa; cOKpaTHB HA F,

$ uMeeM (Tax KaK MOMEHT peakuun N pased Hynio)
P Q
TP, . (P
1 g Q-
OTKYAa UOAYHHM YCKOPeHHe
_P—Q
P=PFQE

Jlns onpeneneHua HATAMEHUA S HATH MBICACHHO
4,0“ paspexeM HHTb B Kakoi-au60 TOYKe n CoCTaBHM
yCaoBHE paBHOBECHA OCTaBilefica wacTu (puc. 30, 6);

noayunM
A
p—Luw _s—q
£
p P OTKYAd, NOLCTABAAN W H3 Ipeiuaymieii (QopMmys,
) Haiizem 2PQ
Pue. 30. s-_»-_p(1_i'i]=_._.
£ P4Q

Cuaa jlapieHus HA ocb MPH ABHKEHHH TPy30B, KOTOpYio o6o3nauuM N, paena,
ouesulio, 25. Crenobarensno,
4PQ

Q"

Ecan rpyssl Owau Obl HENOIBHKHM, TO CTATHYECKOE NaBJeHKE HA OCb paBHA-
a0ch 61 Nop= P - Q. Jlerko nojcuurars, 4To

_ =0
AT

CaenoBarensno, Ny < Ny, T. € NPH JBWKEHHH FPY3OB JlaBleHHe Ha ocn Gyner
MeHbIIE CTaTHYECKOTO, IPHUEM BeanddHa N, TeM MeHblue, ueM Goabme pas-
Hocte P— Q.

2. Oanopopuuii crepwens AB naunolo [ 1 BecoM P, yxpennennsit nocpes-
CTBOM mapHupa B Touke A, PaBHOMEPHO BpaulaeTcs BOKPYr BEPTHKAJABHOH ocH,
npoxopameil ueped 3Ty TOuKy (puc. 31); MpH 3TOM CTEPKEHb KOHIOM B onu-
paeTca Ha ropH3OHTaNABHYIO NIOCKOCTH M 06pasyer yroa a ¢ peprrkaanio. Hafity,
npr KaxoH yraoBoi CKOPOCTH © JABAEHHE CTEPKHA HA NAOCKOCTb PaBHO Hymo
H ueMy IpH STOM pasHa peakumsi B touxe A.

Moas3yscy npuauunoM [laiamGepa, NPHCOENHHUM K JIEHCTBYIOLMM Ha Crep-
WeHb BHEHIHHM ciaaM akTusHolt P i peakuusm N, XA, YA cudpl uuepuuu. Tak
Kak CTepKeHb BpamlaeTcs BOKPYT OCH Y pPaBHOMEPHO, TO KaXALIH ero sneMent
HMEET TOALKO HOPMadbHOE YCKOpeHue, HAUPABJEHHOE K OCH H PAaBHOE x&°, Fie
X — paccTofdHHe 9JeMEHTa OT OCH Y. CaejloBaTénbHo, IS KaWIOTO 3AeMeHTa
¢HAd HHEPUHW HAUPAaBJEHa OT OCH W paBHa dJ = xw? dm, rje dm-—wMacca sue-

Ny=

N—N >0,
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Menra, Hanpasafs BJOAL CTep®HA OCh AE, Gynem umerh x =Esina 0 dm =

P
= Erdg. Torna B
L01]
df = Esina dt.
gl
JleficTBylouie Ha CTepieHb BHEUIHHE CHAB ¥ CHAB HHEPIHH Jexar B onuo
NAOCKOCTH W obpasywor, cordacHo npuHuuny HasamGepa, ypaBHOBELIEHHYIO CH-
cremy cud, Cocrasisis NS HHX H3BECTHHIE
yPABHEHHA CTATHKH M YYHTBIBAf, 4TO CYMMBbI
CHN HHePUHH H HX MOMENTOB Bblpassitcsd CO-
OTBeTCTB}'IOIllHMH HHTErpaaaMHu, 6}")18!&{ HMEThb:

!
~ Pa?
Z‘FWE){A.{.—gl—slnu J. tdE=0,
v 0
gleE}’A—P-l—N=0,

I .
2 momAFve-—P? sina -~ Nisina -

v
4

sin o cos & J. E2dE =0
0

2

+Po>

nocaeAHufl peayabTar CAEAyeT H3 TOro, 4TO
mom , dJ = dJtcosa. U3 Tperbero ypashne-

uun nps N = 0 Haxoaum
3

3g
w=]/-z!tosu ' (2)

M3 nepBHX ABYX ypaBHEHHil NpH STOM 3Ha-
uenun ® # npu N =0 noayuum

I Po? {2
(_P§+-g——cosa) sina =0,

oTiyia

3
X,=—5Plge, Y,=P. (6)

A

Ypapnenue (a), N0 CyWECTsy, Onpeneaser
Ty YrAOBYK CKOPOCTb, € KOTOPOH noamen
BpamIaTBhCS CTEPHKEHb, 4TOOH  COCTABAATH
¢ BepTHKanslo Aanuslifi yroa a. Kak Buano,
OTKNOHEHHE CTEPHHA OT BEpPTHKANH HAUH- Puc. 32.

Haercs, numb Korna @ > V' 3g/21.

3. Cocraeus, noabsysich nmpunuunoM lanamGepa, nuddeperirasbioe ypasHe-
HHE JBHXEHHS TeJa, BPaulalomerocs BOKPYr HeNnosmkHOR ocu AB, koropyio
nazosem ocblo 2 (puc, 32). TlpunoxuM B rawjo# Touke Tead ¢ Maccol My, Ha-
xoflAuleitcs Ha paccTosiMHU Ry oT oCH AB, KacatenbHyw Jy; ¥ HOpMaibHYIO Jy,
CUIB HHEPUHH; YHCAGHHO Jyr= myhye, Jyp=m,h,0? Tle © u &— yraosas
CKOPOCTb H YrjOBO€ YCKOpEHHE Tela. Eomacuo npunnuny HdanamGepa sty cHab
BMeCTeé € dAHTHBHBIMH CHAAMH Pk ¥ PeaKnHAMH A i} RB Oﬁpaaymf YpaBHOBE-
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menHyw cucteMy. CocraBaseM ypaBHeHue PaBHOBECHS 2 mom, F; = 0, B KoTO-
poe He BOWAYyT HeuImecTHbie peakuun R, u Rg. YunruiBasg, 9to u mom, =0
GyneM HMETD

D) mom, Py N mom, Jyg = 0. (8)
) v

Tax Kax mom,Jy, W YTAOBOE YCKOpewne € BCETIa WMEIOT MPOTABONONOKHHE
swaki, 10 mom, J = —J, h,=—mhe. [llanee, obosnauiy ) mom,P,=
®

= M, rlle Berwunna M, HaswBaeTcs spawjarouun momenmon. Tloicrasans
BCe 3TH 3HaueHus B paBeHcTso (B), maitjeM, uto

M, — (2 mvhi) e=0.
v

Ho cymMa, crosmas B ckobke, npeactapaser coGo#f MOMeHT HHepuun J,
TeNa OTHOCHTENbHO OCK 2, B Pe3yibTare MOAYUHM

Jeg=M, wum J,q=M, 9
T. €. NPOU3BEjlcHHe MOMEHTa WHepUWd Tea OTHOCHTENbHO OCH BpAINeHHs Ha
YrIOBOE YCKOpPEHHe TEJa PAaBHO BPAMAIONIEMY MOMEHTY.

Ypasuenue (9) npencrasaset cobofi auddepennuansioe ypasueHue ABumKe-
H4St TBEPIOTO Teld, BPAMAIOILErocs Boxgyr HenonBHKHOH ocH. JIpyruM myreM
ato ypasuenue OwieT noayuewo 8 § 12. M3 ypasuenusn (9) nemocpenctsenno
BHIHO, YTO OCEBOH MOMEHT HHEpIUH SBASETCS MEpOil MMEPTHOCTH TeXa BpH
BpaulaTeJbHOM ABwKeHHH (cM. § 2, n. 8).

5. ¥Ypasuenne JanamGepa — Jarpamka. [Toasaysce npuuuunom Ja-
naMbepa, MOXHO TNpUIATb ypaBHEHMAM [ABHXKeHMA (opmy ypasHeHu#
PABHOBECHS, €CAH K 33aJaHHbIM aKTHBHBIM CH/IAM W DEaKUMAM cBAsed mpu-
COCIHHUTH CHJB HHEPIHH,

IT0 NO3BOAAET HCMOAB3OBATH AR PEUICHUS 33134 IHHAMMKH MPHHIHI
pHpTyanbibix mepemer wuft (cm. v, I, ra. V). Tlycre Mol umeeM cucTemy
2 MaTepHadbHEIX ToueK C HeocBOGOMAAIIMMH HALANbHBLIMH CBA3AMH,
Toraa aad Kawaof TOYKHM CHCTEMB C M3cCol m,, COI/IaCHO MPHHUMMY
Jlanambepa, umeer MecTo ypasueuue (2)

d’ry
Pv—mv-£“—2+Nv=0 (v=1, 2, ..., n). (10)
CoofmsM TOYKAM CHCTeMsl BHPTyaibHble Mepemelledna (cM, u. I, § 28)
M yMHOKHMM Kaxaoe u3 ypasuenu#t (10) cxanspHO Ha BHPTYanbHOe Mepe-~
Melllehye O, COOTBETCTBYWICH TOUKH; CHOXKHB MMOJyyeHHBlE BblDAKCHAS
noynenno, OyneM uMeTh

Wl dr
L (F\F— mVTQ’—i—N‘,) . 6rv’=0.
v

Ho nns cesseft HaeansHBIX M HeocBOOGOWKAAWUINX EN\,—brvz(} (cm,
4. 1, § 30). CrenopareabHo,

X(Fv“mvigsl)'brv=0' ) (11)
v
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Buipamast cxkanapHoe MpOH3BeleHHe, CTOAWEe NOJA JHAKOM CYMMEI
8 ypasuenud (11), yepe3 mMpoekuUMH COMHOKHTeNeR, IOTYUHM

D[P — my S ) 0y (Foy — my 50 09y +
-

d?z,

—}-(F\, —mv-@-) 6z,,]=0, (1)

MpHYeM CYMMHpOBAHHe PACHPOCTPAHAETCH HA BCE TOYKHM CHCTEMII,

Ypapuenne (11) npeacrasnseT coBoRt coeamnenne npunuuna Hanam=-
Gepa ¢ NpPHHUMAOM BHPTYaNAbHHIX MepemellieHuft M MHOTAA HA3HIBAETCH
ypasueHyueM J[lanamBepa —Jlarpawxa WM CHMBOJNHYECKHM YPaBHeHHeM
I¥HaMHKH, DTo ypaBHeHHe ABAAeTCA Haubolce oBwHM ypaBHeHHeM MeXa-
HHKH ¥, MOXHO CKa3aTb, BK/JMIOuYaeT B ceGa scio MeXaHHKy; H3 Hero
MOXHO NOAYYHTH KaK CHedCTBHe Oﬁmﬂe TeopeMbl AHHAMHKH H YpaBHe-
HHA ABHXEHHA MeXaHH4YeCKOH CHCTeMHl.

§ 6. OOmue Teopembl JHHAMHKH, BblSOAHMEIE
u3 ypasHenus JlasamGepa — Jlarpamxa

1. NMpepsaputeapubie 3aMeqanus. OOGune Teopembl IMHAMHKH, H3=
nowenHbole B § 3, YCTAHABJIHBAIOT 3aBUCLMOCTH MEXIY IHHAMHYECKHUMH
BC/IMYMHAMH, XAPaKTepH3YIOLIMMH IBHKEHHE CHCTeMB!, H IeHCTBYIOLMMH
HA CHCTGMY CHJAMH, KAK aKTMBHLIMH, TAK M peakUMAMH CBa3def, mpuuem
cBA3H MOTYT OLiTh A0GeIMH. DTH TeopeMbl MOKHO TOJYYHTb H H3 ypaB-
venun Hamambepa — Jlarpauna, ecan, oTr6pocus ¢Pq3H, 3aMEHUTb HX COOT=
BETCTBYIOLUIM MY DedKUHMIMH H PACCMaTPHUBATh STH PCAKLMH KAK AKTHBHBIE
CHALI, 4 BCE TOYKH CHCTeMbl CUMTATb MPH 3TOM CBOGOZHHIMH, T. €. HMEIO-
mumMi moGble BHPTYabHble NepeMelleHus.

HOJ!I:BY‘JICB VKa3aHHBIMH TeOpPeMaMH, MOMHO, KAK Mbi BHAQJH, HUBY-
varb ABHNKeHUE CHCTEMbl M ONpeleisaTh peakunu cpsdefl. Ilpu aToM, ecnaw
HAC MHTEpPECYeT TOMLKO M3ydYeHHe ABHMCHMA, TO PedkuuM CBA3eH M3 COOT-
BeTCTBYIOWMX YPaBHeHHW HYIKHO TeM MW HHBIM CIOCOGOM MCKMOUATh,

Ypaeuenne HanamGepa — Jlarpawxa mossoaseT NOAYYHTb LDYTHE Bbl-
pawenus oOWMX TeopeM [MHAMIKH, He COlepauwHue peakUHi cBsasel u
Aauue HenoOCpPeACTBEHHO 3dBHCHMOCTH MeXNYy AHNHAMHUECKHMH BeIHYH-
HAMH, XADAKTCPH3YIOLUMH ABHKEHHE CHCTEMB!, W JeHCTBYIOLMMH HA Hee
axkmusubimy cunamu. OOHAKO fIPA STOM HA CBA3W CHCTEMBE JIO/KHE
ObITh HAJMOMeHB HEKOTOPbIE OrpaHHYEHHA,

2, Yactablfi cayuaii Teopembl 00 M3MeHeHHWH KOJHYECTBAa JBHKe-
HHA CHcTeMBl JlycTh Ha cucTeMy HalOMeHH #OeanbHbie CTANHOHADHEE
cBA3H, 06ManAOMMMH TeM CBORCTBOM, YTO OHH NOMYCKAIOT nocmynamensb-
HO€ llepeMeneHue CHCTEMBI Kak abcomoTHo TBEpPAOTrO TeAd MmapanenbHO
HBKO’I‘DPOH HenoasuHo# ocu x. Toraa kK BHPTYA/IbHBIM [EepeMellicHHAM

& H. H. Byxroasy



66 YPABHEHMUH JNBHEHHWSA CHCTEMbBI MATEPMANBHBIX TOHYEK {ra. 1l

cucteMbl OynyT OPHHANNEWATh H Takue, AJA9 KOTOPHIX IepeMelUicHus
BCCX TOYEK CHCTEMbl OJMHAKOBHI, T. €.

br, = x%s  (v==1, 2, ..., n), (1

rae OS HMMeeT OAHO H TO e 3HAUEHHE aaa BCeX TOUYEK CHCTEMH, a
x0= const. Ypasuenue (11) na § 5 aas Takoro BHPTYaNLHOrO MepeMe-
UIEHUS CHCTEMBl MPHMET BHI

2 (Fv —m dgr") - x0s =0,
v

v A4f?

Orciona, cokpawas Ha 8s M yuyMTHIBAaf, dTO

d’r, d _dQ
va at “Ezmv"v— at '
v Vv

d
G A=Y A @

3aMeTHM, YyTO B MpaByl0 4YacTe PaBeHCTBA (2) BXOAWT CYMMa AKTHBHBIX
CHA, W HPUTOM TOABKO BHEWHHX, OO0 CyMMa BCeX BHYTPEHHHX CHJ,
KaK MOMapHO PABHBIX H TMPOTHBOMOAOKHBIX, XAeT HYJb; 4TOGH NoauepK-
HyTb 9T0 OOCTOATEJLCTBO, 34eCh M BBeleH CHMBON «(a, e)».

Vuntwisast, uro Q- x"=Q, u F,-x'=F,, rne Q, u F,, cym
npoekiun BeKTOpoB Q W F, Ha och x, OyneM OKOHUATENbHO HMeThb

d e
e VP ®
v

Vpasuenve (3) nRaeT chedyioulec BbIpAXMEHHe TeopeMbl 00 H3MEHCHHK
KOMWYEeCTBA ABUMCHHA CHCTEMBl: eCAH HQ CUCMEM)Y HAA0MCeHB Udeanb-
Hble cmaydoHapHsie €8A3u, Gonyekanuue 8 A060d MOMEHM 8peMerd
nocmynameLbHoe nepeMenjenie CUcMemb RAPaLIeAbHO HeKOMOPOl
HenodsuscHoll ocu, mo npou3sodnas no 8peMedd om RPOeKyUn KoAu-
Hecmea OBUINCEHUS CHCMEMb Ha aMY 0Cb PABHA CYMMe RPOeKyuil Ha
my oce 0Ch Bcex OeliCMBYOWUX Ha CHCMeM) BHEULRUX QRMUBHbLX CUA.
Buie Mbt umenn

NoJ1y4uM

Q= gl myo,, = My,

Tie Yo eCTh CKOpPOCTh LEeHTpaA Macc, a M — Macca scelt cHcTeMsl, Orcona
Qx = Mviv

Tle Ve, €CTb NPOCKUMA CKOPOCTH LEHTPA MACC CHCTeMbl Ha OChb X,
napannefibHO KOTOPOH BO3MOXHO MOCTyMaTesbHOe MepeMellieHHe CHCTEMbE.
TToacransa 3TO 3HaYeHue @, B PaBeHCTEO (3), MOAYUHM

dv a
n g Bt 0
v
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DT0 paBCHCTBO BHPAXEET TEOPEMY O ABHKEHHWHM LCHTPA MAcC CHCTEMB
B (opMc, aHasmoruuHo# TOH, KoTOPyW ypamHeHue (3) AaeT ANA TEOPeMbl
00 M3BMEeHCHHH KOMMHECTBA IBHIKEHHH,

3. Yactuwifi cayuaii Teopembl 06 H3MeHeHHH KHHETHYECKOrO MO-
MCHTA CHCTEMBbl. n}VCTb HaJOKeHHbe HA CHCTEMY HAealbHbLie CTauUMO-
HApHBIE CBA3H NOMYCKAalOT MOBOPOT CHCTeMBl KaK abCOMOTHO TBepaoro
Tena BOKPYr HeKOTOpO# wemoaBuxuo#t ocw x (puc. 33). Toraa k wmcay
BUPTYaNbHLIX Nepememenudt moBoH Toukw ¢ Mac-
cot m, Oyser MpuHANJEKATb NepeMeuIeHHe

6rv=6cpxu><rw (5)

rae 0@ ecTb 3neMeHTapHBIH yroa mosopora BO-
Kpyr OCH X, a F,— PaluyC-BeKTOp, NpoBeleH-
pblt M3 Kakoro-uubyab weutpa O, newawero Ha
sTot ocu. [loacrasaas suipawenue (D) Aam dr,
B ypasuenue [Jamambepa — Jlarpauwa [dop-
myna (11) § 5], nmoayuum

2[(”«*“”%%:5—?) (B2 X r)| =0,

£

Puc. 33.

WM, MepecTaBaas UMKTWYCCKHe MHOXMHTENH B CMelIAHHOM [POH3BElLCHHU
H cokpawas Ha O,

20 Z[rvx (F‘,—m\,i‘::%)]=0.

Ao VpaBHelHe MOKHO npeacTasuTe B BHIe

2 Y (ro X my L) =2 N r, X . ©
3nech ’ '

dr aa, -
3 (roxm, 2) =& Ve o) =2
Y Y
roe G, ecrb KuneTHueCKHH MOMENT CHCTeMBl OTHOCHTenbHO uewtpa O.
3ameTuM eule, YTO B Mpasod uacTe paseHcTBa (6) COXPAHATCA TOALKO
MOMeHTb! BHEUIHUX AKTHBHBIX CHJ, NOCKOJbKY CyMMd MOMCHTOB BHYTPEH-
HUX CHJ, KaK MOMapHO PaBHHX H NPOTMBONO/IOMHLIX, 00pawaerca B Hyb;
rakum oOpasom, Gylem HMETb

d

G
X0 —0 = 2 (re X F& ). £,
b

Ho
Go- 5=0, a (r, X F)- 2= (r, X F,), = mom,F,.

5#
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B pesyabTaTe OKOHUATeNbHO mMOaydaeM

da (6 \

2= V(X FE e wm 2= Y mom, FO. (1)
v

dt
o

Vpasuenne (7) Zaer caepymouiee Bhipawenue TeopeMbl 00 H3MeHEHHH
KHHETHUECKOTr0 MOMEHTA CHCTEMRLI. €048 HQ cucmeMy HAA0MCEHBL ude-
anbHble CMAUUOHApHble CBA3U, Jonyckawwue 8 KaxcOuii MoMerm
BpeMEHU Bpaujamenvroe nepeMewjerue cucmems BOKpYZ Hexomopol
HenodBuUNCHO OCE, MO NPoU3BOOHAN NO 8PEMEHU OM KUHEMUYECKO20
MOMEHMA CHCMEMBL OMMHOCHMEABHO SMOL OCU PABHA CYMME MOMEH-
MO8 OMHOCUMEALHO mMOE e ocu 6cex delicmeyouwux Ha cucnemy
BHEUWLHUX QKMUBHBELX CUA.

4. YacTHeii cayvaft TeopemMbl 006 n3MeHeHHH KHHeTHUecKOH aHep-
ruu cucrempl. Ilycrs Ha cucTeMy HanoxmeHb MAeanbHble CTAUMOHAPHBIE
ceasy. Kak wussecrHo (cM. u. 1, § 28), npu crauuoHapubiX CBA3AX UCTHH-
HOE fepeMeieHHe CHCTeMbl NMPHMAMMEKHT K HHCAY BHPTYanbHeiX. Toraa,
NPHHUMAS 33 BUPTYadbHblE MePEeMElIEHH TOYeK CHCTeMbl MX HCTHHHBIE
nepemellieHns, T. €. noaaras

dr,==dr, ==, 2 ey i)y

Mbi moayuum ypapHenme JamamGepa — Jlarpawxa B Buie

E(F‘ff’ — My ‘fi;") -dr,=0.

v

Sim i armah S (G

v v

1 Lo (drv)l

v

Ho

ruoe

eCTh KHHeTHYeCKan IHEPrust CHCTEMBl. CHE.IIOBaTEJIbHO,
aT — 2 F . dr,. (8)
v

PasencTBo (8) maeT cieayiouiee BHIDAMCHHE Aas TeopemMbl 00 Hame-
HEHWH KMHCTHYECKOW SHEPrHW CHCTEMbI: eC.Ad Ha CHCMEeMY HAA0NCEHB
udeasbHble CMAGUOHADHuE C8A3U, MO OugidiepeHyuanr Kunemaseckol
SHepzuL cuUCMeMbl paseH CYMMe IAeMEHMAPHWX padom Oelcmeyio-
WUX HaQ cuCMeMY BHEUHUX I BHYMPEHHUX GKMUSHBX CUA.

Ecau ke cucTema gBageTcs HeHaMeHsieMoHi, TO B mpasof YacTn ypaswe-
Hua (8) ocramerca sacMeHnTapuad paboTa TOALKO BHEIIHHX aKTHBHBIX CHI.
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IMIpuMmenanue [lpu pemeHuw npuMepos, paccMoTpeHHHX B § 3, m. 5,
MEl, MO CYHIECTBY, NOJb30OBAaAHCH YpaBHeHHeM (8), TaK KaK B 3THx NnpHMepax
HaJAOMeHHble Ha CHCTeMY CBSISH OBLAM MJAEaNbHBIMH H CTAHOHAPHBIMAU.

B uwactHocTy, nmepBuit H3 PacCMOTPEHHHIX B M. 5 NPHMEPOB MOKA3WBAET, 4TO
mepoXoBaTas NOBEPXHOCTH, BAOAL KOTOPOH Teno KaTHTCA Ge3 CKONbKEHHS, fBnfi-
eTcA uieanbHOH CBA3bIO, €CAH MBI NpeHefperaeM nedopMauHaAMH NMOBEPXHOCTH M
KaTAUerocs TeAa, TaK Kak Meueu‘raﬂr{aﬂ pabora peakuuii NOBePAHOCTH (HOPMaJIb-
HOH M cuabl TpeHust) paBHa Hyawo. Ho ecau Teno cKOAb3HT BEOAL MePOXOBATOH
MOBEPXHOCTH, TO TdKafd CBA3L He ABAAETCH I{,IleaﬂbHOﬁ, NOCKOABKY B 3TOM cnyqae
pabora cuan TpeHHH He paBHAa HyJAIO.

§ 7. YpaBHeHHA NBHWKEHHA MeXaHHYeCcKOH CHCTeMBl
B IEeKapTOBBIX KOOpAHHATAX

1. ¥Ypaeueuus Jlarpamka I-ro popa. PaccMoTpuM MeXaHHUeCKYIO
CHCTeMY, HAXOMAMLYIOCA MO AeHCTBHEM AKTHBHBIX CHJ (KAK BHYTpPeHHHUX,
TaK W BHEIUIHHX) W MOAMYHHEHHYI0 KOHeUHHM W auddepeHUHaNbHBIM (He-
HHTerpHpYeMbIM) CBA3AM. YC/JOBHMCH B JanbHellleM YHCAO TOYEK CHCTeMEl
0603HaqaTe uepes N, a ICKAPTOBBI KOOPAMHATE STHX TOuEK — OZHOH
GykBo#t x C uHzekcamd 1, 2, ..., 3N (cu. § 1, n. 3). CoorBercrBeHHO
NpOeKU¥H ReHCTBYIOIMX HA TOYKH CHCTeMbl aKTHBHMX cHa 6yiem o06o-
anavath onuo# Oyksoft X, a npoexumu peakuuh cpascht — GyxBoH R
C TeMH e HHIEeKCaMH,

Takum oOpa3oM, Macca TOYKH CHCTEeMBl C HHIGKCOM V, & KOOpIH-
HATHl ¥ ITPOEKIHH PABHOAEHCTBYIOIMX MPHAOKEHHBIX K 3TOH TOYKe AKTHB-
HBIX CHI M peakuulh csaseft GyayT COOTBEeTCTBEHHO

Mgy_g == Mgy 1= M3y,  Xay_9 Xgy-1. X3
Xay—p Xgy—1o Xays Ryyoa Rayy-1, Ry,

Tlpu 3THX 00603HAaueHHSX MoaydYaem cjeayluHe AHddepeHuuanbsie
YpaBHeHHA IBHIKEHHA TOMEK CHCTEMLI B IMDOEKUMAX HAa OCH NeKapTOBBHIX
KOOpIANWHAT:

d?x
m v

v =Xy t+R, (=12 ..., 3N) (1)

ArH ypasHeHHa comepxar 6N HeuspecTHHX: 3N BeKapTOBHX KOODAH-
HAT X, Y 3N npoekuuft peaxuuit R, koropble A0MKHbI ObTh Onpenc-
JeHbl KaK DYHKUHH BpPeMEHH,

IMycTs HA TOYKH CHCTEMbl HaJOmeHH: 1) CBA3H KOHeuHblE, BBIpamae-
Mble YpaBHEHMAMH BHIA

fo(x; £)=0 w=1, 2, ..., k) (2)

2) ceasu mutpdepeHiHanbhbie, MuHefiHO 3aBUCALIMe OT CKOpocTelt M BH-
paxaeMbie YpaBHeHHAMH BHIa

3N
Za‘wx,,-l» a,=0 (p=12,....7) (3)
\):!
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npHuen

P apI x; &

Takum o6Gpazom, Ml HMeeM HerOJOHOMHYIO CHCTEMY, Ha KOTOPYIO Hamo-
WeHo R KoHeunblX M r AuddepeHUHANBHHIX HEHHTerDHPYeMBIX CBA3ef,
NpHYEM BCe CBA3W SIBHO 3ABHCAT OT BPEMEHH.

HuddepennnanbHele ypasHeHHs ABMkeHHs (1) BMecte ¢ ypaBHEeHHAMH
ceazelt (2) u (3) nawr cucremy 3N —-k--r ypaBHeuu#t ana ompenene-
Hua 6N uemssecthux x,, R,. CaenosareibHo, 4HCIO HenmsBecTHBIX Gyner
Ha 3N —(k—r), T. e. HA unC/IO cTemnedell cBOBOABE cucTeMbl, o.blue
qUCa UMeloWMXed ypaBHeHuH. Orcioza BUIHO, 4TO 3anaHHA cBA3ed HX
ypasHeuuamy Buja (2) U (3) HemocTaToduHO Na8 TOro, 4TO6LI CAenaTh CO-
OTBETCTBYIOUIYIO 3a1a4y NMHAMHKH ol peneieHHol. Heobxonnmo, oueBuaHo,
HANMOXHUTL HA CBABHM CHCTEMbl ROMNOJHHTENbHbIE OrpPAHHYEHHS.

HonycTuM, uYTO BCe CBS3M ABAAKTCHA HAeaNbHHIMH. Toraa, Kak Mkl
yBHANM, 3anaua Oyner onpedenennofi. IIpH HieadAbHHX CBA3AX BOCTOAL-
ayeMcsl S M3ydewHst ABHKeHHA CcHcTeMbl ypaBhenuamu (117) wa § 5,
B KOTOpHIE peakuxdH cBA3el ne BXxoasr. IlpH Hammx oGosHadeHusAX 3TH
ypasuenus [anamBepa — Jlarpamma umeioT Bun

%(Xv—mv d;':; )va;-—_o‘ €Y
v=1

Bapuauun xoopaudar dx, (v=1, 2, ..., 3N) ceasauur Mexay coboit
JCAOBHAMH, HanaraeMbLIMH Ha HHX YpasucHuaMmH cBageit (2) u (3); stu
ycnosusa, cormacao m. 2 § 1, 6yayr

3{\: of
e, =0  (r=12. ... k) (5)
v=1
H
av
anéxvzo =1, 2, ..., 1) (6)
v=1

Takum o6pasoM, 3N Bapmaunft dx, ceasauut k—r ycrosuamu (5)
u (6), crenoBaTe/bHO, He3aBUCHMBIX Bapualu#t Oymer 3N — (R —-r),
a ocranstsie (k—+ r) OyayT sasucumpiMH. OnpedenHs U3 ypaBHeHuit (5)
n (6) k-r sasucumuix Bapuauuft yepes 3N — (k- r) HeaaBHCHMBIX
(koTopele MOWeM BHIOPATh NPOH3BOALHO), NOACTABUM BHiPAKEHHA 3ABHCH-
MBIX Bapuanu#d B ypasuedue (4); nrocne sToro ono Oyser coaepmars
TOMbKO He3aBHCHMble BapHAUWH. BBHIY NMPOM3BOJIBHOCTH STMX Bapuaumit
MHOMHTENH TIPY HUX ROMKUbl OWTh pasupl vy, uro AaeT 3N — (k- r)
ypaBueHut; MPUCOSAHHAA K STHM YDABHeHHAM R~ r ypasuenutt ceaset (1)
% (2), noayuum cucremy 3N ypasHeuwuit, onpeneasioumx 3N KOOpAMHAT
TOUEK CHCTeMbl Kak (YHKUHH BpeMeHH.
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Ho mckiiouesne 3aBHCHMEIX BapHalmit yaoGHee BLIMOIHHTD, MOJBIYSCH
MeTOLOM HeQMpenefeHHBX MHOwHTeneR Jlarpawika, monoGHO TOMY Kak
3TO NefaeTCAd B aHANUTHUCCKOH# craruke. [las STOr0 YMHOMHM Kamnoe
u3 k ypasuenu#t (5) coorBeTcTBeHHO Ha A, (=1, 2,..., k) 1 Kawaoe
u3 r ypastenuft (6) Ha W, (p=1, 2, ..., r) H CAOKHM MONydYeHHbIE pa-
BEHCTBA MOWIEHHO C ypasHeHneM (4); moayuum OIHO ypaBHehie

3N k r
E(X.v-—mv%—l— Zlu%+2upapv)6xv=0. @)
v=1 %=1 p=1

Tlonbaysck HeoNnpeneleHHOCTbIO AarpaHKeBHX MHOMuTeRe A M |, YHCAO
KOTOPHIX PAaBHO R -+ r, BhBepeM uX Tak, 4ToOH MHOXHTeIH npn k- r
3aBHCHMBIX BapHauuax oOpaTHAMCh B HyJb; TOrLa MHOMHTEIH NPH OCTaB-
muxca 3N = (k—r) He3aBHCHMBIX BapHauHAX AOMKHB OHTL Take
paBHb Hym10; TakuM oBpasom, nonyuaem 3N ypabBHeHHH

r r
d? 2
my L — x4+ WA, ait + Yine,y =1,2...,3N). @
w=1 p=1
Tlpucoennuas K 9THM ypasHenuam k—}-r ypaBHeHMH# cBAdeft
fo.(x 6)=0 (=1, 2, ..., k) (2"
L]
W
Noptyta,=0 (=12 ... 1 (3"
v=1

nonyuuM nonHylo cucteMy 3N —- &k —~ r ypasuennft aas onpenenenuns 3N
KOOPAMHAT TOUEK CHCTeMbl, 2 TaKxe R -} r 1aTpaHKeBbIX MHOXHTeleft A
¥ . IIpounTerpHpoOBaB STY CHCTeMy IIPH 3d1aHHBIX HAYANbHLIX VCIOBHSX,
Mbl Haftaem x, A, |0 Kak OYHKuMM BpeMmeHn f£. VY pasHenus x,==x, (f)
ONPefeNdI0T 3AKOH ABIMeHUA cucTembl. C nMOMOIBIO e MHOMHATeel A, (f)
¥ W, (f) HalayTca LMHAMHYeCKHMe peakuuy cpazedl. B camom nene, cpas-
HHMBast ypasHenHs (8) c AuddepenunanbHHIME ypaBHEHHAMY ABMeHun (1),
MBI BHIHMM, UTO

k T
i
R,= Nk %-p zlp.pap v=1, 2, ..., 3N). )
p=

n=1

Taxnm 00pa3oM, MeXaHHYeCKOe 3HayeHHe MHOXMHTede# A, W [, TAKOE e,
KaK M B CTATHKE, T. €. OHY NPOMOPLUHOHANLHK peaKuusaM Ceasdel.
Papencrea (9) onpenensior peakuuy cBasel, 3a1aHHBIX YPABHEHHAMH (2)
¥ (3), ecnm 5TR CBA3M SABAAIOTCA HieanbHuiMH, OTMeTHM, UTO CIPaBelIHBO
n ofparHoe yTBepiIeHHe, T. e. CB3W, 3agaHHbie ypasHenuamu (2) u (3),
Oynyr ugeaZibHBIMH, €ClM WX peaklUHH MOWHO NMPeiCTaBHThb B Buae (9).
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Hrak, ypabHenua (8) mecte ¢ ypasHeHusamu ceaseft (2) u (3) omnpe-
IeNIT OBHMeHHe JI060H HerOMOHOMHONR CHCTEMBI C HIeaJbHHIMH CBA3SMH
IIPH YCIOBHH, YTO HEFOJOHOMHLIC CBASH ABAAIOTCH AMHEHHBIMH PYHKUHAMH
ckopocteft ). DTH ypaBHeHMs NBMMEHMs CHCTeMbi B NEKADTOBLIX KOOPAW-=
HATAX MPHHATO HA3LIBATL YpasHenuamu Jlazpanwea I-z0 poda.

IMockoabky uHTErpupoBahue ypaBheHu# (8) sipasiercst sanayelt Becbma
Cno¥HOH, To OOBIYHO HMH NOABL3YIOTCH JULL A5 ONpelefeHHT peaklu
cBA3eft, 3 3AKOH JBHKEHMA CHCTEMBl HAXONAT C NMOMOLIbIO APYTHX ypas-
HeHuft, xoropbie OGyAyT MOMydeHB HHMe.

2, Uurerpan owepruu. Ypasuenus Jlarpasmwa 1-ro posa (8) matwor
HHTErpan SHepruH, ecau: 1) cunawi, AeHcTByloliye Ha CHCTeMy, HMelOT
NOTEHUHAM, T. €. ecau cyllectByeT dyukuus U (x;, Xy ..., Xzy) Taxas,
uTO

.3‘%: . =1, 2, ..., 3N), (10
¥ 2) CB®3H MAeanbHEl, MPHYEM KOHeuHble CBSA3HM (2) CKICPOHOMHBI, a Aud-
teperumaisHble ¢BA3K (3) OLHOPOAHH OTHOCHTENBHO CKOpocTel, T. e.

Um0 =1,2 ... ka=0 (=12...,n ()

YmHoman kamuoe W3 ypasHeduH cucremsl (8) COOTBeTCTBEHHO Ha dx, M
CKMaabiBasg, MOMYYHM

aN 4t
X
§| my '—'&.T;— dx\, =
=1

3N Nk 3N r
mzz\’\,dxv—l—z zhgi‘-dxv—}-zz%amdxv. (12)
v=1

v=1 %=1 y=1p=1
TpeoGpasyem ypaenenne (12). g nesoft wacTn Hmeem

3N e 3N i d 3N 1 4 4
X X X 4
Y my G dxy = Yimy Gra(Gr)=d Ygm () =ars
‘\F=l

y=1 v=1

(13)
nanee, Ha OcHoBanmu pasenctma (10),
3N 3N U
Zledxv=v21-a-:dx\,=dU. (14)
V= =

'y Ha npakTHke ypaBHEHHSIMH, KOTODBIE ML OOAYyYaeM RIS HAeajbHHK CBA-
seil, MOXHO NOJL3OBATLCS U B CJyuae cBsdell, AAs KOTOPHIX paGoTa CuA TPEHHUS
HE PaBHa HYaW. JTH CHABI MOKHO PaCCMAaTPHBATh KaK HEH3BECTHHE AKTHBHHIE
CHJIEL, CBHA3aHHble C HOPMAABHLIMH pPeaKuHsiMH HEKOTOPHIMH SMIHPHIECKHMH 3aBH~-
CHMOCTAMH (HanpHMep, B BHAE 3aKOHOB TPEHHS CKONbLKEHHR MM KauyeHHS).
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,[[Hq;cpepeuuupyﬁ ypaBHeHHS TONOHOMHBIX CBfzelt (2), monyuum

2 ef“d v drat=0 (=12 ... 5,

OTKyaa

00Xy

N
2 O g, = — 2 at, (15)

KPOMe TOro, M3 ypaBHeHHH HErOMOHOMHBIX CBAzeH (3), KOTOpHe MOMKHO
npeacTaBHTh B BHle

aN
Elamdxv-q-a,df:o =12 ...,
HMeeM

aN
glawdxvm—ap dt. (16)

IMpuuumas BO BuHMaHue paseHctsa (13), (14), (15) m (16), mpe-
oGpasyeM ypaBHenue (12) x Biuly

,
dT =aU — 2 e at — Y, w0, at. (17)
p=1

H=1

Ecau umeior mecto yciaosus (11), To BTOPOH u TpeTHH uieHbl npasof
yactu ypasueuus (17) obpawaiorcd B HYAb, H Mbl HMeeM

dT =dU,
OTKYAA, WHTErDHPYs, IMOAYYHM HWHTErpan SHePrum
T=U-5 (18)

Wrak, ypasmenus Jlarpamka 1-ro poaa naloT uHTerpan 3Hepru,
ecmu: 1) aKTHBHEIE CHAbl, NeHCTBYIOIIHE HA CHCTeMy, MMEIOT MOTeHIUMAn;
2) reoMeTpHYCCKHE (KOHEYHbIe) CBA3H CHCTeMbl MIeanbHHl W CKAEPOHOMHBI,
T. e. OT BpeMeHH fIBHO He 3aBHcAT; 3) Iuddeperiuanbuble (HErOTOHOMHBIC)
CBA3H CHCTEMbl HAEa/bHLl M ABAAIOTCA JTHHEHHBIMH H OAHOPOJHBIMH (YyHK-
unAmMKH ckopocredl. OueBnano, yTo ypaeuenus Jlarpadwxa 1-ro poxa manyt
HHTerpas 3HeprMH ¥ B CJIyuyae, KOrAa HErONOHOMHLIe CBABH ABAANTCA
CK/ePOHOMHbBIMH, T. €. KOTAA @), He 3aBHCAT ABHO OT BpeMewn M g, ==0,
HO 3T0 TpeboBauWe wue ssafercs HeoOXoAMMEM; HeoOXoauMO JHUb,
arobnt 6uino a,==0, 7. e. uTo6bl 3TH CBA3H GLIIH OXHOPOAHB OTHO-
CHTENbHO CKOpPOCTeH.
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§ 8. YpapHeHHA ABHXEHHA CHCTEMb
B 0600mEeHHbIX KOOpAMHATAX

1. YpaBHeHUs NBHXeHHS COJOHOMHOH CHcTeMbl B 0000UIEHHHIX
koopaHHaTax (ypasmenus Jlarpamka 2-ro popa). PaccmoTpum apuxe-
HHe MO OTHOWIEHHIO K OCHOBHOH MHepuManbHOR CHCTeMe OTCueTa MeXa-
HHYecKO# cucTeMbl, cocrosuwe# w3 N maTepuanbunx Touek. IIpn sTom
MOJOKEHUS TOUEK CHCTeMbl onpelensiorcs 3N NeKapTOBBIMH KOOPIH-
naramu x,. [lycTb Ha CHCTeMY HAMOMKEHBl MOABKO TOJOHOMHLIC CBSI3H
BHIA

fo(x; £)=0 =1, 2, ..., k).
Toraa 4nca0 HE3ABUCHMBIX KOOPAHMHAT OyLeT paBHO
n=3N—=k

W MONOWEHHEe CHCTeMbl MOXHO OAHO3HAYHO ONPEJENHTb 71 COOTBETCTBYIO-
wM o6pasoM BHIGpaHHRIMH HE3aBHCHMBIMH Mexay coBo#d napameTpamu
mobo#t pasmepHoCcTH ¢y, g5, ..., §,, KOTOpPLIE HA3BIBAOT 0600UeHHb MU
(nan  NarpaHKeBbIMM) KOOpPOUHAmMAa MU CHCTeMb. 3aMeTHM, 4TO mapa-
MeTphl §; Moryr OHTh OTHeceHh! M K /1000 NOABMKHOR CHCTeMe OT-
CyeTd, IBHKeHHE KOTOPOH mo OTHOIICHKIO K OCHOBHOM CHCTeMe H3BECTHO.

[TockoAbKY MapaMeTpsl §; ONPeAensiOT NOJOMCHHE CHCTeMbl OIHO-
3HAYHO, TO BCe JeKApTOBH KOOPDAMHATEL X, MOrYT OBTh BBEIPAMCHBI
yepe3 ¢, paBeHCTBAMH BuIa

Xo=0@y(@0 o «evy Gus I n

Ypapuenusimy (1), Mo CywecTBy, YuHTHBAIOTCA BCe HAJOMKeHHLIE HA cH=
cTeMy rofoHoMHble cBAan. Ecau dyukuun ¢, ABHO He cojepikaT BpeMeHH,
MEXAHHYeCKYI0 CHCTEeMY HA3bIBAIOT CKJcpPOHOMHOH.

Tak kak

=% x"bq @1, B.us., 3N,
i=1

TO, MOLCTABAAA 3TH BLIPAMCHHA BapHalM# KOODAMHAT B YpABHCHHE
HanamGepa — Jlarpanxa, nonayyum

N n P
X (%= m ) B on=o
Y=

WIH, pack pHBaH cxoOKH,

EE :E %;: oq, — :E:mw i:? :5'%%%6q:==0' 2)
=l

v=1 =1 v=1
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IMeppas 3 CyMM B JieBoffi wacTH paBeHcTBa (2) ecth SjeMeHTapHas
pabora 8A mcex neﬂcmymumx Ha cHCTeuy CHI, TaK Kak

aA._)Xo -_ZX 2 Oty a0,

v=1 i=1
flcHo, uto
3N n 3 n 5
Xy AT X
=33, e v=Son Y x e=Bom, @
v=1i=1 £=l =1
rile BeJHYHHA
aN 3
— N\ Pl A

HasLBaeTcl 0006werHod cunod, OTHeceHHOW K KOOpAMHATE g;.
[TpeoGpasyem renepb BTopO# yneH nesof yacTH ypaBHexus (2).

Hmeem
3N n
d2x,, 2 2 d’xy Oxy _
v 42 = d My —ap 0q: 8, =
v=li=1

i: % d?x, ﬂx\,) 5
v T 74",'} '5ql' ()

=

Q

-

CnenaeM Tenepb npelBApHTeNbHO HECKOABKO 33MeuaHHW OTHOCHTE/bHO
nuddepeHuHpoBanns KoopauHar. OYeBHAHO, uTO
dxy,

_ Bxy - axy = 0x,
dt =x\!_'_ d?l g1+ 692 g2+"'+aq !’l+

ax\,

n
dxv -

gx.
—_— f+ ‘V'

i=1
Bsss 0T o0eux uacTeit YacTHY NPOH3BOAHYIO NO é:, NOAYyIHM

dxy _ Ox,
==Y, 6
ogi O ®)
Hanee,
n
d [ 0x, 0%k, - _0%xy 0 éxv . dxv
E(éq;) | 30,907 U gr0r = 3 \ gy U T )
j=1
Bripaxenue B CKOOKaX ecTb, O4EeBHIHO, d‘ft" =Xx,; Clen0BATCIbHO,
d [{0xy\ __ 0xy
_( 6‘43)_ dg; * ®
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Ha ocuosanuu paseHcTB (6) u (7) npeobpasyem IBOKHYIO CyMMy B Tpa-
Bo#t wactu ypasheHus (3); umeeM

no SN 2 N
Wl Xy Xy .
2(2& Mgz o, )6‘5""‘

i=1 ty=1

n av
. a Ol dxy Oxy dxy Oxy ! _
_E{E?(z i o i 69;) 2_4 v ar at(aq;)lé‘lf—

i=1 v=1
n‘ d N e, 3N a
2 Xy L X
- 2 met, S | Y, gt b @
i=1 v=1 v=1
Bsenem Temeps BEIpAWCHHE KHHETHUECKOHW SHEPrHH CHCTEMb
1 aN
*2
T= Y, myxh; (8)
v=1

TOrda, TaK KaK X |g, £, TO .i]q, g tu

aN 3N v
oT 5 axv ., ar a \,
a—.= vEy 5 o 'a_“=

7 v=1 q v=1
CrenoparenbHo, BhHIpAXEHWE 174 IBOHHOH CyMMbl B ypamuexnu (7') npe-
ofpasyeTcst K BULY

n 3N n
3Nt = B4 (00 o),

i=1v=1 aq'i

Bosppawasch K pasedctsy (2), noayuaem ypasnenne [lamamGepa —
Jlarpamma B 060O0iEeHHBIX KOOPAMHATAX B BHAE

n
d {oT oT
Yo —[2 (5 dg, =0. 9
Bie— [ ()]} o ®
B stom ypasuenun Bce Bapuauu¥ o0GoOuieHubIX KoopamHAaT dg; mpo-
H3BOJIbHE, & TMOTOMY, [oJaras BCe, KPOMe OZHOHK, pagHHIMH RyaIo,
MOJAyuuM, uTO BblpaweHune B GUrypHoH ckobke mpu sToH sapuauuu pasuo
Hymo. Paccymnas Tak xe Mo OTHOWIEHHIO K OCTaBIIMMCH Tereph n— |
cnaraeMblM, Haloem, 4TO BbipaxeHue B ¢urypHoit ckobke W npu chae-
Ayowelt Bapuaunn pasHo nymio, u 1. 4. Taxum oGpasom, noayuum cie-
BYWWY0 CHCTeMy f ypaBHeHuH:

d [dT\ _ oT
Tft'(a_é;)_'%"_@‘ (=12 ..., n), (10
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DTa cHCTeMa eCTb CHCTemMa OOBIKHOBEHMbIX AM(depeHUHaANbHBIX ypaBHe-
Hult BTOPOro MOpAAKA OTHOCHTeAbHO 00O0GWENHBIX KOOpPIHHAT ¢y,
Gy, ++-0 §n (eM. 1. 2). HMurerpupys ee, HAXOAMM KOOPAMHATH CH-
creMbl ¢ Kak GYHKUMH BPeMeHH H 271 MpOH3BOMBHBIX MOCTOSHHBIX,
KOTOpble OnpenensioTcAd oGbiyHBIM cnocoGoM MO HAYaNbHEIM  YCAOBHSIM,
CnenoBaTe/bHO, cHcTeMa ypaeuewu#t (10) BmosHe ompenenneT ABHKEHME,
Vpasueuns (10) HassiBaloT ypasnenusmu Jlazpaunsica 2-20 poda.

Bam#oz npeumywectso ypasueHuit (10) no cpasHeHHIO ¢ yPaBHEHHAMM
ABHXCHUA B NCKAPTOBBIX KOOPAMHATAX COCTOMT B TOM, HTO YHCIO STHX
ypaBHeHAR paBHO uncay cremencH CBOOOAB CHCTEMBI M OT uymC/Aa YacTHL,
o0pasyloWH¥X CHCTEMY, He 3aBHCHT; KpoMe Toro, ypasuedus (10) ue co-
HAepWAT HAmepen Heu3BeCTHoIX peakunB ceaszelt. [losToMy ypaBHeHHSMH
JlarpaHwa 2-TO pola WHPOKO TNOAb3YITCA AAA MBYYEHHS JBHKEHWS
TONOHOMHEIX CHCTeM.

2. BoipaxeHHe KHHeTHuecKo#fi oHepruH B O0OOmEHHBIX KOOpAH-
HaTtax. KHHeTHyeckad 3Heprus CHCTeMbl B HCKADTOBBIX KOOPAHMHATAX

HMeeT BHA

11

ﬁ"-'

Ias npeobGpasoBauns 3TOro Bhipamenuss K 0O00OWCHHLIM KOOPAHHATAM
MONCTaBUM B paBeHCTBO (11) BHIpAWeHHS MPOMBBOAHBIX OT AEKAPTOBHIX
koopAunaT mo Bpemenu. [Ipuwumas Bo BHHManne saBucuMocTH (1),
NOYYHM

n
=N 8 4 2 v, 2., 3N
i=1

[pr 3THX 3HAYEHHAX :Ev pasencTso (11) naer

1\ 2 dxy )

- ' Xy x\r

—3 3 m( S+ ).

HJIH, BO3BOJAA B KBaJ.'lpaT H MEHAA NOoPALOK cymuuponauﬂn,
L@ Q ox 0 e @
i R Oxy Oxy Oxy Oxy -
T=ry 2 Emv g, og; 14 1+22 My 5a ot Bt

i, j=1v=1 I=1v=1
EN (). a2
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BpeneM o603uaueHus

\ Xy OXy
ém" oq, 9y
W (13)
Xy OXy __ 2: e
2 My oq, "ot b m ( ) =4

y=I

rie a;;==a;;. Toraa

n
l Y
La;,q;q,+z,b,q;+2c—-rz+rl+ru. (14)

z, HET i=1
npiueM Boobuie

a, b, clqy o v ees g bt
n Ty, Ty u Ty cOOTBETCTBEHHO GyayT (PYHKUHMAMH BTOPOR, mepBoH M Hy-
neBol cTemeHn or ckopocTe#t. CheayeT 3aMeTHTb, uTO B BhipaweHuu (14)
Ko9(QdHuuKeHTH @, &, ¢ MOTYT fBHO OT BPEMEHH He 3aBHCETh.

TakuM o0pasoM, B oO0weM caydac KHHeTHYeCKas SHeprusi CHCTCMBE
npeacrapader CcoGoft @yHxkumio BTOpo# cTemeHH oT 000OLIEHHBIX CKO-
pocre#t ¢. EcaM cucreMa ckiaepoHOMHA (CBA3M SBHO OT BPCMEHH He 3a-
BUCAT), TO B MpaBuie YacTH papeHcTB (1) Bpemd sBHO He BOHIer H

dxy
ot

=1 (v=1, 2, ..., 3N).

Toraa
b,=0, ¢=0 =1 &s euy HY;

M BhIDAXCHME KHHCTHYeCKOH BSHePrHM B STOM Ciyuae NMpHoOpeTaeT BHA

n

1 i
T=5 X a,44) (15)
i, =1
rne a;; OynyT QyHKIMAMH TOAbKO KOODPAHHAT Gy, oy .., G Takum

o0pazoM, B ciydae CKAePOHOMHOH CHCTEMB KHHETHUeCKas SHEpPrHa ecTs
onHOPOAHAs GyHKUAS BTOpOR cremenn OT 0600wenHblX cxkopocTeft, uau,
Wuaye, KBagparHuuas ¢Gopma OT THX cKopocted.

W3 pasencre (14) uan (15) puiso, uTO acBhle 4acTH ypaeHeHuft (10)
npeacTaBasioT coBoft HeKOTOPHIE QYHKUMHE OT ¢, q,, §;, H, CIe10BATEABHO,
ypaeucHHa Jlarpamka 2-ro pofa AeHCTBHTEIbHO ABAAIOTCA CHCTEMOH OOLIK-
HOBeHHHX aHupdepeHUHanbHBIX ypapneiwult BTOpoOro mnopaaka oOTHOCH-
TenbHo 0000WICHHEX KOOpAMHAT ¢;. ABHBMN BHL 5THX ypaBueuuth Gyaer
moayded B M. 7.
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Mexanuueckyio CHCTeMy ¢ 7 CTeHeHAMH CBOGOABL, MOJOXeHHe KOTO-
polt onpenensercs 71 0600IICHHBIME KOOPAHHATAME ¢y, Gy, - - -, §,, MOXHO,
cnenys uzeam [. Tepua, paccmarpHBare Kak OAHY TOYKY B NpocTpai-
CTBE 71 WSMepeHHuH,

Torna ypasHeHHd

G=q{) G=q@),.... §,=¢q,()

npeacrasasioT cobol 3aKoH ABMKeHHS 3TOR «u3obpaxcanouiel» TOUKH WM,
ecid Ha Bpema [ CMOTPEeTh KAk Ha MapaMmeTp, — ypaBHCHHE TpPaeKTOPHH
3TOH TOUKM B mapamerpudeckodl ¢opme; 3Ta Tpaekropus Oymer, oue-
BHANO, KpHBOH B MpOCTPAHCTBEe A H3MEPeHMH, M ee MOWHO Ha3BaTb
Tpaekropueft cucremnl. Kawmnad Touka 3TOH TpaeKTOPHH COOTBCTCTBYET
KOuHrypauuH CHCTeMbl B QaHHBIH MOMEHT BPEMEeHH, OmpencnaeMol co-

BOKYMHOCTEIO B3HAYCHHH KOODAHHAT §y, gy -+ -» Gpe
3N

Ecan mpummucath «usofpaianomely Touke maccy M= 2 my, T. e.
v:I

MacCy, PaBHYI0 MAacCe BCEH CHMCTeMBbl, TO BhIpAXKeHHEC KHHETHUeCKOH 3nep-
run (15) MmoxHO mnpeoGpasoBath caeayownm obpasoM. CornacHo pa-
Bencream (13)

v ogq;, 0g; "M oq; oq; "

v=1

3N % 0 AN 3 3
% X X Y om, 'dx. X.

a,=Ym 00y oy Sy
v=1

Torna, monaras
N my 0xy O 2

my OXy OXy 7, ' — o2

™ Bg gy b f)alﬂu‘i‘hd‘ff—ds'

v=1 , j:

NOJyuHM
n
1 , - 1 ds\2 j
=7M£21%%%=?M (&) - (15%
?vr=

T

Buipamenue
n

ds? = Z a;;dq,dq;
i, 3=1

npencrasaser cofolh GpyniaMeHTaNbHYIO MeTPHUCCKYI0 dOpMy, Onpeleasio-
UIYI0 MeTPHKY PacCMaTpuBaeMOro #-MepHOrO MPOCTPAaHCTBA; ds aBasercd
3/EMEHTOM JYIM «TPAacKTOPHM CHCTEMbI», T. ¢. TPAaeKTODHH TOYKH, H30-
Opamaiowed CHCTEMY B n-MCPHOM MpPOCTPAHCTBE,

3. OGo6mennsie cHabl, M3 pasexctBa (3) (cM. m. 1) caeayer, uTo
BbipaxeHHe 37eMeHTapHO# paboThl JeHCTBYIOIIMX HA CHCTEMY aKTHBHBIX
CHII WMeeT Bul

6A=Qléql+Q26q2+ +QJI6Qn' (16)
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IMo auanor¥¥ c BhipameHweM SneMeHTapHOR PabOTH cuawl, AeHcTBYIOMER
HA TOUKY C KOOPAMHATAMH X|, X;, Xj,

0A =X dx;+ Xydx, 4 X3dx,

BeAHudIbl Q; ¥ HasbiBaloT 06o0weHHbMM cunamu. Ms pasencrBa (16)
BHAHO, 4TO 000OuieHHble CHJAL MOXHO OMPeneNHTs KAk KO3UUHEHTSHI
npu Bapuauuax o6o6imieHHEIX KOOPAHHAT B BHIPaXeHHn SeMeHTApHOH
paboTh AeHCTBYIOWMX HA CHCTeMY CHJL.

PaaMepiocts 0600uieHHOM CHABL 3ABHCHT OT PasMePHOCTH COOTBET-
crayouett o6obuiennofl xoopaAnHAaTel M OMpelensteTcsi COOTHOMIEHHEM

==Ll
[a]
Hanpumep, ecan g — yrox, To Q HMeeT pasMepHOCTb MOMEHTa CHJEBL.
Beqnunhbl Q; MOTYT BHIYHCAATBCA M0 dopmyae (4). OXnaKo MpaKTH-
YeCKH 4YacTo yaoOtiee MOAB3OBATbCA APYTUM NpHemoM. Tak kax Bce Og
Memay coBGoft He3aBHCHMB, TO AAf onpenefenust Q; MoxHO cOOGUIHTH
CHCTeMe TaKoe BHPTyalbHOe Mepemeluenue, npH kotopoM &g, == 0, a Bce
ocTanbuble 8g pasuel Hymo. [Moacunrae paGory .4, Bcex cun Ha sTOM mepe-
MEUICHHH, MBI, coriacHo paseHcTBY (16), Gyzem umeTb

b“li = Qib‘?:- (17)

CaenoBatenbio, Kosddunnent npy dg; B Bulpaenun (17) H 1LaeT uCKO-
Myio ofobulennyio cuity Q.
IIpumep. ITycts Teno coBeplnaer niockonapaaieabtHoe ABHKEHHE HapalessHo

maockoctn Oxy nop ne#fcrsuem cua Fy, Fy, ..., Fp TpuMeM sa o6o6meHHbe
KOOPAMHATBl JIeKAPTOBLL KOOPAHHATH X, H Y. NEHTPA Macc Teia W yroa noso-

pora ¢ Bokpyr ock Cz', nepmeHjauMKyaspHoit k maockoctd Oxy M NpoXoasulei
uepe3 UEHTP MAcC (g, =X §o =Y §3= ). Torna, coobuwas teny BUPTyaJbHOE
HepeMeleH”e, IPH KOTOPOM KOOpAiHaTa X, 1oaydaer npupamenne 8.x,, naiem,
4TO HAa 5TOM NepPeMeuleHHH 3JeMeHTapHas paboTa

‘544:”:(2va)‘5'“¢ H Q|=2F\=x~
v v

AHanoruuno HaftneMm, uto Q, = 2 Fyy. Coolmasn Teneps BHPTyansHOE NepeMe-
v

nieHue, NPH KOTOPOM TEAO coBepuraer nopopot sokpyr ocu Cz’ na yroa &g,

YIOAY U UM
‘5A3=(Z mom,, Fv) dp u Qy= 2 mom,, F.,.
v b

Cnrydahh norenumanbHbix cHni Ecam Bece meficTByouue Ha
MeXaHHYeCKyio CHCTeMY aKTHBHbIE CHABI MOTEHUHAJBHB, T. €. AJMA HHX
CywiecTByeT moTeHuuansHas dynxkuus U (xy, Xy ..., Xyi £), TO

o
X”:‘E:t‘_; ('\?”——'1,2. . 3N)¢
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YunreiBad, uto X,=@, (41, G2, -- ., G, £), Ml MOMEM NpelCTaBUTD
U e eute U(gy Go <2 gu £). Toraa no cgopmyne (4) noayunm

3N 5 aN S 3
Y X 1 X.
=S ¥ e e PN
Q )IX" q: oxy 0q; '
v:l. \l=1
WIH
ol
=, 18
Qt aqg ( )

T. e, 0BoDmeHHan chuia B 9TOM C/Iy4ae PABHA YACTHOH MPOM3BOLHOH OT
CcUN0BOH (YHKUMK II0 cOoTBeTcTBYyOIUeR 0006iuesno#f KoopAHHATE,

4, YpaBHeHHus Jlarpamxa Aas CUCTEMBI, Haxojaweica noa neficr-
BHEM NOTEHIHAABLHBIX cHA. B stom cayuae ypasueunst (10), ecan 3ame-
HHTb B HHX @, 3uauennamu (18), mpumyr BuA

d (0T or ou
E(@)_Tm_zd_m (h=s1, B, cuuy W), (19)
YunreBast, uro U=U(qy, ¢3. ++., g, £), W, ClHeloBaTenbHO, %E— =0,
Mowuo ypasueuns (19) npeacrasutb B uHO#f Qopme, a umenuo
a O(T—-|-U) _oa+u o),
dt oq; dq;
[Tonaraa saeck
T+U=L(q q. b (20)
OxoH4YaTeJdbHO ﬂDJlY‘-iHM
%(%)—g—;=o W=y 9; coia 1 @1

Ypasuenus (21) asa%oTCA ypasuewnsMu Jlarpawxa AAs  roAOHOM-
#OH CHCTeMBl, HAXOAAweHCs noa AeffiCTBHEM MOTeHLHAIbHBIX CHJA. PYHK-
wia T=T4+U=T—V, npeicrapaqaoiaa pasHOCTE MeWIy KUHETH-
4ecKOW W MOTeHUHANbHOH 3SHEDPrHAMH CHCTeMbl, Ha3biBaeTca ¢yHkIeH
Jlarpana uan KuHeTHYeckum mMoTenuuanoM (mo [eabmroasny). 9ta
pa3HOCTb, KAK M KHHeTHYeckas Sweprus T, sBnfleTca BooOlle (yHKuuMei
BTOpo#t cTemenu OT ckOpocTefh, T. e.

L=L,4 L+ L, (22)

rne L, w L; ABisuOTCA COOTBETCTBEHHO (YHKUMAMH BTOpPOH# M mepBO#

crereHH OT ckopocte#t ¢, a L, 3aBucuT TOILKO OT KOOpPAHHAT ¢.

Ya ypasuennft (21) BuaHo, YTO ABMKeHHE CHCTeMsl BROSHE OMpene-
nfeTCA 3alamMeM Aaa Hee HekoTopo# ¢ynkumk L(g, g, f), koropasm
BoOOIle MOMeT W He onpefenartbcs pasenctBoM (20). Ecam pyuxuna L
onpenenserca pasenctsoM (20), rae U=U(g, £), 1. e. nmeer Bux (22),

6 H. H. Byxroasn
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To cHcTemy OydeM uasmBath Junasmudecxkoi. Ecam we L Oyzer mpows-

BOJbHOR dyHKuMeR OT ckopocTel ¢, TO cHCTeMY HA3LIBAT razpaxice-
604 cucmemol.

5. Hurerpan sHepruu, YpasHenud Jlarpauia 1ai0T NepBud HuTErpad,
KOTJa CHCTEMa HAXOAMTCA MOA ACHCTBHEM NOTEHIHAMbHBLIX CHJA H YAO0BJE-
TBOPAET HEKOTOPHIM AONOAHHTENBHBIM YCAOBHAM. Ecau aeiicTeyiomme bt
NOTeHUHANbHLI, YpaBHeHus Jlarpanka uMmeloT BuA (21). YMHOWMM Kawaoe

M3 STHX ypaBHeHd# Ha ¢; u caoxuM HX. [Toayunm

i{iﬁﬁqé_ﬁié}=o
il at \og: )" dg '

Ho
£ ()i (i) i
at \og;) ! o, '] oa "
I'IOSTOMY npeﬂ,unyu.lee paBeHCTBO MO MHO r[peJJ.CTaBHTb B BHlle
n n
d aL - aL - s
EN g 2= 4} =0. 23
at £=1(6qs q‘) 2‘(69& .q‘+ q’) e
Tlycts L oT spemenn sBHO we sasmcur, T. e. L=L(q, ¢). Toraa
oL - a’L
Er ‘+ dt
H papenctso (23) mpHMeT BHI
n
d! /Ol - I
LIV (2 ) —Li=0. 24)
at | i=l(aqf g f (
Otcioga uMeeM HHTErpan
E(-‘E- t}t)-—L_const. (25)
dgy

PaccmorpuM oTmenbHO CAenylolife CHAYYaH,
1) TIpoussonbuas aAHHAMHYecKkad chHcTema. B artom

ciydae
L=L,+ L 4L, (26)
rae L, u L, aBasiorcd, kak ObI0 BhiLIe YKA3aHO, COOTBETCTBEHHO (yHK-

UMMM BTODOW M TlepBOH cTemeHH OTHOCHTENbHO CcKopocTeH ¢, a L,
8aBHCUT /MWL OT OAHHX Koopaunar ¢;. Ilo u3Becruoft Teopeme Ditaepa
06 onHOpOAHBIX QyHKUHMAX

. adl, - oL, - oLy -
\1 c)l. 4£=v‘—2¢h+2 —+ —'9':'—21-24-5-1’ (27)
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BCAGNCTBHE HUCTO [MONYYeHHHR WHTerpan ypaBnewuft NBHXKeHHa Cpasy
yNpolIaeTea, a MMEHHO, IOACTABASAA B paBeHCTBO (25) Beanunub (26)
u (27), noayunm

2Ly 4 Ly — (Ly+ Ly + Ly) = const,

HaH
L, — Ly=const. (28)

TTosydenHoe COOTHOIIEHHE HA3LIBACTCH 0000 WeHNH.M UNME2ZPAAOM BHED-
2wl 549 IMHAMHYeCKOM CcHCTeMB. IJTOT pe3ynbTaT MOMHO MPeACTABHTH
B WHOM Buie. B paccmarpuBaemMoM cayuae HMeeM

Pasnaraa T Ha 4acth Bropoft, nmepsoft M HyfeBoll CTeneHH OTHOCHTE]bIID
cxopocreft, T. e. moaaras, cornacuo paseuctsy (14), T=T,+T,-+ T,
Hattnem, 4To

L2=T2, lerl, L0=T0+U.
Torna wuterpai (28) npuyumaeT BuL
T2 — TQ — U == const. (29)

Ator o6o0eHHbft MHTErpal SHEPruM HA3BIBAIOT TaKKe UHMEZPaIOM
Srofu, xoTopelk BMEPBHE HAlleN €ro HA NPHUMEpe OTHOCHTENLHOTO IBH-
WeHHS.

Hrak, ecau CHCTeMa rO/IOHOMHA, A NeHACTBYIOWHE CHAB NMOTEHUHATbHE,
npuieM TNOTeHUHANbHAR GYHKIHA ABHO He BABUCHT OT BpEMEeHH, M €CJH
KMHeTHYeCKas 9HepPrHA CHCTeMbl Takie OT BpeMeHH SIBHO He B3aBHCHT
(110 cucTeMa He 00A3aTe/NbHO CKJIEPOLIOMHA), TO AJAA TakoW cUCTEMbl MMeeT
Mecto O0fGoOwenHb HuTerpan sweprun (29). 3aMeTns, uTO COOTHO-
menne (29) Henb3n Ha3BaTh (H3HYECKHM HHTerpAaJOM SHEPrHH, TaK Kak,
XOTs ero /JieBas 4aCTb M MMEET pasMEepPHOCTb SHepruH, OHA He NpelCTaB-
AseT TONMHOH 3HEPTHH CHCTeMbl, NOCKOMBKY pasHocTh 1'y— T, He ecrb
KHHETHUYeCKAs 2Heprua cucTembl. [Ipn stoM Benwuuna T, dAnjasiouwascs
YacTbl0 KHHETHYECKOH SHEPIHM CHCTEMBl M CONEpAKauaf uiedb, JAHHEHHO
3apucsiinge oT ckopocredl, B uurerpan (29) BooGue we BXoant. Takue,
He BXONSLHE B BbLIPAXKEHHE KHIETHYecko# sHeprun T unennl (koraa T
4BHO OT BDPEMeHH He BABHCHT) HA3LIBAIOT 24DOCKORURECKEMU HAeHAMIL,

Mpumewanue. [lycre neficTBylommue cuam noteHuuanbusl u T =T, -
+Tl-|ETu, npudeM I He 3aBHCHT #BHO OT BpeMmenn. Toraa ypasxeuusm (10),
yuntha, 910 To= T, (), MOxKHO NPUAATL BHJ

d (0T, T, U , T,
e B (O TR T TR B T (30)
at (a‘?f ) 9, 9q, Og,
rae
et d 07‘] 0T1
=—|—=(=)|—=2] 31
“ [dt (a‘h ) dqs.] Gk

6*



84 YPABHEHHS HABH)XEHHMA CHUCTEMB MATEPHAJIBHBIX TOYEK [rao. 1

Beauumin En n Q; MOXHO CUMTATH HEKOTOPHIMH OGOGUEHHHMH CHAAMM HHep~
i

Ii4H, HaiuuMe KOTOPHX TO3BOJAET DAcCMaTPHBATHL CHCTEMY € KHHETHYECKO#i
sHeprued T, Kak ckieponomuylo. [lepBHe H3 3THX CHA, 3aBUCALIHE TOALKO OT
KOOpAMMAT ¢, MOTEHLUHAAbHR W HMEWT CHIOBYIO dyukumo Ty, a BTOPHE, T. €. Q;,
3aBHCAT JMHMEHHO OT CKOpOCTEH ¢ M 056JaNalT TeM CBOACTBOM, 4TO cyMMa HX
paboT paBHA HymO, T. €.

ZQL dg, =0. (32)
B nocaeaHeM nerko y6eadThed, ecAm yuecTb, uto T =2b;é: H
d [oT, 1 08, . oT, dab; .
;;(?)*23‘ 7 Tog, T o,
q; 7 qj qg i ¥l

Cunpt Q,, sapucsimue ot ckopoctel, cyMma paGoT KOTOPHIX Ha HCTHHHAIX Mepe-
MEIEHHAX CHCTEMH DPaBua HyMo, HOCAT HAB3BAHWE 2UPOCKORUYECKUX cuAa (1o
ToMcony u T“%E,‘ B cuny cofictea (32) oun u He BXoxaT B o6obueHulil uuTe-
rpaa sueprun (29). IlpuMepoM TakuX cMd CAYKAT KOPHOJMCOBH CHABL HHEDIHHE
(cM. m. 6, npumep 4).

2) CkaepoHomuaa cucrema. Jna CKAEPOHOMHOH CHCTEMbI
KHHeTHYeCKasd BHePrusl ABAseTC OMHOPOAHOR KBaApaTHYHOR ¢yHKuuel
oT ckopocty, uMewowmeh sun (15). Crenoparensuo, B sTOM Cayyae T =T,
a Ty=Ty=0 #u wnuterpan (29) nepexoaur B O0OuUHHH dHINUYeCKNN
MHTErpan SHepruu

Ty — U = const. (33)

ChenopatenbHo, 118 TONOHOMHOH CHMCTEMbl MMEET MECTO MHTerpal Suep-
THM, eCAM CHCTEMA CKJIepOHOMHA, a JeHcTBylOUIHEe CHIb MOTEHUHAJBHE,
npuyeM MOTEHLUKAAbHAA (PYHKUMA ABHO OT BpeMeHH He 3ABHCHT.

3) Jlarpauxesa cucrema. Tlycts Tenepb L(g, ¢; ) ects npo-
usBonbuan ¢ynkuma ckopocteh. Tlonaras, 4ro —-=0, u nosTopss

B TOYWHOCTH IPHBEAEHHBIE BHIIE PACCyMIECHMS, NPUAEM K paBeHcTBy (24).
Bsenem $ynxuno

- oL -
mpHuem, ouesnano, H*= H*(q, ¢; t). Torna Gyzem HveTb
AT —0 n H=const. (35)

DT0 COOTHOUIEHHE TaKKe MOXKHO Ha3BaTb O000CHERHbM UHMEZPAAOM

SMepzun ANA narpanweBofl CHCTEMHl, JAs CYWIECTBOBAHHS STOTO HHTe-
oL

rpaaa neo0xoaumo, urobbl Gbino -a-_—ao.

6. Ilpumepsi. [Ipu pewenun 3amau oOHLIYHO NMOAB3YIOTCA YPaBHEHHAMH
Jlarpana B puge (10). Ias MX coCTaBneHHs, YCTaHOBHB YMC/NO cTeneHeft
¢BOOOIL! CHCTeMB!, BbOUpPAOT 000OLeHHEIE KOOPAMHATE § ¥ BHPAKAOT
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KHHETHYECKYIO SHEPrHi0 cHCTeMbl T 4epes 3TH KOOPAMHATEI M 0006IEH-

Hpie ckopoctn ¢ 8* Biuae (14) wan (15). Umea suipaxenne T (g, ¢), aerko
cocTaBuTh JeBble 4acTH ypapseunft (10). BXxoaswme B npassie uyactu
obobmennre cuant ODBIYHO BHIYHCAAIOT TaK, KaK 3TO NMOKAasaHO B 1. 3.
PaccMOTpUM TpHMEpH,

1. Cocrasum, noab3ysich ypaBneHusimu Jlarpanxa, nuddepennuanbitoe ypas-
HEHde JBHMEHHSl TBeplOro Tela, BpPalAoLIErocs BOKPYT HENOABMKHOH ocu 2
(cM. puc. 32 Ha cTp. 63). B nannoM cayuae Teao HMeeT OZHY CTelleHb CBOGOALL
B xayectBe o6obenHoit koopaunaTtel BubGepem yroa ¢ (g, =¢). Toraa ypas-

Henue Jlarpamua MpHMET BHL
P

4 (oT aT
L ()T _q, @
dt \ dg o
KnHeruueckas sHeprus Teaa &
1 02
T_f 2% T)
H, CAeXOBaTeAbHO,
aT « 0T ]
—_— == z@: —=0,
o g 5
rae J;— MOMCHT HHEpPUMH Telad OTHOCHTEIhHO OCH Bpa-
LIeHHA 2.
Coofuiast Teay BHPTYaJbHOE INepeMellieHue — NOBO- _J A
potr ua yrox d¢, naitaeM, uto
84 = (3 mom, F,) 3¢ = M, dg; 8 D
cJe10BaTeAbHO,
Qi = M,. Puc. 34.
lloacrasasd Bce HaiileuHsle BeaudMHH B ypaBHeHue (3), mnoayuum
I = M, (6)

Pesyab7aT COBNAnAeT C HaltmeHHbIM Bulme [cM. § 5, 1. 4, npume 3]

2. Yepes 6nox JIEpEKHHYTa HHTb C ABYMS rpysamu A u é)uaccoﬁ m; u Moy
a xounax (puc. 34). Tlpene6peras maccoit HuTH u Gaoka, Hafinem nBmKeHHE
CHCTEMBl, CUHTad, 9TO GJ0K MoABemeH Ha BEPTHKAALHON NPYKUHE C HECTKOCTHIO ¢
(raKas cxXeMa y4HTHIBAeT BAMAHMHE yNpyrux nedopMmauumit ocu 6aoka). JIpmkensue
HauMHABTCA H3 COCTOSHHA TOKOS,

flpn ycaoBusx 3apaud rpysnt OyAyT nepememdTbes 10 BEPTHKAAM H HOJIO-
WeHHe CHCTEMBbl ONPEACNACTCS ABYMS TAPAMETpaMH X M ¥ (¢, = X, g, = ¥), TAe
X — cMenleHHe OCH 6J0KA OT MOJOMEHHs CTATHYECKOTO PaBHOBecHs, y — pac-
cTosHHe rpysa A or Gioka.

Bupameuﬂe KHHCTHYECK ot SBEPP}{H CHCTEeMB Hepes J.t H }.l' HMeeT, oYye-
BHAHO, BHA
m . . m . .
T=t 49+ 5 e— )2
Orcrona
aT < . . 9T 5 o -
——=my (x4 y)+ma(x — ), e (x4 y)—my(x—y);

ox y
or 0T —0
ox oy
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Tenepb, coobmas cHcTeMe BHPTyadhHOE NepeMelleHHe, TIPH KOTOPOM X Ha-
Mensercs Ha Ox, a y = const, M yuUMTHIBad, YTO X OTCUHTHBAETCA OT CTaTHue-
CKOro TOJOMeHHS, B KOTOPOM Cmia THXKECTH (7, ~+ m;) & ypaBHOBemeHa
ynpyroii cuaoii npyxuuer, Oynem umerh

VA =—cx.-bx 0 Q,=—cx.

Coolulas 3areM CHCTEMe Jpyroe He3aBHCHMOE OT MNEepBOTO BHPTYAJbHOG
nepeMeniente, NPH KOTOPOM y u3MeHseTcs Ha Oy, a x = const, MOAy4HM, 4TO
Ha 3TOM TNepeMeuieHnH

Ay = (mig —myg)dy u Qy=(my—myg.
Cocraeasa rtenepb ypaeHenms Jlarpamxa

d [oT oT
)=
d [oT aT
(03? ) oy =%
TOAYSHM
(mt-l-m:)f"i'(mi‘-mz)}’:-—cx» ()
(my— mg) X+ (my - my) y = (my— my) g. (6)
UckmouuB u3 3Tol CHCTeMB ¥, HaliieM aas ompeneicHns x (f) ypaBHenue
X+ klx=—aq, ®)
rie o6o3HaueHo
_m+tmye, _m—my)’g
4m|a“ﬂ2 ; g 4mym, * (r)

Pemenue ypaBHeHHS (B) NpPH HAYaAbUKX AAHHMIX f==0, x =0, ¥ = 0, naer
x=__%_(l-—cos kt). (6]

Ocb Ga0ka COBEPUIAET rapMOHMHECKHE KoaeGanus ¢ yacToTod £ W AMAAMTYAOH
a __ (m—my)? 2

k? my -+ my T

W3 pemenns opumepa 1 B § 5, n. 4 {cm. puc. 30) BHAHO, YTO 5Ta aMmiau-
TyAa NPONOPUHOHAILHA PASHOCTH MeMAY cratuieckuM Nep u auHaMuueckum Ny
JAaBjieHHeM Ha KeCTKyw och, [Ipu 3ToM, Tak kak Ny < N, 10 ecmcmenuo
9TO W3 HaYajbHOr0 NOJOMEHMs OCh HAYMHACT IBWXeHHe BBepPX, HAa UTO YKA3H-
BaeT 3HaK MHHYC B ypaBHeuuu ().

Wurerpupya tenephb ABaIn ypaBHeHue (6) M OTCUHTHBAA y OT HAYAALHOTO
NC a0weHHns, NOAYUHM

gr?
(my - m3) y = (m — my) —2—""(”"‘”32)1'-

3amenss 3anech x ero aHaueHHeM M3 YPaBHEHHHA (n), HalileM OKOHYATENbHO
my— my gﬁ m— m;

y=lu M & Mo
my - m;, m -t m,

Papencreo (¢) onpeaenser aakoH yaareuns rpyaa A or ocu 6aoxa; pas abco-
JIOTHOrO ABWAteHHs rpysa A 6yneM, OUeBHIHO, HMEThb Ya= ¥+ x, a nas rpyza B

k2 (1 — cos kf). (e)
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COOTBETCTBEHHO Y o == ¥ — X, TAE ¥, OTCUHMTHBAETCH OT HAYAILHOIO MONONEHHS
rpy3a BBEpX.

l_[OCKOJIbI(y BCe IlEﬁCTByllJ]llHE Ha CHI:TBM_‘,r CHJB MOTEHUHAABHEL, TO AJAA HEE
MOMHO COCTaBHTh (yHkunw Jlarpamxa

' . . N 2
L=T+U=%(x+ N+ %i(x—y)— %+(ma-—mz}gy+ const .

Toraa, Hcnoabays ypasHeHust (21), npuaeM K TeM e pe3yabraTaM, T. e. K ypaB-
nenpaM (a) u (6).

3. Cocraeutb anddepenunasbHble ypaBHeHus JABHWeHHA M HafTH 3aKOH
MannX KoJebaHuit CHCTeMBl, COCTORLIEH M3 CUAOLIHOrO OZHOPOAHOrO LMAMHAPA
BecoM P u MAaPHHPHO NMpHKPENJAGHHOrO K €ro ocu crepwHa AB aaunowo [ v Be-
coM p (puc. 35). LlMaumap HAaXONMTCH Ma NIEPOXOBATOH TOPH3OHTANLHON NJAO-
CKOCTH, BIlOJb KOTOPOH MOMeT KaTHThLCH Oea
CKOJMbAEHHA.

Cucrema HuMeeT, OYEBHAHO, ABE CTemeHH
cBofoabl, H ee ToJ0XKeHHe ONpeiendercd fa-
paMeTpaMu X H § (g, = X — PacCTOSHHE UH-
JAMHAPA OT €ro HaYaipHOr0 [OJOMEHHS,
{3 = — OTKJOHEHHE CTEPXHA OT BEPTHKANH),

Bhluyc/ANM CHAYANA KMHETHUECKYK 3Hep-
ruo Ty nuanHipa B T crepxkus. [lo Teo-
peme Kénura

£

1 P 1 PR?
T“=_2—?vi+§wwi’

1 1 pi*
Tcr=§%v‘é Elgg ':‘731" (a)

Puc. 35.

2 g
rae MHOMHTEH Nepeq &)a H Oy, SBJAIOTCH COOTBETCTBEHHO MOMeHTAaMH HHEDUMH

uMAMHAPA H CTEpPMHA OTHOCHTEJLHO oceil, mpoxogdiiux uepes Toukd A u C
flepneHANKY AAPHO K TIAOCKOCTH pHC. 35,

-
Buipakas Bce cxopoFTu Yepes X M (@ M YUHTHIBaf, uTO "c=‘°om+°nep*
rae YHCIEHHO U == 0,57, Vnep = Vo HMECM
. X s ..
Vp=A, =g O =, vc=—r+x —+ Ilpx cos q.

B pesyibTaTe OKOHYATEAbHO MOJYy4HM

3P. . .. 2.
T=TH+T¢T=T‘§-x2+—2—§- (x’+1xcpcosq)+-3— ¢2).

Orcrona
oT  3P-+2p - pl - oT
—_—= x4+ L _peosqg —=0;
ox 2g +2g[p K ox
of p (z - 2. or P g
—— =4 (— xcosq — )] —=—-""Ixgpsing.
s s heendes) o 2g o

JIlan BbiducheHHst 0606UIeHHBIX cual coobliaemM cHavala CHCTEMe NepeMemeHHe,.
nOpH KOTOPOM X Mojayvyaer npupauwicHue dx, a ¢ = const, noayuaem 84, =0 u,
caegoBateapno, Q, =0, Coo6mas Tenepr Apyroe, HE3aBHCHMOE OT MNEPROTO-
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flepeMeineue, mpH KOTOpoM @ NMoAywaeT npHpallerie b, a x = const, nafizen
dAy=— p 5 sin @ 8; caenopatensho, Q= —p 5 sin @',

Cocraags Tenepb ypaBHenus JlarpaHia, moAYYHM TNOCAe OYEBHAMBIX CO-
Kpamenuit

d . .
=7 (BP+2p) X+ plg cos g] =0, ...

d{. 2 . 5 @
-‘F(xcostp-{--g Iq;)—l-xq)slmpm—gsinq:.

TaxoBw nckomue auddepeHunanbible YPaBHeHHA ABHMEHHST cucTembl. UTOGh
HAHTH 3aKOH MaaBX KoxeGanuH, UpuMeM, CuuTad Yrox @ Maimu, sing = g,

€0s@ & 1 u npeHeOpexem UJAeHOM XQ@, COZEPKALHM MPOH3BENEHHA MaABIX

Beauund. Torga okOHYareabHO moAytuMm creayloike auddepennuanpinie ypas-
HeHnst Manimx koJeGaHul cHcTeMu:

. . w o 2
BP+2p) x+plo=0, x+3519+g9=0. (6)
Vekaiouas u3 sTHX DaBEHCTB X, makiem aaf onpeneieHud @ ypaBuenHe
;13+ k2¢ = Ov (B)
e 3 (3P 4 2p)
PN i i O
B uex ) o ©
Wurerpupys ypasuenne () u monaras npu £ =0 P ==q,, .i;-_-o, AOAY UM

¢ == @, cos ki, (n)

[Mocne 9roro, HHTerpupys nepsoe ua
ypasuenui (6) u moaaras npH f=0

x =0, x =0, nafizem

p
g FFo lg, (1 —cos &t). (e)

Vpapneuna (B) u (e) onpeneamor
3aKOoH MaJablx konebauwumit cucTemsl, ua-
cTOTd KOTOPHX paBHa k. Tako# cpaeun-
TEALHO MNpPOCTOH PEIyabTaT ISl CHCTEMbI

Puc, 36, C ABYMS CTeNeHAMH cBOGOAH MNOJYyUHICH

snecy OGaaromapa TtoMmy, uto Q = 0.

B obmem we cayuae nmpu Q; 5= 0 n Q, 5= 0 xonebauuA CHCTEMH C AByMS CTe-
neHsMud ¢BOGOAB BRITAANAT 3HauuTeABHO caoXHee (cm. ri [II).

4. PaccMOTpHM MAaTEPHANLHYIO TOUKY € MACCOit 7, KOTOPan ABHMETCA B MOTeH-
HHalbHOM CHIOBOM MoJe ¢ noreHumaabHolt $ynkuumeit U (x, y, 2) orHocHTENLHO
NOABHKHON CHCTEMbl OTCHeTa XYz, BpamlaoueHcs ¢ 0OCTOAHHOH yTioBOH cro-
POCTBIO @ BOKPYT OCH 2 (pHC. 36); BpalleHne MPOHCXOINT IO OTHOUIEHHIO K MHEp-
HHaAbHOH CHCTEME OTCHEeTa X¥,2(.

BuiGepem B KauecTBe OGOGIIEHHHX KOOPAMHAT KOOPIMHATH TOUKH X, ¥, 2
B NOABWKHOH cHCTEMe oTcuerd. Jlas cocTaBaeHHA ypaBueHuit Jlarpamka Boi-
YHCAHM TPOEKUHH afcosromuol c:cofpoc-ru TOYKH HA HOABHXKHHE OCH (HANOMH-
HaeM, uTO B ypasHeHusx Jlarpamwa T ectb KHHETHUEcKas sHepruf abCcoOTHONO
Asumennsn). HMMeem

Uy = X — 0y, v,=)-!+0lxs 9z=z.-
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Torza KHHeTHYeCKas SHeprus Touku Oyner

Ty m (& —0y)? 4§ 4 ax)1 4 2),

HaK
T= g m (432 f mo () —y i) g mat (k). (@)

Orciona

O =0y, 2L =m(y oty

X dx

3_;..—.m(§+mx). 3—;-=—m(m.i-—w3y);

-?TT= m., 2?—.|--='--0.

0z 0z

Tenepb, COCTAaBAAA COOTBETCTEyOLIMe ypapueuns Jlarpaika, GyzeMm uMmerb

m(§ﬂ2wj—m2x)=—%—%§

m(y +20x — @?y) = By (6}
- oU
mE =z

Mst moayuuaH aHddepeHnHaabHEE YDABHEHHA OMHOCLMEAbHOZ0 NBIKEHUS
toukn. Kak BHauM, npH npuMeneHyHd MeToaa JlarpaHwxa 9TH YPaBHEHHS COCTAB-
ASIOTCA TaK e, KaKk M ypaBHeHHA abcOMIOTHOro JABHIKEHHS; Bce onpegedserch
AUl BHOOPOM COOTBETCTBYIOINHX 060OIIeHHEIX KOOpAHHAT.

[MepBuie nBa u3 ypaBHeHHs (0) MOXHO MpPeiCTABHTh B BHAE

mx = % 4 2may 4 maty;

. U ; @
my = -ay——{— (—2mowx) 4- maly,

Jlerko BuIeTb, UTO MOC/AEJHHE YJEHbLL B NPABBIX YACTAX ypaBHeHHH (B) mpen-
craBasior co6oil npoeKuyH nepeHocHol (uem;l).oﬁemﬂoﬂ) CHJIBl HHEPLHMH, a Npej-
nocaeiHHe — KOPHOJANCOBOH CuIbl HHEPHHH. [akuM 06pasoM, gaym-rar COoBMa-
naer ¢ TeM, KOTOpHH aaeT Merod, Manowenun#t B wactn I, § 89.

B paccuatpuBagMoM NpuMepe YpaBHeHHS, IAWIHe CBA3b JEKAPTOBHX KO-
OpAMHAT TOUKH B OCHOBHOW CHCTEMe OTCHEeTa, T. €. X;, ¥;, 21, ¢ 0000meHHMMA
KOODIHHATAMH X, Y, 2, HMEIOT BHJ

Xy=xcosof—ysinof, y,=xsinot-}ycoswt, z;==2

H cojepwar sBHo BpeMs. CuegoBaTenbHO, CHCTeMa He SBASETCA CKAEPOHOMHOM
(B cHay ycIoBui, HanaraeMmiXx NBHKEHHeM CHCTEMBl OTCueTa X¥2, K KOTOpOi
otHeceHs! 0600UIeHNbIe KOOPAHHATHL); MOSTOMY 3J€Ch, B OTIHYHE OT HNPeabiAYLUIHX
NpHMEPOB, KHHETHYECKas SHeprusd He sBASeTcH OIHOPOIHOH KBagpaTHIHOIL
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¢opmoit o cKopocTeit 1, Kak BHENO U3 paBeHcTBa (2), nMeeTBHA T =T, 4T -~ T,
rae

Tym g m G5 20 Ty=mo () — i)
Ty= -%— ma? (x2 4~ y2).

Ho mockoapky oOkasaaoch, uto T, kak ¥ U/, ABHO OT BpEMEHH He 3aBHCAT,
arech uMeeT Mecrto o6obuleHHMH HHTerpad sneprud (uurerpan Slko6i)
To—Ty—U=~
HIH

-;-m(ii’—[—j'?—[-z:?)-—%mn'-‘(x‘*‘-[—y’)—U:h. D)

B stom papencTBe NEPBHI uIeH MOKHO PacCMaTpPHBATL KAK KHHETHYECKYIO
SHEPrHI0 TOUKH B OTHOCHTENBHOM IBHKEHHH, a BTOPOH — KaK moTeHuHan nepe-
HOCHOH (uenTpobemHOit) CHAB HHEepuHH, KOTOpbiif HakianbiBaeTcs Ha mote no-
teHnuana . lupockonuueckuit wnen Iy = mo (xy-— yx) B BHpaMeHHE HIITE-
rpana (r) He BXOJHT,

B coorBercTBHM C paBeHcTBOM (31) rupockonuyeckas CHIA ROMKHA HMETh
MpOEKIIHH:

gx=_[_"__‘?..7:_l.__itl_]’ Q‘y=_[iﬁl:l-—£‘—].

dt dx ox df dy ay
Ho
95 = — moy --d—&—-—mmjr i 20 = moy.
ox "odt ox 0x ’
Caenosareasio, §, = 2may; awanornuo Q, = — 2mox, T.e. PHPOCKONMUECKO#H

cunofl 31ech ABASETCSH KOPHOIHCOBA CHIA HHepnuH [cM. pasencTso (B)]. Ee pabora
dA=Qrdx+Qydy=2mo (ydx — x dy) =2mo(yx — xy) df =

{cum. takke 4. I, § 39, n. 4). [lo sroff mpuunHe n OTCYTCTBYeT FHPOCKONUYECKHH

uneH B uHrerpaae (r).

7. YpaBHeHHS JABHMEHHS JAAA CKAGPOHOMHON CHCTeMb, paspe-
HIEHHBIE OTHOCHTEJBLHO BTOPHIX MNPOHM3BOAHBIX. [laa ckJIepoHOMHON
CHCTeMbl KHHeTHYeCKas sHeprus OyaeT oaHOpoAHO#M KBampaTHuHOM (opMmOn
ckopocTelt, a ypaBHeHusiMH nBuikenus Oyayr ypasuenns (10), T.e.

d [ oT oT
e [l i | s k=1, 2ivvi; N} 36
(qu) oqy % ( % G2

Tae, MO NPeldloNOKECHUIO,

[ AP B A
T=5 2,009)="5 z e 19n
i, j i, &
Oueswwo 4TO

d | oT i daigp .+ .
P T = a e
dq Zaik‘?i T, (aq ) 2 u:‘h+£’ * a9 995
or 1 dau
vl
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Tloacraeasa 9TH BblpaXeHus B ypapHeuusa (36), uMeeM

n n da n 0a
iR+ - iy
za‘kq‘ E dq)! 79;— 7 aqk qlqi’ o Qk (k=1,2, , ).
i=1 4 f=1 I, j=1

(37)

B 9th ypasnenus BTOpble NMpPOM3BOAHBIE BXOAAT JAHHERHO, M HETPYIHO-

paspelllHTb 3ITY CHCTEMY /& YpaBHeHUH OTHOCHTEALHO ¢, 3, +++y §p-

Bonee ussumnoe pelllenHe MOAY4HM, BBens ocoDHR cHMBOA, Tak Ha-
smipaeMuft cumeon Kpucroddena. PasOusas BTOpo#t unen neBo#f vacT
B ypasHeHHaX (37) Ha 1Ba W MepeCTaBisis B IOCHENHEM M3 HHX HH-
aexcel [ W f, OyleM umeTb

v Oy - - .l da"k .. l Otlfk ..
4707 = 2 = Wity = "oq;” T

W ypaeuenus (37) mpuMyT BHI

- 1 { dasr Gayp 0a;;
E“fk‘?f'*‘z'a'(aq, + o0 aqk)qif}’;-—Qk (k=1,2, ..., n.
. L (38)

Beena Temept cuMsoa Kpuctoddens
1 (aaik da_;k dal-j) [i _(]
T\9g; T oq 0w/ =Lk ) (3%)

nony4dM ypasneHns ABHkenus (38) B crenyiouwe#h ¢opwme:

2“;:;‘!:"‘2‘[ Nagy=0  =12....m @0

i, j=1

OGosnaunym uepes D=]|a;, || mucKpuMuHauT KBaXAPATHUHOK  (OpPMBI
}_'_, Q130:qy; MUHOP D, COOTBETCTBYIOUMA SMEMEHTY @5, OGO3HAUMM He-
pes A Toraa

Aie
="

OyaeT sneMeHTOM OlpeleiuTe/s, B3aumuoro ¢ D, npudeM OyayT HMeTh
MECTO 1Ba C/AeAyOIHX COOTHOILEHMS:

gakfﬂém=0 (ecan i<£1),

Ek: a;,,-ﬂa'm o | (ean = l)
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YMHOKHM Temepb ofe uacth ypasHeuu#t (40) na EH H MPOCYMMHDYEM
no k; no.nyquu

2 Ea”‘a“‘h+ 2 2[ ]ak:‘?t‘?; = 2 Ay Q-

k=1i=1 =1 =1
Tpn { =1 4en nepsoit nnoﬁﬂoﬁ cymmu Oyner q,Z a,kam =q£; ecan e
&

i1, To uneubl mepBoRt nBoHHOM cyMmbl ofpawaioTcs B Hyab., Bsoas
qenepb HOBHIH CHMBOJ, Tak HadneaeMbift cumeon Kpucroddean 2-ro poaa,

{ltj}Ei[ikj] ag (41)

AOAYUHM OKOHYATENLHO

g+ 2 { m;——-EEMQk (=1, 2, ..., 0. (42
k=1

i, j=1

PapencTsa (42) BHpamaioT .ypasHeHus Jlarpawka B BHIe CHCTEMb
OOHKHOBEHHHIX AudepennnanbHEIX ypaBHCHWA BTOPOrO noOpsAKa € Mc-
KOMBEIMH QYHKUMAMH ¢, paspelleHHBX OTHOCHTEIbHO BTOPBIX MPON3BOIHBIX,

Ecna MB MpeamosiodHM, 4TO ABHXYLIAscA cHcTema csobonHa ot Ae#t-
CTBHA AaKTHBHBIX CHa, T.e. Q=0 (k=1, 2, ..., n), u Oynem pac-
(MATPHBATD CHCTEMY KaK TOUKYy B /-MepHOM TNpocTpaHcTse (cM. nm. 2
aroro naparpada), 70 H3oOpamawwas cHcTeMy Touka OyleT ABHraThesl
110 reolesnvyeckol JMHHH JaHHOTO FA-MEpHOTO MPOCTPAHCTBA; CleloBa-
TEJNbHO, CHCTEMA ypaBuenn#

2q Ny (1)) 445 da
—+ N { , }T;—[F=0 (=1,2,...,n (43
i, j=1
GydeT npeicTapasTh CoG0fi MMddepenunanbHele ypaBHeHHA reole3d-
YeCKHX /JHHHH 72-MepHOTO MpOCTPaHcTBa B mapaMerpuyeckott dopme, npu-
yem £ OydeT mapaMeTpoOM.

8. Hruopupopauue KoopauHar. Pynknus Payca, Kak nasectio
{cv. 9. I, § 40, n. 7), uMkAnyecKOH KOOPAMHATOR HA3LIBAETCH KOOPHLH-
HaTa, BXOAdwas B aarpaumxkeny dyuxunio L(g, g; f) Toapko cBoeit mpo-
U3BOAHON; SBHO, CAEJOBATENLHO, 3TAa KOOpAMHATA B L He CONep:KUTCA.
Payc mokasan, 4TO B TaKOM CJAydae YHC/I0 YPaBHewHH NBHIKEHHA MONHO
yMEHbIJ.IHTb HA 4YHCI0 UMKJIWYECKHX KOOpauHarT.

[lycTb, Aad onpeneseHHocTH, OyayT UMKIHUECKHMA TepBbie I xoop-
IKHAT, T. €. Gy, §g. -+ gy CHE I 0y NpOM3BOAMBIE gy, Gy, - .., ; OT
UMKAMYECKUX KOOPAMHAT OYACM Ha3bBaTh UHKJIMYECKHMH CKOPOCTAMH;
Torna

L=L(G1r s Qs éi! 9"2- 9::' é1+1» sy 9"::; £).



4§ 8) YPABHEHUSl OBWIKEHHA B OBOBIIEHHBIX KOOPAHHATAX 93

A UMKARYECKHX KOOPAMHAT Gy, ..., §;, OYEBHAHO, HMeeM

oL
=0 k=12, ..., D,
T ( )]
W T03TOMY ypaBHeHHsd NBIMEHHA A% STHX KOOPAMHAT NPHUMYT BHA
d [ oL
— =] =0 k=1, 2, ..., ).
= (6%) ( 2 ) (44)

Wuterprpys 9t [ ypaBHenu#l, HaXonHM [ nepBblX HHTErpajoB ypaBHeHHR
ABHUIKEHHA:

—— =y k=1, 2, ..., D, (45)

The €y, € ..., €; CYTb MPOW3BONBHBE MOCTOAHHBE; 3TH MHTerpais Oy-
JleM HasbiBaTh UMKIMYECKKMU HHTerpanamy. Belpasus u3 sTux paseHCTs npo-
M3BOJHBIE UHKANUYECKHX KOOPAHHAT, T. €. 41, o » -« +, G B QyHKUHHM OCTaL-
HEIX HellHKTHYeCKHX KOOPIHHAT, HX IPOM3BOLHMLIX M MPOH3BONBHHIX [0=
CTOAHHBIX £y, €3, ..., €; W TOICTaBUB HaWnenHble GYHKHHH BMeCTO
41 G .., q; B OCTaBmyiecst #—/ ypaBHeHu# ABHMEHHA, MONYYHM,
ONSTH NArpaHiKeBy CHCTEMY YDPABHeHHH NBHMEHMH, HO ywe ¢ n—[ He-
usBecTHEMU. D10 ¥ sunoanua Paye (Routh); npumenewnnift mM cnocof
HA3LIBAeTCA CHOCOGOM HMCKAIOYEHHS HIH UMHODHPOBAHHA KOOPIHHAT,
BpeneMm HOBYI (YHKUMIO, Hrpalowyio Ty #e pO/b, uTO H (yHKuHs
Jlarpauxa. 3ra dyukuua, wasviBaeman gynxyueld Payca, wmeer Bun

R= LHE-—.—:}*&. (46)

k=1

B ¢ynxknnn Payca nponsBoAnble NHKAMYECKHX KOODAMHAT ¢, ..., 6’; aa-
MeHeHbl YKA3aHHBLIM Bhillle CHOCO0OM, W MOTOMY

R=R(q“+ls vy qn: q:t'l-l’ - nay én; 819 62' ey 0;: t).

Bapwupys npassle H Jesble 4acTH pasescTBa (46), waxomnm

2 0R6 9+ 2 6‘?::+ZIOR6%~— 2“%‘5%4“

k=f+1 k= f+i B={+1
n !
oL - oL Al dL
+ 32 8, + P -}_‘a( ) du 84,
o199 part1d k2=‘l

B npaso#t wacTH NOAYYEHHOTO paBeHCTBA BTOPOR # MOCAenHHR uleusl
cokpawawTrca, Toraa, npupasHHpas B 0OeHX 4acTAX STOMO paBeHCTBA
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MHOMHTEIH INpPH OAHHAKOBBIX Baplial.LHﬂX M ydHTbIBAas TIPH 9TOM, 4TO,
cornacio pasexcrsam (45), b(a )—60,,. HAXOLHM
qr

oL __ 0R )
0qr  0qr '
oL ok =g, o+ oee 1), .
07e  9dn l 7
i)
qk_-% (k=1, 2, ..., D
oL dL
[Moncrapasst Haflenuble BHIpaWeHns 181 —— H Jo B YPaBHeHHs ABK-
dr q
wenud (21), noayuum ’
i(_"_ﬂ)_a_’?___o k=141, ..., n). (48)
09y gy

Takum 00pa3oM, Mbr IeHCTBHTENBHO MNoJyuaeM 7 — [ ypaBHenu#t TOro e
narpaHmeBa BHA3, HO B KoTOpHX poas ¢yukunn Jlarpanwa wurpaer
dyukuns Payca; 5TH ypaBHeHHS COLepXKaT TOMbKO HEeUHKIHYECKHE KOOp-
AUHATB H UX [POH3BOIHBIE,

3naa dyuxuuio Payca, nerko ONpeleldTh M UHKIHYECKHE KOOPAH-
HaThl, TAK Kak MochAefiHee W3 paseHcTB (47) naet

gp=— | o=dt (k=1, 2, ..., I). (49)

B 3akmiovenne OTMeTHM, 4TO ecau R ABHO OT BpPeMeHH He 3aBHCHT, TO
ypasuenus (48) nawr 06oOiedHbi uHTerpan sueprad (cM. m. 5):

— R+ E —qk-_const

k= l+l

Ecan wme, kpome Toro, R ecTh $)yHKUMA BTOPO# CTelleHH OT HEUHK/IH-
YeCKHX CKOPOCTed §yit, oo - «s o T. €. CCHH

R=Ry+ R+ R,
TO Mpelblayuw#t wHTErpan 06paTutca B murerpan koG
Ry — Ry==const;

uneHH, cojepxamyecs B R;, OyayT B 9TOM C/Aydae THPOCKOMHYECKHMH
uneHamn Qyskunn R.

Npumep. B sanasax, paccmoTpesHuX Bbime (n. 6), Bce wiaH 4acThb
KOOPIMHAT OLIIH LUKJAHYECKHMH, 4eM Mbl HEMOCPEACTBEHHO MOJb30BATHCH
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NpH MHTETPUPOBAHHH CPABHHTENBHO NPOCTHX ypaBHeHHH, He BBOAS (yHK-
unn Payca. [loxakem Ha Npumepe, KaK NPOHSBOAHTCH HIHOPHPOBAHHE
UMKAHYeCKUX KOOpAKHAT MeTonom Payca.

PaccMoTpHM cHCTeMy € [AByMs CcTeneHsmu cBoboxm, onpeineaseMyl Koop-
AMHATAMH ¢ W @2 NyCTh KHHeTHdecKas suepnm CHCTEMHB paBHa

1

T=—+ + q%’
el
a 1noTeRmHAIbHA
V=c+eq,
apuueM 4, b, ¢, e cyTh nocTosHHMe. PyHKUHA L BHpasuTCA TakK:
1 ‘?1
L=T—-V= T c—e
+b e B + 2 q? QQ
Koopansata g, 6yner nukainueckoit. Lluxnuveckuil MHTErpaa moayydM B Buie
LSRN | S—
o a+-bq,

oTiyna
g1 = a(a+- bg3),

rie o« ecTh NOCTOsHHAsm, ONpeaeiseMas HaualbHBIMH yciopuamu. CocraBisieM
byuknnio R; umeem

oL . 14 1.
Ra!.——.—-q1=—-—-—l—-+—q§ c—eq%‘
Ii) g3 2

Vckawouas mAKIAYECKyl0 CKOPOCTh g;, MOAYIAM
1. § p
R= -§-q§—r:—eq2-—-§-a2 (a+bq3).

3anaua cBoguTed K HHTErpHpPOBAHHI0O OAHOID YypaBHEHHHA

4 OR _O0R _,
dt doq, Ogy
HaH )
g2+ Re+4-ba?) g, =0,
oTKy1a

g:= Asin (Y 2e 4 ba’f }¢),
rme A W &——IOCTONHHEIE HHTEIPUPOBAHHMA, ONpPENEnseMble M0 HAYAAbHBIM yC-
JOBHAM,
Llakanueckas KOOPAMHATA ¢; MOAYYHTCH U3 YPaBHeHHS

g =— I —dt=af(a+bq§)df.

TMoacrasasa ciona BMECTO ¢ HaliieHHOE BHPAXKEHHe H BHITOAHAS HHTErPHPOBAHHE,
HaiigeM .
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9. YpaBHeHHs ABHXXEHHA HEroNOHOMHOK CHCTembl B 0600L(EHHBIX
KoopaMHATAX ¢ MHOMHTeasmu Jlarpauwa (ypaBhenus Payca), Ilycrsb
HA CHCTEMY MATepHanbHBIX TOUYEK HANONKEHO R rOJOHOMHBEIX CBf3de#t, ypae-
HeHHA KOTOPBIX UMelT BMI

fulx, H=0 (=1, 2, ..., k), (50)
M F HeroJOHOMHBIX JIHHeHHBIX CBs3el, BhlpaweHHBIX YPABHeHHAMH BHAA
N
Elapvdxv—l—apdtzo =12 ..., r. (50%)

YuuTHBas CHayala TONbKO TOMOHOMHBle CBA3H ¥ BBOAA n=—=3N — k
0600uieHABIX KOOPAMHAT ¢;, Mbl, paccyXaad Tak e, Kak W B I. I,
npuieM K ypasuenuo (9)

Z{Qi [4 (55) 5] Joa=0. 51)

i=1 4

Qnuako Telepb B NaHHOM DaBeHCTBe BC/AelCTBHe ycaosu#t (50°) sapua-
win 0g; He HesaBUCHMH, 4 nOTOMY KOshduuMeHTH NpH BapuaunaX Og;
BooGlue He paBHb Hymo. JAA noaydycHWS ypaBHeHHH NBHXKeHHS B 3TOM
cayuae TPHMEHHM CToCo0 HeompeReneHHHIX MHOXHTene#t (cM. § 7).

Tak kak x,=q¢, (g, £), To

dx __"““’dt-l-z Sordy (=12 ..., 3N).

[Moacrapass STH Bhipaweunus dx, B paseHcrsa (50°), nmpeoGpaayem ypas-
HEHHS HelOJOHOMHBIX cBfideft K 000GLIEHHHM KOOPAMHATAM; HMeeM

an
0
2‘ 2 2 dg,+ Y ap Gt aydt=0 (=12 ..., ),
v=1

v=1
WJIH, MeHAf I'Iopsmox CYMMHDOBaHHS B ABOHHOM cymume,

N \
dx\. % | 6xv -
Z ( 2‘ w-a?) dq, —|—(‘Z‘1aw-53~—+ ap) dt =0,

i=1 =
Beoast oﬁosuaqeuna
aN 4 N 5
Oxy __ Y xv
Z Bovag, = Ao Z Q5 T =4,
v=1 -

MONYYHM YPABHeHUS HeFONOHOMHBIX cB3eH B OCOOWIEHHBIX KOOpAHHATax
B BUIE

n
D Aydg - Agdt=0 =12 ..., 1) (52)
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YcnoBrsA, HalaraeMuie 9THMH CBA3AMH HAa H30XPOHHHE BapHauMH KOOp-
AwnHar, 6yayt

n
EApiﬁq‘-_—_O ety %oy T (52%)

Ymuonum Tenepb obe uactn pasetcts (52') ma A, W mpocymmupyem
no p; MOAyYHM

r n n r
Sngaon=g(Fnafu=e o

Chnoxue mounenHo paseHcTso (53) ¢ ypasuenneM (51), Hattaem
n T
O d [oT or
—_— =4 — A A ; =0.
L Q; df (0‘}'i)+ oq! +!§l p* pi M;

i=1

B srtom pasexcrse Bcero n Bapunauni Oqy, ..., Og,, 13 HuX, B cHay
ycrosuit (507), r 3aBMCHMBIX; HO M YHCAO HeOMpeleleHHBIX MHOXHTen e A
Toxe pagHo r, Toraa, mpuMeHss oOw4YHble NpK crocofe HeollpeeNeHHBIX
MHOXHTene# pacCyxienns, MNOAYYHM n YpaBHCHHH ABHXKEHHA CHCTEMB
B BHIe

d [ oT .
E?(a@,)“BZ”Q"i_E%A"‘ (t=1,2 ..., n). (64

Tlpucoennnas Kk STuM ypaBHeHusM ypaBHenns cBsise#t (52), OymeM uMeTb
MOAHYI0 CHCTEMY M~ ypaBHEHMH C n——r HEH3BeCTHHIMH (QYHKIHAMH
Qi Qo - o0 Gu B Ay, Ago oo, A, SaMeTuM, uTO HIeA 0GOGIIEHHBIX KOOP=
AWHAT 110 CAMOMY CMLICAY NpeinonaraeT, 4yto H MX BAPHAUMH HE3ABHCHMH,
Yero HeT B PACCMOTPEHHOM MeTOJe., DTOT MeTOX, NpelfoseHHb# Pay-
coM, sBageTcd xKoMOunauwe#t JlarpauwmesniX MeTonoB 00606WEHHBIX KOOp-
JMHAT ¥ HeompefefeHHBX Muo#HTede#h. Tlostomy B ypasuenna (54)
BXOMAT €lle MHOXHTeNM Aj, T. €. pPeakupu CBsided, YeM yTpauuBaercs
OIHO W3 BAWHBLIX npeMmywects ypasuenutt Jlarpamwxa 2-ro pona.

10, Ypasuenusa Anmens. Annmeap 8 1899 r. wawen ypasueuns,
KOTOpHE M0 THIY cBoemy OnH3KO MOAXOAAT K ypasueumaM Jlarpaumxa
2-r0 pofa U NPUMEHHMBL K HErOJOHOMHBIM CHCTEMaM (2 C/Ae40BaTelbHO,
H K TOMOHOMHBIM, KOTOpBIE ABJANOTCA YaCTHLIM CJAy4yaem HeFOHOHDMHHX).
BoieeneM 9TH ypasHenusi M3 OCHOBHOrO YpaBHeuus auHaMmuku J[lanam-
Gepa — Jlarpauwa.

ITycrs umeem cucreMy N MaTeprafAbHBIX TOueK, MOJO¥EHHE KOTOPOH
onpeneiseTcs n 060OWEeHHBIMH KOOPAMHATAMH ¢, y ..., §,; TOrIa

v=@,(g; t) #, Cae10BaTE/IbHO,

dx, *“‘:E 0%y dg, 25 at, bx _E 0%y 0 (v=1,2, ..., 3N). (55)

7 H. H. Byxroawm
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IlycTb, nanee, Ha CHCTeMy HaJOMEHB HEFOJOHOMHblE CBA3W, YDABHEHWS
KOTOPHX B 0GOCUICHHBIX KOOPAHHATAX MMEIOT BRI
n

g,lamdq,—{—apdt:ﬂ o=1,2...., 7. (56)

DTH cBA3M, KaK H3BECTHO, HA/NAraloT HA BapHauMH KOODAMHAT YC/AOBHS
éapibql=0 P=12,..., . (56"

Taxum oOpasom, n auddepenumanos dq,, ..., dg,, a TakKe H BapHa-
unit dg, 0gy, ..., Og, cBusaubl r ycAosuamn (56) u (56”); nosTomy

YUCNO He3aBHCHMHIX AM(pdepenunasoB W Bapuauu#t (a cnenoBaTelbHO,
H uHcjo creneveRt csoBoabi cucrembl) Gyaer pasuo n—r (cm. § 1, m. 2).

[Tocpenctsom pasencts (56) u (56") Mckmounm u3 ypaHeutt (55)
r 3aBMcHMHX IndepeHunasor u Bapuauntt; mo/dyunM, 00603HAuas COOT-
BeTcTByOIME KOshuuuenTH vepes A, n A,

fi=r n—r

dxv"':'_‘iz-‘llAvldqt_FAvdt’ 6"‘?1;:!21‘4\;{6‘}1 (v=1, 2, ..., 3N), (57)

npuueM sieck AupdepeHuMans M BapHauMH OYIAYT YiKe He3aBUCHMEL
BosbMem ypasuenve [ManambGepa — Jlarpauika

AN "
Zl(xv — m,x)dx, =0
v=

¥ BCTABHM B HEr0 BHpAXeHHd Bapuauu#t dx, ua papeHcTs (57); Momyuum
n—-r 3N n—r 3N

2 ZmyxAvdy =2 3 XAudq (58)

B mpaso#t wactu ypaswenus (58) cTOHT 3nemenTapHas paboTa aKTHBHEIX
cun, KOTOpyw, BBenst ofo3nadenus

Y XAu=Q: (=1,2, ..., n—0n), (59)
v=1
MOHHO I'IPEILCTaBHTb B BHIE
n_‘r 3N n—-r
2 DX A8, =2 Q0 (60)

Beanunin Q) apamiorca 3aech OCODWEHHBIMH CHAAMH 118 He3aBUCH-
Mbx papuauntt 060OIEHHRX KOOPIHMHAT W 4YMCA0 WX DABHO A-—r, T. €.
MeHblie uyucaa o6oOuieHHBIX KOOpIMHAT £ [B oTinuMe OT 060GIWEHHHX
cua Q;, BXoadwmx B BupawenHe (16), KoTOpee BHuMCAFIOTCA A
BCeX BapHauuMH KOOPAHHAT W YMCAO KOTOPHIX paBHO n].
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[TpeoOpasyem Tenepb feByio 4acts ypasHeuus (58). Pasgesans nep-
Byl Ipynny ypasHenu#t (67) Ha df, momayuum
n—r

;¢v=§1‘4w¢}j+‘4v (=1, 2, cuvy 3N

nponuqacpepeuuuponaa 3TO pABEHCTBO IO BPEMEHM, HaitaeM

n-=-r n
3 _)Aﬁqﬁrz }_,—"ai’i @ ,+2 = q,+)] 0Lut g+ 2o
i=1 i=1 j=1

(v=1, 2, ..., 3N).

Ha nonyuyeHHOrO paBeHCTBA HMeeM

Oxy
e L]
dg,

i

TOrAa JeByH 4acTh ypaBHeHust (B8) MOXHO NpeacTaBuTb B BHAE
n—~r 3N n—~r 3N

2 2 mvvavi 6‘?1 2 2 m J‘C dxv '5(}'5

i=1vy=1 i=1v=1

Beeaem ¢yHkuno

A%

F= m x2 61

v

2] —

=

KOTOpaf IO aHaJOTHH C KHHEeTHYeCKO# SHepruelt HaapiBaeTcs SHepueil
yerxoperui, Torna, O4YeBHAHO,

)zv—-g-g- =1, 2 n—r
va \?aq dé‘i ( * R IR | )

v=1

u ypapuenue (58) npeoGpasyercs k BHAY

n—r 63
S (2 — ), =o.
=1y
OTKYIa, TaK Kax BapHalHH 6@’5 31eCh He3aBUCHMHI, HMeeM
90 =l % .. 5—F) (62)
g,

Ypapuenns (62) w npencrasasior cobol ypasuenus Anneas; ounu,
rak u ypaeHeHus Jlarpauwxa, oOpasyior cucTeMy OObIKHOBeHHHIX Au(de-
PEHLHANbHBIX YPABHEHHH 2-TO MOPANKa, UYHCAO KOTOPHIX PaBHO N —r,
T. e. 4Hchay crelleHeRt cpoOoxbl cucreMbl (2 He uHcaAy n 0DoOmEHHBIX
KOOpAMHAT),

7#
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Jna noaydenus ypapueHH# (62) Hano COCTaBHTh BriDaXKeHWe SHEPIHH
yckopendn S (61), supasus B HeM BCe YCKOPeHHd dYepe3 KOOPAHHATHI
g1 99, -++, G, A B3aTeM MOCPEACTBOM YpaBHeHHH HErONOHOMHBIX CBf-
sel (D6) uckmouurs H3 S BTOpHlE NPOH3BOAHBIE TeX U3 KOODAHMHAT g,
KoTOpHe B CHAy ypamdeHn#t (56) ABAAOTCA 3aBUCHMMBIMM (IIPH BCEX 3THX
pacueTax cAaraeMeie, He COJEpPXKAlUMe ¢, MOTYT, OYeBHIAHO, HE BEIYHCAATLCA).
Has naxongienns Q; COCTABASETCH BhipaXKeHde S/CMeHTapHOR paboTh

zeficreytoumx cua B sane (16), T. e,

8A=0Q,39, 4 Q80+ ... +Q,09,

U H3 STOTO BHpAaWeHWsa nocpeicrsom ypasueuu#t (567), Bmipamaoumx
YCNOBHA, HAJATAEMEIE HA BAPWAUKHM KOODAMHAT AubpdepeHUHANbHEIMH CBf-
8AMH, HMCK/MIOYAIOTCS BapMalMM 3aBHCHMBIX KOOpAMHAT; Toraa kosddn-
UMEHTE MpH BAPHAUHAX N — F He3aBUCHMBIX KOODIMHAT, HalAyT Beq-
el Q, Q, ..., Q,_,. Tlocre storo cocrasasiorca ypastenus (62),
KOTOphle BMecTe C ypaBHeHuaMH IHddepeHunansubx ceaseft (56) raor
CHCTeMY 7 ypapHeuu#h Ajas onpeiefeHus 72 Gyskunf g, ¢, - .-, G,

3aMeTnm, uTO 1A% 3HEPTWH YCKOpeHu#t S yMeeT MeCTO Teopema,
aHanoruyxan teopeme K&nura nna kuxeTudeckOR swepruu (cM. § 2, n. 6).
Ilpumenss Te we oGo3nauenns, 4T0 H B § 2, MmeeM

32:‘ (d%‘v) ’

S r
WIH, TaK KaK r =r.+r,,

BN r
S=-I—2m d2'0+d2rv 2
2 1 di? daet ] T
V=

g I

2% (ﬁf)ﬂ}. (dtﬂ) “&?ﬂ"zmd

TMocaenuutt unen npanoﬂ YaCTH paBeH HYA, TaK Kak

2w N
Zm\. dt2 =— Emr a Emvr;zo.
v=1 v=1 v=1
Cnenosatensuo,
1 1 /2
S:::—Q- szc-l"'f %mvwv, (63)

vﬂl

rie 'w; €CTb YCKOpeHHe B JABHIKEHHH CHCTEMBI OTHOCHTE/IbHO UEHTpA
Maccg,



5 8] YPABHEHHA IOBHXEHHS B OBOBILIEHHLIX KOOPAMHATAX 101

Ypasnenuem (63) Owpaer ynoOHO NOAL30BATBCA [UIA  BBLIYACIEHHA
SHepPrHH YCKOpeHW# TBepABIX Tel.

Mpumep. PaccMoTpuM JBHKEeNHE BJOJb HAKJAOHHOH NAOCKOCTH CaHed,
(puc. 37, a), mpeneGperaa Tpennem. CHCTeMa sBAAeTCA HETOJNOHOMHOH, €CAH
CYMTATh, 4TO CAHH HE MOU'YT NepeMemaTbCd B HANpaBAeHHH, NepleHAHKYIAPHOM
K MOJO03bAM.

[Monowenue caHedi B maockocTu IBH¥eHHs Oxy onpejensiercis Tpemf KO-
OpPIHHATaMH, B KaueCTBe HOTOPHIX RhifepeM JexapTOBH KOOPHHHATHL X, ¥ USHTpa
macc C canefi u yron ¢, kxoTopuf#i monoses 06pasywT ¢ AxHHeH Hauboabilero
ckara (puc. 37, 6), T. e. npuMeM ¢, =X, q2=Y, g3 =1Q.

g [

Puc. 37.

B cnay ykasaHHOTO Bhillle YCJOBHsS BEKTOP CKOPOCTH ¥, LEHTpa Macc CaHeif

BCE[a HAampaBJeH MapaiiefsHO MOJO3bAM, YTO HaNaraeT Ha ero NPOEKUHH X, ¥
ycnoBue y = xtg¢ niu

xtgo —y=0. (a)
3710 ypaBHeHHe HeroJOHOMHoO# cBa3u Buaa (52) uam (56).

Ha caHu B maoCKoCTH ABHXEHHA JefiCTRYET COCTABAAIIMAS CHJIB THKECTH
mg, (g, = g sina), napaarensHas OcH x; KPOMe TOro, AAs yAcHEHHs BCeX 0CO-
GeHHoOCTEH MeTOlda JONYCTHM elle, 4TO K CaHAM TpHAOKEHa B umeHtpe macc C
NOCTOAHHAA cuaa £ = ma, napaijeasHas oCH y (Ha pHCYHKe cuna F He moka3aHa).

1) YpaBHeuus ¢ MmEHOX HTeaAaMu CocTaBHM CHAYaia ypaBHeHH#

ABHKEHHA caHel, MOAbL3ysach ypasHeuuaMH (54) ¢ mHOxurenamu A, Kuneruue-
CKad 3HeprHA CHCTeMH o teopeMe Kéuura 6yaer

T=2 G 30 g @ ©

e J c2—— MOMEHT HHEpIUHH caHell OTHOCHTELHO OCH, IpoxoAsameR uepes uentp C
TepHeHIUKyIAPHO K TAOCKOCTH XY.
Boipaxenue saemeHTapHoiff paGoThl AeHCTBYWOIHX CHA HMEET BHA

8A = mg, bx -+ ma dy; (8)

crefioBaTeabHo, Q| =mg, Q; = ma, Q;=0.
YpapHeHHe (a) HakMaABIBAET HAa BAPHAUHY KOODAHHAT YCAOBHE

tgg- bx — by =0. 1)
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CpaBuuBas 370 BHpawenue ¢ paBencTsoM (52°), sakaiouaeM, ¥TO B HaweM cay-
yae A,y =tgq; App=—1; A;;=0 u ypasuenna (5%) NpuHMMAIOT BHI
mx=mg, +Atgq,
my =ma—>», ()

JCzq) =10,

Mpucoeaunss CiHa ypaBHeHHE CBA3K (), NoJdyYaeM YeTHpPE YpaBHeHus JA9
onpefeneHHs weTHpex QyHKuUBH X, ¥, ¢, A

Jlasg perieHns CHCTeMB MHCKAOYaeM CHAuanad H3 NEPBLIX JABYX YpaBHCHHI
cHCTEMB (1) MHOMHTENb A; COKpPAIUAf OJAHOBPEMEHHO HA m1, MOAYyYaeM

Iytgeo=g +atge. (e)

OTclona B CBOK ouepedb C HOMOWIbI ypaBMeHHA (3) HCKAKYAEeM BTOPYIO
IpOH3BOAHYI0 OT 3aBucumod koopaunarel y. Huddepenuupya pasenciso (a),
HMEEM 1

xtgo+ xq)EBqu')'#y ()
[Moacrasadaa 310 3HAYEHHE y B paBeHCTEO (€), moayuaem
- =
PG @459 =g tatge
OkoOHyaTeqbHO 8243 CBOAHTCA K HHTETPHPOBAHHIO CHCTEMBI ypaBHeHHil
}-[-jcq')lgcp:glc0321p+aslnq)c03q),] ©
¢=0.

2) Ypasueuna Anneanda [loxameMm Temepb, Kak 3TOT ¥Ke pe3yabTar
MoAyuaeTca ¢ NOMOMbI0 ypasHeHuit Ammens.

[lns cocTaBReHHR SHEPrHH yckopenuii Bocnmoabayemcd dopmyaolt (63). Yum-
THiBaf, YTO JBHMEHHE caHed OTHOCHTENbHO IEHTpa Macc ABJIAETCH Bpawaredb-

HeIM BOKPyr ocd Cz u NIpH 3TOM wi,:fzv Vciiz-}—ﬁ)‘, rae hy— paccTofHxe Ka-
KOH-1H60 ToukH caHell or ocu Bpawemns, a 3y myh% = Jc,, Haiinem

S="3 B+ + g o, @+

Wcekaonaem OTCIOAA BTOPYIO NPOH3BOAHYK OT 3aBHCHMOH KOOPIAMHATH y C TO-

MOWIBI0 ypapHeHHs cBA3K (3). DTO ypaBHeHne JaeT 1A y BbipaweHue (XK);
B pe3yabTare MOJY4HM

_m ( x? e tge 1, -
s = (Goorg + 2556 oaty) + g Lo+ o &

rie MHOTOTOUHE YKAa3LBAeT HAa HeBHIHCAHHLIE YJEHb, He cojiepialiue X HAH q)
1

Jasa HaxomaeHdsa Q; oGpaTuMmcs K BHIDAXEHHIO SJeMeHTapHO# paborbi (B).

Bxoasmue Tyaa Bapuauuu Ox, Oy CBASAHH B CHAY ypaBHEHnA () YyCJAOBHEM

tg g dx — Oy =0, oTkyna 8y =tg ¢ b,
TloasTasaas 310 SHaueHHe Oy B paBeHCTBO (B), MOJAYUHM
8A = (mg, + matg ) bx+-0-bq.
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CaenosareabHo,
Q{x; = (mg, 4 atgq), Q{’q;} =0. (x)
CocraBass Tenepb ¢ NOMOMWBIO (yHKOWH (H) ypaBHeHHs
05 r 08 '
%= U = Qe

HaiaeM

¥ . tge . -
m (m‘i’x@ Cos,¢)=M(g.+atgw}. Je 0 =0.

B peayabTare cpasy noayuaeMm CHCTEMY (3).

3) MHTerpupoBaHue ypasHeHu i ABuxenud [lpounterpupyem
Tenepb Aubddepenuanbire ypaBHeHHs IABHMKEHHA, cyuTas, 4To npuf =0 x =0,

y=0,9=0, x =10, ¢ =0, [BefHurHa Yy, H® MOXeT GhTh 3aAasaema, Tak Kak

oHa CBA3aHA C X, cooTHolleHueM (a)]. Kpome Toro, 6yaeM cuuTaTh, 4TO Ha CaHH
AeficTByeT TOJBKO CHJAA TkecTd, T. €. moaowum & =0 (cuna F = ma Guina

BBe/ieHa JHWb C LeAbl0 OTMETHTh BCe OCOOEHHOCTH BHIMHCICHMA BeJHYHH QE)
Tora u3 BTOPOr0 YpaBHeHHA CHCTeMul (3) modyyaeM @ = @yf H nepsoe

ypaBHeHue NpHHHMAeT BHJ
X + 0% g 0gf = g, cos? 0gfs

Sro JxHeliHoe YpasHeHHe Jerk0 HHTErpHpyeTCd, HAaIpuHMep, NOACTAHOBKOH
L]
X = pg ¥ OpH YKa3aHHBIX BHIIEe HAYaAbHBIX YCHOBHAX jaer

= % sin @gf cos @yl 4= v, oS @gf ;
]

x
TOrAa M3 ypaBHeHHs (a) MMeeM ‘
y = % sin? @yt - vy sin @yt.
Q

Hurerprpys DoJyuenHble YpaBHEeHHd elle pa3 M YYHTHBad HauaabHbie YCJAOBHS,
HalileM OKOHYATENALHO

_ & 2 Yo
x = 25 sin® oy -} —2 sin og?,

2a} G

& Yo £ £)]
y=-=2L {4 2 (1 — cos wyf) — ~=L- sin 20,¢,

20, @ 4oy

@ = 0yt

YpapHenus (1) ® onpelensioT Sakol iBmikeHus canedt. M3 wmux caepyer, uto
cand OyayT paBHOMepHO Bpamiatbcd BOKPYr IeHTpa Macc ¢ yraoBoil cko-
pOCTBIO (g, & HEHTp Macc 6yJAeT OmMCHLIBATL KPHBYI0, 3aKJYEHHYIO MEXAY ro-

_ & 9 Yo
PH3OHTANbHBIMH NPAMBIMH X = W-i— —H X = i B 4eM MOxHO yBenurhes,
o @9 &1

pelHB ypaBHeHue x£=0.
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B uacTHOM cayuae, korad vy =0, leHTp MacC on¥cHIBaeT LHKIOHAY
& £
x =2 (1—rcos2n = 2wt — sin 2m
102 ( of)y ¥ gree | (2002 of)

C TOYKAaM# BO3BpPaTa Ha oca Y.
B apyrom 4acTHOM cayuae IpH JIBHXKCHHH BAOAb FOPH3OHTANALHOH IIOCKOCTH
(g, = 0) Tpaektopuelt ueHTpa Macc 6yZeT OKpYXHOCTb

-2 -(2.

@ p
HMEKMAA LEHTp HA OCH ¥ H KacaloWaici OCH X B Havale KOOPIAMHAT.
Hagouen, npu @, =0 ypasHesHs (1) RaloT NMOC/AE PaCKPHWTHA HeOnpeneaeH-

2
nocrefl OueBHMIHMI pESyAbTAT: X == Uyt -} —5‘2i, y=0

Haes pelllenne (1), MOXHO H3 ypaBHeHul (1) ompefe/dTh peakUHIo HErono-
HOMHO# cBa3u. COrnacHo ypaBHeHuaM (a)

Ny=hrtgogt, Ny=-—A,

Kpome Toro, A = — my (npx a=0), 1. e.
A= —m (g, s1n 20pf | vow, COS @ef)s
CunenosatensHo,

N2 NvE
N=VNJ+Ny=m]v0coD+2glslumt].

Hanpasinena peakuys N, k2K HeTPyNHO IPOBEPHThb, MEPHNEHANKYIAPHO K BEK-
TOpy . (cMm. puc. 37,6).

11, ¥Ypapienus Yanapiruua. Ilycre cHCTeMa, nonomeHHe KOTOpOH
onpelenseTca /i KOOPARHATAMM ¢y, {o, ..., §,, TONYMHEHA I CMA{UO-
HAPHHM HETONOHOMHLIM CBA3AM, HANAraoWMM Ha 0000leHKLE CKOPOCTH
M BapHALHM KOOPIMHAT YCAOBHMR

fz—law‘?:fzo' En“wé‘?;:o e=L2....n. (6%

rae @,, He 3apucat asno or f. Takum oO6pasom, He3aBHCHMbIX Bapuauuit
Oyrer [=n-—r. Ycaosumca o0o3HauaTh B IalbHelimeM CHMBOJOM ¢
(i=1, 2, ..., ) Te u3 XoopiuHar ¢, BAPHALUHH KOTOPHX Mu Oylem
CUHTATb HE3aBHCHMBIMH, & uepes g, (0=I—+1, I4+2, ..., n) ocraib-
Hule (3aBucHMBlE) KOOpAHHATHI,

Torma u3 ypaeuenuft (64), nuHeHHBIX OTHOCHTENBHO «;:j. 6«;71. MOXHO
BLIPA3UTh BCe g, 1 Og, vepes g, u Og, B BuIe

I
Qo= 2 byq, (@=I41, 142, ..., n), (65)
t=1

1
6%_—_2,_1!.&“6(); (o=1+41, 142, ..., n). (65"y
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n
Jlanee, 8 pasencTse 04 = 3 Q;09;, onpelenaiollleM 3JemeHTapPHYID
j=1

paGoTy AeHCTBYIOIMX CH/, MOXHO C MOMOMmbIO (65°) BbIpasuTh Bce 3aBi-
cumble Bapnaunn Og, yepes 8¢, W mpeacrasutb 8A B BHIe

{
0A =) Q;%q,, (66)
=1

rie Q;—Te e o60OmenHbie CuW, KOTOpHe BXONAT B ypashewua Amn-
nejs.

[Tycte Temeph paccmaTpuBaemas cHCTeMa TakoBa, 4To BCe Ko3(du-
uueHtsl b, B paseHctsax (65), a Takike oboblenHbe cuabl Q) U Kulie-
THYeCKas SHeprua cucTeMbl I' 3apucat ne Gojee deM oT [==n—r Koop-
IMHAT, TAe N—r ecThb UMCAO cTeneHelt cBOGOAL CHCTeMBI, T. e., Hamlpw-
Mep, 3aBUCAT TOMABKO OT ¢y, o, ..., §; (HO B BHpawehue T Moryr

BXONHTb gce o0oblienHble CKOPOCTH ¢y, §o, - .., §,). TOraa aaa Taxo#
HeMONIOHOMHOR CHCTeMBbl MMEIOT MecTO ypaBHeHud, nmoayyenusie C. A. Yam-
JuruHeiM B 1897 1,

BuiBenem 3TH ypaBHeHHs HCXO@A oNaTh u3 ypaBHenus Hamambepa —
Jlarpatma, KoTopOe B 0000ueHHBIX KOOPAMHATAX (CM. m. 1) nmpuUBOAHTCH

K BHLY
E[dt (aq,)_?q"_qf]w =0 5%

‘Tax kak, no npeanonoxennio, T oT ‘h+1' Grios +»+» §n, HE BABHCHT, TO

2 dq‘, 2 “og;

1=l =1
Jlanee, cornacHo paseHCTBY (66),
n !
jz_leﬁquﬁA=tle;6q‘.
Haxouneun,
n !
1 d (07‘)6 Y d ar
=S4 B ) v
12:1 dt \ oq; 2‘ azsildt 0qq
rne. COrIaCHO COOTHoueHuam (657),

2 j,( )6%— 2 i(a%)zaa;aqa

a={+1 ag={+1 i=1

n

=5liu 5 50 ()| o

i=llLo=lfl
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IToncraBaaa Bce HaljeHHHE BEAMYMHBI B paBeHCTBO (67), GyzeM nMerth

! n
T d_ (0T
;.11[ ‘("?) ‘,:2,“ o at \og, ﬁq L=

Orciona, Tak Kak sce 0g; Memay coBGoft He3saBHCHMBI, HAXOAHM

d {oT LRt e
W(dﬁ)“%“"‘ﬂ% o at (’a}f’)"o (t=1,2,.... . (68)

YcnouMca B HanbHeRtinem BMmecto F (g, gy, ..., ;) mHcaTe F(g;)
u 1. &, Torna, cornacHo cnenannsiM nonyuwenuaM, T =T (g, ¢;, Go)
O6o3nauum 4epes T TO BHIpameHwe KHHGTHYECKOH 9HEpPTHH, KOTOPOe

monyuutcs, ecnu wa T HCKJAOYHTH BCE g, C momombio paseHcTs (65).
Taxum ob6pazom,

f.(‘h' q"j)= T (q;. 9:;- éO)&a".

rle CHMBOA @,—>@; 03HayaeT, YTO 31ech BCe §, AOMKHb GHITh BHpa-

MeHH dYeped g¢;. Toria, mnpuHuMas elle BO BHHMaHWe paseHcrea (637),
HOﬂy‘{HH
n

I
Y OT 8gy __ OT oT N 0bgy, :
s + X o X

oq, — 0q,
o =i+1 95 %, 7 a=t+1aq° A=l %,

n n
oT ar }1 oT 0944 aT 21 o7
- ——3 — —— e aw— — b

0 v v 0 ais
o=l+16q0 dqt Oqi u=i+16q6

a TaKkwke, TOCKO/JbKY BCe Uy 8aBHCAT TO/BKO OT ¢,

IR EIG S t

o £+1 a=l+1 UL=1

ar ) aT
BriyHcada u3 HaileHHWIX paBeHCTB 3HAYeHWa — (——| W —, MO~
(aqi d¢,
cTapaaa uX B ypaBHeHus (68) u yunrmsas, uro [ =n—r, 6yaeM HUMeTb
A LN O G By Tl Bt {60
dt \ dgq, dg,
rie ;
3 OT [ 3 (aba; abuk) ]
B, = g 70)
i ) & A
_2511 qo A=1 % 4
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Ypasueuns (69) n npencrasisior coboit ypaswewun Yanawzuna. Hano-
MUHAeM, YTO STH YpaBHeHUsi CTpaBel/IMBbl IJIA CKAEPOHOMHOH CHCTeMsl,
obnanapomelt TeM CBOHCTBOM, YTO KO3((HUMEHTH B PABEHCTBAX, Buipa-
KAWIKMX 3aBHCHMBle 0000IIeHHble CKOPOCTH Yepe3 HE3aBHCHMHE, a TaKKe
KHHeTHYsCcKaa 3Heprus W o0oOlleHHbIe CHABl CHCTEMBI 3aBHCAT He Gonee
YeM OT § — r KOOPIHMHAT, Ile §—r — YHC/I0 CTeneHelt cBOOOAB CHCTeMBI.
Taxo#t knacC cucTeM B NPUIOKeHHAX BCTPeYaeTca HOBOJbHO YacTo,
Has noayvenus ypaeneHu#t YanabiruHa Hajo BBIYMCAMTH ABA Bblpa-
WeHHs KHHeTHYeCKOR SHepruu: BuipameHnue T uepe3d sce oBGoOuleHHble

CKOpOCTH ¥ BHipawenue T vepe3 HesasHcuMble 0000LleHHbIE CKOPOCTH,
saTem noacyuTaTh ofoGuweHHbe CHAB Q) TaK JKe, KaK NpH COCTAB/IeHuH

ypasHenuit Annmens, u, Hakoueu, Hahtm mo dopmynam (70) uenn B;

{(noayepkHeM, 4Yro B BupaweHua B; sxoaut T, a He T). Ilocme srtoro
cocTaBasiTea ypasnenua (69),

Ypasuenus (69) ykassiBalOT TaKke Ha TO, Kaxas owubka Gyner
ClenaHa, eCH N/ HEroJOHOMHOH CHCTEMH COCTaBMTh OOLIUHLIE ypaRHe-
HHa JlarpaHxa, HCKJAIOUMB NpelBapuTeAbHO H3 Bbipawenud T 3aBHCHMEIE
006001leHHBE CKOPOCTH C NOMOLILIO ypabHeHWR cBA3ed: mpu aToM yTpa-
TATCA YAeHu B

Mpumep. CocTaBuM ypaBHenHs JBHMeHHd CaHeil BAOAb HAKAOHHOH mno-
¢kocTH (cm. mpuMep B Koume m 10 Ha crp. 101), moabsyach ypaBHeHHaMK
Yanapiruna,

B sToii 3apaue noAOKeHHE CHCTEMBl OMpenenfercd KOOPNHHATAMH X, ¥, @
{n=23), a ypaBHeHHE HeroJOHOMHON CBA3H HMeeT BHJX

¥y = (ige) %. (@)
Kpome roro,
T= 2 (39t I 0 ©
H 0600611eHHbIe cmlul[cu. m. 10, paBenctBa (k)]
Quy=m(81+atgy). Qg =0- ()

Kosguusent mpu £ B ypaswenuu (a) u oGoGwennas cuaa Q(,) 3aBHCAT

TONBKO OT ¢, a B paBeHcTBO (6) koopauHaTh BooOwie He BxoasTt. CaeloBa-
TeabHO, AJs1 XauHOH cHCTEeMBl CTpaBRefauBhl ypaBHeHHs Yanabirua.

3amenas B BoipaxeHun (6) y ero sHayeHHeM W3 paBeHCTBA (a), MONYyYHM

=~ m x? 1, -

I'=7 ooy t2/c (r)
Orciona
of . _x _d_(_gi)_ mi_ o migsing. o _
0x cos?@  dt \ dx] cos?g costq  ox ' @
B i Ty 2N, IR

o 2 og cos®yp cos?g



108 YPABHEHUSA JBH)XEHHS CHCTEMBI MATEPHAJIBHBIX TOYEK rn. 1r

Ilna ycraHoBAeHWs coOOTBeTcTBHA ¢ (opMmyaamu m. 11 Gynem cuHTaTh X = ¢,
©==¢, ¥=¢; Torna, yusThiBas, 4TO B JA3HHOM C/Ay4ae UMCJAO HE[OJOHOMHBIX
ceasel r=1, a l=n—r=2, u cgaammaa pasenctBa (65) u (a), nmeeMm
by =tge, byy=0; naree B unenax B; 6yaer 0 =3 u OHH NPUMYT BUZ

2
OT N\ [9bu _ by, -
B;= —_ i=1, 2).
o, 2‘(341 34:)"* ¢=42

3aMeruM cpasy, YuuTbiBaf paseHcTsa (6) H (a), uto
oT ar
—— = =my =mXigo.
oq, 0y

Torpa, onyckas uaeHsl, 06paAOMHKEcT B HYIH, MOAYYHM

Bl—"’mlgfl‘(dg’sl &2) ____g_mx(pt i }

dq. cos?g '

, 0by; = mxst
Bz=mxtg¢(— a;l qr ) cngfp

CocTaBasa ¢ NOMOMIBI COoTHOMeHuil (1) # (€) ypaHenus Yamanmruna
d (of oT d (aT\ of ,
—_—|— == sy =Sr ) ——= B
dt (dx) ax Qm—l_ dt (6tp) dp Qo+ 52
H YUHTHIBag paBeHcTBa (B), MOAYYHM OKOHYATENbLHO
X+ ipigo=g cos?ptasingcosq, =0,

T. €. IPHAEM K TOH Xe ChCTeMe ypaBHeuwH, uTo H cucTema (3) Ha ctp. 102
Heyuer usexwoB B; npusen Onl, Kax BHAHM, kK OWHGOYHHM pesyabTaTaM.



F'JIABA TPEThA

MAJIbIE ABH)XXEHHSI CUCTEMb! BBJIH3H MOJOXEHKHSA
PABHOBECHS. YCTONYUBOCTb PABHOBECHS

§ 9. Maabie xoae6Ganua CHCTEMB

1. Ypasneuns JABHXEHHS CHCTeMbl NOA AtHCTBHEM NOTEHUHANb-
HbHX CHa B conpoTHBjasomelica cpene. PyHkuns pacceanus. Paccmor-
PHM FOJOHOMHYIO MeXaHHYeCKYH cHCTeMy, cocTofulyio w3 N MaTepuanib-
HBIX TOYeK, MOJYMHEHHBIX CBA3AM, ABHO He 34BHCALLUM OT BpemeHu (T. e.
ckaepoHoMubiM), TTycTh cucTema uMeeT n cTenmened cBoboibl; Toraa mo-
JI0eHNe CuCTeMbl OyAeT OnpenenaTbcs /4 He3aBHCHMBIMH KOODJIWHATAMH,

KoTopsie 0003HAYMM Yepes ¢y, Gy, ..., ¢, JONYCTHM MHanee, YTO CHJHL,
IeHCTBYIOLIHE HA CuCTeMy, HMeoT mnorteHunan U(q,, qq, ..., §,), Toria
MOTeHUWaabHaA SHePrus CHcTeMbl BbipasuTca ¢yskuuelt V =— U. Haxo-

Hell, TOJONKHM, YTO CHCTeMa JBHXETCA B CONPOTHBAAIOLIeHCH cCpene,
B/AMAHHE KOTOPO# MEXaHMYECKH XapakTepusyercd TeM, YTO Ha Kamuayio
TOUKY CHCTeMbl JeHCTByeT cuna, gABnsiowasca QyHKuweR ckopoctu M
MMEION|an HANMPAaB/ICHWe, MPOTHBOMOMOXMHOE HAMpasleHuio CkopocTa. ITpu
MaJBX CKOPOCTAX MOXHO CYHTATh, YTo 0606ILgHHAA CHAA COMPOTHBEHNMA,
OTHECeHHads K KOOPIHHATE ¢, ECTh JAMHeHHAA DyHKUMA 0000LeHHBX CKO-

pocte Gy, Gy, ..., ¢, TOUEK CHCTEMHI, T. e.

RmmFeds e=laam

Bpenem naa cua conpotuBiacHus ¢yHkuuio F, aHaJIOTHYHYIO MOTeHLMaNb-
Hott pyHKuMH 119 OOBIYHLIX CHA W HasmBaeMylo ywryuell paccceanusn
U Quccunamusnoll ghynrxyued. as STOro MomoKHM

n
aF AT
gt "5'7_ = Hrsse 2
9r =1

Jlerko BumeTb, 4YTo cama ¢yHkuUMA pacceguns Oyler oXHOpoOAHOM
¢yuxunet Bropot cTemenn (xBaAparuyHo#t PopMolt) obGoGieHHBIX
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ckopocreft, T. €.
n
l P
=§ 2 K s se (3)
r, =1

Ilpu cheniaHHBIX NPENNONOKEHHAX YPaBHEHW JNBHMKeHN CuCTeMbl OyayT

d (0T aT av oF
— | ——— ] ————— e — e e (r:l. 2. veay i) (4)
(‘Wr) dgr og, oq, ?

Kpome Toro, HaMp ellle HaJOMeHO OTPaHWYEHHE Ha CBA3H, 4 WMeHHO Mbl
nojaraeM, YTO CBA8H CKJCPOHOMHBI. B 3ToM clyvae KuHeTHYeCKas SHep-
rua cucremsl Oymer ogHopoiHOR ¢yHKuUMe# BTopoft cTemeH oT 0606-
LleHHLIX CKOpOCTe#, T. &

I -
=7 Z @rsq:9ss (%)
s

rie Ko3¢duluMeHTH @,, 3aBHCAT ABHO TOJbKO OT KOQODIMHAT ¢.
Wcnonbaya ypasHeHus IpuiKeHns (4), HeTPYAHO BBIACHHTE MeXaHHue-
ckuil cMblc yHKumn paccesuna, C sTo#i uenbio ofe uacTH ypashe-

HHA (4) yMHOXHM CHAYalda HAa ¢, a 3aTeM NMPOCYMMHpYeM IO HHAGKCY I
or 1 1o n; noAy4YnAM

O 4 [OT N - y 8T - ; aF
% (G) i 2 ,+ ‘?r*_)‘—% ()
s dt \ dq, e

[MonyyeHHOe BLIpaMeHHE JErKo npeoﬁpaaye'rca B Gonee mpocroe. Heii-
CTBHTEAbHO, MO TeopeMe OHnepa 06 ONHOPOIHHIX (YHKUMAX HMeeM

OueBHIHO TaKkKe, YTO

oV - dV
3 =@ ™
r
JHanee,
d [ 0T\ ¢ Y 6T - d BT . oT
;_&?(ﬁ_@-)%_z g, = ( e ‘?)—Zr.( r+ )

(8
Taxk Kak mo yciosuio T ecThb OAHOPOAHAan ¢yHKuuA BTOpoHl cremenu ot
CKopocTell ¢, TO mo ToH e Teopeme dHnepa
ar

—-—q =2
aqy, r
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dT
BTOpad e CyMMa B npaBoff wacti pasenctsa (8) paBHa ——; MOSTOMY

dt '
d {oT \: 14T + . dT dT __dT
Yalg )Y i=ta—a=% O
[Toacrasiaa seipawenna (7) u (9) B ypapHenue (6), noayyum
dT+V) _ _ op
dt - *

w4, 0603Hauas MOJHYI0 MeXaHHYeCKYI0 SHEpDrmio cucTeMbl yepes E, T e.
nonaras T4V = E, OyieM umerb
dE;

BuNOAHAA WHTErPUPOBaHHE, HAXOAWM, YTO

E—— J‘ 9F dt -+ const. (10

Mexanuyeckuft cMbBICT $YHKUHH paccednns Tenepb fced., Pynxuusa 2F,
Kak BHIHO u3 pasencTsa (10), naer Mepy yObIBaHHS 3HEPrH¥ B eXHHHLY
Bpemenn, a dopmyna (10) —To e caMmoe A% KOHeYHOTO NMPOMeKyTKA
BpeMEHH MIPH [BHIKEGHHH CHCTEMbHl B CONPOTHBAMIONleHcA Cpele; HTaK,
(yHKUMS paccesiHus eCTb Mepa yOblBaHuA MeXaHW4YeCKOR SHepruM CHCTeMH.

2, YpasHeHHS MaJulX AsBHXKeHWH, JlonycTum, 4TO paccMaTpuBaeMas
CHCTEMa MOMeT B HEKOTOPOM MOJIOKEHHWH HAXOAWThCA B PaBHOBECHH,
ByleM OTCUHTHIBaTE KOOPAMHATHI ¢, CHCTeMbl OT MOJIOMEHHA DPAaBHOBECHH,
cyutad, 4T0 B 3ToM noiowenun g, =0 (r=1, 2, ., #) Torma sbausu
TI0JI0KEHHA pABHOBecHA KOODAMHATBI ¢, W WX NPOM3BOLHHE MO BPEeMEHH
OyAyT BeNMUMHAMH MAJEIMU; MOJb3YACH ITHM, MONKHO CYLIECTBEHHO ympo-
CTHTb M3y9eHHe ManblX IABHXeHHR cMCTeMbl BOAHM3H MOJOMeHus PaBHOBE -
CHA, 3aMensis NOJHble YPABHEHHA ABIKEHHA NPHOIMKEHHBIMH, B KOTOPHIX
OynyT COXpaHeHB AMIIb UYJEHbl MepBOro nopsika manoctd. Kpome roro,
W3yyeHHWe ManbiX JBHMeHWH BOJM3H 110/0KeHHT PaBHOBECHS, K PACCMOT-
peHHI0 KOTOpBIX Mul Cedyac nepefilleM, NnosBo/feT CYAMTb M O XapakTepe
caMoro pasHOBecHs

Ilycte paccMartpuBaeMasf CHCTeMa MO AeHCTBHeM NPH/IOMEHHBIX K Hei
NOTEHUKAAbHBIX CHA HAXOMWTCA B paBHOBecHW (CHALI CONPOTHB/IEHHA
cpelsl, 3aBuUCAlllWe OT CKOpocTed, mMpH papHOBecHH paBHh Hymwo), Torza
B MOJOXEHHH paBHOBeCHA NOTeHNWanbHad sHepria V Io/MxKHA, KaK U3~
BECTHO, WMEThb CTallHOHAPHOE 3HAYeHHe, T. e,

w._z 5o 4, =0.
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Tak kak Bapuauun 8g, Meway coGo#t He3aBHCHMBI, OTCIONA CledyeT, YTO
HeoOXoAMMHE H JOCTATOYHBIE YC/MIOBHA pAaBHOBECHA CHCTeMbl HMEIOT BHI
oV
aq,

=0 (r=1,2,..., n). (11

HonycTuM Temeph, yTo CHCTeMa coolmleHnem eft HeGoibUINX BO3MY-
LeHHt BuiBeleHa M3 MOJMOIKEHHS PaBHOBeCHA, W COCTABHM [J14 Hee ypas-
HeHHs (4), orpaHHYMBasch cnyqaem ManuX IBMKeHHH, T. e. coxpansd

B 9ThX YpaBHeHHAX HJeHBl C Grs q,, q, TOJIbKO [epBOTO MOPAILKA Ma-
aoctu. Ilockonbky B ypaBHenHs (4) BXOZST NPOH3BOIHBIE OT GyHKUMA
V. T u F no ¢q, wmm ¢,, 10, 4066l COXpanuth B ypasHenusx (4) unenu
€ ¢, U g, NepBoro MOPsiKa, Hano mpu BoukcTenun Gyukuaht V, T u F
COXPAaHHUTh B HMUX 4/eHbl BTOPOro MOpAIKa.

ByaeM, Kak ywke ykasblBaJlOCh, OTCUHTHIBATb KOOPAHHATH ¢, OT mo-
NIOXEHNs PABHOBECHA, CyuTas B MOJAOWeHHd paBHoBecHa g,==0. Toraa,
pasfaras NOTEHUWA/IbHYI0 SHEprul0 CUCTeMbl B OKpeCcTHOCTH ¢,==0 B pan
Te#inopa, noaysnm

V=V0-}-E(%)Oq,—|—-é-2(Ef%)uq,qs—km. Bbicut. mop., (12)
r r S

rie uHlekcoM ( oTMeveHn 3HaueHHd @YHKUMH V U ee npowm3BoAHBIX
B MOJOWeHun pasHoBecusa, T. e, npu g,=0 (r=1, 2, ..., n). llepsas
CyMMa B NpaBo#i 4acTH paBeHCTBa HCYe3aeT BCJAeNCTBHe TOro, YTO B MO-
NOEHHH PpaBHOBeCHA BHIMOAHAOTCA ycioBus (11). Unenamm nopsaxa
Belllle TpeTbero Mbl Takwe, Kak Obli0 ykasaHo, npeHeOGperaeM. Hakoreu,
NMOCKOJAbKY MOTeHUHWAaJAbHAA DHEprua CHCTeMbl OINpelenqaeTca C TOYHOCTHIO
J0 AAIUTHBHOH MOCTOAHHOH, TO MOJAraeM AATUTHBHYIO NMOCTOAHHYIO BHI-
Gpautoft Tak, uro Vy=10; B pesayabTate moiayyaem

1O 7
V= 7 2‘ CrsGrdss (12 )

rn ¥

o0V
Tae K0s(pPHUMEHTDI c,‘f:(w , TIOCTORHIEL.

IMpeoGpasyem Teneps BblpameHue KHHeTHyecKo# suepruu (5). Pasnaraa
KOS(QUUMEHTH &, SBARIOLIMecA QYHKUMAMH KOOpAMHAT ¢,, B pax Te-
JI0pa, moAyYuM

ra?=(¢1c,$)0—|—25 ( %‘;’:) qi—i—Z( z:a’;j) g,9;—+un. BeiCUI. mMop.

BenenctBue ManocTH CKOPOCTeH yAepiuM 4/eHbl JHIIB BTOPOTO MOpAiKa
MAOCTH, TOrNa B pasiowedun KodpduuuenToB a,, MPHAETCA OTPaHH-
YUTbCA TOJAbKO NepBBIM uNeHOM (@.g)y, TAK KaK BCE OCTa/lbHble Y/eHsl
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B NpOH3BeJeHHH C ¢,§, NaAyT YleHbl He Huxe TPeTbero mopsaiaka. Beipa-
WeHHe KWHETHYeCKOH SHeprMH NMOSTOMYy NpuMeT Bui

1 .
T=g5 Z a,q,9 (13)
[

8 ofosHauenusax KoshduumenTos g, 3lech ONYIEH HHIEKC HYMb; He
caelyer, OAHAKO, 3a0WBAThL, YTO 9TH KOSHOHWUKEHTH Temepb SBANIOTCR
nocroauubiMi. Kospduumentst B pasnoxennax V, T u F nocar cne-
UManbHoe Ha3Banue, a MMEHHO: €., HA3LIBAIOTCA Kosghpuyuenmamu 8oc-
CMAHOBACHUA WIN KBAUYNPYUMU KOIPHUGuUeHMmant; a,, — Koshgu=-
Juenmamu UHepyuu MU W, — Kosguyuenmanu conpomusienun.
[TpuHuMan BO BHHMaHHe paseHcTBO (13), mMeem
n

n
ol \ 2 d jaT 1 o oT
—— a ; —_—— )= a H — =10,
oh = () é nis o

Kpowme Toro, na pasercte (2) u (12) HaxomuM
f

n
oF . v
e E Hrsdss P e Crslse
5

oq, =1 og, =l

Tloncraeads STH BbIPAXeHHA B ypasHeHus ABwieHna (4), moaydyum ypas-
HeHHa ManHX JABHIKEHHR CHCTeMbl BO/IM3H NOJOXEHHA PaBHOBECHS

El(ars&s+n,$és+c,sqs)=0 (r=1,2 ...,n). (14

TakuM o0pasoM, ypaBHeHMA MaAblX IBWMKEHHH CHCTeMbl BOJH3H MOOMKe-
HHUA PaBHOBeCHA IPeNCTaBAAlOT Cobo#t cucTeMy # OObIKHOBEHHBIX XU(de -
PeHURAAbHBIX YPaBHeHHH BTOPOro MOPANKA OTHOCHTE/bHO /I HeH3BECTHBIX
xoopanHatr q. IlpounTerpupopas sty cHcTeMy, Mbi HallleM KOOpDAHHATEI ¢
8 QYHKUMH BpemeHH U 2/ NPOM3BOMBHHIX MOCTOAHHBIX, ONpelenseMBIX
HAYaJAbHLIMH YCAQBHAMH.

3. Hurerpuporanue ypaBHeHHit pepmkenus, Kax ussectHo, numedt-
Hible OJAHOPOJHLIE YpaBHEHHA, d TAKOBHMH H ABJFIOTCH ypaBHeHHA MaJbIX
apukennit (14), HHTerpuUpyOTCa NMOACTAHOBKOH

g, =AM,
rie A; u A cyTe nocroduHble BeawyuHbl. [TOJCTaBNAs STH BbIpaXEHHS
KOOPAMHAT B ypasHeHua JABwwenua (14), moayyum

2 A, @bt e)=0  (r=12 ..., 8, (15

T. €. CHCTEMY 7 ONHODOAKHX JHHeHHLIX ypaBHeHMA OTHOCHTENbHO Aj.
{I3pecTHO, UTO cHCTEMa OZHOPOLHBIX JMHeHHBIX ypaBueHu#t, B KOTOPOH

8§ H. H. Byxroasy
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YHC/IO HEM3BeCTULIX PABHO YMCAy ypaBHeHul, NaeT peiicnus, OTIHUHbE
OT HY/A TOJAbKO B TOM Clyyade, €C/H OMpelenuTe]b CHCTEMbl paBeH HyJIo,
T. €. €cJu

BWY=| 8, )2+ %+ ¢l =0, (16)
HIAH, B pasBepHyTO M BHIE,

anhituphcy  apghinphteyy o0 a AN A,
Ap A gty @phPHgphtCy oo @3Ny, hACy,

.

A=

* L]

D S
Ypasneure (16) ecTb ypaBHenwe creneHd 2/ OTHOCHTE/NbHO A; OHO HA3bi~
BASTCA Xapaxkmepucmudeckum W ypasreruem wacmom. Pewas ero,
HaitleM 2n 3Haveuuit A, HaspiBaeMbx coOcTBeHHbIMH 3Hauenusmu. TTom-
craBasa Kakoe-nubo w3 3TMX sHaveHuft A, B ypasueuus (15), mu onpe-
JesMM OfHY M3 CHCTeM pelleHHR 3TUX ONHOPONHLIX ypaBHeHWH, T. e. #

anaueHntt muomutenen A®, Koropsie 0603HaumM Yepes
Ay Af o AR

D1H 3HaveHus MHOXMTesled A NMPONOPUHOHAMBHE HEKOTOPOH NPOHSBOJb-
HOH mocToauHOft, KoTopaa ABASETCA NOCTOAHHOH WHTerpupOBaHHA, TaK
KdK W3 TeOpHH OAHOPOLHLIX JuHeHHBIX YypaBHeHHH H3BECTHO, YTO €C/H
UM yIOBNeTBOPSET HeKOTOpPAaA CHCTeMa pellieHu#d, TO UM YIOBAETBOPAET
H BCAKAad HHad CHCTema, MoJydyeHHAsd W3 NepBo myTem yMuOMeHHA ee
pewieHni #a xakoe-A#Go d9ucao, Takux CHCTeM 3naveHuft MHOXHTeleH 4
OyleM uMeTb CTOJbKO, CKOJABKO KOpHeR HMeeT XdpaKTepHCTHYECKOe ypas-
Henwe, T. e. 2n. Kawnas u3 3TUX CHCTeM, oNpele/seMad MHIAEKCOM
BK/0YaeT B ce6a NMPOM3BOAbHYI0 MOCTOAHHYIO; YMC/A0 3THX MPOW3BOJAbHLIX
MOCTOAAHHBIX PaBHO 272, T, €. HX CTOJBKO, CKOJIBKO M JOJIKHO COJEPHATbCA
B o0wemM pewennn cuctemsl (14). Yucno scexX swauenufi A Oyner, oue-
Buano, 2n2. Toraa, cornacHo Teopuu o6bikHOBeHHbIX IudipepeHUHATBHBIX
ypaBHenul, HaineM OKOHYATEAbHO HIJiA KOOPAMHAT TOYEK CHCTEMB! Chae-
AYIOLUIHe BbIpameHnA:

2n
go= 0 A%  (s=1,2 ..., m), (17)
a=1
Bun ¢ysxum#t ¢, a ciefoBaTe/bHO W XapaKTep ManblX IBHIKEHWH, ofipe-
JenAeTca CBOHCTBOM KOple# ypaBHEHHs 4aCTOT Ag.

4, HccnenoBatine KOpHeil W Xapaxrep maasix asaxennit. CpoficTo
KOpHe#f XapaKTepHCTHUYECKOTO YPaBHEHHA N14eT BO3MOXHOCTb CYAWTb He
TOJABKO O XapakTepe MajiblX IBMKeHHH, HO W O XapaKTepe PaBHOBECHA
CHCTEeMB,
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YroOel mosyuuTh BbipaenHe, yaoOHoe A1 HCC/eA0BAHMS XapaKrepa
JBUXeHHA B 3aBHCHMOCTH OT BHI4 KOpHeH YypaBHeHHA 4yacTOT, paccMoT-
puM kako#-uuGyib KopeHb ypasHenmd (16), koropui#t ana obuHocru Gy-
JeM MNpeLNONAraTh KOMIVIEKCHBIM; MYCTb 3TOT KopeHb Gyzer A =pu -} /v,
a KopeHb, eMy conpakeHHbifl, A’ = —iv. Torna muoxurean A, coor-
BETCTBYIOUIMe KOpHIO A, 6yayT, BooOlle IrOBOpA, KOMIUIEKCHBlE BuIa

A=, i,

Tak kak ypasuenna (15), XOTOPHM YIOBNETBOPAIOT 3HaueHns A, aune#-
HEle, ONHOPOAHBE W C NeHCTBUTeNbHHIMH KOIPQHUHEHTAMH, TO MHONH-
TeJqH A, COOTBEeTCTBYIOLUHE CONPMKEHHOMY KopHiO A/, OyayT komniekc-
HBIMH W conpsukeHHbIMH A, T. e. O6yayT uMeTb Bug

Ag=a,—ip,.

YMHomum KaxIoe w3 ypaBHeHu#t cucteMsl (15), T. e. ypaBHeHus

n

§1As(anlg—|—x,3l—|—c”)-—_-0 (r=1, 2, ..., n),
wa A (r=1, 2, ..., ) ¥ cNOXKUM NOAYYEHHEE BBIPANKEHHA MOYNEHHO;
OyleM uMeTh

22X a, A A A D n AT A+ D e, Ard, =0, (18)
T § r 5 T, s
Tak xak
Qpg =0, Hrg == Hgrs Crs==Cqps

TO MHOXHTeNH NPH KOIPPHUMEHTAX &, M, Cp; B IBORHBIX CyMMax
HMEIOT BHI

A A+ AAS
MOJACTABAAA BMecCTO A ux KOMIJeKCHBIE Bblpa)KEHHﬂ, NoJiy4um
A A A AA = (o, +B) (e, —B)+(e,+B,) (¢, —iB)=
B 2(aras+ﬁrﬂs)‘ ( 19)

CnemoarenbHo, kBamparTHoe ypaBueHue (18) Oyler uMeTh meHCTBHTenb-
Hble Ko3(QPuiHeHTH U NpuUMeT BHI

A 3 s (0,0, BB) + b 2ty (0,058 + 2 1 (0,05 +B,p) = 0.

ITpuunMas Bo BHEMAaHWE, YTO GYHKIHK 20)

IR\ 1 . 1
T="2"zarsqrqx' F=§'2“rsqr'?s' V=72crsqrqs
I r, & L
npeacTaBaaioT cobfo# kBaapatuuble GOPMLI, JIETKO BHAETh, YTO ABOHHBIE
CyMMBl B Kos(drunentax kpafpataoro ypasHenus (20) gsagiorcsa teMu we

8'
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KBaapaTHYRHLIMH (OPMaMH, HO BbHIDAKEHHHIMU B NEPEMEHHHX & W P, T. e.
"
N a,0,0,=2T (0), X %,0,0,=2F (@), 2 c,0,a=2V (),
r s T, 8 [}

§ a,p,B;=2T (B), § Ry By = 2F (B), § ¢ s.Bs =2V (B).

MMoxcrapasas 3TH BeipaxeHus B ypapHeHHe (20), moayuum
RIT@+TEI+HAF(@+F@I+V+VE)=0, (@21
OTKYIR

= —IF@+F )+ VF@FFEOP—AT@FT OV @ FV (1Y
2[T () + T ()]

B 3aBHCHMOCTM OT RMCKPUMHHAHTA NeBO# 4acTH ypaeHeuuns (21)
A=4T@Q+TEIV@O+VEI—IF@Q+FEP? (22

Kopuu ypaBrenwa (21) Moryr OHTB Tpex BHIOB:

1) ecnum A >0, TO KOPHH KOMIIEKCHHE.
2 , A<O0 , » JeHCTBHTeNbHLIE H Ppa3/iHyHbie,
3) , A=0 , »  JellcTBUTe/bHBle H paBHHE,

TakuM oOpasoM, BHI KOopHe# A 3aBHCHT OT 3HAKA JNUCKpUMHHAHTA A,
Tak kaK KHHETHueckas oHeprms 7T Bceria MOMOKHUTeNbHA, TO KBa-

1 - -
IpatnyHas opma T=-%-z a,.0.9, Oyler onpeleneHHoR MOMOKHTE/L~
I, s
Ho#l ¢opMoR, T, e. GyleT nonoxureNbHo# npu AwOOM AeHCTBHTENLHOM
3HaueHHH nepeMeHHBIX; mostoMy T (@) >0, T(B) > 0. To wmxe camoe

1 PE—
OTHOCHTCA M K QYHKUHU paccesHus F=—2-2uuqrq,. Yro e Kacaerca

I

1
NOTEHUHANLHOR SHePruH V=§ Zc"q’q*’ TO 3Ta QYHKUHA MO¥eT ObITH

rn &
H TOAOKHTENbHOHA, W OTpHIATENbHOH W, C/Ael0oBaTeNbHO, He HBIAAETCR
onpefeneHHo KpanpaTuuydo# ¢opmoti. Ilosromy dcHo, uro OT 3HAKa
¢yukunn V' (1. e. NoTeHuuwaldsHON SHEPrHH) H SaBUCHT TIAapHHM 0O0pa-
30M XapakTep MaflblX IBHXeHWil CHCTeMBl B DAcnoJiomeHHOH BOJAN3H KOH-
¢urypaunn pasHoBecns Manoih obaactu D, a TaxkkKe XapakTep M camoro
paBHoBecHsi cHCTeMbl. Moryr ObITh TPH OCHOBHBIX cayyas: 1) Korma
B obnacta D Oyaer V < (0; mocKoNbKY MBI MPHHAMH, YTO B MOJOMEHHN
pasHoBecus V =V ==0, T0, CrefoBare/ibHO, B STOM Ciyyae MOTex-~
1HAMbHAA SHEPTHA CHCTeMLI MMEET B NMOJOMXEeHHH PaBHOBECHA MAaKCHMYM;
2) xorma B obmactu D Gymer V > 0, T. e. KOria moTeHumanbHas sHep-
THS CHCTeMbl HMEET B MOJNOKeHWH PABHOBecHA MHHHMYM; 3) koraa B 06-
aacty D anaveHue V' Momer Owbth H OGonblle W MeHblle HYyJAd, T. e.
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B NOJOKEHHH paBHOBecHs MNOTeHUMadbHad oueprus Oyser HM maximum,
Hn minimum (TaK uasspaembift minimax). Mul orpanuymmcs muccneno-
BaHWeM TOJIbKO MEPBBIX NBYX Clyyaes:

[. V<0; rorma A<O0 u, cregopaTenbHo, KOPHH KBaApaTHOTO
TpexuleHa lecTBHTeNbHble W pasanyubie. M3 Boipamenusa s xopxed A
cneayeT, WTO OHH OyAyT NOJOMHUTENbHBIMH, €CIH KBAIPATHHHA KOpeHb
B3ATb CO 3HAKOM NMOC, H, HA060pOT, OTPHUATeJbHBIMH, E€C/AH KBaIpar-

HEl KOPeHb B3aTh CO 3HaKoM Muxyc. Torza B paBexcrsax (17), ompe-

RenaiolluX 3HAYEHHA KOOpIHHAT ¢§,, MHOXHTEIH elﬂt, i KOTOPHX

A, >0, Oyayr co BpeMeHeM HeOrpaHWYeHHO BO3pacTaTh M, CjleloBa-
TenAbHO, CHcTeMa OyfgeT Bce Gofblue W GoJblie YIAAATLCA OT MONOMKEHHS
pasHoBecns, PaBHOBecwe CHCTeMHI B 9TOM C/Iyyae HAa3bIBAIOT HeyCTOH-
YHBBIM,

Takum 06]}330&!, eCJ/IM MOoTeHUHanbHaa SHeprHa CHCTeMbl B MOJOMEHHH
pasﬂosems HMeeT MAKCHMMYM, TO paBHOBeCHe CHCTEMblI B 3TOM MOJOKe-
Hupm Oyler HeycToHumBeiM (mo nepBomy npuGamikennio). Ecam raxyio
CHCTEMY BHIBECTH M3 TMOJOXEHHS paBHOBecHs, TO Bnayate, BG6AH3H NMO-
AoWeHua pasHoBecuf, ee JABMeHne OyleT anepHONMYecKHM (T. e. He KO-
neGarenbHbiM), O XapakTepe NMOCIelYIOWEro IBHKeHHs CHCTEMH 1O nep-
BOMY MpHOMMNKeHNIO 3fech, KOHEYHO, CYIuTh HEJbad.

II. V>0. B stoM cayyae Manble ABUMeHHA CHCTEMBI HOCAT pas-
AnyHbliff XapakTep B 3aBUCHMOCTH OT Toro, OyleT /1M COMPOTHBICHWE
cpelb OueHb BeJIMKO, OYeHb Mall0 H/H PaBHO HYMO; KAKIHH# M3 ITHX
CAyyaeB PACCMOTPHM B OTAEJLHOCTH!

1) ConpoTuBieHue BeJHKO HACTOMABKO, u4T0 F2> 4VT u npm 5ToM
A < 0; Torna kopHH A KBazpatHOro TpexuieHa OyiyT AeHCTBHTENb-
HHMH M OTpHUATe/bHbIMH.

B srom cayuae B pasencrsax (17) Bce e"s' <1 uco BpeMeHeM He-
OrpaHuyeHHO YObBAIOT, CTPEMACh K HYNEBHIM 3HaYeHWAM; CHCTeMa NpH
9TOM ACHMITOTHYECKH BO3Bpamaercs B papHoBecHoe nonokenne. Co-
CTOSIHHE paBHOBeCHS, IJIA KOTOPOTO 3TO HMeeT MeCTO, Ha3LIBAKOT YCTOH-
YHBBIM,

2) ConporupieHne HacToMbKo Maao, 4ro F2 < 4VT u A > 0; Toria
KODHH KBANpaTHOro Tpexusiena GyLyT KOMMJeKCHBIE W CONpAXeHHble BHIa

Ae=poE vy, (a=1,2, ..., n).

IoxaxeM, uTO BelieCTBEHHAs YacTh KOPHeR |, OTpHuaTebHA.

Tlo usBeCTHOMY CBOHCTBY KOpHelt KBanpaTHOTO ypaBHeHHs OyleM uMeTb
H3 ypasHenus (21)

o F@+F®
AV ==—TatTH

Tak xak ¢yHkuun F @ 7 MONOKHTENbHB, TO H3 MOJYYEHHOrO COOTHO-
weHns 3ak/a04aeM, 4to p < 0. IlpuunMas Bo BHHMAaHWe IoKasaHHoe,
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MOMeM KOpeHb A, TMpeiCTaBUTh B BHIE
}L,am—l.l.a s Vg,

rie [, CyTh YHCIAa TOMBKO NOJROMMTeNbHbie. B TakoMm cayvae Bbipaxe-
HUA 19 KOOPAMHAT g, B paseHcTBax (17) OyayT crenyoliuMu;

n
g, = 3 e Mot [A%eal 4 A%~ (s=1, 2, ..., n). (23)
a=1

Jesan u3BecTHLie MpeoOpazoBaHuA, MOKHO BMECTO MOKABATeNbHHIX (YHK-
uui MHMMOro apryMeHTa BBECTH (YHKUMM TPHUTOHOMETDHYeCKHe; Toria
NOAYYUM

n
g,= 2,1 e"‘a‘[ag cos (vnt)—|—b§sin (v,,t)] (s=1, 2, ..., n). (23)
=

PaBHoBecHe CHCTeMBbl 3lecb Takwke OydeT ycToHuHBHM, 2 ee Maiabe ILBH-
WeHus BOAM3NW MOMOKeHH PABHOBeCHA NpeACTaBIsiOT cofo#t 3aTyxaioline
konebatnsg,

PesioMupya o6a ciyuas, MoOyKeM CKa3aTh, YTO €C/JH INOTeHIHaTbHan
SHEPruA CHCTeEMH HMeeT B NOMAOKEHHW DAaBHOBECHA MHHHMYM, TO pasno-
necie CHCTeMH B JaHHOM nofnoxeHun OymeT ycroftumsbiM. Ecanm rtakoht
cHcTeMe coOOWNTh HeGoMblOE BO3MYLEHHe, TO OHA OyleT CTPeMHTbCA
BEpHYTLCA B MONOKeHMe paBHoBecHd. DBoauukaomne npu sTom Manbie
ABienus OYLyT anepHOIHYECKUMH, €C]H CONMPOTHBIEHHe Cpeln Be/HKO,
AW 3aTYXAOMHMA KO/MeGAHHAMHU, eCAH CONMPOTHBIEHHE CPelhl Mafio,

3) F=0 (conporuBieHne OTCyTCTBYeT). B 3TOoM cayuae, noaaras
B ypasHenun (21) F =0, nafinem, uto

— VitV
A= ]/_ T@+7T@ °’

a tak Kak V>0 u T >0, To xopan A Oynyr MHusmbiMu, T. e. 6yayT
HMeTh BUI

A= L ik, (a=1, 2, ..., n).
Torma wna ypasHenu#t (17) Hallgem caenyiowke BhlpaKeHHA JAA KO-
OpIMHAT g
i
g, = X |5 cos (k) 3 sin(kt)]  (s=1, 2, ..., n), (249
a=1

i, npeobpasdys BupakeHHe B KBAADATHBIX cKOOKAaX OObIuHEIM crO-
cobom:

qs=ﬁ Bisin(kt—4p5)  (s=1,2 ..., ). (24"
a=1

TIOoCKO/bKY KOOPIHHATH -BCeX TOYEK CHCTeMBl MOrYT OBIThb BHpameHbt
yepes ¢,, TO, CeqOBAaTe bHO, TOYKHM CHCTeMbl COBEPIIAIOT B STOM CaAyyae
OKO/MO MX MOMOMeHH{ paBHOBeCHA C/OMHHE HedaTyXaouime KoJebaHus,
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apngioHecd B OOLEM Cayyae pesyabTaToM CYNEepPHOSHUMH 2 TPOCTHIX
KonmebaHuit € pasHblMu vactotamu K, (a==1, 2, ..., n). Ilpu srom,
TaK KaK HayaabHble BOSMYILEHWA CYMTAIOTCA MalibiMH, CHCTeMa BO BCe
BpeMa ABHXKeHHMA OCTaeTcd BOAM3H ee KOHpHMrypauun pasHoBecus, Pasxo-
BeCHe CHCTeMHl B STOM C/yyae TaKKe HasbiBalOT YCTOHYHBBIM (MO mep-
BOMY npubiniKeHHI0).

OnHAKO MOMNKET CHAYYHTbCH, YTO HEKOTOpbIC KOPHH OKAMYTCA PaBHBIMH
Mmexay cobo#, Hanpumep A, ==2»X,; B TakoM ciayuyae OyiyT paBHbl ¥ ya-
CTOTH COOTBeTCTBYOUMX KodeOannit, M3 Teopun oOHKHOBEHHHX Hub-
(epeHUMaIbHBIX YpaBHeHHH H3BeCTHO, 4YTO pellieHHe, COOTBeTCTBYIOlLEe
KOPHIO BTOpOH KpaTHOCTH, KAKOBEIM sBJSeTCA A 6yleT HMeTb BHI

(AT A%E) tm o,
Ha srom ocnoBauuu JlarpaHk mosiarasa, yTo B 9TOM C/yyae paBsHoBecue
GyzeT HeyCTOMYHMBHIM, TaK KaK mpu £ —»co uneH A”f Takme CTpeMmuTCs
K OecKOHeYHOCTH.

Ara ownbra Jepkahach foaroe Bpemd, noka BeHepmirpacc He 00-
Hapy#ua, 4to 370 He Tak. B 1858 r. ou noxasan, uro B 3TOM caydae
HMEeT MeCTO TOMIeCTBEHHOCTb ABYX MM GOMbLIero yucna ypasuenuft (15)
B 3aBUCMMOCTH OT KpaTHOCTH KOPHs; clefoBaTelbHO, KOpeHb (akrd-
YEeCKH OcTaeTca nepaoﬂ KpaTHOCTH, ¥ Torjga oTianaeT pelieHude, Co-
OTBETCTBYIOIleE KPAaTHOMY KOPHIO, a BMeCTe C TeM M 3aKiluyeHHe
Jlarpanxa, Be#tepwitpacc nmpuiien K 3TOMy HA4 OCHOBaHMH TEOPHH KBa-
ApaTHYHBIX (POPM, KaKOBBIMKH ABINOTCA BHPAXKEHHA KMHETHYECKOH W mo-
TEeHUHMA/TbHOW 3Hepruu:

I - 1
T= T 2‘ .54, V= T 2 Crsd:s

ros s

CorsniacHo TeopuH KBaIpaTHuHBIX (OPM HaMKcaHHHE KBaLpaTHYHHE GOpPMEL
BCerfd MOXHO NPHBECTH K KaHOHHYeCKOMY BMAY, T. €. K BHIY, coOlep-
MaulemMy CKOPOCTM H KOODAMHATH TOAbKO B KBajpartaXx. Dra 3amava
paBHOCH/bHA 3amaue o0 OTHICKAHMM TaBHBIX OCeft MOBEPXHOCTH BTOPOTO
MOpAfKA WJM, YTO TO e, MIABHLHIX HANpasjeHHR TeH3opa.

5. HopmanbHble KoopauHaTii. B oOlielt Teopuu KealpaTHYHHIX
dopM JoxasbiBaeTcq, 4YTO eCiM OJHA W3 KBaiparHunbix GopMm T umm V
AB/AeTCA Olpele/eHHOA (4 B JNaHHOM cayyae omnpelejeHHofl nomoxn-
TenbHO! Qopmoit aBnrerca T), To Bcerma MOMKHO HalTH Takoe anHeRHoe
npeoGpa3oBaHie KOOPIHHAT

m, n’

n
¢x=‘_21vs:%; (Bl 2, vy M;

uro T u V oxxoppemenno npeo6pasyioTca K KallOHHYeCKOMY BHIY

n n
1 1
P Y e, Vg Y, (25)
i=1

i=1
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rae ai W c"}' CyTh KOS QHUHEHTH, NOJY4YeHHbIE B pe3yibrare npeobpa-
30BaHHA L),
YpaBuenus Jlarpauxa aas koopauHar §; B ciyuae OTCYTCTBMA GCO-
npotuBaeHua (F = 0) npumyT BuI
d (0T
ravs

uaH, nocie MOICTaHoBKHM BhipaxenuR 7 n V H3 pasencrs (25),

or oV _—
)_?ET""O_ET"O (=12 .... n

A4l =0 (=12, ..., n) (26)

Hurerpupyq sTH ypasHeHHs, Halaem
B, == A, cos (k;) -} B, sin(k;t) (=1, 2 ..., n),
rie

Koopnunatel §; HA3HBAITCA 24QB8HLLME UK HODMAALBHBMU KOOPOU-
Hamamy. Vs noayuennslx aas E; Buipamenufl caepyer, 4TO Kamaas
HOpMa/lbHAA KOOpAMHAaTa OyJAeT cOBepwIaTh rapMOHHYeckoe KoaebaHue
€0 cBoeft co6CTBeHHOR wacTOTOH; Apyrue ke KOOPAMHATH, HABAACH
AHHeRHBIMH YHKUUAMH HOPMANbHHIX, OYLYT WMeThb CJAOMKHBIE KOJIeHaHHA
KaK pe3y/abTaT HAMOMEHWS n MPOCTHIX, YTO MW W WMeJH Npewie. 3xeck
€ 0COOeHHON SICHOCThIO OGHAPYKHBAETCSH TOT (PAKT, YTO ec/aW HECKO/bKO
KopHel, Hanpumep [Ba, MewxIy cOoOOf paBHb, TO COOTBETCTByIOILIHE
HM HODMajbHHE KOODIHHATHl HMEIOT OJWHAKOBbIE 4YaCTOTHI; TPH STOM
HMeeT MECTO TOJBKO AB/IEHHE YHHCOHA H HEe MPOMCXOJHT OecKOHe4HOoTo BO3-
pacraHua KoopamHaT. SIcHO Takxe, 4TO B cucTeMe ypasHenuft (26),
a cremopaTenbHo, W B cucteme ypasHeHuR (15) ypasuenus, coorser-
CTBYIOLIHE PaBHLIM KOPHAM £;, OYIyT TOMXAECTBeHHBEI,

6. JsoHuol ¢usuueckui maaTHHK. PaccMOTprm, Kak KOHKPETHO HCCJe-
IYIOTCH MaJjble KONeGaHHA CHCTEMB OKOJO IOMOXEHHs YCTOHYHBOrO paBHOBECHA
Ha npuMepe ABOHHOrO (H3HYECKOro MafiTHHKR, COCTOSNIErO H3 ABYX OAHOPOLHEIX
crepktefi OA U AB oauHakoBoH AMHHW [ W MaccHl m, COEAHHEHHBX B TOuKe A
IapHHPOM ‘(:gnc. 38). CrepxHH MOryT coOBepmaTh KojebaHHA B BEPTHKAJbHOMH
annockoctd Oxy. TpeHnem B OCAX H CONPOTHBJAEHHEM BO3AyXa NpeHeGperaem.

Cucrema umeer JiBe crenend cBoGonbi. B kauectBe 06o6UIeHHHX KOOPAHHAT
BHbepeM Yribl @p H @, KOTOpPHE CTepXHH 006pa3yloT ¢ BeprHkaabio. Herpyano
y6enurhed, 4TO ¥ CHCTeMbl Oyler YETHpE NOJOKEHHS PABHOBECHA:

D=0 ¢:=02) =0, 9= 3) =2, @2=0, 4) ¢y =m, p,=nm,

Yy Cwm., HanpHMep, Cuafmon B. W, Kypc swcmeit maremarukm, 1. lII,
4, | n3a. 7. 1956, crp. 137—138
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Tlpu sTOM TOABKO Aaf TIEPBOrO TNOTEHUMANLHAR IHEPIHA B NOACHEHHH DPABHO-
pecHs HMeeT MUHUMYM u paBHoBecne Oyaer ycrofiumemim. Mccaenyem wanme
KoJe6auus CuCTEMbl OKOJC ITOro MOJCKeHHA pasuoBecns. [lam 9TOro, cunras @,
H @y MaJbLIMH, BHIYHCAUM KuHernueckylw T w noreuumaipuyi V suepruu cp-
CTEMBI, COXPaHAA B HHX 4JeHH BTOPOro Nopaaka Mmaioctd., Mmeem

1, 1 1 .
T=‘§'-’1‘P¥+§ m c+312c'l’gs

mi?
rae J.=—3——uomem unepuun crepxus OA orHocureabno ocu O, Jye=

mi?
= ~J5— ~— MOMENT HHepUuM CTepXHHA AB oruocuTe]pHO ero meHrpa Mace C

H U, —CKOPOCTh 3ITOFO LEHTPA MacC. Ilpn 3ToM (cM. puc. 38) oc=wl+w&,

. i.
Tie unCAeHRO vy = I, Vo =50 CaenopareabHo,

} 2 . s
Ve =P § 4+ T8+ 9,9, 08 (02— ).

HMockoabky B Bupaxennn T’ COXPaHAOTCA TOABKO WJ€HH BTOPOro MOPAAKa Ma-
AocTH, TO, yuMTHBad, UTO COS (P2 — @) =

1
=1-—7(q:,-¢p,)’+ ..., TNOJYYHM OKOHUA- p ¢

TelbHO

174 . . mi? -
T= [—3- mi® @+ ml §.@,+ 5 (I>3]
HAH, NO ananorau ¢ dopmyroit (13),

1 : i ‘
T= (a9l +2009,9 +an93), @D

rie

4mi? mi? mi?

i = 3 alﬂ='2_! ﬂzc="§-- 27) *

Puc. 38.

Jns noTeHUMaAbHOI 3HEPruM, eC/H €€ CYMTaTh B NOJONEHUH DABHOBECHS
paBHOil Hy o, 6yzeM HMeTb

V= mgg (1—cos g) Fmg [1(1 —cos 9) + 5 (1 —cos @)

3ameyan, 4TO COS @y = l-—-—é—q}f-{— s compz-_-l—%q:g-]— ..., Haiizem, co-

XpaHfAf YJeHM BTOPOro NOpAAKa MaioCTH,

3 i
V = mgloi + 5 mglg}
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HAH 1O aHanoruu ¢ dopumyaoi (127)

1
L 7("1@?-}'2%2@1%"}"—'22@5)' 28)
rue
3 1 ,
c,,=-§mg‘l. C]g=0, ng="2"mgta (23)

Cocragass Teneps LAK ]lzaccuarpunaeuoﬁ cucreMpl ypasHeHus Jlarpamsia (4),
HafineM mo aHaixormu ¢ (14) caenywomme puddepenunaavibie ypaBHEHHR MaAblix
KOoneGaHHil CHCTEMbL

@31y + @129s + €1191 + ¢ 1292 = 0, ]
@191 + @292+ €159 + €2090 = 0.

B paccmarpuBaeMOM HaMu caytae V >0 (notemnuannnas sueprus B 1moJa0-
JMEHHH paBHOBeCHS HMeeT MuMHUMYM) n F =0 (conpoTHBieHHE OTCYTCTBYET).
CuenosaTebHO, MO NOKa3aHHOMY B M. 4 KOPHH yganuennn gacToT GyayT 4MCTO
MHHMBIMH ¥ oflllee pelleHHe LOJKHO HMeTh BHj (24°). [lostomy aas ynpomenns
BblKan0K pellleHne ypaBHeHH# (29) MOMHO cpa3y HCKarth B BHJlE

@1 = B, sin (ki +-B), @y = By sin (k- f). (30)

Moxcrasnas STH 3HAUEHMA @) U @, B YypaBrenun (29), moayunM cleiyioliMe IBa
OTHOpPOIHHIX ypaBHewust aaf onpeneienus B; n By

(c1y—ay18%) B 4 (c19—a:k?) B, =0, }
(C12 = a;2k?) By 4 (30 — a22k?) By = 0.

llpupapnupas onpeleauTenb 3TOH CHCTEMBl HYJI0, HaXOAMM LJA OTBICKAHMA R
cielyiouee ypaBHeHHe %aCToT.

29

(31)

(c11— a1, R%) (€3 — 412k?)
A= =0
* (C12— @12R?) (€29 — a32k?) &
HBH
(c11 — @(2k?) (030 — agek?) — (13— a,2k?)? = 0. (32

Pemaa sroe OGuksanpaTHoe Qgpasuenne NpH 3HauYeHUAX Kod(pHuHeHTOB, Ha-
paeMbix paBeHcTBamu (27°) u (287), noayuum

i 2 . = 2 =
ki_—.a%(l—TV?), k§=3%(1+7y'7),

k,==0,86]/—fg-. k,,=2,3o]/-§-. (33)

B pesy.lbra're HAXOIMM AB3a YACTHHIX JMHHEeHHO HEe3aBHCHMMX pewreHH ypas-
nennit (29), COOTBETCTBYIOIHX 4aCTOTAM Ry u Kyt
a) nepBoe pelleHHe

OTKY1a

of = B{Y sin (kyt +B;), ofY = BYY sin (kyt - B;); @34
6) BTOpOE pelucHne
of? = B sin (kyt +By), @5 = BY sin (kyt +By). (35)

J[lBa rapMonHueckux koaeBanus, onpemenfeMbix zpanuenumn (34) u (35), na-
BBIBAT 2AQEHBIMU KOACOAHUAMY, @ HX YACTOTH R; ¥ ky — coOcmeennbimMu 4a-
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cmomaMuy CUCTEMB; TpH 3TOM KoJe6GaHHe ¢ MeHbIIeil M3 YacTOT, T. e. € 4acTO-
ot k;, HasLIBAKT NepebiM 2AABHBM KoAeGaHuesm, a KoaebGanme c¢ wactoroil
ko — 6MMOPHM 2AABHBLM KOACCAHUEM.

Ha nocrosuusie f§; n P, HMKAKUX orpanudenufl He HaKJIaAWBAeTCH, cAeloBa-~

TeAbHO, 9TO NPOH3BOJbHBE nocTosuube. Ilocroanune xe By, BY u BY, BY

AOMMHEl YAOBRETBODATh ypaBHeHuaM (31) COOTBETCTBEHHO npu K=k, U k = k,.
Ioaaraa B (31) &=k, GyieMm uMeTb

(ern— auik?) B + (12— ay87) BY =0,
(12— "ukf) B+ ("22 = “22‘%) B =o.

Tax xak onpeneiuteab (32) sro#ft cucTeMbl npu k==& obpamaercs B Hydb,
T0 omno w3 ypaBHeuuil (36) sBaserca caeacrsuem Apyroro. Torga, cuumrtas, Ha-

npumep, B{l) = B), rie B;— npoussoibHas MOCTOAHHaA, HaiileM, 4TO

(36)

2
BY — 1y — Ak
T e —aB v

C1p — Gy

Auasorwinwidt pesyastar noaywus axs B u BY), nosaras B ypasme-
nnax (31) & =k, Beeiem ofosuavenus

R 4 —4a kg
sl n;’ SR | oL @n
Crp— digk] Cip — @poky
Torza
B{' =B, B{)=nB; By =By Bf)=nB, (38)
u pewenun (34), (35) npumyT BuA:
a) Lif NepsOro raaBHOrO KoaebaHus
of) = Bysin (k¢ 4-8y), o8 = n, By sin (kyf +8,), (39)
6) LAR BTOPOTO TAABHOTO KOJAeGaHus
@) = By sin (kot +By), 45 = nyBy sin (kyt + By), (40)

rne By, B, By B2— nponsBoabHHe NOCTOSHHbBIE,
O6mee pemenne cucreMnl ruddepeHnualbHLIX ypashenui (29), conepxaiice
yKa3aHHble YeTspe NPOU3BOAbHEIE NOCTOSHHLIE, HMeeT BHI

@y = By sin (k¢ 4 By) 4 B, sin (kyt - By), }
@2 = m By sin (k¢ + B,) 4 n,B, sin (kof 1 B3).

Pemenve (41) u onpeneaseT 3aKOH CAOKHBIX He3aTyXamoWMX MajsXx KoaebaHuil
CHCTEMBl OKOJO MNOJOXEeHHS YCTOHYHBOrO pPaBHOBECHA NPH MPOM3BOJALHBIX Ha-
YaJALHHIX YCJOBHAX, Mpl BuIuM, 9TO KojaebGauns MOryT OnThL Beerja npencra-
BAeHBl KaK pPesyNbTaT HalOMeHHA AByX rJaBublx KoaeGaHuiL

[Ipn COOTBETCTBYIAX HAYAALHHIX YCAOBHUAX CHCTEMAa MOXET COBeplIarTh
OIHO M3 TA3BHBIX KkoxeGanmii B yMCTOM Buje: nepBoe riaBHOe KoJeGaHue MpH
B, =0 uan BTOpOe raashoe KoaeGahue npu B, =0. AMOIMTYIH KaXIOro M3
rAasHHX KoaeOaHuil 3aBMCAT OT NPOH3BOJLHBIX NOCTOAHHMX B; naum B,, onpe-
IeAsieMBX 110 HaYadbHBIM YCAOBHAM. O,ILHaI{O OTHOIU&HHA 3THX 8Mﬂ.lllﬂ'yﬂ, papHble
COOTBETCTRBECHHO IAA I'lep‘BOl"O Ir'1aBHOI0 KoJaebaHua ng,, 4 0IAA BTOPOro raapHoro
KoneGaHrA 115, KaK BUAHO U3 paBeHCTB (37), OT HauaJbHHIX YCJOBHH HE 3ABMCAT.

(41)
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Yucaa n; u n, onpenesstionine OTHOIIENHA aMIIMTYL HAH OTHOIIEUns Koop-
JIMHAT @; M Qg NPy FIaBHBIX KoJAeGaHHAX, HA3LBAKTCR KOIGHPULUERMAML FOPMHE
3THX Konebannit.

B paccmatpupaemoli 3ajade npu suavenuAx KO3DPHUMEHTOB @, Cpg M ua-
CTOT, HaBaeMbix paseHcTBamu (277),
(28") u (33), xosgq;uunenm dopMu

g 6y1yT paBHEI
2
cpp—apk
¢, nl=_9_;u.= 1,43,
agky
A Crp—liyle
11 12
ny = —---—»----; =—210,
¥z apky
8 3uakn ko3dduLKeHTOR 7; M Ny B 12N~
HOM Chyuae OKasaauch pasHeiMu. Ot-
croja clenyeT, uTO ecau cucrema 6Gy-
a) AeT COBepIlaTh OIHO H3 TIaBHBIX KO-

nefaHuii, TO TpPH NEPBOM TJAABHOM

Puc. 39. koneGanun (KodeGaHuM ¢ MeHbuei

uacrotofi k) cTepxun B M11060it MOMeHT

BpeMenu GyiyT OTKAOHEHM OT BEPTHKAJAM B OLHY M Ty e CTOpORY (puc. 39, a),

a npM BTOPOM TJaBHOM KojaeGaHuM ¢ uwacToToH K;—B pa3Hbie CTOPOHM
(puc. 39, 6).

§ 10. Ycro#uusocrs pasHoBecHsi. Teopema Iupuxae

1. llousiTue o6 ycroHuHBOCTH pasHOBecHA, IIpH u3yvewuy Manmx
JBHMEHHH CHCTEMLl OKOJO0 fQJ0MEeHHA PaBHOBECHA Mhl CTOJKHYJIHCH
€ MOHATHeM 06 YCTOHYHBOCTH paBHOBECHS, CMLIC/A KOTOPOrO CBOAHTCH
K CASLAYIOLIEMY. ﬂ.Ol’l}"CTHM, YTO MEXAHHYECKad CHCTEMAa B HEKOTOPOM
noA0XKeHHH (KoH(QUrypaumu) HAXOAWTCa MO NeHCTBHEM NDHJ0MEHHBIX
K Hefl cun B pabdoBecun. EcaM 9Ty cHcTeMy BHIBECTH M3 ITOJIOXeHAS
paBHOBeCHA, COOﬁU.[HB ee TOYKaM JOCTATOYHO Majable HA4Yad/bHbie CMelue-
HUA W HavyaabHbIE CKOPOCTH, TO B NOCACIYyWOINEM IBHMKEHHHM TOYKH CH-
CTEMBl MOTYT M/H OCTdBAThCH BCE BPeMs BOJMM3M MX MOJOKeHHH paBHO-
BeCust, Wiy Bce Gonee M Gosiee YAAMATHLCA OT ITHX MOJOMEHHH; B MEPBOM
</ly4yae paccMatpHBaemoe MOJOXEHHE PABHOBECHA HAZHIBAETCH YCTOHUMBHIM,
4 BO BTOpPOM — HeYCTOWYUBHIM,

Onpegennm ath noustas Gomee ctporo. IlycTb cHcTema uMmeer n
creneneft csoboasl. He Hapymas O6IHOCTH, MOXHO, BO-NEPBLIX, CHeNaTh
Bce 06o0uieHHEle KOOpAMHATH H 0606uiennble cKOPOCTH 6e3pasMepPHLIMH,
OTHECA KamAYI0 M3 HuX K COOTBETCTBYIOIeH, XxapakTepro#t nns nauHo#
KOOpPIMHATH (MAH CKOPOCTH) BelH4YMHe, H, BO-BTOPHIX, KaK Mbl yXe je-
Jann, OTCYUTHIBATL BCe oﬁoﬁmeﬂuue KOOpAWHATE CHCTEMB ¢, OT KOH-
¢urypawsn papnosecus O, nonaras pas aToft koudurypaumu g, =0
(r=1,2, ..., n).

JonyctuM, 4To B HEKOTOpDHH MOMEHT BpEMeHH [, cucTeMa BblBeZeHa
U3 KOHQuTypauuu paBHOoBecHd; ee 060GuieHHBle KOOPAWHATH M CKOPOCTH
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B 3TOT MOMEHT 0603HauuM uepes g, H ¢,. Torna paBHOBeCHe CHCTEMBI
8 koHdurypauun O wa3ppaetca ycro#umsbiM (mo Jlanyuory), ecan, sanas
moboe ckolb yroaHo Manoe 4ucae p > 0, MOXHO yKasaTh Takoe uyHC/I0
N(p) >0, uro npn

10,0] <0 % |go]<n (r=1,2,....m) (0
8 mobolt MoMeHT BpeMexu ! > £, Oyaer
lgl<p (r=1.2, ..., n). (2)

B nporusioM ciayude paBHOBeCHe cuCTeMbl B KoHdurypauuwn O Hasel-
BaeTc HEYCTOHUMBBIM,

PagencTsa |g,|==p onpelenmior BO/M3H KOHGHIypalluu pasioBe-
cus O uexoropyw o6nacts D (B n-mepuoM mnpocTpauctse). Ecnu pas-
sosecie B KoHurypauun O ycTORUMBO, TO NPH ManbiX BO3MYIEHRSX
CHCTemd, BbiBejeHHAdA H3 COCTOAHHA PaBHOBECUA, 6YII.ET JBRHraTeCd, OCTa-
Bafct Bce BpeMs B obmacrn D,

B § 9 Mul BMEenHM, Kak MOXHO HCCAeNOBaTh Bompoc 00 ycro#uuso-
CTH paBtHoBecus (50 mepBoMy NPab/HMEHMIO), pacCMATPHBAR Maline IBH-
JHeHUn cHcTeMbl BOJM3H MOJNOMEHHS paBHOBeCHA, STOT METOI NpUMeHHM
M K CHCTeMaM, He HaxXxoaawMmca nox jgeHcrsueM HOTEHUMANBHBIX CHI,

B cayuae xomcepeaTuBHEIX cMctTeM BOMpoc 00 ycTOHUHBOCTM paBHO-
BECHA MOMHO HCC/Ie]0BaTh HeNOCPEACTBEHHO, 3HAA NOTEHUHANLHYID 2HEp-
THIO CHCTEMBI.

2, Teopema Jlewen JAupuxae, [1d paBHOBECHS KOHCEPBATHBHOMW
CACTEeMBl €O CK/IEDOHOMHBIMH CBA3AMH HeoOXO0ZHMO H JOCTATOYHO BbHi-
nonvenne ycnosus 8V (g ¢y, ..., ¢,) =0, rze V — norenuuanbuas
sHeprus cucreMsl. OnHako MO ITOMY YC/IOBHIO HEb3d CYAHTb O Xapak-
Tepe panHOBeCHd,

Hlocrarounoe (4o He HeoOxomMmoe) ycloBHe PaBHOBECHR KOHCEpBa-
THUBHO# CHCTEMBI €O CKJAEPOHOMHBIMH CBA3AMH JaeT Cleiyoluas Teopema
Jlewen [Iupuxne: ecau 0aa Kaxoib-iubo rkonpuzypayuu roucepsa-
musHol cucmeMb €O CKALPOHOMHBIMU CBAIAMU NOMEHYUAALHAR
suepeun V umeem mMuHuMyM (@ caedosameabro, cuno8af BYHiUuA

U=—V umeem wmakcumym), mo pasHosecue cucmemsl Ycmoiiiugo.
TepefineM x nokasatenbcTsy TeopeMbl. [lycTb ana koudurypauuu
pasHosects O (1. e. npn ¢ =g,= ... =g, =0) noTexunanvHan

oneprus V' pasHa HYJW (4TO BCeTAa MOMHO cHe/aTh, TAK KaK IMOTEH-
LHuaibHas SHePrud onpenenfetTcs ¢ TOYHOCTHIO IO AN THBHOH mocToAH-
HOH#) W WMeeT MHUHHMMYM; TOTZa BCEeria MOMHO HAHTH TdKOe AOCTATOYHO
Majoe 4ucao P, 4robu B obaacta D (|g| == p) noreHuuaspHas sveprut V
Obla NoMOKUTENbHA.

Tlyctb, nanee, xakas-1mbo 0GoOLueHHAS KOOPIHHATA CHCTEMB, HAMDH-
Mep ¢,, NPHHUMAET INpele/bHOe 3HayeHWe |g,.|==p, a BCe ocCTanbHbE
KOOpAWHATH MPHHHMAKT nio6bie 3HayeHust, mo abcoMOTHOR BeiHuMue He
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npesbnuaione p wan pasupe p. Ilycrs P, ecth 3Hauenue MOTEHUHANb-
HOH sHEPruH B 3TOM caywae. Torla AR CHCTEMBI C 7 CTENEHAMH CHO-
Gonbi CyLIECTBYeT 1 MOJOWHTEAbHHX Yuced Py, Py, ..., P,, nonyuae-
MHX KAK 3HAuYeHus MOTeHuHanbHoW smepruu V(gy, g5 ..., g,), ecim
nocaeAoBate 1bHO MPHPABHUBATH MOLYTH 060OGUIRHHEIX KOOPAMHAT 4HCTY .
Taxum obpasom,

Py=V . 92 g3 .-, 4}

R ——— e ———

awbule B obnactn D

Pz“v('?l» 00 930 <+ oy Gn)s

s e L R R T

P,,HV(QI, Gor vy Gno1, P)
a06ue B obaacth D

[lycre Haumenbmee w3 wuucen Py, Po, ..., P, ects P; rorna obaasa-
TemHo V (gy ..., ¢,) > P, XaK TonbKo oOuHa 3 0606WEHHHX KOOp-
JIMHAT ZOCTHTHET NO MOAYAI0 3HAYeuus, paBHOTQ P, 4 BCe APYrHE KOOp-
aunat OyayT npunuMate mioOne sHavenus B obGaactu D. Orknoxmm
CHCTeMy OT ITOJIOMeHHS PAaBHOBECHst, AaBas KOODIMHATAM ¢, 3HAYEHHH g,
no MOLYNIO, MeHbIIWe P, M COOGLMM TOYKAM CHCTEMBl HAYanbHbie CKO-
POCTH Uy, Ugpe .-y Upg. TOrKAa cHcTeMA TNpUAeT B JABHMEHWe, W IO-
CKOJbKY OHA KOHCEPBATUBHA H CKjlepOHOMHA, GYLeT HUMETb MeCcTO MHTe-

rpat 9HeprHy
m,v’ i
EI V= Ei i °—+~V0

T+ V=T\+V,

T=(T, +Vo—V

Ho nockonbky Bcerma T >0, 1o, cienoBateibno, B mioGoft Moment
JBHHEeHHA

HIH

OTKya

Vel T, (3)

Tak xak B obmactu D noTeHumasbHas sHeprufl NMOJOKWTE/IbHA, CYMMa
(Ty~Vp) HenmpemeHHO MOMOMMTENbHA, W BCJACACTBHE HempepwiBHOCTH Ty,
V, aTy cyMMy MOMHO caenath CKodb yroaxo Manofi. Mwaue romops,

MOXHO HAHTH YHCIO 1), MeHblIee p, TAKOE, 4TO NMPH |¢,o] <M H |go] <M
Oyzer MMeTb MECTO Cielylollee HepaBeHCTBO!

(To+ Vo <PH.

1) Yroful yAOBIETBOPHTH ITOMY HepaBEHCTBY, NOCTATOUHO, HANpuUMep, Bbis
6parh TaKue gy H §yq, TTO6M Gbn0 Ty < 5 Vo< 5.
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Toraa w3 uepasenctsa (3) clenyeT, 4to B MOGOH MOMEHT IBYXEHHS
P—V >0 (€))

TlockoabKy HauambHble 3Ha4YeHus 00OGIEHHBIX KOOPIMHAT JeXKAT BHYTpPH
obnactu D, To H3 (4) MBl BHIWM, UTO HH 0JHA H3 KOOPIWHAT ¢, lie MOXeT
BO BpeMsl IBHKECHHA IOCTHTHYTb 3HaueHHs p (T, €. CHCTEMa He MOMeT
BufiTh ua obnactu D), tak kak tTorma pasuocrs (P —V) cranosunach
6b OTpHUATENBHOR, YTO HEBO3MOWKHO.

CnepnoBatebHO, KOHGHIypaUus paBHOBECHS CHCTeMbl yCTOH4YMBA.

Teopema, nporuBofnionoxnas Teopeme Jlewen Hupnxne, dopmynu-
pyeTca TaK: ecAu 04 HeKOMOPOoHd KoHguzypayuu KOHCEpBAMUBHOE
cucmemsl nomenyuarsian snepzui V umeem cmayuoRaproe anatesue
U He ecmb MUHUMYM, MO pagroBecue cucmemst Heycmoiituso. dra
TeopeMa MOMET 6biTh 1OKA3aHA TOJBKO ¢ HEKOTODBLIMH OrpaHW4cHHAMH.
Jlanynos moxaszan Ape TeOpeMbl, YCTAHABAMBAIONIME KDHTEPHH HEycTOHYH-
BOCTH paBHOBECHA KOHCEPBATHBHOH CHCTeMbl, KOTOPHMM HPaKTHUYECKU
‘OXBATLIBAIOTCA BCE BO3MOXHBIE Caydad. l'IepBaa.Teopema OTHOCWTCH K cny-
Yal0, KOTJAd pasiomesine MMOTeHUHAALHOR aueprum B pan BOmM3M nmonoxe-
uust pasuopecus [cM. pax (12) B § 9] Haumnaercs C wieHoB BTOPOro mno-
panka. Ota TeopeMa IIacUT: eCal NOMeHyUaAbHAR FHEPUS KOHCEpBa-
MUBHOE cUCmeMb 8 NOAONCERUU PABHOBECUS HE UMEeMm MUHUMYMQ,
npugesm omcymemeue MURUMYMA YCMAHABAUBAEMCA NO PAIAONCE HUIO
nomeryuatbROl IHepzuy 8 PAC, 8 KOMOPOM COXPAHERS MOABKO
YAeHb BMOPO20 HOPAOKG, MO PREHOBECUE CHCMEMbL Heycmoiituso.
Bropad Teopema ycTaHaBauBaeT KpHTepHH HeyCTOHUHBOCTH JJif ciydas,
KOrla pasiomeHnne MoTeHuHaNbHOR SHEPTHH B pdald HAYHHASTCA C 4YJIEHOB
TpeThero H/in Gonee Bbicokoro nopaiaxa. OHa TIACHT: ecau nomeryu-
AAbHAA SHePUR KOHCEPBAMUSBHOL CUCMEMb UMeEen 8 NOAOICEeHUu
PABHOBECUR MAKCUMYM, NPULEM HAAUYUE MAKCUMYMA VCMAHABAU-
8aemMca No PAIN0HCEHUIO NOMEHYUAAbHOE sHep2zul 8 PAD, 8 KOMOPOM
COXPAHeHb YACHB HAUMEHbULE20 NOPAOKA, He o6 pamusiiuecs 8 Hyau,
mo PABHOBECUE CUCMEMb. HeYCmOlE4uso.



FJIABA YETBEPTA#
AHUHAMHKA ABCOJIIOTHO TBEPAOIO TEIJA

§ 11. I'eomerpHa Mace

1. Tlonsitue o TBepiom Tene., Kak u3BecTHO, cucTeMa MaTepHalbHHIX
TOYeK (YacTHI), B KOTOPOH paccTofnus Mewndy aByMs MoOLIMH TOYKaMH
OCTAIOTCA NMOCTOAHHBHIMH, HA3biBaeTCH HeHW3MeHaeMoH cHCTEMOH. Ecan e,
KDOMe TOFO, TOYKH CHCTeMhl PACTIONONEHbl HENPEepPHIBHO, T. €. 3aNONHSIOT
o6sacTh MPOCTPAHCTBA, 3AHATYI0 CHCFEMOH, CrIOWHBIM 00pa3om, To Taxas
HeusMeHAeMas CHCTeMa Ha3biBaeTCs aBCOMIOTHO TBEPALIM TeJOM. ABComoTHO
TBepaoe Tea0, COrJACHO OlpenesNIeHHIo, HE MOXET MONBEPTraThCA HHKAKHM
AedbopmanuaM u npeacrapaser coOof uneanbHbiff ob6pas, KOTOpbI# TeM
6nnxe NOAXOLHT K peanbHOMY TBEDAOMY TeJy, YeM MeHblle MOC/ensee
cnocobuo nedpopMHpoBaThCE NOA KelcTBHEM CHJI,

Braronaps HeMaMeH#eMOCTM PpACCTOSHHH MeMy CBOHMH YacTHUAMH,
abCcomoTHO TBEPHOE Teo MpencTaBiseT co0oft MexaHHUYECKYIO CHCTeMy,
OT/IHYAWYIOCH [0 CPABHEHHIO C JPYTHMH CHCTEMaMHu 0coBBIMU cBOHcTBaAMH,
BCAENCTBHE 4Ye€ro INHMHAMMKA TBEpPAOrO Teaa BhAeaseTcs B 0!‘.‘.06}']0 rnasy,
TeM Oosee, 4TO 3TAa rAaBa AMHAMHKKM HMeeT G0Jbuloe 3HAYEHHE B Tex-
HHYECKHX HpHIOXKEHHAX. B xouue ryasul | 6miao ykasado, uTo s ofnpe-
JefleHus JABUKEHHR HeH3MeHAeMOH CHCTeMBbl N0CTATOYHO ypaaaeunn, KO-
TOpbie JNalT TeopeMbl 00 H3MEeHeHMM KOJHYeCTBd NBHIKEHHS W KHHETH-
YCCKOr0 MOMEHTA CHCTEMbl, MO3TOMY YpaBHeHMs ABHeHud abCoNOTHO
TBEPAOrO Tejla nPelcTaBisioT coboR paspHTHEe BTHX ypaBHeHHH.

2. XapakTepHCTHKH pacnpefieieHHs Macc. B aunamuke abcosioTHo
TBEPIOro Teja HrpaloT OoJbWIYI0 pOJb BeNHYHHBL, XapaKTepusyioulHe
pacnpejefieHHe Macc B Teqe. Yyeune o6 aTHX BeJHUYHHAX HOCUT Ha3BaHWe
reoMeTpHH Macc.

Beanuunbl, xapaxTepusyloune pacnpeneneHye Macc B CHCTEME, HOCAT
Haspauue (He coBceM yanauxoe) Momentosl). MoMenT npencrasaset coGo#t

1) 10 nonaTne oTHOCHTCA K Jw060H Mexanuueckofi cucteme. Ho B cayuae
a6CcoaIOTHO TBEpAOrO TeJa AJsi CHCTeMBl KOODIMHAT, CBA3AHHON C 3THM TEJOM,
BEAHYNHL MOMeHTOBR OyLYT NOCTOAHHBIMH H MOrYT GHTh 3apaHee onpejeneHul
KaK XapaKTepUCTHKM pacnpeiedeHus MacC B Tede (cM., Hampumep, § 2, 0. 8).
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CyMMy MpoH3BefeHu#t MacC BCeX TOUeK CHCTEME HA ONHOPOIHYI (YyHK-
UHI0 KOOPOMHAT STHX TO4eK, T. €. HMeeT BHI Zm;x'}y?z}', npuieM
i

n=0-48-}y HaswiBaeTcs CTemenbid MoMeHTa. Ecnu Maccwm pacnpege-
JeHbl HENPepHBHO M TUIOTHOCTH Tena P (OTHOMIEHHE MACCHI YaCTHUBI Tead
K ee 06beMy) ecTb HenpepbieHas Gyuxuua koopaunar, T. e.p= p(x, ¥, 2),
TO MOMEHT BbipawaeTrcd B BHIE ob6beMHOro HHTEerpana

ff Ip("" ¥, 2) x°yB2¥dxdydz,

B3ATOT0 Mo BCceMy o0beMy Tena (ecau e GYHKUMA o NPepBLIBHA, TO HH-
terpan Gepetca B cMbicae Cruarbeca). Korna reno onHoponHo, mIoTHOCTE p
OT KOOPIMHAT He 3aBHCHT, H MOMeH HMeeT BHI

pf I fx“y 2vdxdydz,

T. €. MpeicTasaseT coGOH MpOH3BeNeHHe MAOTHOCTH Ha 00beMHBLIH MHTEr-
pan oT QYHKUMH TOJAbKO KOOPIMHAT, KOTOpHi OymeT yme 4HCTO reomMer-
pHYECKOH BesuuHHOM; 3Ty eeanuuny mut OyneMm HashiBaThb reOMeTpH-
yecKMM MoMeHTOM n-# crenend. Taxum o6pasoM, B cayuae oaHopon-
Horo tena MomeHT ((dusuuecku#t) papen MNIOTHOCTH, YMHOWexHOH Ha
reoMeTpPHYECKHR MOMEHT.

B Mexanuke BCTpeualoTCs OOBLIKHOBeHHO TO/MbKO MOMEHTH HepBOR W
BTOpPOH CTemeHH; MOMEHTAMM BBICIIMX CcreleHed WHOrZa MOJB3YIOTCH
B TEOPHH MPOYHOCTH.

3. MomenTs neppoii crenend, MomeHTH Meppo#t CTemeHH, Ha3HBae-
Mhie OORIUHO cmamudecKiMU MOMEHMAMU, BHIPAKAOTCS BeNUYH-

HaMW Oy m,r;, TIe 7; eCThb PALMyC-BEKTOP YacTHUM C Maccolt m,. dro
{

BHpANeHUe mpeAcTaBasetT COOCOH CTATHUCCKHH MOMEHT CHCTEML OTHO-
curenbio lentpa O, caymkauero uadaaom Bektopos r;. Masectuo, uro

; mr; = Mrg,

rae M ectb Macca BCel CHCTEMBI, a Fp — DANMyC-BEKTOD LEHTPA MACC;
Mo3TOMYy, eCJH UEHTp O cosmazder ¢ LUeHTPOM Macc, To cTaTvHdeckuit

MOMeHT X m;r; obpamwaerca 8 uyab. flcwo, uto
i
Dmry=Fimxi+Ximy i+ Ximz k.

Benuuuns 3y m,X;, O\ Mm;Y;, X M;Z; NPEICTaBAROT cobok cmamuue-
i ; i

CKUe MOMEHMY OMHOCUMEABHO KOOPOURAMHBX RAOCKOCMED YZ, 2X,
Xy, ApuueM

Ej myx; = Mxc, “2 myy, = My, E‘J mzy =Mz,

9 H. H. Byxroasn
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rae X, Yo, Z¢ CyTh KoopauHaThl UeHTpa Macc. Pasmepuocts cratu-
YyeCKOro MOMEHTA pPaBHA MPOH3BEAEHUIO pasuepuoc*reﬁ MACChl U JJHHbL.
Econ navano koopiamnar O cosnanaer ¢ uewrpom Macc C, To crartu-
YeCKHE MOMEHTH OTHOCHTENLHO KOOPAMHATHHX MAoCKocte# OyayT, oue-
BHAHO, TaKWe paBHBLI HYIIO,

4, MomenTtsl BTopol cremenH. MoMeHTbi BrOpOH CcTeneHM WMeiOT
BHI:

J(yz) = Z mx?, ‘f(zx) S 2 my?, J[xy) e Z mz%;
J),,=Zmyz, J,, = Dmzx, Sy == 2 mXY;
Jxx=2m(y2+22)' Jw=2m(z2_|_ x7), Jz:nzm(x2+ ¥

Jo=Xm(x24 y2 4 2% = X mr2.

TMepsrie Tpu W3 HHX, NPeACTABIAIIME CYMMb Tpou3BeLeHu#t macc
Ha KBapaTrbl WX paccTofHuii COOTBETCTBEHHO 10 MiOCKOCTeH yz, 2x,
Xy, HA3LIBAIOTCA MOMEHMA MU LUHEPUUU OMHOCUMEABHO SMUX NMAOCKO=
cntedi, BTOpbie TPH HA3LBAIOTCH UEHMPOOEINCHBML MOMEAMAMY HIN
npousgedeHuAMy UHepyuy, TPH TPeTbUX, Kak CYMML NpOH3BeleHu# u3
Macc Ha KBaApaTH MX paccTosHuft 10 ocelt x, y, 2, — MoMeRmAMU
UHePYUU OMHOCUMEABHO SMUX OcCell IR 0CesbiMU MOMeHMAMY UHep-
Quu, HakoHel, nocaeaHufl, Kak CymMma HPOH3B€II8HHH H3 MacC Ha KBajpar
uX paccroaHu#t 20 rouxu O, — MOMEHMOM UHEPYUL OMHOCUMENBHO
moixu O, HAH, HHAYE, ROAAPHBM MOMEHMOM UHepWUU OTHOCHTE/IbHO
aro# TOYKH. M3 3Tux ompeneneuu#t acmo, uro:

1) Paamepnocts MOMeHTa BTOpOR cTeNenu paBHa NMpPOM3BENCHMIO Pa3-
MepHOCTe# MAacChl M KBaapaTa LiuHbl. Enunyue# HaMepeHus 3TOH BeaMUHHbBI
g cucreme CH Oymer 1 wHm?, a B TexuuueckoH CHCTEMe EIMHAL —
1wl ucex?,

2) CymmMa Tpex HJTOCKOCTHBIX MOMEHTOB HHEPUHMH PAaBHA MONAPHOMY
MOMEHTY HWHEpuHH, T, e,

nyz)+J(zx)+J(xy)=Jﬂ-
3) Cymma Tpex OceBbIX MOMEHTOB HiepUMH PABHA YABOCHHOMY MoO-
JIAPHOMY MOMEHTY HHepUHH, T. e,

Jxx+‘;yy+"z;=2“r0'
4) Cymma aByX OCeBHIX MOMEHTOB HIepUMH BCeraa Ooabuie Tperb-
ero, T. €.

"Xx + J)F.‘f = JZZ' "yy - jzz = J.r.w Jzz “I“Jxx = Jy,v
B camom pene, TaK Kak
NP4+ Dm2 4 D) =Zm(+y)+2 X m2?,
T0

Sm (24 2+ D m (224 x2) > D m(x24y%) n 1. 4.
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5, MomeHT HHepHHH OTHOCHTENBHO OCH, B nusamuke TBeproro
Tela H3 MOMEHTOB BTOPOH CTeNeHM MPEeUMYLIECTBEHHO BCTPEHAIOTCH MO-
MeHTHl HHepUUH OTHOCHTEJLHO ocH (OCeBhble) M MPOM3BeNeHHA HHEDUMH.
Kak ywxe On/I0 CKA3aHO, MOMEHTOM HHEPUMH CHCTEMB OTHOCHTEIbHO
NaHHOW ocH, HAMp¥Mep OCH X, HashBaeTCA CyMma fpow3seleHnH Macc
TO4YeK CHCTEMBl Ha KBAApaThl WX PAcCTOAHMH 10 3TOH OCH, T. e, Bhpa-

WEeHHe BHIA Zm;hﬁ. rge CyMMHpOBaHHe pacHpOCTPAHAETCH HA BCE TOUKH
cucremsr (cM. § 2, n. 8). Ecan M umeeM crmiolixoe abconoTHo Teep-
J0e Teno0, TO Macca SAeMeHTapHo# uacTMuel tena Oyaer pasna pduv,
TIe p ecTb MNOTHOCTL Tena, a dv — sjeMeHT 00beMd; MOITOMY MOMEHT
VHEPUHH OTHOCWHTENbHO OCH X B 3TOM C/ydde Bbipagurcs (ecam p ecthb

HenpeprBHat (YHKUHA KOOPAHHAT) O0OBEMHBIM HHTErpajioM, B3ATHIM AO
BceMy o0beMy Tena, T. e.

e jlpkzdv=J‘ I jp(x, v, 2)(yi42Ddxdydz.

Ecin Teno onHopogHoe, TO P MOCTORHHO H MoxeT ObiTh BhiHECEHo 3a
3HAK HHTErpana, M Mbl MOJYYHM

Jex=p [ W2dv,

rie J'kzdv ecTb TreoMeTpuuecKH# MOMEHT HHepuuH oObema, KOTOpHH,

Macca
OUEBHMIHO, HMeeT pa3MepHOCTL (ANHHA)S [paamepuocm pecrbw].

Ecau teno mpencrapaset co00# 0XHOPOLHYIO TOHKYIO IIACTHHY TOJ-
myHo# b (b=const), To, nonaras dv=~bdo, rae do ecTb 3aeMeHT
MJIOWAAY MAACTHHB, ByIeM HMMeThb

Jee=0b [ 2do.

3nech pb == p’ — NoBepXHOCTHAA MJIOTHOCTb (OTHOLUIEHHE MACCH STEMEHTA
MJIACTUHBL K €€ MIOMIAAH), 3 MHTerpan

szdo=f f(yﬂ-{.z?)dydz,

BIATHLA FO NAOIIALK MIACTHHB, GyIeT reoMeTpHYeCKHM MOMEHTOM MHEDUHH
n0Manl; ero pasMepHocTh (AauHa)t,

Touno T4k ®e B CAyude HAXOMNIeHHA MOMEHTA WHEPUMH OLHOPOA-
HOTO TOHKOrQ CTepXHf ¢ MJI0ANbo HOnepeyHoro cedenHs § (S == const),
nojaaras dv==sdl, rae dl — sneMeHT NLNWHBI CTEPHKHA, HaAHneM, uTO

Jee==ps [ #2dL.

3aeck ps =" — auuefinas nAOTHOCTh (OTHOLUEHHE MAcChl SaeMeHTa
CTEPMHE K €ro JJHHE), & HHTerpan j.hzdl, B3ATHI# BROJB OTpe3Ka

9$
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KpuBo# (BAOJb OCH CTEPIKHS), CTh TEOMETPHYECKHH MOMEHT HHEPIHHA OTPesKa
JMHUM, HMelolWMR pasmepHocTb (aauua)d., Takum obpasoM, 1jif BHYHCTe-
HHA OCEBBLIX MOMEHTOB HHEDUHHM ONHOPOILHOIO TeNd, MIACTHHH WIH CTEPHHA
HY®HO BHIYHCAHTL COOTBETCTBYIOLIHE TEeOMeTPUYeCKHE MOMEHTHI HHep-
MK, T. €. MOMEHTBl HHepuuu obbeMa, IVIOWALM WIM OTPe3Ka JHHHH
(uro sBAfeTcA 3aladefl HWHTErPANbHOTO HCYHCIEHHR) H 3aTeM YMHOMHTH
HalZeHHYI0 BeJJHUYMHY HA COOTBETCTBEHHYIO MJAOTHOCTH (T. €. obbeMuyio,
MOBEPXHOCTHYIO, JHHERHYIO).

3ameruM ewe caenyouiee, IycTh HYXHO BHYHCANTD MOMEHT HHEPLMH
ONHOPOJHOrO MpH3MaTHYecKoro Tena (T. e. Tejla, OrpaHUNeHHOro HOBepX-
HOCTHI0 MPH3Mbhi HAM UMAHHAPA u TMEPHeHNHKYJNAPHHIMA K OCH IPH3MBI
CeveHHAMH) OTHOCHTENbLHO OCH X, MapannenbHol obpasyoweh (puc. 40).

Puc. 40.

3apjaua, KaK MH BHIENH, CBOAWTCH K BLIYHCIEHUIO TEOMETPHYECKOT D MO-
MeHTa HHepuuHu ofbeMa 3TOro Tela OTHOCHTENLHO OCH X, T. e. BelH-

YHHBL Ihzdﬂ. Boabmem 3a snemenT oObeMa o6beM BOJIOKHA, IJTOWALb

MOMepeyHoro ceYeHHs KOToporo pasHa do, a miuua passa aauHe teaa L;
Torna dv=~Ldo, un

f hldv=1L I R dao,
npuyeM uuterpan Gepercs MO BCeH MAouIAmM NMoMepeyHoro cevenus. Oue-

BHOHO,
I h?do = Jon

T. €. 3TOT HHTErpaj paBeH MOJSPHOMY MOMEHTY HHEPUHH TIOMANH MO~
Niepe4yHoro ceveHuds OTHOCHTEAbHO Touku O, CJ’IE,II.OB&TCJ‘II:HO, reoMeTpu-
yeckH#  MOMeEHT HHEPUHH HPH3MATHYECKOTO TeJla OTHOCHTEAbHO OCH,
napaiienbuof obpasyiouwelt, pasen LJ,, T. e. MPOUsBeSeHHIO ANHHEL TEAA
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Ha nonspuun MOMEHT HHEPUMH IIOIAnH MOMEepeqyHoro CeyeHHUs OTHOCH-
TeJNbHO TOYKW mepecevyeHuss OCH ¢ MAOCKOCTbIO 3TOTO Cevyenwd.

6. Paguyc HHepuuu. MOMeHT WHEPUMH CHCTEMH OTHOCHTEIBHO
Kako#-mubo 0CH X MOXHO BLIPA3UTL B BUAe

Jox= Zi mfh% = Mpix’

rae M —wmacca BceH cucTeMH, a P, ecTh JuHeHHad B2HYMHA, KoTOpas
Ha3LIBAETCA PaZMyCOM HHEpUMM OTHOCHTENbHO ocn X. M3 onpeneneuns
Crenyet, 4To paauyC HHEPUMH ecTh AJHHA, PABHAR DACCTOAHHIO OT OCH X
TOR TOYKH, B KOTOPOH HYXHO COCPENOTOYUTH MACCY BCelt cHCTeMbl, 4TOOLI
TOAY4YHTb TOT e MomeHT HuepuwH J,,. flcHo, uyro

J
Per = j{x .

MoxHo moctaBuTh BOnpoc HHaue: Hatu Mmaccy M’, KoTopy® HYxHO
COCPeNOTOYHTb B AAHHOH TOYKe, HAXOAAINEHCA OT OCH X Ha PacCTOAHHU d,
4ToObl MOJYUYHTH TOT MWe MOMEHT HHEepPUHMH Jxx. I ompeneneHus M’
¥MeeM paBeHCTBO

M’ = Mpi’x’
oTKyna
P?rx
M’ == M ? .

BDToT npouecc HAasLIBAETCH NPHBELEHHEM MAcChl CMCTeMBl K gaHHOH# Touke.

OuepHino, YTO PALMYC WHEPUHH BIOJHE ONpelensieT MOMEHT HHep-
1WA CHCTeMBl OTHOCKTE/IbHO JaHHOW OCH.

7. MOMEHTHl HHepUHH OTHOCHTeABHO oceii mapaaneabHoTO NyYKa.
Teopema lwiirenca (Iltefinepa). Ha3 onpenenenns ScHO, 4TO oceBoX
MOMEHT HHEpUHM NAHHOH HeuaMeHseMOH CHCTEMBl 3dBHCHT OT MOJIOMEHUA
OCH, OTHOCHTEIbHO KOTOPOH BBIYUCIAETCA MOMEHT HHEPLMH; C/IeLOBATEIbHO,
OCEeBLIE MOMEHTHl HHEPUHM NaHHOK CHUCTEMbl MOTYT HMETb OTHOCHTEIbHO
pa3nuunbix oced OeckoHeuHoe MHOMKECTBO 3HAYeHuH, KOTOpOE, OLHAKO,
HMEET HHKHIOW rpasuuny. PaccMoTpHM, Kak H3MeHSETCH OCeBOH MOMEHT
HHepUMK NpPH MNepexone OT onHo# Ocu X K Apyro#t [; nnsA aroro pac-
CMOTPHM: 1) MOMEHTHI HHEPUHMH OTHOCHTeJbHO Ocefl mapasje/lbHOro Myuxa
¥ 2) MOMEHTH MHEPUMH OTHOCHTEJIbHO Oce#t Myuxd, BLIXOAALIETO W3 JaH-
HOR ToukH. 3uad, KakHM 006pa3oM H3MeHsAeTcs MOMEHT WHEDUHH Tipu me-
pexone oT ORHOR OcH K APYTOH B MEPBOM H BTOPOM CAY4Yanx, Mbl MOXeM
0 JaHHOMY MOMEHTY HHEPUHH OTHOCHTeNbHO KaxoH-nuGo ocm X HafiTH
MOMEHT HHEepUHM OTHOCHTenbHo moboft apyro# ocu [. Ias sTtoro, sass
NpoH3BOAbHYI Touky O Ha OCH [, HAXONMM CHAYAnAd MOMEHT HHEDUMH
OTHOCHTeNbHO OCH X', mapaianelbHOH X W Mpoxoisuleh yepes Touky O,
a sareM Of ocH x' mepexoauM K ocu [.
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Hayuem ¢ YCTAHOBJAEHHA 3aBUCHMOCTH MEHKAY MOMEHTAMH HHepUHH
OTHOCHTENLHO ocelt mapannenbHoro nyuka. [Iposeaem ocu Oxyz (puc. 41)
4] paccmcrrpum MOMEHT WHEpUHM CH-
CTeMBl OTHOCHMTEJbHO OCH X; oH Oyzer

e Jxx=2m1h3=sz(.\’¥+z?)' (1
Ml/‘zir peg) : g
BoabMeM ocb x’, napamnesbHyio oCH
X H MpOXoAAlWyi0 4Yepes UEHTP Macc

2" cuctempt C, KoOpAMHATHL KOTOPOTO
nyct Oyayr xe, Ye. Z¢; MpOBeleM
eme uvepes C ocu y' u 2’, mapanneb-
Hele ocam y u 2. Torna

Y=+ Ve
2y =2;+2

y r r r
rae X, y; 2Z; Oyayr KOOpIMHATH

TOUKH M OTHOCHTE/TBHO CHCTEMBI
oceft x'y’2’. Tloacrapnas oTv suipamenns B pasenctBo (1), Gyzem umeTh

Sy = ; m; [(.V;+ yc)z'{"(z; + zc)zl__"
=2imi(y; +2')+ Zm (Ye+2)+2 Bm(viye + 2i%0). @

Puc. 41.

IMepsutt unen npapo# uactuw pasencTsa (2) eCcTb MOMEHT WHEDUHH CH-
CTeMBl OTHOCHTE/IBHO OCH x’; BTOPOH YjJeH MOMEM MpelNCTaBHTb B BHAS

3 m (320 = (% + ) D om, = M

rae M ectb Macca Bcelt cucTeMnl, a d — PacCTOfIHME MeWILY OCAMH X It
x’. Tpetu# ujten pase HYMO, MOTOMY HTO

2 m,(y¥c+2izc)= 3’01?-11 m.y,+ 2¢ g m,z;,

a Z m,y; u Zmiz; PaBHBl HY/M0O, KAK CTaTH4YeCKHE MOMEHTHl OTHOCH=-
il i
TeJbHO IUTOCKOCTeH, MpoxolMumx uepes Uewtp Macc. Mrak,
2 S 2 »2 2 2
3 mi(i+2) =2 m, (v, + 2 )+ M(Ve+ %),

HIn
Jop == Jyrer+ Md2, (3)

PaBeHcto (3) Buipawaer cobo#t teopemy [wo#resca: momenm unep-
Yy cacmembl OMHOCUMEABHO KAKOE-AU060 Ocl paser MOMeHmy unep=-



§ 11 TEOMETPHSI MACC 135

QUi OMHOCUMENbHO NAPAAAEN6HOL OCU, nPoxooAueld uepes yeHmp
MQCC CUCMeMBl, CAONCEHHOMY C npoussedenuem macco. 8ceii cucmembl
Ha xsadpam paccmofAnus Mexcdy ocamu. Eciv BBeCTH paanycsl uHep-
UHH, TO MHl MOJYUHM

pix = pirx: + dz‘ (4)

Ua pasedcts (3) wmn (4) cneayeT, Y4TO HaWMEHbIIMM H3 MOMEHTOB
MHEPUUH CHCTeMbl OTHOCHTEJbHO ocefl mapannenbHoro myuka Oymet MO-
MEHT HHEepUHMH OTHOCHTENbHO OCH, NpoXonsue# uyepes LUEHTP MacC CH-
CTEMBI,

IMonbaysicb Teopemo#t [ofirenca, MOMKHO /erKO ONMpPENENUTh MOMEHT
MHepPUHH CHCTEMBI OTHOCHTEIbHO MOOOH ocu Myuka napannenbHuix oceH,
€C/M NaH MOMEHT HHepliud OTHOCHTEbHO KakoH-nub0 oaHOH oc 5TOrO
nyuka. I[lycThb naH MOMeHT HHepum# J; OTHOCHTeNbHO OcH 1; ToTaa Mno
Teopeme I'iofiresca

Jy=J+ Md;,

rie Jo €CTb MOMEHT MHEPUMH OT-
HOCHTE/IbHO MapanienbiHol ocu,
npoxondlie#t yepes LEHTP Macc, r A |
a d,— paccrodHue UEHTPA Macc

no ocu 1. Ias ocu 2, mapan- i
nenbHOR  ocH 1,  aHaNOTHYHO ¥
HMeem

Jy=J -+ Mds,.

Ha sTux #ByX paBeHCTB MOJLY-
qaeM

Prc. 42.
oL M (s~ e

Teopema T'io#irenca OTHOCHTCA He TOJbKO K OCEBHIM MOMEHTaM HHEp-
uuK, HO MOMeT OHITb paclpoCTpaHeHa HA BCE MOMEHTH BTOPOH CTemeHH.
CoBeplIEHHO AHAMOTHUHEIM CNOCOBOM Jlerko [0Ka3aTb pPaBEHCTBA

(2
Zmrxﬁ:Z mx,; 4 Mx% u 1. o1,
7 T ¢
oo Pt
;miyfzf—lz my,z;+My.ze u TR,
2 2 A 2 /2 2 9
2my (K Ay 2= Zom (5] 4 y; + 27) + M(xp + ve + 25),
8. MoMeHTB HHEpUHH OTHOCHTEeJNbHO oOceli NMyyka, BHIXOAAULErO
#3 nauHoll Touxu. HaltneM MOMeHT MHepuuM CHCTEMBI OTHOCHTEJIBHO
ocu [, KOoTopas NpPoXonHT yYepe3 3amaHHyw Touky O ¥ uanpasienue Ko-

Topo# Mo OTHOwWeHHIO K ocAM Oxyz onpeleasercs HANPaBAKIOUIUMU KO-
cunycamu o, B, y (puc. 42); 0ueBHAHO, MOMEHT HHEPUMHM OTHOCHTENLHO
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ocu [ Gyner ¢pyHume# STHX Hampasasiowux xocuuycos. Cormacuo omnpe-
ZeJeHHI0 0CEeBOr0 MOMEHTa HHepLUHH HMeeM

2
Jy= X m;hi,
rae h; ectb paccTosHue TOWKM ¢ Maccoff m; no ocu [. Bosbmem Hauano

koopaunat B Touke O n nogoxuMm OM,=r; npuuem

ri=xi-yJ4 2k

ri=ox,+4 By, + vz, =r,cos q;,

TIe @, ecTh YroJ MeXi1y waupapiewusmu r; u I nanee, Tak Kak h;=
=r;sing;, To

2 2 .2 2 2
= Z mh = Z myrysin” @, = Z m; [r; — (r;cosq,) ]
Orciond, npuHuMas Bo BHEMawue, uTo 02—-p2-}-y2=1, Haxoanum

Jy= 2 m (34 ¥} + 23) (@ + B4V — (ox,+ By, -+ v2,))

Toraa

uiH
Jy=2m [a(y; + 23+ p2 (2] + *]) ¥ (¥1 4 ¥ —
— 2BYy;2; —2yoz,x; — Qaﬂxiyi].

BBengem Teneph caenyiowme ofBosuadenus (cM. n. 4 storo maparpada):
Ju=A=Xm(?+22). J,=D=2myz,
JnyB-—meI(z';’-—{-x?). J, ,=F=Xmzx,
Jo=C=2Xm (24}, J,=F=Xmxy,.

Torna moayunum

=1 02 A Sy Bt N2 — 2 Y — 2, N0 — 20, 0B, (5)

HiY, B Apyrux o003HAYeHMAX,

J; = Aa? +- Bp? + Cy? — 2Dpy — 2Eya — 2Fap. (63"

9. Tensop HHepnuu. s pasenctsa (5) caenyer, uTo Lif ompenene-
HHA MOMEHTa HHEpHHM Tejad OTHOCHUTEJbHO mobo# ocu ny4Ka, nmpoxons-
wero 4eped Touky O, XOCTAaTOUHO 3HATB wwecTb Beawuud J, ., Jy,, J,,,
Jyzo Jogr Joy (am A, B, C, D, E, F) u, koHeuno, Hanpasienue sToM
ocH, ofpeneaseMoe KOCHUHycaMmu a, B, y; npu stoM J,., Jy,, J,, npen-

cTaBnasioT co00# MOMeHTH WHEepPUMM OTHOCHTEJBHO COOTBETCTBYIOLINX
ocefl KOOpIMHAT ¢ HavaaoM B Touke O, a Jyze Jyxr Jpy — TpoUBBEnECHUS
HHepuMu. 3TH IeCTb BEJHYMH BaBHCHT OT TOJAOMEHWs Toukd O W oT

HAMpaBIeHHA KOODAMHATHHLIX OCel, TMOTOMY 4TO C H3MeHeHWeMm Touku O
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¥ npH mepeMeHe HampaBaeHWs KOOPAMHATHHX OCEH KOOPAMHATH TOYEK
Tena X;. ¥, 2; N3MeHAOTCA. YKa3aHHLIe BeJUYHHEl MOXMHO PACIONONKHTD
B BUAE CHMMETPHYHOH MAaTpHILI

Jxx Ty _sz
()= —Jyx J” —f),z 5 (6)
_sz ""Jzy Jz.s

KOTOPAst HOCHT Ha3BaHWE mMEHIOPA UHePyuu; 3IeMeHTH STOR MATPUUL
HA3BIBAIOTCA KOMMOHEHTAMH TeH3opa MHepuuu. M3 marpuuu (6) BuuHoO,
4TO JNMArOHA/IbHBIE KOMNOHEHTH TeH3dopa (J) mpencrasasior cobo#t ocesble
MOMEHTHl HHEPUHH, a OCTajJbHbie — MPOH3BeJeHHs HHEPDUHH CO B3HAKOM
MuHyc, npuueM mo onpenenenuio Jo,=J, Jy,=J,, J, =J,,. Teu-
sop (J) mpencrasiger cofoR CHMBOMHYECKHR OMNepatop, KOTOPHH, nefi-
CTBY® HAa HEKOTOPHH BekTop @, naer JApyrofi exrop B ¢ mpoekuusaMu,
ABNAIOIIMMUCA JHHeHHBIMH (GYHKUMAMH NPOEKUHH BekTOpa @; HPH 3TOM
MaTpulieh nxHe#Horo mnpeoOpasosanus sBasercd Marpuua (J). Bekrop b
HasblBAeTCH nMHeHHOH BexTOp-bYyHKIUHEH BeKTOpa @, a caMad onepauua
§a3bIBAETCH ONepauueff YMHOMeHHs BeKTopa @ Ha Tensop (J) m obosna-
yaerTcAd Tak:

b=a/(()).
D10 paBeHCTBO, COLJACHO ONPENeJIeHWIO, 3anHlueTcs B MPOEKUMAX CJe-
Ay obpasom:
bx"‘_“ 2x@y —nyay—‘fxzaz'
by=—Jy,a,+Jyy8,—Jya,
by=—J 0, _'Jzyay + /.8,
Ecax 3a BeKTOp @ B3ATb paaMyc-BeKTOp TouKkM M MpocTpancrsa
r=xi -4 yj-+ 2R, 10 ypaBHeuue
r’=r(A),
rae
Gy 4 4
(A)=y ay Gp» ax |
g1 Qp @
onpeleaut Touky npoctpancrsa M’ (x', ¥, 2’), npuuem
X' = ayx 4 apy 4 ayz,
V' = ag1X + 8999 + 85,2,
r
2 == ag X - apy -+ a2,
Taknm oOpasoM, kawiao#t touxe M(x, y, 2) npocrpancrsa oaHO-

snauno coorsercTyeT Touka M’ (x’, y', 2’). Takoe npeoBpasopanue
TPOCTPAHCTBA HA3hBaeTCd apduyHbLIM, No3TOMy oneparop (A) HasmBpaercs
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agpbunopos. Ciepoparenvuo, (J) Takme npelcrasiser cobowo addunop,
H MPHTOM CHMMeTpHYHBIN.

[Tocpeacrsom Tensopa (J) MH moxem (opmyny (5) Bbipasurh cie-
nywimM 06pasoM. Bosbmem eauHuYHHR BekTop HAMpaBjeHus OCH [

P =ai+pj—+vk;

TOTAA
PU)=(Jex@—J oy — V) i+ (— Sy 04Ty 8 — 1y 0) -+
+ (=Tt — LB+ T2 V) R
Yunoxas sektop I°(J) Ha Bextop I° cxansipHo, MOJAyuHM
Py P=J 0Ty 02 4 I, 2 —2J, By — 2J, . yo — 2/, 08

O6o3Hauas crosuyio B npasoll yacTH KBalPaTHuHyl (OpMy apryMeHTos
a, B, Y & CokpallleHus BalMMCH 4Yepes
2F (a0, B, ), moayuum

P P==2F(a, B, PY=Jp

OTMeTHM B 3dKJI0YEHHe, 4TO BooDile Kam-
LOMy CHMMeTpudHoMy adduuopy cooTBer-
CTByeT KBalpatuyHas dopma; ecau adpdn-
Hop (A) 6yner cummerpHuHmit, T. e. ecaum
;== @y;, TO KBanparTnunas ¢opma, cooT-
sercTByowas (A4), Gymer 2F(x, y, 2)=
=r(4)-r.

10. 3aauncoun Huepn¥um. B nm. 8 Mum
MOJy4HAM Bhpaxenne (5) MOMEHTA HHEPUMH
OTHOCHTE/NbHO OCH [ B 3aBUCHMOCTH OT Ha-
MPaBAfIO KX KOCHHYCOB @, B, y aTo# ocw;
CNenoBaTeNbHO, 3HaS  KOMIOHEHTH!  TeH-
80pa (/) aas toukd O W JAHHOTO HANMPABIEHUA KOOPIHHATHHX oceft xyz,
Mbl MONKeM Haltu MOMeHT MHepuMu Ans moboH ocm, npoxonsuielt gepes
Touky O. MoXHO HaTh reOMETPUYECKYI0 KAPTHHY PACIpeleseHust MOMEH-
TOB HMHEPUHA OTHOCHTeNbHO oceHt myuka C uewrpom O myTeM mocrpoe-
HUA //IMIICOMAA HHEPLHH,

BossMeM wHa ocu [ moka npomsBoabHylo aamny OM=R; Ttoraa
koopaunatel Touku M Gynyt (put. 43)

x=Ro, y==Rp, z=Ry.

Toncrapana noaydelinbie M3 3THX DPaBeHCTB 3HaueHus ¢, B, y B Bbipa-
xewwe (5) ans J;, moayuum

JgR'z e Jx.rx2 =t Jyy}'2 = o J:zz? - QJyz}'z — 22X — Qnyxy' €

HJM, COKpPAalEHHO,

Puc. 43,

JIRZZQF(":: v, Z).



§ 11 TEOMETPHSI MACC 139

BuiGepem Tefepe R Tak, 4tobu Gbio

JRY = k? ®)
HIH

k
R S ———y 8!
V7 &)
rle kB ectb MOCTORAHHAA Be/HYMHA. Torxna
N Jyy)'? 22— 2y, — 20, 2x — 2] Xy = k? )

HIn
2F (x, y, 2)=F?, ()

T. €. FeOMETPUYECKHM MeCTOM Touex M Gyner HOBepxHOCTb 2-ro nO-
panka, onpenensemas ypasuenuem (9). Ma ypasuenus (8') scho, uto
nopepxHocTh (9) HE uMeeT OeCKOHEYHO YHANEHHBIX TOYEK, MOCKOJbKY
BeJINYHHA JI cymec*rneuuo AOJOMHTEJIbHA W HE pdBHA HYJ/0, cjenosa-
TenAbHO, 3Ta IOBEPXHOCTh €CThb SAAHMACOMA, KOTOPbLIA HOCHT HasBaHHe
saauncouda uHepyuy tend orHocutenbso uentpa O. YpasHenue 3aUIN-
couna uHepuuu (9) B uHnx 0003HAueHuAX OyneT

Ax?+By:+C22 —2Dyz —2Ezx — 2F xy = k2. 9"

L[EHTP IAMUNCONIA HHEDHMH, KAK MOKA3biBAET €ro ypabHeHHe, Haxo0-
autca B Touke O; mocrosHHas k? Momer ObiTh BMOpaHa INPOM3BOABHO
W ompenenser MacwiTab MOCTPOeHHs; MessAa k2, Mu OylxeM mo/yuyath NMo-
no6ueie samuncounsl. Takum o6pazom, xawkiaoft Touke O nanHoro Tena
GyneT COOTBETCTBOBATh (C TOYHOCTLIO N0 MaciuTaba) BROAHE OnpexeseH-
Huft sanunmcoui wiepuuu. Ecau Touxa O pasra B uedrpe Macc, TO 91-
JMTICOMA UHEPLUHH, MOCTPOEHHBIH I8 3TOH TOYKH, HA3LIBAETCA {eAmpanrs-
HoeM. [naBHbIe OCH 3JIMACOWIA HHEepUMH Ha3LBAWTCA 2.1QBHHMU OCAMU
unepyuu tena nas tougu O,

Tak kaK jpiuHa R yLOBeTBOPAeT papeHCTBY (8’), 1o mnvHa panu-
yca-BeKTOpA SAMMICOMAA HHEPUWH O00patHO NPONOPUHOHATBHA KOPHIO
KBagpaTHOMY H3 MOMEHTA MHEepUMH TeJd OTHOCHTE/bHO OCH, HallpaBieH-
HOH# mO 3TOMY pagxHycy.

Ecin BMecTo .;;, BBECTH COOTBETCTBYWOIUHK paguyc HHEpUMH, T. e.
nonowurs J, = Mpj, 10 dopmyna (8') naer

Rz'—k—_,
p, VM
T, €. AMMHA palMyca-BeKTOp3d S//MHCOMNA HHepuuda ofpatho mponop-
UHOHAMbHA PAIHYCy HHePUHH Tela OTHOCHTeJbHO OCH TOTO e Hampa-
BJIeHUs.

11, I'1apubie OCH HHEpPHHH, ['1aBHLIMM OCAMH HHEpUMH Tejd B JaH-
HOM TOUKE HA3LIBAOTCA [JABHHIE OCH 9JIHIICOMAA WHEDUMH, IOCTpOEH-
HOro Ans 3Toff TOYKM; TNOITOMY HaXOMacHWE TIABHBLIX OCEH HHepuUHH
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Tena B naHHol# touke O cBOAWTCA K HAXOWAEHMIO TJABHMX ocelt /M-
COHAA WHEPLUHH, MOCTPOCHHOrO Aa8 35ToH Touku. IlycThb ypaBuenue storo
SJUIMIICOMAA B CHCTEME KOOpauHar xyz Oyner (puc. 44)

2F (x, ¥y, 2)=J,,. X" J, ¥y
+ 22— 20y yz —2) 2x —2J, xy=kE. (10}

Jia9 waxomUenus riaBHbX oce#t sanuncomna unepuuu (10) Gyzem Hexo-
JIHTL M3 TOro coobpamenud, YTO A9 IVIABHBIX OCeH Hanpapienwe paju-

5 yca-pexropa R cOBmamaer ¢ Halpaene-
HHEM HOPMald K 3JJIMICOMIY, W/IH W3
TOTO, 4TO A% TAdBHEIX oceft R, a cie-
B0BATeNbHO, KaK 9TO BHTeKaeT H3 pa-
penctsa (8'), u J; HMeOT craumoHapHOe
3Hayenxe; B 0GOUX €Ay4asX BHIYNCIEHHS
COBEpIIEHHO ONMHAKOBH,

Hrak, OymeMm MCKATh HampasieHus,
478 KOTOpHX R COBNanaer ¢ HampasJe-
HHEM HOpMAaJH K JMncouny. ITH Ha-
NpaBAeHyA, OUEBHAHO, LOMKHE YIOB/IET-
BOPATE YCAOBMIO

Puc. 44. grad F(x, y, 2)=AR, (11)

roe A ects xo3dhdulUKeHT mpomopuHoHanbHocTH. Yenosue (11) B mpoex-
UHAX Ha ocu xy2 OyneT uMeTbh BHI

oF oF oF 7
-a}-—lx, 0—-——1., —a—;—-?bz, (”)

W4, TPHHHMAas BO BHUManHe 3Hauenue F, nmasaemoe pasenctsoM (10),
H NepeHoCd Bceé 4YJeHB! B JIEBYIO 4acThb:

(jxx —A)x _ny)’ — ‘fxzz =0,
—Jyx 4 Uy —A)y — 2 =0, (117
— L x =L+, —A) 2=0.

Yecnosue COBMECTHOCTH CHCTEMBl TPEX OAHODOAHBLIX JMHEHHHIX ypas-
Hewu#t (11”7), kax usBsectHo, GynmeT

Jx.r_z' _jx)! "'st
—Jy Jyy—h  —J, |=0. (12)
_‘fzx ""'szr Jz —A

Ypaeuenue (12) npeacrasaser coBoH Tak HasdbipaeMOe XapakTepuCTHYE-
CKOe (BexOBOE) ypaBHEHWe, KOTOpPOe B CJydae CHMMETPUYHOCTH TeH=
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sopa (J) ¥ NeHACTBUTENbHOCTH €r0 KOMIOHEHTOB MMeeT TPH JAeHCTBHTENb-
HHX KOPHS: Ay, Ag As. TloAcTaBass Kkawabll us 3TuX KopueH B CH-
cremy (117) u pemas ee, MOnyuuM TPHM CHCTEMbl OTHOIIEHHH KOODAMHAT

Xy V2, Xpi¥oi 2y, Xyi¥3iZ,,

KOTOpHE AT TpH leHCTBHTENPHHIX HANpPaB/JeHus, YLOB.IETBOPAIOWUX
ycaosuio (11), T. e. nal0T TP raaBHble OCH I/IMNCOMAA MHEPLHH.
JloxkaxeM, 4TO STH TPH HANpas/eHHd (KOTOPHE MO OTHOLIEHHIO K TEeH-
30py (/) Ha3HIBAIOTCA T/IABHLIMH HANPABIEHWAMM TeH30pa) B3AHMHO Nep-
NEHAMKYASPHLL; AN $TOTO AOKameM CHAyaja NepneHLHKYJAAPHOCTb Nep-
BOTO M BTOpOTO Hampasjenud. Bosemem ypasueuus (11’) aaa xoopamuar
NepBoOro HAanpaB/eHWsi, YMHOMMM HX COOTBETCTBEHHO Ha Xy, Yy, 29 H
COKHM; NONYUHM
F F
(5), 2+ (55), 2+ (55), a=m Gt v+ 2120 (13)

Jenas TO ke camoe B OOpaTHOM mopsike, Hafiziem
ar oF aF .
(3;;)2 %1+ (Ty’)g N+ (E-)s 21 ="hy (%X + yo¥i+ 2921). (13')

Buuyurtas nounenso u3 (13) pasenctso (13'), nonyuum

0=(A — Ao (x1X2+ V1¥2+ 2:12,), (14)
TAaK KaK JeBble 4acTH 9THX paBeHCTB, KaK COOTBETCTBYIOLIME Kpaipa-
Taynol Qopme 2F (x, y, 2) Ouanuefiuble ¢opmel, GynyT paBHbl, 4TO
JerKo MNPOBepHTb HENOCPeACTBEHHO.
TpeanonoxuM, 4To Ay 5= Ay TorAa us paeenctsa (14) caenyer
L1+ i+ 2,2, =R, - Ry =0,
a caegosareabHo, Ry | R, Touno Takum ke cnocoGoM HoKaxeMm nep-
NEeHAHKYJSPHOCTE BTOPOTO M TpeThero Hanpasjenufl, a Takike TpeTbero
u nepporo. MrTak, eciM KOPHM XapaKTEPHCTHYeCKOTO YypaBHeHus (12)
pasIHYHE, TO B KaxaoH Touke tena O MBI MMeeM TpPH B3AaUMHO NeprieH=
JUKYJIADHBIX Hanpap/eHus, yioBjaersopsiouux ycaoenio (11); stu nanpa-
pAenus OyIyT, CleNOBaTeNbHO, TVIABHBIMH OCAMM S/UIMNCOMIA HHEpPLHH,
a MOTOMY M T/3aBHBIMH OCAMH MHepluuu Tena B Todke O.

BosbMeM Tenepb 3a OCH KOOPAMHAT TIJIaBHble OCH uHepwiu Ent u
paccMoOTpuM, Kak MpeoOpasylwTca npH Mepexoxe K 9TOR cucreMe oceft
ypasnenne 9anumnconia wnepunn (9) M Komnouentn Tensopa (J). fcno,
yTO KBaaparuuyHas dopma 2F (x, vy, 2) npeobpasyerca B APYryio Ksai-
parnunyio gopmy 2F (8, M. L), npuuem ana oce#t §, m, § 6yayr roxie-
CTBEHHO yNOBJeTBOpPAThCH ypasuenns (117), Iaa ocu § (T. e. Aas cayuas,
Koraa Bekrop R manpasien no ocu E) Oymer =0, {=0, u Mu
MOJIYYHM

oF oF

oF
W =M, on

g

=0,
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nonoGHsM e oO6pazoM ans ocell 1 u § Gymem uMeTh

T=0 =tm =0 (15)
=0, %=0, %-?:xsz. (15"
Ws pasenctsa (15) umeem mas ocu & (n=_L=0)
Juf =25 —JIpgd=0, —Jul=0,
T. e.
M=Jg, Jp=Ju=0. (16)
Taknm ke o6pazoM mas ocu 1) ({=% =0) umeem
— =0, JoM=hon, —Jgm=0,
T. €,
hy=dnp Jen=Jpz=0, (16"

nang o § E=n=0)

—_— Jg;@ =0, JTICC =0, J;;C — 1,3;,
T, €.
hy=Jgr, Jgg=Jpr=0. (16")

dopmyan (16), (16”), (16”) noxasmiBator, uto: 1) KOpHu ypasHenus (12)
Ay, kg, Ay COOTBETCTBEHHO paBHB Jer, Jy .. Jgg, T. €. PaBHB MOMeHTaM
MHepUHH Tela OTHOCHTENbHO TAABHBIX OCeH MHepuuM, 2) ecnu 3a Koop-
IMHATHYI0 OCb B3ATA IaBHAK OCb WHEPUMH, TO MPOH3BENEHHS HHeplUuH,
colepkaliue KOOPIWHATHI, COOTBETCTBYIOUIME 3TOM ocH, obpauaiorca
B Hyab, T. €. ecau Ocb & raasHas, 10 Jg, =Jig=0 n T. 1. Momenrot
uepuan Jge, Jy., Jig HasmBaoTCH 2ZAQBHUME MOMEHMAME unepyuu
Tena JuA uenrpa O.

CJ[EILOB&'DEJ’IBHO, €CJIH 32 OCH KOOPAMHAT B3ATH T'NaBHbIE OCH HHep-
uun &, n, §, T0 KkBampatauHas dopma

S Jyy ¥ A S22 — 24,92 —2J,,2x — 2J,. xy
nepexofHT B (popMy

Jeb Sy - S

W TeH30p
Jix —'J.ry —'sz JEE 0 0

"_Jyx J),y —Jyz -1 0 er 0¢.
—~do _""]zy Jzz 0 0 "'CC

YpaBHeHue SAMHNCOMNA WHEPLHH, OTHeCEHHOE K TABHBIM ocam, Gyner

I8 - Iy + I =R, (17
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HIH B ApPYr¥x 0003HAYEHHAX
AE2 4 B CL2 = A2, 17%)

Ecan ypasuenue (12) mMeer IBa paBHBIX KOPHA, Hanmpumep A;== Ao,
TO 3aKJIIOUEHHe O MepNeHAMKYJNAPHOCTH HampaBneHud [/ u 2, Kak BUAHO
U3 ypaepHenns (14), He mMeeT MeCTa; B ITOM C/Iy4yae MBI HMeeM

Jyg=1Jp, (wm A=B),

T. €, IBa TJAaBHHIX MOMEHTa HHepUWH MexAy co00i0 paBHbl, H YCJAOBHIO
(11) 6ynyT ynoBneTBOpsTH BCe HANpaBAeHMs B MAOCKOCTH 1], BHIXOXf-
e u3 Touku O; CaelnoBaTeNbHO,

Bce OCH B Naockoctd En Oyayr Mz rg-z} 2
T IABHBIMH OCAMM HHEPUHH, U 911N~
coul HHepuun OyleT 3AARNCOMIOM
BpallleHnd, a NAOCKOCTh En — ero
9KBATOPHAALHON NAOCKOCTHIO.

Ecan BCe Tpu Kopua OynyT
paBHBHI, T. @, eCiau Ay ==X, ==h,, TO
saAMMncous HHepuux obpawmaercs
B cdepy, ¥ BCe OCHM, NMPOXOnsiNHe
yepes Touky O, OyLyT raaBHBIMH;
B 9ToM cayuae Touka O HaabiBaeTcs
wapoBsoil TOYKOH Tena.

12, CeoficTBa rJaaBHbIX oceil
HHepuuu. B npenninywem mnyHxre
OblI0 1I0KA3aHO, YTO eC/lH KaKad- Puc. 45.

Aubo ocb, HalpuMep X, HABAAETCS
raagHol aas ToukH O, TO NPOH3BENeHWs WHePUHHU, COJepsKale KOOpIH-
HaTy X, o6pawainTcs B HYAb, T. €.

S
~
-~
»J

“Yeye)

nyzzim,xiyl_{) sz_Zm 2%, =0. (18)

O6paTHO, ecan umeloT MecTo papeHceTBa (18), To ock X Gymer rias-
Ho# oOcblo uuepuuu. IeACTBUTeNbHO, B 9TOM CAyuae ypaBHeHHe 9Aaull-
couna uHepuuu Oyrner

Jex Xt Jy V2 4,20 —2J,, 92 =R,

OTKYLa CJeLyeT, 4TO Ocb X OyneT TA4BHOH OCbI0 ITOTO IMNOCOMIA.
Caenopatenbno, ycaosus (18) apasioTcs HeoOXOIMMEIME M JOCTATOYHBIMH
19 Toro, 4roOu OCb x OBlJa IJaBHOM OCBI0 HHEPUMH.

HokaxeM, 4yT0 ecau 00HOpoOHOe abGCONIOTHO TBEpPNOE TelO HMeeT
OCb CHMMETPHHM, TO 9Ta OCL OyleT TaaBHOH OCBIO WHEpUMH [1/d BCeX
Todex nmanHo#t ocu. Ilycte oce x (puc. 45) OyneT OCBI0 CHMMETPHH
OIHOPOAHOr0 abcom0THO TBEPAOro Teja; TOTAA KAKION uacTHue Tena
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M(x, y, ) 6yner coorseTcTBOBaTH Takas ke dactuua M’ (x, —y, —2),
a Mo3ToMy

E mx,y, =0, Z m;x;z2,=0;

ClenoBaTenbHO, OCh X OyleT riaasHOW OChI0 uHepuwM ana Touku O, npu-
YeM NpuBeleHHOE AOKA3ATENLCTBO MMEeT MeCTo Aaf JMoGOH Toukx O na
OCH CHMMETpHH.

Touno Tak e MOXHO IOKa3aTh, YTO eCAH OMHOPONHOe ABCOIOTHO
TBEpPIOe Ten0 HMEeT NJOCKOCTb CHMMETpHM, TO AJA BCEX TOYEK 3TOM
MOCKOCTH OIHA M3 TJaBHBIX ocell WHepumu Gyner K Hell Nepnenauxy-
agpra. B camom Jene, ecau npHMeM NAOCKOCTb CHMMeTpHH 34 NO-
CKOCTE Xy, TO BCAkoW vacthue M(x, y, z) 6yleT cOOTBETCTBOBATH
z(z) rakas e wacrmua M’ (x, y, — 2), cne-
L0BaTebHO,

Dmzx,=0; Xmzy, =0,

M- # a INOTOMy oCb 2, MepneHIHKyNdpHas
K NAOCKOCTH XYy, OyAeT raaBHON OChLIO
i ,  HWHEDUMM IIA TOWKH O, npuueM NOAOKe-
v Hue Toukn O B NAOCKOCTH CHMMETDHH
COBEpINEHHO NPOU3BOJBHO.
¥ [naBubie oCH HHepuuu 1A LEHTpa
Puc. 46. MAcC TeJa Ha3uBAIOTCH 2AQBHHLMI GeH-
mpasvAuMe  ocaMu  uHepuun. Touwn,
Jeialige Ha IVIABHHIX UEHTPAJNbHBIX OCAX HHepUHH Tenaa, 061anaiT TeM
CBOHCTBOM, 4TO A4S BCeX STHX TOYeK TrjaBHble OCH WHepUMM Napaj-
JeNbHB TAABHBIM UEHTPAJbHBIM OCAM uHepuuu (a ClenoBaTenbHO, H
mexny coGo#t). JeHcreurenpHo, nycts C ecTh MeHTpP MacC Tena, a X,
¥, Z —TnapHble UEHTPanbHble OCH HHepuuu (puc. 46). BosbMeMm Ha OcH x
Touky M, npuuem CM =a, u nposexem uvepe3 M ocu y' u 2’ napan-
JeabHo ocam ¥ H 2, Tak Kak ocb X eCTb raasHad 1aa Touku C, TO

Dimxy, =0, Xmxz;=0.
fTepexons k cucreme koopmunar x’, y’, 2’ ¢ navamzom B M, umeem
’ ! ‘.
Xp=x'—4a Y=Y =2,

MOACTABAAS 9TH Be/HUMHHI B NMpEIbLylIMe PaBEHCTBA, NOYUUM
2im(x;+a)y;=0, Xm(x;4a)z;=0,
Hu
[ r ’ ’ r r.
Dmxy,=—aXmy, Amxz;=—aXmz;

HO TaK KakK
’ L
2my =Xmz=0,
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KaK CTATHYeCKHE MOMEHTHl Te/lda OTHOCHTEeJAbHO NJIOCKOCTeH, npoxoadinux
4Yyepes UeHTp Macc, TO HMeeM

P S L S T
Emfxtyi—(l, Zmixézi—ﬂ,

€Ael0BaTebHO, OCb X OyneT rNasuoM OCbi MHepuus u Aaa Touku M,

Janee, Tak Kax ocu ¥y u 2z GyAyT TOXE T/aBHBIMH, TO Zm,yjz£=0.
a oTCIIa Clelyer, 4TO

3 myyiz=0;

cnenoBatenbio, ocu Y’ w2/ Oyiyr Takike TAaBHBIMH OCAMH MHeEPUMH
ana toykm M, 4to u TpeboBanoch NOKasare. HymHO 3aMeTHTb, 4TO
JpYTHE TOYKM Tena 9TUM CBOHUCTBOM BOOOme He oGaanaior.

13. Bsaumupii (rHpanHoHHblil) SAJHICOHX HHepnuH, B wHexoro-
PHX CAyuasdx BMeCTO SJMHNCOMAA MHEPUMH, paccMOTpenHoro B n. 10 u
OOLIKHOBEHHO HasbiBaemoro saauncounom Ilyanco, ymo6uo noabsosaTbes
B3aUMHEIM SJIJIANCOMAOM MHEDPUHH,

Aanuncoun Ilyauco nas Touxkn O, eCam 3a KOOpAMHATHBIE OCH B3ATH
IJIaBHblE OCH WHEDUMM, HMeeT ypaBHeHWe

Ax? By C22 =22, (19)

rie A, B, C cytb raasduie MoMenTH nHepuud Aas Todkd O. [Moay-
OCH 9TOr0 3/ /MMMCOMAa, coraacuo paseHcTsy (8'), Oymyr

k

a=-t p=_K

k
VA v ‘Tvye

T. €. 06paTHO NpPONOPUMOHANLHBI KOPHAM KBAAPATHBIM M3 T/IABHHIX MO-
MEHTOB WHEPUMH; WJH, eC/IH BBECTH TJIaBHBIE PAIMYCHl WHEPLMH, N0JOKUB

A=Mpl, B=Mp,, C=Mp
TO
k

0= —-—, b=

PaV M’

T. e, noayocH Oyayr oOpaTHO nNpoOnOpPUHOHANbHBI TJABHBIM pagMycam
HHE UMM,

Bo saaumMHOM 9yIMNICOMAe HMHepUWH, HA060POT, MOAYOCH NPAMO NMpO-
NOPUUOHATEHH KOPHAM KBAAPATHHIM M3 [VIaBHLIX MOMEHTOB WHEPUMM WK
TNIaBHBIM pafnycaM MHepuud. BsauMueifl saauncomn wHepuMH NMOAYHaeTCs
u3 snauncouna Ilyanco (19) nytem xpofiHoro npeoGpasosanus. [lepeoe
npeoOpasoBakue COCTOMT B TOM, yTO 4Yepe3 Kawiayw Touky M sanun-
conaa (19) npoBoanM KacaTenbHyl NJOCKoCTh W 13 uentpa O ony-
CKaeM Ha Hee NEpPNeHIUKYAAp; NepeceyeHHe ITOro MNepneHfHKynapa C

k k
— = ——,
PV M Pe Y M

10 H. H. Byxroasy
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KacatenbHolt MA0CKOCTLIO onpeneaut Touky M’ (puc. 47). Feomerpuueckoe
mecto Touek M’ OyleT nmOBepXHOCTBIO, KOTOPAf HAasbiBaeTCH nodepuoll
nO8epXHOCMBI0 NAHHOTO SAMMNCOMIA OTHOCHTenbHO uentpa O. Bropoe
NpeoGpa3oBanue 3aK11043eTCH B MHBePCUN TOUKM M’ OTHOCHTEJIBRO OKDYK-
HOCTH MNpOH3BOJLHOTO pamuyca R, 1. e.
B nocTpoennu touku M”, xoropas onpene-
NAETCH PABEHCTBOM

A oM =2 (20)

/P Feomerpuueckoe Mecto Touek M” n macr

] ¥ noBepxHocTb, KOTOpas OyAeT 9AMHICOMIOM,

B3aumMubM samuncouny (19). Hanaem ypas-

HEHHE STOTO SJJHNCOMIA, AAs 4yero HeoOxo-

AMMO HaWTH BhIPaKeHHS KOOPAHHAT TOYKH M

samuncouna (19) yepe3d KOOpPAMHATH TO-

ykn M” u nogcrasuth B ypasHeune (19).

Bripasum cHayana KOOPIWHATHL TOYKH

Puc. 47. M(x, v, 2) uepes KOOPAWHATH TOYKH

M7 (x", v, 2"). Tak xax OM’ ectb pac-

crostne Touku O 1O KacarenbHOM NJOCKOCTH, TNpoBeleHHo# uepes

Touky M(x, y, 2) osnauncouna, npuwiem OM’ napanneabHo HOpmanw
k sanuncouny (19) B tTouxke M, To umeeM

k2
OM=p=——roooooo ——;
p V AZx? |- B2y? }- C222
cos (OM', x)= A;:p , cos(OM’, y =%£. , cos(OM, 2)= 2:1’ :
@n
nanee, u3 paseHcTs (20) u (21) umeem
OM”:%; x"=0M" cos (OM', x)= Ast.
Y’ = OM" cos (OM’, y)=—27— B}'R , 2'=0M"cos (OM’, 2)= sz :
orciona ” i -
. o zﬂ
t=FT R Y=ERE =TE 22)

IToxcrapnas 3Ha4YeHHA (22) B ypanneune snnunconaa (19), noayuum

Rt
LA S SR (23)

T. . reoMeTpuueckoe MecTo Touek M” ecThb 9amunconn (23), koropuft
u OyneT B3aUMHLIM IO OTHOMWeHWIO K aauncouny (19). Jlerko sumers,
Y10 raaBHBEe OcH sanunconnos (19) u (23) cosnmamaior, npuueM 1%
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spaunconna(23) noayocu OGyAyT NpAMO NMPONOPUHOHANbHE KODHAM KBA-
PaTHBIM 43 TJI2BHBIX MOMEHTOB HHEPUMH, T. €.

s=m VA b=4VB c=4VT.

Ecau npeoOpasoBanusi, NOCPeNCTBOM KOTOPHX MBl NOJYUHAH M3 8-
auncoufa (19) sanunconn (23), npuMeHHTb K saauncouny (23), To, xak
HeTPYLHO MoKasaTh, MOAyuuM saauncoua (19), scaenctsue wero o6a ITux
SANHNCONIA U HA3bIBAWOTCH B3AUMHBIMH,

§ 12. Bpawenune aGcoalOTHO TBEpAOro Teda BOKpYT
HeNnogBHXHOA oOcH

1. Ypapuenue apHweuus, Ilycrb abcomoTHO TBeprOe Tend Bpa-
uaercd BOKPYT HeNOABHXKHON OCH nom JAeRcTBHEM CHCTEMbI aKTHBHBIX
cun Fy, Fy, ..., F,. Jlng BHBO12 YPaBHEHHS IBHMKEHUA MPHMEHUM TeOpeMy
06 H3MeHeHVH KHHETHUECKOTO MOMEeuTa OTHOCHTeAbHO lienoaBuxHOR ocH,
XOTOpYI0 npumeM 3a ock 2z (puc. 48).

r4
Hmeen 1)
da, %
= Y, mom, F,. 1) & 8
dt Z z QR i 5
Ho, kak Owsao nokasaso [cm. § 2 dop- I !
myay (9)], aas Tena, BpaliawoINErocs BOKPYT |
HeMOIBHKHOHK ocn 2, I 6
dg {
G,=J,0= Jzz"'a? . A A
|
Tloncrasaas sto auavenue G, B paseHcTso (1), g gy
TIONYYUM YpaBHEHWE [BHXKEeHWs TBeplOro
Tela, BpAlAIOIEroCsd OKOJO HENoIBHKHON ¥
OCH, B BuIe z
d¢
o T =2 mom, F;. (2) PIE &

Hnrerpupya 910 ypasHenue, HAXOAMM Yroa ¢ Kak (yHKUMIO BPeMeHH
Y 9THM BHOJAHe ONpeneadeM ABHMenue, W60 B LAHHOM CHyude CHCTEMA
HMeeT ONHY crenedb cBoOONM M NOJOXelME €€ BMOJNHe ONpereaseTcs
yraoM @. Ecaum BHeluHue CcnAB OTCYTCTBYIOT WJIH HAnpas/ieHHe WX NPo-
XOAUT uepe3 OCb BPaleHHs z, 10 2y mom,F, =0, u Mu nmeeM

d%p dg
-‘F'=0, ?‘*:{!)‘-:CODSL q)m%—i—mt,

T. €. BpaweHue OyAeT NPOMCXONUTb C MOCTOAHHOH YrJAOBOH CKOPOCTLIO.

) Peaxumu cBs3eil, 3aKpenasioumx Teao Ha ocH (naopumep, B Toukax A n
B), nepecexarnt 0Cb 2 H N03TOMy B NpaByio yacTh ypaBHewus (1) He soiimyr.

10*
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2. JlasneHHe Ha ochb. Bpawenne TBepIOro Tena BOKPYT HEMOLBHMK -~
HOA OCH MOMHO PAcCMATPHUBATh KAaK [BHXEHHe TBepAOro Teid, NpH KO-
TOpPOM NBe ero ToukM A u B HenoaBuxuo sakpennendl. Ilocnennee onpe-
Jenenne ynoOHO TeM, 4TO BNOJHe ONpeleseHHO pelllaeTcs BONPOC O peak-
UMAX CBHA3H, @ MMEHHO MOMHO CKasdaTh, 4TO CBA3b, OCYLECTBIseMasn
IBYMA HeNOABHMHLIMH ToukaMu A u B, no axcuome o CBA3AX IKBUBA-
JIeHTHA [BYM peakuuaM, NPHJIOKEHHBIM B 3THX TOYKAX, 9TH peakuun
0603HauuM yepes A u B. AxTuBHbIC BHewiHHe CHAH 0003Haunm vepes Fi,
F,, ..., F,; Hauano KOOpI¥HAT BO3bMeM B TOuke A W 3a ocb AZ NpuMeM
ock BpameHus (puc. 49). Tlpusmenas rteopemy
06 M3MeHEeHHH KOJHYECTBA NABHKEHHs, HMEeM

N mo=A+B+NF. ()

ITpoexTupys 00e uacTu pasexcrBa (3) Ha KOOp-
IAMHATHLIE OCH, NOJYYHM TPH YpaBHeHMs:

d .

W E|m1xi"_'Ax+Bx+ E:ijs

d [

TisziYi_—Ay+Br+2 Fiy. ®
d .

Puc. 49. W E mizi=Az+Bz+ E F‘z.

Ilpumenss Teopemy 06 H3MEHEHHH KHHETHYECKOTO MOMEHTa OTHOCHTENLHO
entpa A, uMeeM

2Ny X mp)=AB X B+ Y, (r, X F)). ®)
Himes B BuLy, uTO
i j R
mom,B=ABXB=|0 0 AB|,
B, B, B,

W npoekTHpys 00e yacTH paseHCTBA (5) HA KOOPIHHATHBIE OCH, MOJy4YdeM
elle TPH ypaBHEHHS:

d . -
5 2 my(yi2;—2,9,)=—AB - B,+ 2 (0F, —2;F ),
%Emi(ziki —-—xiéi)= AB. Bx+2(zif‘u- XF., (6)

d . .
ﬁzms(xil’;""}hxi)= E(x:FIy"' YiF )
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TlpeoGpasyem miecTh ypasuenn#t (4) u (6), umes B BHLY, uTO

X=rcosq, Jéz——rsimp-Ep——*—ym, .i"=-xm2—yaf,
y =rsing, :y-—zrcoscpvfp-:xm, y=— yo?+ 2o
z=const, 2z==0, 2==0;
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TOrZa, BHNOJHAA AuddepeHuUpoBaHre W MOLCTABJAA 3HAYEHHA X, X, V»

¥, 2, z B ypasHenus (4) u (6), nonyuyum

—a? X mx—oXmy=A~+B,+ XF,,
—@ A my,+odmx, =A+B,+ JF,,
0=A4,4+8B,+ ZFw
—o X mz,x+0t 2imz,y,=—AB . B+ 2 (y,F1,— z,Fyy),
—oXmey,—e Xmzx= AB-B,+ X(2,F,,—x,F,)
o D m(xi4y)= 2% Fiy—yiFis)-

Hpnuuuaa BO BHWMAHHE, 4TO

2 myx; = Mxg, Z my; == Mye., Z m;y; 2, =—‘-"y3.
Zmlztxi"—_ zx' Zml‘(x?"}‘.\’%):\!zz‘

(7

rie C ofosHauaeT UeHTpP Macc Teja, MpeicTaBuM ypaBHeHuss (7) B Bule

— Mxco?—Myco=A,+B,+ 2 F,,
— Myco? +Mxco= A+ B, + X F,,
0=Az+Bz+2Fsh
Jy,? —J, 0= — AB . By ¥ mom, (F,),
— 0 —J o= AB-B,+ X mom,(F),
Joa0 = 2 mom, (F)).

@8

TlocnenHee ypapnenne cucTembl (7) uau (8) He colepkuT peakuuft u,
C/lenoBaTeNbHO, NaeT ypaBHeHHEe BpalleHWA TBEPAOrO Tena OKOJAO Helo-
ABuKHOH oCH (2); uHTerpupys 3TO ypaBHeHHe, Ml Ha#aeM cHavana yrio-
BYIO CKOPOCTb ®, 2 3aTeM M yFoa @ B (yHKuuu BpeMenn f. OcCTanbHbie
NATb ypaBHeHHfl CONepKAT NPOEKUMH HeMsBecTHHX peakuutt A u B, uucao
KOTOPHIX pA4BHO 1eCTH; CHCTeMa, CJeloBaTelbHO, OKA3LIBAETCH Heolpe-
JeleHHo#t, a HMeHHO, H3 ypaBHeHHs TpeTbero NepBOH TPYINB MbBl MOXeM
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onpenenuth aHb cymmy A, B,. [Ty HeonpeneJeHHOCTE MOKHO yCTpa-
HWTb COOTBETCTBYIOWIMM BuOOpOM (OPM TOMIMNHHKOB (cBAsed) B Toy-
xax A n Bl

3. ¥YcaoBus, NpH KOTOPHIX AMHAMHYECKHE PEaKNHH paBHbl CTATH-
yeckuM. Ecan On TBeproe Teno, uMeloulee HEMOABHKHYIO OChb Bpale-

HHfI, GBIO HEeNMONBMAHO, TO W==0==0, ¥ fneBee 4acTu ypasHenul (8)
papHsuCh Obl HYJTIO; NepBble NATh ypasueHu#t Ovian Oul Toraa OOHIKHOBEH-
HbIMU YPABHEHHAMU DPABHOBECHS M CNYKHAM OBl 19 ONpefcaeHHs peakumi,
KOTOphIE B 3TOM C/yuae HA30BeM CTATHUYeCKMMM, a NOC/ENLHee ypaBHeHHe,
kak He comepsdiiee peakuui, Owbno Onl YCITOBHEM paBHOBecCHs.

B oramndue OT CTATHYECKHMX peakuWi, peakuud NpPH BpamieHu#H TBep-
noro Tena OyneM HaswBaTh duKamuveckumu. BosHWKaeT Bonpoc, BecbMa
BaXHBIl B TeXHWKe, 00 YCIOBHAX, MPH KOTOPbLIX BPAlleHWe HE BLI3LIBAET
n06aBOUHBIX 1aBJeHUR Ha och, T. e. 00 ycn0BMAX, NpPH KOTOPHIX QHHA-
MHueCKHe peaKllH¥ IeAalTCs pPaBHbIMH CTATHYECKHM.

[Ipy NpPOH3BOJMLHHIX YCJIOBWAX BpallleHHT TBEPAOr0 Teld IHHAMHYE-
CKHe peakuMH MOryT BeCbMa CHJbHO OTJAMYATLCA OT CTaTHYeCKHX. ITO
BuaHO XOTa OB 3 TOro, uro ecAu Onl B CAyuae PABHOBECHS BCE BHell-
HMe AaKTHBHBIE CH/Ibl DAaBHAJMCh HYJIIO, TO ¥ peakunn Takke Obiny Oul
paBHBl HYJIO; OLHAKO MpH BpalieHHH TBePAOrO Telna OKOJNO HeNOABHKHOH
OCH JHHAMWYECKHE pedKUWH NPH OTCYTCTBHH BHEIMHUX AKTHBHBIX CHJA y e
He Oy@yT PpaBHATHCA HYMO, TaK KaK JieBble YaCTH 4eTHpex u3 ypaBHe-
nuit (8) ne pasubl nymo. OTciona, Mexy NpPoYHM, ACHO, YTO IAS NOAY-
YeHWs NaBJeHWA HA OCb, BLI3HIBAEMOr(O BpalleHWEM TeNa, HYXKHO BHELIHHE
AKTHBHEIE CHJIL B 9THX YPaBHEHMAX MPHPABHATH HYJIO.

HalineM ycnoBuA, npu KOTOPHX BpAllEHWE TBEPIOTO TeNa He BLI3bi-
BAET AOGQBOHHHX peaKu,uﬂ, T. e, YCJOBHA, NPH KOTOPHX AHHAMHYECKHE
pedKuMH paBHBl CTATHYECKUM; IJf 9TOrO HeOOXOIMMO M JOCTATOYHO,
yro6Bl JeBHe 4YacTH ypasHeuunid (8), 8a HCK/AIOYeHMEM, KOHEYHO, nOCheln-
Hero, He COJepialiero peaxkuuit, paBHAANCH uyaw0, T. €.

X0 4 Yo =0, Jyp0? —J, =0,
. H .
X0 — Yo’ =10 Jy,0 4 J,,0* =0,

Tak Kak onpenenauTe]n

©

. .

2 o o —0
- “ -
®w —o? @ @2

NpH BPAIEHMH Teia He paBHbl HYAI0, TO pasencTBa (9) MOTYT MMeTwb
MECTO TOTZA M TOJbKO TOTHA, KoOTIa

Xe=Yye¢=0, Jy,,=J,, =0,

T. €. eC/M UEHTP THKEeCTH TeJd JEKHT Ha OCHM BpalleHuss M OChb Bpaine-
#us Oyler TIaBHON OCbIO MHepuuH Aas onHOf u3 cBouX touek. Coenuuss
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06a peayabTara, MOXeM CKasaTb, YTO NP BPAUeHUl QOCORIOMHO meep-
doz0 meaq He 803Huxaem G06asOMHbX OABAEHUE H& 0Cb Bpawerus,
m. e. QunaMUdecKue OQ8AEHUA DABHL CIMAMUYCCKEM M020a & MOAbKO
mozda, kozda oceo spaweHun Gydem 00HA U3 2AABHLIX WEeHMPAAb=
HBlX Oceil uHnepyuu,

Bce wuanomesHOe OTHOCHAOCH K BPAlUEHHIO HeCBOOOAHOTO TBEPIOTO
Tena, y KOTOpOro 3akpensieHbl JBe TOuKM. PaccMOTpuM, NpHU KakHX
YCAOBHAX MOXET MNPOUCXOAWTh BPawateabHOe [BHXKeHHe CBoBoaHOrO
TBepiaoro Tena. JlonycTuM, uTo HMKAKMe 3anaHHBle BHEMIHME CHJLI Ha
Tea0 He neficreylor. [Mockonbky Teno dABasieTcd CBOGORHLIM, BCE PeaKUHH
cBa3el OyayT Taxwe paBubm Hymo., Torma w3 ypaeHeuwnd (8) caeayer,
4TO M B NAaHHOM Cayuae LO/KHLL BLINOAHATECA yCjaoBus (9), T. e. ceobon-
HOE TeJ0 MOMKET COBeplIaTh YWCTO BpawarenbHoe
IBWeHHe TONbKO BOKPYT OXHOM u3 CBOMX TnaB-
HHX UeHTpanbHLIX ocefl uHepuuu. [To srToft npu-
Y{HE YKasaHHBIe OCH Ha3bIBAIOT elle C80000HH MU
OCAME BPAUEHUS.

B mose TamecTn TBepAOE TeNO MOKeT Takike
COBepIaTh YWCTO BpallaTeJbHOE IBUKEHHE BOKPYT
OnHOH# M3 CBOMX TMIAaBHEIX UEHTPANbHBIX OCell uHep-
UMM, eClH 3aKpeNHTb KAKYIO-HHOY b ONHY M3 TOueK
STOU OCH M eCAU PABHOAGUCTBYIOINAA CHI TAKECTH
OyNeT MNPOXOIMTb 4Yepe3 STy TOYKY; MPHMEPOM
CAYMCHT BpallleHHWe BepTHKAaNbHOrO BOJYKA,

4, dusnyeckuit MagTHHK, PusHUECKUM MAAT-
HHKOM Ha3piBaerc abCOMOTHO TBeprOe Telo, Puc. 50.
KOTOpOe MOXeT BpawathCd BOKPYr HeNOABHKHON
ocu non nmeficreueM cuabl TAmectH. Och BpaweHus OyneM CuUMTaTh TOpH-
sOHTanbHOW W nmpuMmem ee 332 ock 2. [IpuMem 3a maockocTb Xy BepTH-
KaJbHYI0 MAOCKOCTh, NMEPNEHIMKYASPHYI0 K OCH 2 W NPOXOAfllylo uepes
ueHtp TamectH C maaruuka (puc. 50). Cocrasass Ins MasTHUKA ypas-
Hetue IBwxenus (2) u Bpona obosHauenue OC == a, noayuuM

Jo LL— — Mgasing,. (10)

rie J, ecTb MOMEHT HHEPUHM Tela OTHOCHTEJNbHO OCH Z.
Vpassenue (30) MOXHO NpenCTaBHUTb B BHIe

a Mgasi
@+ =0, Ei

CpasuuBan ypasnenue (10°) ¢ ypasneHueMm ABHXeHHS NAOCKOTo (Kpy-
FOBOTQ) MaTeMaTHyecKOro MaaTHUKA, KOTOpoe uMeeT BHR (cM. 4. I, § 38)

dip g .
=i +sing=0,
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HAXOMMM, uTo (u3nueckudl wmasTHHK OyaeT Kone6Garbcs MO TAKOMY e
BaKOHY, KaK NAOCKHHA MaTeMaTHYeckuf MadATHHK IJIHHOW

J
=52, (11)

rie @ eCcTb paccTOAHMe OT LEHTpPa TAMECTH IO OCH BpalleHud; Taxoft
MmareMaruyeckuil MAasTHHK HasbIBAIOT CHHXPOHHBIM NAHHOMY (DH3HYecKOMY,
4 BeJIHYMHY [ — npuBeleHHOR IauHON (Pu3HUECKOTO MasTHHUKA.

Jlas Manwx xoneGanuil (uaHuecKOro MasTHMKA NonaraeM sin @~ @;
toraa ypasuenne (107) npumer Bun

d¢  Mga
a7 -e=0

cp:.—asin('/ A}ga ¢ +8).
0

rle 0 ¥ €&— MNOCTOSHHBE, ONpeleifeMble M3 HA4YaJIbHBIX YCI0BHR 1BH-
WeHHA,
ITepuon Manux xoneGanu#t uanudecKoro MastHuka OymeT, OYEBHIHO,

-I/ o
T=2n Hga (12)

Monaras J,= M}, rne {, ecth pamuyC WHEpUWH TeNa OTHOCHTEIbLHO

ocu 2z, noayuyuM u3 paseHctBa (11) Aas npuselenHoft WanHE usHue-
CKOTO MafTHMKA BhIpAKEHHe

OTKynAa

1 i
Tax kak no TeopeMe [ofirenca
Jo=Jo+Ma?, =0 4a (14)

rae Jo eCTb MOMEHT HHEpLUMH Teld OTHOCHTeJbHO OCH, TNpoXonsule#
Yyepes ueHTp TamkecTH C nNapanienbHO OCH 2, a4 o — palKyC MHepUHH
OTHOCHTENBHO TOH e OCM, TO, MOACTaBAss 3hauemns (14) B Bhpame-
aue (13), moayunm

it
l=a+-<. (15)

W3 pasencrsa (15) Buanmo, uro Bcerma !> a, T, e. NpHBeleHHas
anuHa (husHyeCKOro MaaTHuKa Bceraa Go/bllle pAacCTOAHMA OT UeHTpa

TAXECTH MO0 OCH Bpalenns. Ilonaras TC=§, HMeeM

e 2
af =i,
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T. € aaxHa § ABaserca TpeThel NPONOpUMOHANbHOH BeaHuHH @ M ip 1
MOxeT OLTb NojyyeHa NPOCTHM reOMETpPHYECKHM noctTpoeHueM (puc. 50).

Hokaxem, 4TO ecin 3a OCb BpalleHus (H3MUECKOTO MAfATHHKA BaATh
NpsAMyw, HapanielpHyl0 NepBOHawanbHON OCH Bpallenus 2 M NpoXongd-
mylo uepes Touky O, KOTOpas /eXHT B NJOCKOCTH XY HA PacCTOAHHH
l=a-% or ocu 2, 10 nepuon KoneOaHua (HH3HYECKOTO MAATHHKA He
usMmenurcd. deflcTBuTe bHO, BO3bMEM 33 OCh BpaiueHus ocb O’ (cM. puc. 50),
napaaneqnbHyI0 OCH Z; TOrAa Aad 31oft ocH, Ha OCHOBaHHM paseHCTBa (15),
npuBeneHHas AaxHa MasTHuKa Oyner

2
¥ =§+—C- r
£
MOACTaBAAA BO BTOPOH uneH NpaBoft yacTH STOFO PaBeHCTBA aHaueHue E,
TONTY4HM
I'=f+a=I,

T. e. gaa ocn O npuBedeHwas AausHa Gymer Ta ke, wro AaA ocu O,
OTKyZla H c/edyeT AoKaswmiBaemoe. Takum o6pasom, ock O u O aBasoTcst
paauMHbiMu. Ha 9TOM OCHOBaHO CBOHCTBO 000pOTHOrO (uanueckoro
MasTHHKA, HCNOMbL3yeMOe B M3BECTHOM M3 Kypca ¢QusHKH 0GOpPOTHOM
masTHuke Karepa, npuMeHseMOM IAs 9SKCMEPHMMEHTANBHOTO OnpeleieHus
YCKOPEHHS CHAbl THKeCTH. 3aMeThM, 9TO Touky O Ha3HBAIOT UEHTPOM
Kauauu#l GpH3MYeCcKOTo MaATHHMKA.

5. JlaBnenHe MasiTHHKA Ha ocb. 18 onpeleneHus NaBaeHMs (pHIH-
4eCKOro MafdTHUKA HA OCh BPAUIEHHA BOCMOJb3yeMCs ypaBheHuamu (8) m. 2,
nMpHyeM NPelnoaOKuM, UYTO TeA0 ORHOPONHO H CHMMETDHYHO OTHOCH-
TeabHo NaoCkocTH Oxy, npoxonsuwel uepes uentp Takects C (cM. puc. 50).
Toraa ocb 2 Gyser raaBHo# Ochio WHepumu Tena 1a% Toukd O (§ 11, n. 12);
caenosarenbHo, J,,==J,,==0. Taxk kak B JaHHOM cJyuae Ha Ten0 Iell-

CTBYeT TOABKO OfHa cuna Mg, npunoxennan B Touke C (X, Yc) B M10-
ckocty Oxy H Napaane]bHas OCH X, TO ypasueHwsa (8), ecau cyuTaTh
TOuKy A coBnanawouie# ¢ O, NpuMyT Bul

— @PMxo—oMyc= A, + B, + Mg,
— @PMyc +oMxo= A, -+ B,,

0=A,+8,, : (16)
0=—AB.B,,
0=AB-B,, ‘

riae B—xakan-uubyas Touka ocu 2. ITpunuman Bo BHUMaHue, 4TO HA OCHO-
BaHun ypasHenu#t (16) B, =B, ==0 W Ccunras 3aKpenneHne B TOuYKe B
TaKkuM, uro B,=0, noay4um

A, =—@PMx; —oMy; — Mg, }

: 17
Ay =—"My; + oMx,. (1
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Vpapuenua (17) nokasuBaiT, YTO B CAyYae CHMMETPHH peaKUus oOCH
CBONHTCA TOAbKO K OnHOR cuie A, nmpuiomenHod k Touke O B NAOCKO-
cru Oxy; NpOeKUMH STOR CHAH Ha OCH X H Y ONPelensioTcs ypasHe-
Huamu (17),

§ 13. MaockonapannensHoe aBHMeHHe aGCOMOTHO TBEPHAOTO TeJa

1. Ilpu nnockonapannesbHOM JABHIKEHHH TOYKH TeJa NBHXKYTCR B MJ0-
CKOCTAX, Mapanfie]bHEIX HEKOTOPOH HEeMOABMKHOH (OCHOBHOH) MIOCKOCTH
{(cm. u. 1, § 9, n. 1), Beakoe aBuxeHHe TBEPLOTO Tela KHHEMaTHYECKH
H IHHAMHYECKM MOWXHO pacCMATpPHBATL COCTOAWMM H3 LBHMEHHT UEHTpa
MacC M OBMMEHHMA TeNa OTHOCHTeNbHO UEHTpa Mace, l'lpu nnocx{onapan-

RENBHOM  [BHMEHHHM UeHTp Macc [BH-

y Ly HeTCA NapanensHO HeNoIBHKHON mnno-

¥ CKOCTH, @ IBHKEHHE OTHOCHTEIbHO LEHTpa

M4acC ecTh BpalleHWe TeJia BOKpYr ocH,

NpOXOAALIeN uepes UEHTP Macc W NepreH-

I°  IAKYJASpHOH K HENONBMIKHOW MAOCKOCTH.

[TIposenem uepes uenrp macc C Tena

¢ 4 7+ NAOCKOCTb, NapannenbHyio HemoJBHXHOMN,

W BO3bMEM B 3TOH MAOCKOCTH HeNMOABHK-

ueie ocn Oxy (puc. 51). MaockocTe Oxy

nepeceveT Tej0 NO HEKOTOPOMY CEUeHHIO,

Puec. 5l. MOJNONKEHHEM KOTOPOTO  OTHOCHTENBLHO

oceft Oxy onpellensercs NOJAOKEeHHE TeJa,

[Mposesem uepea weurp macc C ocu Cx’y’, nmapaaneashnie ocam Oxy,

u nomsukuble ock Cx”y”, ckpenmnenHele ¢ TenoM. Torza nonomenue

Tena Oyzer omperensTbes MoxoxenneM uenrpa mace C, T. e. panny-
COM-BEKTOPOM 7¢ (X, Vo) H yraoM ¢ mexay ocamun Cx’ u Cx”,

[To TeopeMe 0 ABMMEHHH UEHTPAa MAcC HMeeM

dﬂr
dt’f _ZF:" (1)

Tae X F, ecTb raaBHbll BEKTOP BHEWHUX CHA, AeHCTBYIOWIMX HA TeNO,
7

e

M — macca tena. IpoekTupys oGe uactu pasencTsa (1) Ha ocH 0OCHOB-
HOH cHCTeMBl, MOAYUYHM

dx dy
c c
Md—ta‘—‘ZFu’ Md_¢2=2Fty' (2
Teopema MOMEHTOB OTHOCHTEALHO LEHTPA MacC 1aeT ypaBHeHMe
dt’ = 2 mome Fy, 3

rae Jo eCTh MOMEHT WHepLUHM Te/la OTHOCHTeApHO ocu C2’, mpoxolXsued
4epes UEHTP Macc.
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Wurerpupya cucremy Tpex ypasHenu#t (2) u (3), onpeneanm X,
Yo ¥ @ Kak (yHKUMHM BpemeHM f.

YpaBHenus ABHMEHHA USHTPA MacC MOMHO COCTaBHTb TAKHKe B NMpOeK-
UHAX Ha KacaTeAbHYI0 M FJAaBHYI0 HOPMaiab K TPAaeKTOPHM, T. €. B Buie

M——-—EF“. M———ZF;,,. 4y

Tle Up eCTh CKOPOCTh LEHTPA Mace, a Pc — PalUyC KPHBUBHH €r0 Tpaex-
Topuu, Toraa onpeleneHWe NBHMEHHS Tenad CBENETCH K HHTErpHPOBAHHIO
CHCTeMbl ypaBHeunft (3), (4).

Ipu uxrerpupoBauuu cucreMut ypasueuutt (2) u (3) uam (4), (3),
MOMHO 9TH YPaBHeHHA B3AMEHATb NPYTUMH, NOAYHAOUIHMHCA B pe3yib-
TaTe MX B3aMMHBIX KOMOMHALMR.

1) Bocnoabayemcs TeopeMOl 00 W3MeHeHHM KHHETHHeCKOW SHEpruu.
KuneTnueckas sHeprus TBepiOro Tela OTHOCHTENbHO HeNONBHKHON Ccu-
creMnt Oxy mo rteopeme Kéuura pasna

T = (M~ J @) = o (%% 4 32) + 2%), (5)

J
TIe U. ecTh CKOPOCTh LEHTPAa Macc, a £C=]/-Mg- ecTb panuyc nHep-

LMK Tena, OTHOCHTeabHO ocH Cz’, mpoxoxsileidl depe3 uentTp Macc.
Mo Teopeme 06 H3MeHeHMM KHHETHYeCKON SHepTHH WMeeM

dT =X\ F; - dr,. (6)

[Toacrapass BhIpaxeHHe KHHETHYeCKOH SHepPruH B 3TO PAaBEHCTBO,
MONYYHM ypaBHeHue

d 212+ 90+ 2@ = N (F o, dx,+F dy). @

KOTOPEM MOXHO 3aMEHHTH M1060e H3 TpeX ypaBHenu#t (2) u (3) nan (4), (3).
YpaBueHHe, BHpaXKaioiee TEOPEMY, MOKHO COCTAaBJATL H B KOHEYHOH

(unTerpaisHoft) gopme
T —Ty= A 3

2) INpumenuM TeopeMy MOMEHTOB OTHOCHTEAbHO Ocu Oz OCHOBHON
(Henonsuxuo#) cuctemst, Tak Kak, no NokasaHHOMY padee (cM. § 2, m. 3),
KHHETHYeCKHH MOMEHT OTHOCHTeNbHO HeMOIBHKHOTO ueHTpa O pasen
CyMMe KHHETHUECKOTO MOMEHTa LeHTPa MacC, B KOTOPOM COCPeAOTO4EHA
Macca Tena, OTHOCHTeNbHO LeHTpa O ¥ KHHETHYECKOTO MOMeHTa Tena
OoTHOCHTEnbHO UeHTpa C B ero JBHXKeHUH IO OTHOIUEHHIO K CHCTeMe
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ocet x'Cy’, NpoXOAAWMX yepe3 UEHTP MACC W NepeMelllaoIuXCes NocTy-
natenbHO, T. e.

dr '
Go=(rc)( M —-dTC)+Gc, ©)]
“TO
dy dx dyp
G = M50 € — ye S| +sc g7 (10)
B pesyabrare TeopeMa MOMEHTOB Haer

d dy dx dyp
E[M(chfl.—ayc—d-Tc-)+Jcm-]_—'..Z(xiFiy——_\)iFu). (11)

Vpasuenwe (11) Taxme moxer 3ameHutb moGoe H3 Tpex ypasueHu# (2),
(3) nmu (4), (3).

Csofonuoe TBepAace Tea0, Kak Cienyer u3 pesyabraToB n. 3 § 12,
MOMET CcOBeplIaThb MJOCKOMapa/ieibHOe HBH)KEHUE TONLKO NO OTHOLue-
HUIO K njockocTd Oxy, nepmeHIuKyAdApHOH K ONHOH H3 TJaBHLIX UeH-
TPaAbHLIX Ocel HMHEpuUMM TeRa; NPH 3TOM HeOOXOAMMO, 4TOOH IA% nef-
CTBYIOIIHX HA TeN0 BHEWHHX CHJ BHMOJHAAMCH YCAOBUA EFIz::O.
> momyF;=0, X momyF; =0 (cM. puc. 51), a HauanbHbE CKOPOCTH
BCeX TOYEK Tena JOJXHBL ObniTb paBHBl HYMAI0 WAM NapaniefbHBl MJI0-
cxoct Oxy.

[pn necsoGonHom nBu:keHuu ypasuenns (2), (3), (4), (6), (11) co-
XpaHAI0T CBOH BHA, HO B HX npaBble YacTH BOMAYT ellle peakumu CBA3ed,
IMosTomy nns OnpeleneHHs 3akoHa NBMKeHHs, T. e. X¢(£), Yo (£), @ (£),
U peaxuuil cpAsell K MOOHM TPeM ypaBHEHHAM IBUKeHUs HeoOXoauMO
eute 100aBUTE yPaBHEHHA, BHIPAKAIOLIHe YC/JOBHS, HalaraeMble Ha IBHKe-
Hue cpassMu, Ecay CBA3K uZeanbHble W ABHO OT BPeMeHH He 3aBucar,
TO peakuus STHX CBsi3ed B ypas-
Henue (7), BHIpaXaoliee TeOpeMy
00 uaMeHeHHH KMHETHUeCKOH sHep-
THH, BXOLMThL He OyayT.

B cayuae HeckoJbKuX TBepIblX
Tel IAA KaXIOTO M3 HUX MOXHO
COCTaBUTb KaKue-HHOYIb TPH ypas-
HeHHA [BMMEHHA, @ 3aTeM HCKNIO-
YHTh B3AWMHEIE PeaKlUny UM COCTaB~
AATh YpaBHEHWS [BHKEHHRA Cpasy
AAA CHCTEMBl ITHX Tel.

Puec. 52.

2. NMpumepsl. 1) Croavoacerue yu-
AUROpa 80046 HAKNQHHOE NAOCKOCML,
{lycts Taxennft Kpyranit munuHip XBmKercd, xacasch abcomwoTHO raajgko#t Ha-
KAOHHOM IOCKOCTH, 06pasyouieii ¢ rOPU3OHTaNbHON NAOCKOCTBIO YTOA @, TAK, YTO
OCbh IHAWHIpPA OcTaeTcl BCe BPEMA rOpH3OHTaAbHOH. JBHMMeHWe NPOHCXOIHT
napanjienbHO BEPTHKAALHOH MAOCKOCTH, MEepneHIMKYAfpHOH K OCH LHAHHIpA
{puc. 52). Haliiem ypaBHeHHA IBMKEHHA LUAHHADA.



% 13 TMJIOCKOMAPANJIEJIBHOE ABWMXXEHHE TBEPAOIO TEJA 157

Buemnue CHAB, ACHCTBYIOWINE Ha UWIHHID: cuAaa TAXecTn Mg M peakuuu
naxkaonuofi naockocti N. HanpasuM ocx OCHOBHOH CHCTEMBI CAGAyIOUWIAM 0Opa-
soM: Ox — BROAb HakJOHHOH mAockocTH M Oy — mepneadKyaspHo K Hel. Ecau
KOOPAMHATH UEHTPA TRKECTH 06O3HAUMM HUEPE3 X, ¥, TO YPABHEHUS ABHKEHHS
GyayT: “

Mx, = Mgsina,

My, =— Mgcos aN, (@)
Joo=0.

3necp Mbl WMeeM cayuaii HecBoGOAHOrO JBWMKEHHA. Y CJAOBME, HajaraeMoe Ha
ABHAKEHHE CBA3bIO, COCTOHT B TOM, 4T0 y. == R, jr'c =0. Toraa BTopoe u3 ypas-
HeHul TMPHHHMAET BHA

0=—Mgcosa+4N,

OTKya ONpeleffdercs peakuus
N=Mgcosa.

M3 tperbero ypasHeHus CHCTEMB (a) uMeEEM ¢ =@ = const, T. €. yriaoBas CKO-
pocTh BpaleHHA HHAHHApAa OYLeT OCTaBaThcA MOCTOSHHON BO BCE BpPEMA IBM-
WEHHA,

WMrak, upanpaap OyneT BpamlaTthca ¢ TOM yraosoll CKOPOCTbIO, KOTOpaA eMy
Goina coobulena B HauaibHHI MOMEHT, a LeHTp TXecTH ero (ock) Gymer aABH-
FaThCA BIOJb HAKIOHHOH NAOCKOCTH € yCKOPEHHEM x, = g sind.

2) Kauenue yuaundpa. YCNOBHA Te Ke, 4TO B MPENblIyUIEM NPHMepe, HO
fI10CKOCTs IIEPOX0BATAfd H LHAHHIP KATHTCA NO NaockocTn Oes CKOAbmeHusl.

K suemnuM cuiam Mg H N no6aBuTCH B 3TOM Ciyuae CHAa TPEHHRA CKOJb-
WeHHA F, HanpaBjAeHHad BIOJAbR HaKAOH-
HOH NAOCKOCTH B cropongg MPOTHBOO-
JOXHYK ABHXCHHIO (puc. 53). YpasHeHus
RBHKEHHS OyLyT

MX,=Mgsina—F,

Myc=-—-Mg cos a-N, (6)

fc¢=FR.
B nocaeiHeM YypaBHeHHH CHpPaBa SHaK My
nAwe, Tak Kak Jafl MOMEHTa cJaexyeT
Gpath TO Xe NOJXOMMTENbHOE Hanpasie- Puc. 53.

HHe, 4TO H JJas OTCHEeTa yriaa q. H¥EE-

HHe [O-TIPeXHEMY HecBobolHoe W yc==0; CAEA0BATEAbHO, H B ITOM chayuae
N = Mg cos a. Y3 nocaeliiero ypasHenns HmeeM
Jco

F=—,

R

B xamHoM cayyae CBA3b HafaraeT Ha JBHXEHHe elwe ONHO OrpaHHYeHHe: No-
CKOJAbKY NPH KAaueHHH UMAHHADAa MPHOBeHHas OCb BpaMEHHA HanpaBheHa BAOAb
o6pasylome#, Conpnkacamoueicst ¢ 0AOCKOCTbIO, TO B M060H MOMEHT BpeMeHH

Xo= R¢ 1, ciepoBareibHO, JEC = Ry. O6osnaaum panuyc HHEPUHH HHIHHAPA
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oTHoCUTeabHO ocH C uepes iq; TOrma JC=ME%, H Bbipaxenne Ias F npuMer
BHJ

Mi%x,
= ""_R2 -
MNMoxgcrasass 3T0 BHpaweHHe B mnepBoe M3 ypaBHeuu# (6), noayuum
. . Mi%xe _
ch +—-'RT= Mg smna,
AAH
ic
Xe (l+"ﬁ"2") = gsina,
OTKYna
= _ gsina
Xpo=—S—p—.
tc
"t

CpaBuuBaf NONyYeHHOE BHpPAaMEHHe C Pe3yNbTATOM NpEAbAYIEro npuMepa,
Mbl BHIHM, 4TO B CAy4Yae YHCTOTO KauyeHHUfl yckopeHue Oyner MeHbuie, uem
B Clyyae YHCTOrO CKOAbieHHs, TakoH e pesyabTaT MOXKHO NOAYYHTH H H3
TeopeMul 00 H3aMeHeHWH KHHeTHYeCKOH SHepruu.

Jast cayuas ogHOPOXHOTO WHAMHIpA

2 2 & A
JC=M2R y :‘%:s—};— H xc=%gsinm

Yckopenne, caenosateibHO, MeHbHIe HA OAHY TPETh Mo CPaBHEHHIO ¢ TeM, KOTo-
1
poe GymeT mpu uMCTOM CKOMbieHnd. CHiaa TpeHHS paBHa F=-3—Mg sina.

HaiineM [10NOAHHTEABHO, NpH KaKHX 3HauyeHWsx kosdduunenta tpeuuns f
HHAHHIPA O MAOCKOCTh BO3MOXHO paccMaTpHBaeMoe IBHXKeHHe (T. e. KawueHne
fe3 ckoabkeHUs). 3aMETHM, UTO KOMfla UMJMUAD He CKOAL3MT BJOAb NNOCKOCTH,
CHlla TPEHHSA MOMET He NOCTHraTh nﬁenenbuoro aHaueHud; nostroMmy F u N suecn
cBf3ann MHepaseHcTBoM F < fN. Iloacraeass ciopa nafinennne 3mavedns F
H N, uMmeem

1
3 Mgsino< fMgcosa,
OTKYAa

r>5tgo.

Ecan xosdduuuent tpenus 6yneT MeHbme STOH BeNMUUHB, TO MHAMHAD
OyneT kaTuTbCA BAOAb TUIOCKOCTH ¢ MPOCKaAb3biBaHHEM. YpaBHEHHS ABHMEHUS
npH 3TOM coXpaHaT Buj (6), HO ONHO M3 ycAoBHH, HanaraeMeiX CBSSSMH, HaMe-

HHTCH, a MMEHHO PaBEHCTBO X, == RQ ne Oyner nmerh mecra. Onnako BMecTo

9TOF0 [OABHTCH JPYroe COOTHOWEHHE: MOCKOAbKY TOUYKA KACAHHA CKOAbL3UT
BAOAL TJIOCKOCTH, TO CHJAa TpeHHs HMeeT UpPEReablioe 3HayeHHE H, CefOBa-
Teasho, F = fN,



§13] TIJIOCKOIMAPAJIIENIBHOE  OBUJKEHHE TBEPJOIO TEJA 159
B peayabrate l-e m 3-¢ ypasuenus B cucreme (6) DPHMYT BHA

- MR2 .
ch..—_Mg (sina — f cos a); 5 9= fMgRcosa,
OTKya

278
7 cos . (8)

Xo=g(sina—fcosa)y, §=

CnepoBaTeabHO, HeHTp UHAHHAPA B 35TOM Cayuae ABnuMETcH C NOCTOAHHBIM YCKO-

penHeM X¢, a CaM LMIHHAD BPAIIAETCH C MOCTOAHHWM YrAOBBIM YCKODEHHEM 4
3HaueHHs KOTOPHX ONpeleAflTcA paseHCTBamu (). JIA BHIUMCJACHMS ITHX Be-
JHYHH AOMeH OuITE JONMOJHHTEABHO 3a8aH
xoshduuueHt tpeHus f.
3) Kavenue quaundpa no yuaundpu-
yeckol nosepxrocmu. Ilyctb OfHOpOX-
Hbifi KPYrAb# DHAHHID DajgmycoM r Ka-
TuTcA 6e3 CKOAbXEHHA N0 LHAHHAPHUEC-
xo# e mopepxXHOCTH pasuycoM R (puc. 54),
HauMHas ABMWEHWEe K3 HaMBEICIIEro MoJio-
wennsi OGea HayaabHOA CKOPOCTH (TOUHEe
¢ npeHebpexnMo MaaoH Ha9aAbHOR CKO=-
poctbi), Haiinem, B KakoM mnosnomenun, R
oupeneasieMbiM  yriaom 0==0,, uuAHHID
OTOpBETCA OT MOBEPXHOCTH. l
Hanbpasum  jpedicTBylmue Ha Lu- e ﬁ-?
AUBID cuay TAKecTH Mg, HopManbuyio Puc. 54
eaKluio naockocTd N u culy TpeHus F. TR
{lu.lmnnp Oyner ocraBaTbcs Ha NOBepx-
HOCTH Ji0 TeX nop, mnoka peakuus N wHMeeT HanpaBlienue, NOKA3aHHOE Ha
pucyHke, CaenoparenbHO, A ONpeledeHnR MeCTa OTPLIBA, €CAH OHO CYUIECTBYeT,
Hano wafitw sapucuMocth N (0). DTy 3aBucuMocTh MpOIIE BCEro NOAYYHTH H3
YPAaBHEHHA JBMMEHNA NEHTPa MacC B MPOEKUHH Ha rAaBHYI0 HOPMaJb N K ero
Tpackropun [2-e ypasHenne B cucreme (4)], kotopoe paer

2

- > -

/1]

Ye
M R+r=MgcosG—-N. (r)
Bxoamsimyio ciona seauuuHy v?_- HafjeM u3 TeopeMbl 00 H3MEHEHHH KUHETH-
qeckoit SHEpruy
T—Ty= 3 A ()

Tak Kak ABHKeHHE HA4YHHAETCA H3 cocToAHHA nokos, 10 T, ==0. daa T no
Teopeme Kénura umeem

1 1 2 3
T=5 Mg+ 5 /o’ =

1 1 9 2
5 Moo M ==
7 Mvc+3 4
mockoAbKY, KaK H B OpeAbilyHieM NpHMepe, 3fiech HMEET MECTO COOTHOWIEHHE
v, = 0.
c

Cuas N u F B paunom cayyae paloTH He COBEpIAIOT, TaK Kak OHH Bce
BpeMs NPHAOKEHH B TO4YKe, sAeMeNTapHOEe NepeMeumeHHe KOTOpPoH paBHO Hysmio.
Pa6ora me chaH THXKECTH HA NEPeMEMEHuH, onpeneiseMom yraom 0, Gymer
A=Mgh= Mg (R+4r) (1 —cos0). B pesyabrare ypaBHenue (1) IpHHUMaET BHI

%va:= Mg (R+r) (1 — cos 6).

2
Mvc,
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Omnpenensas OTCIOAA SHaueHHe Mvzc M TMOACTABAAS €ro B paBeHCTBO (r), Halinem
OKOHUATEABHO

N = -‘-1’—;&— (7 cos 6 —4). (e)

Orciona BuAHO, yT0 ecan 7cos 6 < 4, To N > 0, T. e. peakuus UMeeT HaNnpasiae-
HHE, NoKa3aHHOEe Ha YepTexe, W OHAHHAD OCTAaeTCHd HA MOBEPXHOCTH, eclH Xe
Tcos8 >4, o N <0 ¥ HanpaBienHe peakund MeHseTcs Ha NPAMO MPOTHBONO-
aoxknoe, Ho peakumio, nMei0Myw Takoe HanpapjieHHe, NOBEPXHOCTb PA3BHTh HE
moxer. CrefoBaTeAnHO, MECTO OTpbIBA ONpelenfieTcd paBeHCTBOM

cos 8, =;;- (0, ~ 54°)

B OT BeJHYHH PAjHYCOB HE 3aBHCHT.
HaiineM, kakum ponweH O6uth K03(PHUUEHT TpeHHd, 4To0H LHAMHAD MOT
KaTuTbCA 6e3 CKOJbMEHHS A0 TOuKH OTpeiBa. JlAf 3TOTO HAAO0 BHYHMCAHTL BENH-

du v
yuny F. Coctasum 1-¢ u3 ypasneuuii (4) u ypaBrenue (3). 3aMeuas, uro th =S

NOAYYHM i “
Ms,=Mgsin@—F, J.o=Fr.

3ty ypaBHeHWs Takue e, Kak l-e u 3-e ypaenenus cucteMmu (6) B mpeiNAyweM
npumepe. I103TOMY, Y4MTBIBasi, 4TO M 8AECH §.==ry, M HCKIWOUAS H3 IABYX CO-
CTaBJEHHBHX ypaBHeHHH ycKOpeHHe, HafileM aHaJOrHYHO NPelbIiYUIeMy NPHMEDY,

yro F= 5 Mgsin. Janee umeem F < fN, otkyna f»> N Ho opu 6 = @,

F 0, a N=0. Cnenosareabno, uto6n kauenue 0e3d CKOAbXKeHHS MPOHCXOHIO
RO MecTa OTPEIBA, ROMKHO 66T f = co, [IpakTHYECKH 3TO BO3MOWHO, ECH MEXLY
KaTAIWHMCA UHAKHADOM ¥ UHAMHApDHUecKOH noepxuoctbio Gymer 3ybuaroe sale-
naenue, Ecan e peawuuna f 6yner koHeuHa, To, HE AOXOAA KO MECTa OTPLIBA,
LHAKHAP HAYHET CKOAb3MTH; MK STOM 3aBHCHMOCTb U, (0) H3MEHMTCA M MecTO
OTPbIBA CTAHET JAPYTHM,

§ 14, Jipwkenne aGCoONOTHO TBEpAOr0o Tejad, HMEIOUEro OXHY
HenoABHKMYI0 TOUKY. OCHOBHbBIE KHHEeMAaTHYeCKHe COOTHOMIEeHH:

1. Ilpensapnrtenpuue 3amevasua. CornacHo teopeme [Ilana (cm.
u. I, § 12, n. 1) BcAaxkoe nBumeHHe CBOOOZHOTO TBEpPAOro Tela MOMKHO
paccMaTpuBaTh KaK COBOKYNHOCTb [IBYX JABMMeHu#: mocTynarenbHoro
JABHMEHMA, ONPENENAeMOTO HBHMEHHEM INPOM3BONBHO BHOPaHHOR TOYKH
TeNa, W IBHKEHUT (BpauwleHus) OKOAO 9TON TOUKM KAaK HelOABUKHOM;
B IHHAMHKE YaCcTO BHOHPAIOT 33 TAKYI0 TOYKY LEHTP MacC TBepLOTO Tena.
Toraa aBukeune Tena GymeT CnaraTbci W3 NOCTYNATeNbHOTO IBMIKEHMS,
ONpefeaseMoro ABHMEHHWEM UEHTPAa Macc, W JABHKEHHA Teja OKONO UeHTpa
MACC KaK HeNMOABHXKHON TOUKM.

B pame cayvyaes IBHXeHHs TBeploro Teda au(epeHuxanbHee
ypaBHeHHs, ONpele]fiOWHe NOCTynarenbHoe [ABMKEeHHWe Tena (ypas-
HeHHa IBMeHHs BHIOpaHHON TOYKW), He 3ABHCAT OT ypaBHEHMH NBHKeHUs
TeAd OKOJO BHIOpPAHHONR TOukM, ¥ 00e CHCTeMbl ypaBHEHHMH MOXKHO CaMo-
CTOATE/NIbHO HHTErPHPOBATb. AHANHTHYECKHE TPYAHOCTH BO3HHKAIOT IdB-
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HEIM 00pa3oM MNpH MHTerpHPOBAHHH BTOPOH CHCTEME; MOSTOMY 3alaua
O IBHMKEHHH TBEpAOr0 TeJd OKOJMO HENOABHXHOH TOYKH MMeeT OCHOBHOE
sHayeHHe B MeXaHMKe TBepAOTO Tena.

Tsepnoe Teno ¢ 0AHOH HemOABHMHON TOYKOR MMeeT TPH CTENeHH CBO-
6oan, CnenoBaTesbHO, TOJMOMeHHe TBEPIOr0 Tena MOMHO ONpeleNHTb
3anaHMeM TpeX He3aBHCHMLIX 000OLMeHHBIX KOODAMHAT, uTO MOXer OHITh
CLeNaHo pasHeIMH crnocoGaMu (yraw DHaepa, napamerpet Ominaa Ponpura
n ap.). KnaccnuecknMn napamerpaMi SBJASIOTCA TPH 3HAEPOBHIX yTaa: @,
P, 0. Ecan oHM 3ajansl 445 1aHHOrO MOMEHTa, TO 3alaHO M MOJOMKeHHe
Tena. Ecam e ¢, Y, 0 u3pectHn B QyHKUMH BpeMeHM {, TO H3BeCTHO
Gyner nojoeHHe Tela B KawAWH MOMEHT BpeMeHH, & C/1ef0BaTe/bHO,
OyneT HW3BECTHO JBHKEHWE TBepAOTO Tena.

2. Peryaspuas npeueccus. Y3 teopemn JlanamGepa BuiTeKaeT, 4TO
ABHMEHHE TBEPAOrO Ted, MMEIOLIEro OAHY HENMONBHXHYIO TOYKY, MOMKHO
paccMaTpPHBAaTh KAK NOCAEN0BATEeNbHOCT> OecKOHEUHO ManblX BpalleHHit
OKOJO MTHOBEHHBIX OCeH BpaweHHs, NPOXOASIUMX Yepe3 HenoABHKHYIO
Touky (cM. u. I, § 10, n. 2). leomeTpHueckoe MecTO MOC/AENOBATENb~
HBIX TOJOMEeHHH MrHOBEHHOH OCM BpauleHHA B HPOCTPAaHCTBEe, CBI3AHHOM
¢ TenoM, 00pasyerT KOHHUYECKYIO NIOBEPXHOCTb ¢ BEPIIHHON B HEMOABHIKHOA
TOYKE, Ha3blBAEMYI0 MOJBHKHBIM AKCOMIOM. ['eOMeTpHYECKOEe MEeCTO MIFHO-
BEHHBIX OCeH BpAILEHHA OTHOCHTENIHHO OCHOBHOH CHCTEMEl OPHEHTHPOBKK
€CTb JAPYrol KOHYC C BCPUIMHOMH
B HENOJABHKHOH TOYKE H HA3bIBAETCH g 2
HENOABHKHEIM aKcouaoM. [eoMer-
pHUECKH IBHMCeHHe TBEpAOTro Tela
OKQ10 HenOABH:KHOH TOYKH CBO-
ONTCH K Kauelnio Ge3 CKOAbKeHUd
TIOABHIKHOTO AKCOMAA MO HENOLBH K-
HOMY.

PaccMoTpuM ¢ KuHeMaTHYecKoR
TOUKH 3DEHHS OJHO M3 IBHMKEeHHH 0
TBepIOro Tela C HEMOABHMKHON Puc. 55.

Touko# O, BaxHOe a4 JNa/bHeH-

Hero, — TaK HASLIBACMYIO PeZYAAPHYI0 NPelecciro, T. e. TaKOe CAONCHOE
IBHKeHHe TeNld, KOTAa TeJO BPailaerTcs ¢ NOCTOAHHOH Mo uHC/eHHOR Benu-
udHe YrioBOH CKOPOCTBIO @) BOKPYF OCH Z, CBA3aHHOH C TenoM (00bluHO
OCH CHMMETPHH), a 3Ta OCb NOBOPauHBaeTcs C MOCTOSHHOH YraoBOH CKO-
pOCTbIO B, BOKDYF APyro# nenomsuxHOH ocu §, cocrasass ¢ HEmoaBHK-
Ho#t ockio [ omur M TOT Me yroa (puc. 55).

ITonsuxuol W HemoaBmxubiH axcominl (Ha pucynke xonycw I u /7)
OyAyT B 3TOM Clyuyae KPYTJILIMH KOHYCaMM; HX OCH 0OpasyiT ¢ MIHO-
BeHHOH YrA0BOH CKOPOCTbIO Pe3yNbTHPYIOLLETO HABHXKeHMs £ nocrosHube
yrasl & ¥ f. Toasumuxuo#t akcoun (konyc /) HA3HIBAIOT KOHYCOM coOGCTBeH-
HOrO BpallleHHf, a €0 OCb 2 ~— 0Cb0 COGCMBEHHOZO BPAULEHUS; HEMO -
BIKHEIA aKcOMA (KoHyC [/) HasHBalOT KOHYCOM MpeueccHd, a ero och

11 H. H. Byxroasy
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{ —ocblo npeyeccat. TH HABBAHHA ACTPOHOMHUECKOTO NPOMCKONKIEHHS.
3eMHas OCb (eCaH OTB/IeYsCH OT ABMIKEHMA UEHTPAa Macc 3eMaH), fB/RAChH
0Cbi0 cOGCTBEHHOTO Bpalllenus, MeldJIeHHO NOBOPayHBAETCA (MpeueccHpyer)
B MpoCTpaHcTBe H B nepHol okono 26 000 ner (ronosas npeueccus =z 507)
ONMMCHIBaeT KOHYC (KOHYC npeleccHd), OcCb KOTOPOIO (OCh MPeueccu)
NePHneHIHKyIApHa K IVIOCKOCTH SKAHATHKH M COCTAB/AseT ¢ 3eMHOM OCbI0
yroa, papubii 23°28° (B HACTOAWYIO SMOXy).

[Ipeueccus HashBaeTcs nPAMOL, ECN YTOA MeXAY YTAOBO# CKOPOCTHIO
COOCTBEHHOTO BpailleHHs ®; M YrA0BOH CKOPOCTLIO NpeleccHd @, OCTpbift
(racanne kouycos / u I/ npu sroM sHewnee), H ofpamnoli (puc. 56),
€CY Yron MEXAYy ©; W @, TYynOH (KacaHwe akcOWNOB BHYTpennee), [Ipe-
lieccHs 3eMHOM OCM ecTb npuMep o6paTHOR NpeueccHH.

Puc. 56. Puc. 57.

MeXLy YIJIOBEIMH CKOPOCTAMH @), @, H  CYLIECTBYIOT COOTHOUICHNS,
BHITeKaloWwHe U3 NapannenorpaMMa yraoeelX CKOpoOcTeff, 4 HMeHHO:

Q=0+ oy
(0] s o, — Q
sima  sinf  sin(x-4P)

Q2 = o? + 0} + 20,0, cos (a + f).

3. KusemaTH4YeckHe ypapHeHHsa DJiiiepa. OO6osnauum (puc. 57)
OCHOBHYIO CHCTeMy OpHeHTHpOBkH uepes OEmi, a TOABHXHYIO CuCTeMY.
HeH3MEHHO CBN3dHHYIO C TBepAHM TenoM, — yeped Oxyz. Hauana obeux
CHCTeM KOOPJHMHAT COBMAMdIOT C HENOJABINKHOR TOukoR O TBepaoro Tena.
Tlonokenne Tena B HAHHLIL MOMEHT BpeMeHH OTPELENfieTCs NONOMKeHHEM
HOZBUXHOR CHCTEMH OTCYETa OTHOCHTEbHO HelOABUKHOR, koTopoe ByaeM
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3anasaTh TpeMs 3HaepoBbiMu yraamu @, |, 0 (cm. u. 1, crp. 93). [1ps-
Mas nepecevennd naockocTed Ofn u Oxy HasbiBaeTcs anuHeH y3.u0B;
oGosHaunm ee uepes OK TlonoxuTenbHOe HanpaslieHHe Ha Hel BuiOH-
paeTca Tak, uroOm Halmonarene, pacnonoxenuuf Brone OK, Buien mo-
Bopor oT ocH O k Oz coBepWIaioIuMCA NPOTHB XOAd YaCOBOH CTPENKH,
Hanomuum, uTO 3HNepOBHIMH yriaamu OyLyT:

¢ — yron Mexny aunueft ysmoe OK u ocsio Ox,
P — yroa Mexny oceio Of u nunme#t yanoe OK

8 — yroa mexay ocamu Of u Oz,

Oce Oz nasuBaeTCA OCb COOCMBEHHO20 BPAWEHUS, H B COOTBET-
CTBHM C STHM YTOJ @ H YIJIOBAsS CKOPOCTb  HA3LIBAIOTCA YIJOM M Yraio-
BOH CKOpoCThI0O cobcTeensoro Bpawenus. Och Of HasniBaercs OCbi0 npe-
4eccuu, a yron \p u yraoBas CKOPOCTh % OYAYT COOTBETCTBEHHO YraOM
H yrnoso#t ckopocTeio npeueccud. Jlunua ysnos OK HasbiBaeTcs OCHIO
symagua, a yron © u yraosas ckopocts 6 — yrnom m yraosoR cko-
POCTBIO HYTALHH,

Korna usmeHsercs TOJAbKO OAMH U3 3HIepOBHIX Yra0B, HANpHMep ¢
(p n 8 ocraioTca NOCTOAHHEIMM), TO NBMKEHWE TBEPNOro Tejaa ecTh Bpa-
LieHHe OKOMO COOTBETCTBYIOWER OCH, B 1aHHOM Caydae OCH Z, C yra08OM
CKOPOCTBI0 (== 2, HANpaBicHHON Mo OcH 2. ECAH e M3MeHSIOTCH BCe
Tpu yraa ¢, P, 6, T0 yraosas CKOPOCTh  TBEPAOrO Tena MO Teopeme
0 CNOMEHWW YTJOBHX CKOPOCTEH, mepecekamowuxcs B oanoft Touke (v I,
§ 11, n. 3), Oydzer cymmoff yrmoseix ckopocTeR ¢, W u 0, Hanpapied-
HHIX COOTBeTcTBeHHO mo ocam Oz, Of u OK; npu 3roM

(i)m(ij;zo, 1i)=¢\§0 H 0:0’(0.
rae K° ecTb enuHaunbilt BexTop ausHM yanos. Taxum oOpasoM, umeem
o= @+p+0. (0

O603HayuM MPOEKUHH YrAOBOH CKOPOCTH ® HAa OCH NOABHKHOA CH-
cTeMbl KOOPOMHAT 4epe3 p, ¢, r, @ HA OCH HEMOABHKHON CHCTEMbl uepes
p’, ¢’. r’. BuBenem xMHeMaTHuecKHe ypabHednd inepa, naiowwe p, ¢, 7
B (pyHKUMM SHIePOBRIX YIAOB U HMX Npou3sonHuX, Ilposerem Bcmomora-
TeapHylo npaMyio Om, nNepneHIHKyJApHyio K naockoctH OKz, M paa-
NOMHMM YIIOBYK CKOPOCTb mpeueccud W no Hanpaeienusm Oz u Om.
Aro pasnokeHHe BO3MOxHO, u60 Om NMO HOCTPOEHHIO NepneHAMKYNEPHO
K OK, a Oz u Of takixe neprneHaukynapun x OK M, cllenoBaTenbHO,
pce Tpu npambie Oz, Of n Om newar B oAHOH nnockoctH. Tak kak Om
nepnenpukynapuo x Oz, To B mnapaanenorpamme OQACB yroa mnpu

Li*
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sepmuHe O npsavMo#, caen0BaTeAbHO, NAPANNENOTPAMM ABIACTCA TPAMO=~
YTOALHUKOM U

0A=0C-cos®=1cosh, OB =1 sin.
Orciona caenyer, uro
P = 2% cos 0 4 m" sin 0. 2

IMpoexrupyemM ofe uacTu paseHcTna (1) HA NOABH:KHLIE OCH, MPHHEMAA
BO BHHMaHMe COoTHOWenHe (2) u 3sameuas, uro / KOx==/ mOy=1;
MOy 4™

p_q)cos —[— (1pcos 9)cos—~—|—(1psm9)cos (—--—qJ)—[—Bcoscp.
g=q cosi—{-(wcosﬁ)cos?—l—(tpsinG)cos q)—i—-Bcos(-Q-—]—(p),
r=cb—i—-ti3cosﬁ+l'3cos%.

Tlocne ynpoOiweHHs HueeM
p—-:tbsin@sinq}—kf.)cosq},
@ =1sin@cos¢ — O sing, (3)
r=1cos0-q.

Jna modyyeHns KMHeMATHHeCKMX ypaBHeHnft O#aepa B HenodsuxHOA
CHCTeMe OPMEHTUPOBKW NPOBEACM APYrYd BCOMOrarenbmyio npssyio Of,
NepneHINKYAApHYIe K maockoctd OKL, M pasnomuM yrioeyio CKOpoCTb

cofcTsennoro BpaueHns @==92° mo HanpaBaenuim On u OF; Gynem
HMETDb

@=(— 7% @ sin® % cos 8.
Torpa, npoexTupyd 06Ge uwacTH paBeHCTBA (1) Ha HemOABHXKHLIE OCH H

NpHHAMAd BO BHUMAaHHE HalfeHHOe BHIPANKEHHe NJT ¢, a TaKwe TO, YTO
LNOn =/ EOK =V, noxyuum

p’ = (@sin0)cos (— —qw)—{—(qa cos B)cos —i—-wcos Z 1+ beosp,
q _—_(qsinB)cos(n-—ﬂz)—]—(npcosﬁ)cos —2—+1pcos—2-+8ces(§— )
r’ =@ cos B—i—-ti’—i—écos%.
OxonyarenpHo OyaeM MMeTh
»’ = @sin @sin V-G cosp,
g’ = —@sinBcos Y@ siny, (4)
=fpcosl§l+:f).
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Tpusenem apyro# suiBon ypasteHufl (3). Ilpencrasum papencrtso (1),
BBels eIHHHYHLIE BEI(TOPLI, B BHIE

© = 20§ 4 OK®. (19

Buipasum eausnunne Bexktophl &0 H KU uyepes enMHHYHBlE BEKTOPH Noj-
BIKHHX Ocelt x0, 30, 20 umeem

K'=cosq+ x"—sing - y°

{'—=cos B .2%sinB . mo,
Ho Tak kax / mOy=¢, 10

m®=sing - x"4-cosg - y°

{0=cosB - 2"} sinB(sing - X"+ cosq - y9).
[Ipu uafinennnix sHavenuax K° u 0 pasencrso (1) npumer sun
m=ti>z“—{—|iJ(COSG + 2% +-sinOsing - X0 4-sinOcos g - ¥ 4+
4B (cosq - 20 —sing . g0

H

HJH
(n=x°(@sinﬁsintp{-écosqa)—[—y“(q'asinﬁcosm—Gsincp)—[—
+2°(@ -+ cos g).

Orciona nonyuaeM cuctemy (3).

Ypapuenna (3) Wi COOTBETCTBEHHO (4) MOSBOJAKT BHIYHCIAHTB MI'HO-
BEHHYI0 YIJIOBYI0 CKOPOCTb Tena @ udepes ee MPOeKUMH p, g, r (uau p’,
q’, r’), Korna sakoH ABWiKEHWA Tena, T. e. saBucumocTd @ (1), Y (£), B (5
H3BECTHBEI .

IMpu pelweHny ocnoBHOK 3ajauM IuHAMMKH ypaBHenus (3) MawT TPH
COOTHOWIEHHS MEeXIY LIeCTb) HeH3BECTHHMH (DYHKUMAMH BPeMeHH ¢, \,
0, p. g, r. llpucoenuHssn STH TPU YPaBHeHHA K TPeM AUHAMHUYECKHUM
ypabHenuaM DHaepa, KOTOpHE YCTaHaB/IMBAIOT 3aBHCUMOCTL MeXLY p, g, T
H leHCTBYIOWMMHM cHIaM¥ (9TH IWHaMuyeckne ypasHenns OyayT mony-
uennt 8 § 16, n. 1), OyneM nmeTh cucTeMy wiecTH AH¢edepeHUHATBHLIX
YpaBHeHHH NepBOr0 NOpPalKa, W3 KOTOPHIX MOryT ObITh HalIeHM UIeCTb
BeJMuHH P, ¢, r, @, b, O Kak QyHKUMM BpeMeHH.

§ 15. Buipaxenus OCHOBHBIX AHHAMHYECKHX BeJWUHH
AJS TBEPAOro TeJa, HMEIOMEro HeNoABHMHYI0 TOUKY

1. KuHeTHueckHit momenT. Tak Kkak CKOpOCTb TOUKH TREPAOro Teia
ecTs 9= X ¥, TO KMHeTHuYecKHH MoMeHT U, TBepAOre Tena OTHOCH-
TeJIbHO HenoABHHOH Toukn O Oyzer (B nailbnelmleM X189 KPaTHOCTH
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uadekc O npu BekTope (, onyckaem)
G=2 (r, X mo)= > [ri Xm0 X r)]=
=0 Xmri— Xmr,(r, o)

TMpoekTupyem 00e 4aCTH 3TOr0 paBeHCTBA HA MOABHMHBE OCH. Ilpoexuus
Ha ocb x Oyner

G, =p X m (&} yi+ &) — Dmx,(px,+qy,+rz)=
=p 2 m(¥i+20)—9q Dmxy,—rAmxz,.

BBons KoMnoHeHTH CHMMETPHUECKOr0o TeH30pa HHEPUHMH OTHOCUTENbHO
HenoABHKHOH TOYKH H NOBTOPAA BHIBONL A& OCeH Y H 2, NOAYYUM OKOH~-
YareasHo

Gy= p'}xx"" Q'ny — e
Gy=—ply,+qlyy—rly,, (1)
G; — p"zx""' q'!zy == r‘lzz'
WIH, B Apyrux 0003HAYeHHRX,
G,= Ap— Fq—Er,
Gy=—Fp—<+Bg—Dr, (1)
a, =--Ep-—Dq—+—Cr.

{Tlocneanne ase us dopmyn (1) wan (17) nomyualorca w3 nepso# nocpen-
CTBOM UMKAHYECKOH NepecTaHOBKM MHIEKCOB X, Y, Z H COOTBETCTBEHHO
p.q rl

Popmyast (1) nokaseipaioT, yTo npoekudH G ABAAIOTCA JHHEHHBIMK
GyHKUHAMH TpoeKuMA ®, KO3PHUHEHTaMH KOTOPHIX ABASIOTCA KOMIO-
HEeHTB TeH30pa HHepuHH,

OGoasnayad TeH30p HHepuUuH CHMBOJOM (J), MOXHO NMPeiCTaBUTHL pa-
BeHCTBO (1) B BuIe

G=oa()), (2)

T. €. MPeicTaBHThL BekTOp ( KaK nmpousBelcHHe BeKTOpa @ Ha TeH3op (J)
(cm. § 11, n. 9).

dopmyna (2) nOKaswBaeT, 4TO BeKTOP KHHETHYECKOIO Momenta (G
eCTb auHeHHAd BeKTOP-(pYHKUMA YrioBOH CKOPOCTH @, NPH ITOM BeK-
T0p G nony4aerca adpuHHEIM NpeobpasoBaHneM BEKTOPa & NMOCPEICTBOM
Tensopa udepuuu (J).

Ecau 3a noapwKHble OCH B3ATb TJIaBHEE OCH MHEPUHH TE/la MJH HEno-
IBWKHOH TOYKH, TO NPOM3BENCHHA HHepuMH oOpataTca B HYAb, T. €,
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Jy=J,,=J,y =0, u ¢opuyas (2) nepe#nyr B Gonee mpocTHe,
a MMeHHO!
G=Jep=Ap,
Oy = Jyyq = By, (3)
G,=1J,r =Cr.
2. KunetHueckas sHeprus. BripasuM KHHeTHYeCKYiO 3HEpPrHiO TBep-
noro Tena B ¢yxuun sekTopa . CornacHo onpeneleHHIo HMeeM

o = D mvj= X mo, v, =Xmp, - (0 Xr)=

=20-(rnXmo)y=o0- -A@rXmv)=0-G.
Hrax,
Tr=0G- o, @
T. €. yNBOeHHAad KMHETHYECKas SHEPTHs TBepAOro Tena, HMelouEero Heno-
ABHKHYI0 TOUKY, PABHAETCS CKANApPHOMY NPOM3BEIEHHI0 KUHETHUYeCKOro
MOMeHT4 OTHOCHTENBHO 3TOM TOUKH HA YTROBYIO CKOPOCTH TeJa,

Bupakas ckanapHoe npousBeleHHe (4) uepe3 MpOeKUMH COMHOXHTe-
Neit Ha OcH M 3aMenas npoekuud G ux Boipamenuamu (1), moayunm

oT =14, 0?4 1y g+ Jpur? — 24, qr —2J, . rp —2J,,pq,  (5)
il B Apyrux o6osnauennax

oT = Ap? 4 Bg?+Cr? — 2Dqr — 2Erp — 2F pq, (5%)
YTO MOMHO 3aMUCATh KOpoue
2T =20 (p, q, 7). (6)

W3 copmyasr (5) MBI 3aKI04aeM, YTO KHHETHYECKAs SHeprud TBepJIOTO
Tena eCTb ONHOPOAHAST KBAaAPATHUHAA (YHKUMA NPOEKUHH YTA0BOH CKO-
pOCTH.

EcaM 33 nmOIBMMHBIE OCH B3ATH INaBHble OCH HHEpPUMH Teda, TO
Jy,==Jy=J,y=0. n dopmyaa (5) npumer BuL

2T =, p* + Jyy@* 4 J.t% @)
Wi B npyrux oGosnaueHuHAX
2T = Ap?* 4 Bq*4-Cr2. 7

Iaf BHIUMCAEHHMS KHHETHUECKOH 3HEPruM Tena C HeNMOABHMKHOR TOUKOH
MOXHO YKa3aTb ewe Apyrylo dopmyay. Ecau 0603HaunTb MOMEHT HHep-
UMM Tena OTHOCHTeJbHO MFPHOBEHHOH OCH BpauweHun Yepes J,, TO, mo-
CKOMbKY MrFHOBEHHOE pacmpejenenyde CKOpOCTefl Touexk Tena MpH 3Je-
MeHTapHOM WOBOPOTE BOKpYF MIHOBEHHOH OCH SBASETCS TaKHM e, Kak
NpH BPAINCHHH BOKPYT HEmOABMKHOH OCH, I/l BHMHCACHHA KMHETHYeCcKOH
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SHEPriM Tena C HEeMONBHKHOW TOuko# momkda OwTb cnpasenausa (op-
Myna

T = Jye?. (8)

Tlokauem, uro sTa ¢opMyaa BuTekaeT d M3 papencrsa (8). B camowm
nene, ecay 0O003HAUHTH HAMpPaBAAOIIME KOCHHYCH MIHOBEHHOR OCH Bpa-
LeHnA yepes @, B, Y, TO

p=owa, g=op r=oy.
TloncTapnas TH 3navenuss B paBeHcTBO (5), MOAYuuM
2T=( xxa2 +J, yyﬂz = J;zY2 —2J y2BY — 2J 2eYO— Q‘fxyaﬂ) o?,

T. €. npugeM K pasedcTBy (8), Tak kak, cornacao dopmyae (5) us
n. 8, § 11, swpamenne B ckobkax pasio J,. ITTo dopmyne (8) moxno
TAKKE BEIUMCAHTDL J,, eC/H BEAWYHHB T M ® B J4HHEH MOMEHT BpeMeHH
H3BECTHBI.

OtmeruM B 3aK/JIOYCHHe, YTO eCAH B3ATb YacTHbiE NPOM3BOJAHLIE OT
Bhipawenns (5) mo p, g, r u npunars Bo BHuMaHne Qopmyan (1), To
TOMYyYHM CJAeAYIOLLYI0 3aBHCHMOCTb MeWAy Beauuusamu G u T:

aT or aT
Gx—_—-w, Gy=d_q’ G;:y’, (9)

YT0 MOMHO 3anMUCaThb KOpOue:
G=grad, . T, 9"

rie HHAEKCH P, ¢, r YKA3bIBAIOT NEPeMEHHLE, MO KOTOPHM Geperca
(¢opmaisno) onepauua grad.

3. daauncoun 3HePruH. BriAcHnM sHepreTHYeCKHA CMbICA SAMUNCONLA
nuepunn Tlyanco (em. § 11, n. 10). Byaem 0TKAanbiBaTh OT HEmOIBH:-
HoH Toukn O Ha BekTOpax yraoBo#t ckopocTH @ orpesxn OM =R,
NPONOpUKOHAbHbIE MOLY MO COOTBRTCTBYIOIIEH YT/IOBOR CKOPOCTH; MOAYYHM
BCKTOPHI

R, =tk0, (10)
Tie &y == const — KO3 PHHUMEHT NPONOPUHOHATLHOCTH. OBGOBHAUUM MpOeK-
uuH R, Ha MOABMMHBIE OCH BpeMenHO ueped X, ¥, 2;. Toraa

Xy=Rkp, y=Ryg, z=*nkr. (1D

Onpeneasis s pasencrs (11) p, ¢, r u moOACTaBAAA UX B BhHpaxcuHe (6)
AN KUHETHYECKOR SHEPrHHM, noAyunM

2Tk} =2@(x, ¥, 2)). (12)

Ecan norpeboBats, yrobet Guiao 2T ==const, To pasenctBo (12) obpa-
TUTCA B Cledyioliee:

20 (%}, ¥, 2,)= 2Tk} =const, (13)
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WM B PasBepHYTOM BHIe:

J XA Vi T, 28— 20y 2, —2), 2, x,—2J, x| y,==2Tk? = const.

(137

JT10 ypaBHeHWE MOBEPXHOCTH BTOPOro nOpsaka (ANMNCOHAA), nonol-

HOM SMVMNCOHAY HHePUMH M MONOOHO C HHM PacMONOKEHHOH.
Ons BceX TOYEK 9AMMNCOMAA nOAydaembie H3 dopumyas (10) yr-

MOBHE CKOPOCTH @ === COOTBETCTBYIOT ORHOMY M TOMY iKe UMCAeH-
1

HOMY 3HA4eHHI0 KHHETHYECKOH 9Hepruy TBeplOro Tesa; MO3TOMY MOBepX-
nocts (13") nocuT HasBanHe 9MMMNCONMAA 3HEPrHH., Mewsas sHaueHus
KOHCTanTer £ B dopumyae (9) ua n. 10 § 11 uan xoHcrants %, B ¢op-
Myne (13’), MOXHO MOCTPOMTL AAA JaHHOH TOUKH TBEPAOrO Tena CeMef-
CTBO 9/UIHMCOMIOB HMHepnuH (WaM sHepruu). Kamaomy us Hux Oyder
COOTBETCTBOBATD CBO@ 3HaueHHe KHHeTHYeCKOH SHepruu TBepmoro rena.
B ‘sTOM ¥ 3akmMiouaeTcd SHEPreTHYeCKM# CMBICT SIMMCOMAA MHEPLHH
ITyanco.

Kawasit M3 ceMefCTBA SANMMCOMINOB HHepUHM (MOCTPOEHHOrO AJIA
NAHHOH TOYKH) fIBJIAETCH B TO e BpeMfA H SJJHNCOMAOM SHepruu. Jlerko
3aMeTHTb 3aBHCHMOCTbL Mexdy KOHCTaHTaMM & M %, B ¢opmynax (9) ua
§ Il u (13°), cOOTBETCTBYIWHMH OIHOMY M TOMY K¢ OTICHLHOMY
3JIMNCOHAY ceMeHcTBa.

Coraacno gopmyaam (8°) § 11 n (10)

k
R=ﬁ. R|=klﬁ)-

Ecii 3To OOHMH M TOT e SAMHNCcodA, TO HeoOxonumo, uTolu OBIIO
R=R,. Orciona

k
— = k.
viT e
Hance, cornacuo dopmyne (B8), numeem
2T = Jo%

BLIYMCAAA OTCHONA BEAHYHHY © H nOILCTaBjadAd e¢ B npeamayu(ee pascH-
CTBO, MOJAYUHM

A Var
Vi Yvi
HIH
k=k VOT. (14)

4, CBsi3b MeXAy HanpabBjleHHeM BeKTOpa KHHETHYECKOro MOMeHTa
w aaauncoumpom MHepuun. Wz dopmya (1) u (11) caenyer, uro
[IpoeKUMH HA MOABHKHBIE OCH KHHETHYECKOrO MOMEHTa TBEpIOro Tena
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OTHOCHTE/JbHO HEMOJBHKHOH TOUYKH MOMHO MPEACTABUTE B BHIE
1 .
GX=E-(JIKxI—HJx}‘)’1—Jszl)’ (15)

ans G, u G, nonyuaiotcs nse awanornunsie Gopwyasi. Ho wua Bbipae-
unil (13), (13") ana dyuxuuu ©(x;, y,, 2;) caeayer, uTO

ab
E}T =Jx,rxl _J.r)r)’l T stzlﬂ (16)

o0 oo
W 183 AHATOTHUHBX BLDAKEHMT MOMYUAOTCH A Fo= # 5= . Cpas-
1 1

HuBas mexay coGoft pasedcTa (15), (16) ¥ MM aHanOruyHHe, BaKMOYACM,
uTo

1 00 1 00 1 00
C=wow Sy S=wes 0D

Tpu ckanapubiX pasedcTsa (17) MOXHO 3anuCaTe B BUAE OLHOTO BeK-
TOPHOro:

1
G= -E graduu Yo &) @(xl' M 21). (1 ?'f)

3ameruy, uTo coornowenns (17), (17”) MomHO noayuuTs Hemocpen-
creenno u3 pasencts (5) mam (97), ecam yuecTs oGoanauecuue (12) ¥ 3a-
sucaMocta (11).

Mrak, KuHeTHuYeCKH# MOMEHT TBEpAOrQ0 Teld OTHOCHTENbHO Heno-
ABUHKHOH TOYKH eCThb (C TOYHOCTBIO 10 MOCTOSHHOrO MHOMHTENsH) FPALHEHT
ckanapuoft dyuxkunn @ (x, y;, 2;). Ho
rpanyesT ckaaapaoro noas @ Hopmanen
K noBepxHOCTAM ypoBHA noas @ = const
(em. u. I, § 33, n. 5). Crenoeareasso,
KnHeTHuecku#t moment G, Oyayuu npu-
n0XeH B HenoaBmxHOH Touke O, mapan-
NeneH nopMand v K 9AMNCOHLY MHEp-
unp  (oHepru) B Touke M(x,, ¥, 2z,),
B KOTOPOR 3ANMMNCOHA mnepecekaercs
MPHOBEHHOR OCbi0 Bpaiwenus (puc. 58).

Coequnasa 10Ka3aHHYIO TeQ peMy C Ipea-
IeCTBYIOWHMH  BHIBOLAMH, MOMHO CKa-
3aTh, 4TO KHHeTwyeckuH MomeHr G Teep-
IOTO Teda OTHOCHTENsHO HeMoABHKHOH TOYKM Tena eCTh BEKTOp, Moay-
yaeMuifl adpdunHHIM npeoOpasoBaHueM BEKTOPa Yra0BOH CKOPOCTH ® Npw
nocpeiAcTBe TeH3opa MHepuMu. ITOT BEKTOP, fBAAACh I'DAAHEHTOM CKa-
aspHott ¢yukunn @ (x;, y,, 2,) (C TOUHOCTHIO 10 NOCTOAHHOIO MHOMH-
Tens), napanneneH HOPMAMH K SAMMACOMAY MHHepuuu B TOH TOUKe, B
KOTOpOK OCh MPHOBEHHOTO BpalleHHs MepeceKaeT S/THMCOHI HHEPLUMH.

Puc. 58.
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5. JiHHaMHuCCKHH CcMBICA TJABHBIX OCeidl HMHepUHH, BoabMmew
B KauecTBe MONBWKHLIX KOOPIAHHATHEIX OCe#l TNaBHHE OCH AAMNCOMIA
nrepund. Torsa NpPoeKuUHH KHHETHUeCKOTO MOMEHTa OYAYT onpenenaTbes
¢opmyaamu (3) 3 m. 1:

Gy =Jp=Ap,
0y — 1, 5%=B5; (18)
G. =l r=Cr.

M3 stux dopmyn caenyeT, uTO KHHeTHYECKHH MOMEHT W yriaoeas CKO~
pocTs moryT ObITE HAMpaB/ieHw OJHHAKOBO B TpeX H TOJBKO B Tpex
Pa3/IHYHBIX CAYYAAX, 4 HMEHHO B TeX CAYYanaX, KOrJa HampaBaeHus 9THX
BEKTOPOB COBMAajal0T C HANPABJCHHAMH TIJaBHLIX OceH mHepuun (ecan
TONbKO 9/MNCOMA WHEPUHH He eCTb 3JIMICOMA BpaiweHds wid cdepa),

Ina nokasarensCTBa nonaoxuM B Qopmynax (18) zpe us nmpoeknui
yriaoso#t ckopocTH @ paBHeiMH Hymo. Hanmpumep, nycre ¢=0, r=20,
T. e. NPeAnONOMKHM, UTQ BEKTOp @ HANpaB/JeH MO OCH X; TOrid mno-
JIyuHM

G,=A4p, G,=0, G,=0.

ChaenoBarenbHO, B KMHETHUeCKHH MOMeEHT Hamnpaeled no TOH e OCH x.
AHanorvunp#t pesynbTaT MOMYuYMM W IAA LBYX NPYFHX oceRt,

TMokaxesm Temepb, UTO B CAyYae HeDABEHCTBA MekAy coGol MOMEHTOB
wdepunn A, B u C rnassee ocH OyayT eIMHCTBEHHBIMHM HATIDABJCHUSAMMU,
ILNs KOTOPHIX YT/IOBaA CKOPOCTh @ KOJJIHHEAPHA ¢ KHHETUYECKHM MOMeH-
ToM @. B camom nene, ecam G ¥ @ KONMHHEAPHH H He PABHAKWTCH
NOpO3Nk HYMO, TO HMeeT MECTO YpaBHelne

G X o=0,

HIH

i 7 k

Ap Bg Cr|=0.

P q r
Orciona

(B—C)gr=0,

(C—A)rp=0, (19)

B sapucuMocTH OT 3HaueHu# A, B u C MOryT uMeTb MecTO TPH cayuas:

1) A, B, C He papun Mexay coOo#; Terna ypasuendsm (19) momuo
YAOBJAETBOPHUTb, TOALKO NOJOMHE JIBe H3 NMpPOEKUHH YTAOBOR CKOPOCTH @
pﬂBHbIMH I-IYJT.IO, a 3T0 U jaer TPH FJIABHHEX Hanpasneuﬂﬂ AauncoMaa
HHEPLHH.
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2) Hpa us moMmenros unepumn A, B, C pasuw Mexay coGo#t, na-
npuMep B=C == A, T. e. S/JUMNCOHI HHEPUMH ecTb 3MMHUNCOMA Bpalie-
nuA. B aToM ciyuae nepeoe M3 ypasHeHui (19) TOXIECTBeHHO ynOBJeT-
BOpAETCA. Yrobwi YAOBJCTBOPHTE ABYM OCTanbHBIM  YPABHEHHAM, N0CTa-
TOYHO mnonewuTs aubo ¢g=0 u r=0, uro Jaer OIHO W3 TAABHLIX
HanpapneHni, wMenno ock x, mmbo p==0, uro naer @ GeCKoHeyHoOe
MHOKECTBO HAMpAaBACHHH, PACTOJOKEHHLIX B 9KBATOPHOH NJOCKOCTH yZ
SJIMNCOMAA MHepIHH.

3) A==B==C; rtorna nauMnconl HHEpPUHH mnpespamaerca B cdepy.
B sroM cayuyae ypasnewus (19) ynoBaeTBOpalOTCA BCeraa NpH AOBIX
p, q, r; Torna @ M G KoOInuHeapHbl MNpPH BpalleHHH BOxpYr moGofk
H3 ocefl, MPOXOAAIMX Yepe3 HEMOABHXKHYIO Touky, T. e, B m0GOM mHa-
npaB/leHNH.

Urax, xunernyecknht momenT @ H yriosas CKOPOCTb @ MOryT GbiTh
KOJNHHEAPHB TOJLKO MO IJIaBHBIM OCAM 3JAMNCOHIA WHEPUHH. B srom
W 3dKJ0YaeTCAd AMHAMHYECKHH CMBICA TJaBHBIX HAnpaB/JeHHH 3AAMNCOH12
HHEPLHH,

3ameTHM, YTO reoMeTpHvecKM MNONYUYCHHBIE 3MeCh Pe3y.abTaThl Heno-
CPeNCTBEHHO BLITEKAlOT M3 TeopeMw, N0okasanHo#h B m. 4. CoraacHo 3sroft
Teopeme BekTop G mapannenen HopManu V0 K MOBEPXHOCTH 3AAMMCOMAA
nHepuun, nposenenHod B Touke M(x;, y;, 2,), TAe 3Ta MOBEPXHOCTH
nepecekaeTcss ¢ MrHOBeHHON GCbi0 BpAlUGHHA Teaa, T. €. ¢ HanpasieHHeM
BekTopa ®. OTciona creayer, 4TO KOANMHEapHOCTb BekTopos G M ®
MMeeT MecTO JHIUbL TOria, Koraa Hopmaas ¥0 B rTouke M, mOBepXHOCTH
SMICOMIA HaMparjeHa BAOAb paauyca-sextopa r 5Tofft Toukd. Ho ecan
A # B = C, 10 ycnoeae ¥°|r umeer MecTo TOJBKO A I'IaBHHX ocelt
aaauncouna; npu B=C %= A 370 MMeeT MeCTO AJ% OCH X ¥ AAd Bcex
oceft, mewallMX B IJIOCKOCTH y2; HakoHeu, npu A =B =C ykasaHusoe
yc/ioBue HMeeT MecTo AaA Mio6oro nampasiaexas. Orciona M CaenyioT sce
cae/laHHble Bbile BbIBOAEL.

§ 16. AnHamHueckue ypasHenns Jiviepa. OOuias nocTanopka 3ajaus
0 ABWKEHWH THANEJOTO TBEpAOro Tena
¢ HenmoABWXHOH TOYKoii

1. laHamyuuecKue ypasHenus Jitiepa pjaa ABHKEHUd TBEpPAOro Tena
OKQJIO HeNOoABHNKHOM TOukuW. [lycTs TBeproe Te/l© IBHNKETCA OKOJO
penonsuknoft toukn O. Kak u B § 14, xpome ocHoBHOH# cHCTembl
ocet OFni (uemomBuxHOH), BO3bMEM CHCTEMY NOABHWHEIX  Oceit
Oxyz, HEHW3MEHHO CBA3AHHEIX ¢ TeJaoM H .II,BHH{YIJJ,HXC?I BMECTE € HHUM
OTHOCHTENEHO HenoaBmkHo#t cucremst OENE.

Teopema 06 H3MeHeHHH KMHETHUECKOrO MOMEHTa OTHOCHMTENBHO OCHOB-
HOH (HemOIBHKHOM) CHCTeMB opHenTHpoBkM OEW. NaeT ypasHenHe

dG
& = Mo, (1)
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rae My ecThb raaBHBH MOMEHT BCEX BHEWHMX CHJ, JeHcTBYIOWMX Ha
TBepAOe TeN0, OTHOCHTeNbHO HenoaBmxHOH Touku O.

[IpoextupoBats ypabHenue (1) Ha HenolAeu:musie ocu OEnS secbMa
HeBHIPONIHO, MO0, x0TA ¢opumyna (2) § 15 G=@(J) U naeT Buipawe-
uus npoexund Gg, G, Gy [awanornyncie dopmynam (1) § 15, Ho wa-
nucannsie Ana oceit OfnL], oanako xoadéuuMeHTs B HUX, T. €. KOMMNO-
HeHTBl TeH30Pa HHepUHH ABMIKYIUEIOCH Tejd OTHOCHTEIbHO HEMOABHMKHBLIX
ocefl, MEHAIOTCA CO BpeMCHeM, M YpaBHEHHA [BMKEHHA B MNPOEKUMAX
OyLyT MMeTb CHOXHHH BHI.

Tlpu BblBOAE AMHAMHYEGCKHX YpPaBHeHHMH [BueHHA TBepLOTrO Tena
Dtinep cienan nsa ynpouenud. [leppoe M3 HHMX COCTOMT B NMPOEKTHPO-
paHuu 0GeMx uvacTef ypabsesusi (1) 11a OCH MOABHKHOH CHCTEMEL.

da
Ecan ar €CTb TMpOU3BOIHAA Kakoro-naubo BEKTOPd @ OTHOCHTENbHO

da
OCHOBHOH cCHCTeMH, ~F — TaK Ha3bipaeMas JOKaJbHasd MPOM3BOAHAN (U3~
MeHeHHe @ OTHOCHMTENBbHO NOIABMXHONW CHCTeMbl), TO, KakK M3BECTHO,

da __da
= TeXa

(eM. u. 1, § 13, n. 2). Tlpumenss ary dopMyay k BekTopy G, nomyuum

dG dG
i =g teXa

u ypasueHue (1) npuMer Bun

dG

Ty +oX G=M, (63
CnpoextipyeM o0c¢ 4acTH paBeHcTBa (2) Ha OCH NOABHXKHOM CHCTEMBI

d
Oxyz, npHYeM NpH NPOEKTHPOBAHNH -ﬁ OMYCTHM 8HAK JOKAALHOH mpo-

u3BOAHOH, 00 nOKanbHAA NpouseonHas Oepercd MMeHHO OTHOCHTENBHO
NMOABHMHOH CHCTEMBI; MOMYUHM

dG

—f—}-q@z—ray: Mx,

dGg

"‘?EL—F‘J'G_‘--""‘OG:_—" My’ (3)
dG

e 4 pGy—qG,=M,,

rae G,, Gy, u G, onpeneasiorca dopmynamu (1) wan (1) w3 n. 1 § 15,
a MMEHHO:
G,=Ap—Fq—Er,
Oy=—Fp—+ Bg—Dr, (4)
G,=—Ep—Dg-+Cr.
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3nech KoMnoHeHTH Tensopa uepunn A, B, C, D, E, F cyrb nocToss-
HBE YHCAA.

Bropoe ynpowenune Ofnepa~—pBnGop 3a OCH NOABHKHOH CMCTeMBI
OPHEHTHPOBKH T4BHLIX OCelt HHEpUHH Teld OTHOCHTENbHO HEMONBHKHOH
Toukn, [Ipn stom BeiGope dopmynut (4) yHpOCTATCA H 3amMHIIYTCH TaK:

G,=Ap,
Gy =By, ()
Gz=Cr.

B pesyawTare ypapHenus (3) mpHUMYT BHUA

A%—F(C—B)qr:Mx,
B+ (A—O)rp=M, (6)

d
“F+B—A)pg= M,

Cucrema (6) mnpencrasnseT auddepennHanbHble YpaBHeHHA ABHKEHMHS
TBepLOr0 TeNa OKOAO HeMONABMKHOW TOUKH, BMEpBLIe BhIBelCHHEIE JH-
nepoM (1765 r.); 9TM ypaBHeuns HA3HIBAIOT ONHAMUHECKUME YpasHe-
HuAMmu Sbaepa

Mpucoenunsas x ypasHenusM (6) TpH KHHeMATHYECKMX YDABHCHHA
SHnepa

pzll'asmﬁsmq)-i—écosqi,
g ={sinbcosp—Bsing, )
r =1i;c039-!—(i>.

HONYYHM CHCTEMY IUECTH OOBIKHOBeHHHX HeauHeHHBIX aH(depeHIHaNb-
HLIX Yp4BHEHHH NepBOTO MOPAIKA OTHOCHTENBHO LWECTH HeU3BEeCTHHIX
¢yHkuui BpeMenu p, g, r, ¢, P, 6. OOwme HuTerpanbl AOMKHB CO-
AepwaTh WIECTb TPOH3BOABHLIX MNOCTOAHHHX, KOTOPHie oOMNpejpenaTcd,
ecld 3a1aTh HAYabHOE NOJNOMKeHHE M HAYaAbHYI0 YTAOBYI0 CKODOCTh
Tena, T. e @, Yo 0o Pov G0, 7o

Mckmouas u3s ypastenn#t (6) u (7) p, ¢ H r. MOKHO MOAYYUTH TPH
AndpepeHUHANLHBIX YPABHEHHA BTOPOTO mOpAlKa OTHOCHTEAbHO Tpex
stinepoBwix yraoe ¢, §, 0.

Ecnu npHHAT BO BHMMaHMe, yTo B ofweM cayyae mpoekuuH I.1aB-
HOrO MOMeHTa BHewnux cua M,, M,, M, spadiorcs camu GyHKuHAMH
t, ¢, v, 0, p, g, r, TO CTaHOBATCA TNOHATHBIMH TPYAHOCTH, BOSHHKAIO-
wMe NpH MHTETPHPOBAHMM CHCTeMB MIECTH Yypasdenuit (6) u (7); naxe
yacTHbI# cayyaH, WMEHHO CAyYaH ABHMKEeHHWA TBEPAOro Tela OKOJNO He-
NMOABMAXIOR TOYKH MOX NEHCTBHEM ONHOW MWL CMJIBL TAXECTH, He MO-
HeT ObiTh pewren B oOwem Buie (cM. § 19, m. 2).
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2. Onpepesense peakuHu HEMOABHXKHOH ToukH, Peaxuusa R He-
MOABMKHON Touku O He BXONMT B ypasHeHHd Diinepa, Tak kak R mpo-
xoaut uepea O M, caenosarenbno, mom, R=0. Idnsa onpenenenus R
AOCTATOYHO MPHMEHHTDH II.pyI‘Y!O TeopeMy ,E“H&MHKH-—-TCOPEM)’ O ABH-
¥MEeHHM ueHTpa Macc, T. €.

mwe=R~+F, (8

Tle m ecTb Macca Tena, W, — ycKOpedHe Newrpa macc, a F — raasubiff
BeKTOD AKTHBHBIX BHEIIHHX CMJ.

Vckopenne W, BXoaslee B paBeHcTBO (8), MOXeT GHTb BHpAWEHO
no teopeme Pusamsca (cm. u 1, § 10, m 5), T. e.

We=0 X rec+ 0 X (@ X r¢),
HIU

We=0Xrc+o(®-ro)—o're. ©)
Ipoexkrupys obGe uyactn pasedcte (8) u (9) Ha nomeukKHEE OCH, TO-
Ay uuM
mwe, = Rx+ Fx'
Mmwey =Ry F . (10)
mwe, = Rz_l_ Fz'
rae

We, =q2Zc— r‘)’c-l- P(pxc—+qYe—+ rze) — 02xg,
‘m'c‘y=r.xc‘“"l;zc+f?(£’xc+¢}‘c+ rze¢) — olye, (1l
We, = PYc — gxc —+ r(pXc+4qyc +rze) — olze,

npu sToM ®®= p?-} g% r

Ecau ypasuenns 3Sfinepa (6) u (7) npounrerpuposanm, TO @, P, 6,
P, ¢, r W3BeCTHbl B (yHKUMH f, & CNenoBaTenbHO, H3BECTEH 3aKOH JBH-
wenud Teaa. [loncTasnas p, g, r B ypaenenue (11), Haftmem w.,,
Wey, We, B QYHKUMH £, @ TOrAa, mOCAE NOACTAHOBKH WX B ypaBHe-
Hug (10), walayrcsd HCKOMble NPOEKUWH PedKUHM HENOABHKHOH TOYKH.

B uacTHOM cayuae, €cAH UEHTP MACC COBNAaZder ¢ HenoXBHkHOH Tou-
ko#, peakuus R Touku O MOMeT OHTH OnpenejeHa He3aBHCHMO OT HH-
TerpipoBauns ypasrenu#t Jfinepa B camom nene, B 9TOM cayuae ro =0,
cnenosatensno, H Wy =~0. TlosromMy ypasnenue (8) mpumer BuA

0=R-F,
OTKYyIa
R=—F.

3. O6was MOCTAHOBKA 3a4aud O ABHXKEHHH THXEJIOr0o TBEpAOre
TeJa OKOJIO HEemoABHKHOH TOYKH. PaccMoTpuM ABMIKeHHe TBepaoro
Teda OKOJNO HenoIBHKHOH TOouKH noj neHcTreHeM OAHOH TOMLKO CHABL
TikecTw P. HanpasuM ock Of ocroBHOH CHcTeMbl opuenTHposku OFng,
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cBa3antoft ¢ 3emneft, BepTHKameHO BeepX (puc. 59)1). OGosmauum: ue-
pea Oxyz—NONBNKHYI0 CHCTeMY OPHeHTHPOBKH; 4epes r¢ (Xe, Yo, 2¢) —
panuyc-sekTop ueHrpa TamectH C oTHOCHTenbHO Hawana O; uepes vy,
Y2, Y3 — KOCHHYCEI YT/IOB BepTHKa/nbLHOW HenoiaemxuoW ocn Of ¢ nox-
BHKHBIMH ocCAMH. Tak Kak YTAOBast CKOpPOCTb cp (§ 14, n. 3) nanpas-
nena no ocu O, To HanpasaswwHe KocuHych O OynyT pasHbl MHO-
HTEIM NPH ||53 KHHEMATHYeCKHX
ypasseunsx S#aepa (7). Caeno-
BaTeNLHO,

cos (ﬁ)my1=s[n Osineg,

cos (ﬁ)=v2=sin 0 cos g, {(12)
P

cos (§, 2)=yy;=co0s8.

OueBHIOHO, Yi» Y2, Y3 CYTb MpoO-
eKuMy eAHHMYHOTO BekTOopa &0
Ha nozpuiHbie 0cH. [TosTomy

8 = vl 4 Vof 4+ Vak.

rae £, j, R CyTh eAMHUUHBIE BEK-
Puc. 59. TOpPE MOABHIKHBIX OCeH, CBA3aH-
HBIX C TEJOM.
Taxk kak Hanpapiedne CWIsl TAXKECTH, WaW, YTO TO Ke, HAmpasne-
He ocu O, HemOABMIKHO OTHOCHTENBHO 3eMiaH, TO

di?

=0

HJH, yﬂOTpeﬁJ‘lﬂH CHMBOJ J0OKAAbHOW nMpOU3BOAHOH,

~

o dro
G="ar FoxXp=0.
CaenosartefsHO,
~ i jk
0
L oxXP=—|p g r | (13)
Vi Y2 Vs

1) Buibupan taxuM 06pa3oM OCHOBHYIO CHCTEMY OPHEHTHDOBKH M pacCcMar-
PHBAA B KauecTBE BHEIIHMX CHJ, ACHCTBYIOIHX HA TBEPAOE TEAD, CHAY THAMe-
CTH, HANpPaBJEHHyI0 MO BEPTHKAIH B JLAHHOM MeCTe 3eMHOH NOBepXHOCTH, MM
B jaabHefinrem TpeHeGperaeM BJAMSHHEM CYTOYHOTO BpauleRHs 3eMju HAa ABu-
KEHHE TBEPAOTO Teaa, HMEKIIEro 3aKPeNAeHHYI0 TOUKY Ha BOBEPXHOCTH 3eMau.
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[IpoekTnpysn o6e uactu 9TOro PaBeHCTBA HA NOABHKHBIE OCH, MEI MO~
JyuuM ypasHeuus, BeiBedenunle [Tyacconom:

d

%“=f'?2—“‘§’“\‘3:

d

E=pvu—rv (14)
dvy

B =gv1— pv-

Hanuuiem audamuyeckue ypasuenus Sfnepa. Cuna tamectd P Ha-
NpaB1eHa MPOTHBOMOMOXKHO OCH §; caeloBaTenbHoO,

P=— P70,

I'1apubil MOMEHT BHEWHHX CMJI PaBeH

i j Rk
My=r XP=—Proc Xg=P{"t V2 V3 {.
Xe Yo %¢

TakuM 00pasoM, 109 paccMaTpHBAaeMOre cayuas ypasumenus DHaepa npu-
MYT BHA

A -‘}f;il—l— (C— B)gr="P (YaZc — Y3¥¢),

fz_g—HA—C)rpﬂP(vsxc—Wc)' (15)

d
C S+ (B—A) pg =P (iyc —Vr%c)-

Cucrema ypapdenuft (14) u (15) ects cucTeMa mwecT OGBIKHOBEHHLIX
HenHHERHBIX M depeHuRancHEX ypasHenuf NEPBOro MOpAlKa ¢ LUeCTLIO
HeuaBeCTHHIMH (QYHKUMAMH BpeMeHH Yy, Ya, Y3, P, ¢, 7} Beauuuss A, B,
C, x¢, Yoo Z¢ Cyts nocrosuHsie. Ecam vy, Yo, V3, P, ¢, r Ha#peHsl
B GYHKUMN { uHTerpupoBaHuem cucTemut (14) u (15), To ana noamoero
pelleHHa 3anaud, T. e, LJA OnpeneieHvs AnepoOBHX YriaoB B Gysxuuu £,
HeoOXO0LHMO JHub u3 ai06oro ypabHenna chctems! (7) mafitu () oano#
KBaapaTypol, Ttak kak 6(f) n (), nockoabky ¥;(£), vo(£), ya(f) ua-
BECTHBI, HEMOCPEJACTBEHHO NAIOTCH pasencrBamu (12),

HT&K, QCHOBHAA 4acTb pelleHHd 3andud O JABHXMeHHH THKEJOTO TBEP-
AOro Tena OKOMO HemOABHMHOH TOYKH COCTOMT B OTHICKAHHM IUECTH HH-
Terpanos cucremnl (14) u (15). OnHako nerko IoKasaTe, YTO 3anaya
CBOOMTCA BCEro JHUIE K OTHICKAHMIO OOHOFO HHTerpana. B camoM jnene,
fipelCTaBHM ypaBHCHHA CHCTEMB B KAHOHHYECKOM BUHAED

= =F=T, =T, =T1,=% (16)

12 H. H. Byxroasu
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rie

1
I1=— [P (Vy2c—Vs3¥0) — (C — B) gr], Ti=ry,—qys
1
Q=5 P(sxc—V120) —(A—O)rpl. Ly=py;—ry; ¢ (17)

- ic [P (11ye — Yaxc) — (B — A) pgl. Ty=qyi— pv,.

Tak kak Bpema ! He BXOIUT ABHO HH B oaHy H3 dyukuu# (17), TO
BMECTO CHCTeMbl leCTH ypaBteHu# (16) MOMXHO HHTerpHpoBaTh OTAENLHO
CuCTeMy TepBWX MATH ypaBHeHUH, MMeHHO CHCTEMy

dp __d_?___ ar o dY] . ﬂ’Ys — dYa (16}}
E 7 e s T
Ecnu cucremy (16") ynacrcs npouuTerpupoBaTts, To BpeMs [ Halnercs
npocto#t kBagpaTypo#h. Cucrema (16) umeer y¥e TONBKO NATL HHTer-
panos.
CorJIacHO TeOpMH mOC/AelHero MHOWHTens HKoOM Aa9 KaHOHMYeCKOH

cuctemn auddepeHunanbieX ypasuenu#!), sror mHowmrens M s
CHCTeMBL (16’) HMeeT 3HayeHHe M= 1, Tak Kak

0[‘1 6[‘; 01"3

Fo ecan mocaeaHu# MHOMMHTENb CHCTEMbl M3BECTeH, TO LAA MPHBeleHHS
31829 K KBAApaTypaM JHOCTATOYHO B3HATH HE NATb, a4 TOMLKO ueTbipe
unterpana cucreme (16°).

Onun M3 3TUX YeTBIPEX HHTErpasoB MOJYUAETCA HeNOCPelCTBEHHO
U3 Mp CTOr0 reoMeTpHYeCKOro coobpamedus. [eHCTBHTeABHO, Vi, Vi, Y3
CyTh | @I1DABAAIOIME KOCHHYCh OcH O, HaH, YTO TO e, MPOCKUUH enu-
HUYHOrO B2KTOpa 3TOM ocu. CreropaTensbno,

2 2 2 __
Y[“*’”?g'f’?g“—]' (18)

Srtor TpHBMAALHMLIE MHTerpan MOXHO NOAYUHTL M W3 ypaeueHu# (14).
YMHOMAEA BX COOTBETCTBEHHO HAa V,, Y Y; ¥ CKJAALBIBAA NOUJIEHHO,
noyunM

d\’ d\? d’\?
Y1 df] i‘h 3 |Y3 : ‘0'
niu

FH+B+=0.

yro u naer nHTerpan (I8).

1y Cu., nanpumep, . K. CycaoB, Teoperuseckas Mexauuka, M.—JI,
1946, ra. XL.
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Wrak, ocraercs unaltH TpH uHrerpana. Ilepsnft wa HuX noayumM,
NpUMEHAS TeopeMy 00 H3MeHeHHWH KHHETHYECKOro MOMeHTa OTHOCHTeAbHO
ocu Of. Tak Kak MOMeHT CHAB TAmeCTH P oTHoCHTenbHO ocu Of pased
Hymo, TO

ij; = My =0, u noromy Gg== const.
Ho
Gy =G - §0 = (Api—+Bgj~+Crk) - (i +Voj 4 vs#) =
= ApV\+ Bgy,+Crv,.
CnenoBaresbHo,
Apy, 4+ Bgy, <+ Cry; = const. (19)

Y stor uurerpan (19) MOXHO MOAyuuTh HENOCPENCTBEHHO H3 ypaBHeHHH
aswxenua. B camoM nene, yMHoxas ypapHeHus (15) coorsercrseHHO
Ha Y, Yo Y3 M CKJIabiBag HX NOWJIEHHO, MONYYHM

Ay a';t) ‘{"B\’z af +CY3 dt
=(B—C) ygr +(C — A) v,rp+(A— B) y,p09
DTo paBeHCTBO MOXKHO Npeo6pasoBath K BHLY
% (Apyi =+ Bgy,+ Crvy) = (B —C) ygr -+ (C — A v,rp+
+(A—B)vipg+Ap DL Bg L 4 cr D

Ecnu Tenepb 3aMeHHTb B mpaBOH 4acTH NPOH3BOAHEIE QYHKUME Vi, V,, Vs
uX BbIpaKeHuAMH H3 ypaBuenu# (14), To nerko yGeanTbesi, uTo mpasas
4aCTh PABEHCTBA TOKAECTBEHHO pPAaBHA HYO, M MBI NOJYYHM

j—t(Apvl + Bqvy + Crys) =0.

Hurerpupys, Hafinem uuTerpan (19).
JIf mOny4eHHs BTOPOrO M3 OCTABUIMXCH TPeX HHTErPAioB MpHMeHHM
TeopeMy o6 H3MeHEHHH KHHEeTHUeCKOoH SHEPruy, KOTOpasa AaeT

dT = — P d,,

rne {o 0003HauaeT KOOPAHHATY UCHTPA THKECTH Tena OTHOCHTEAbHO
OcHOBHO# cuctemsl oTcuera. MHrerpupys, momyuum

= — P{, -} const.

Wcnonbays dopmyay (7) § 15, naomyio BHpakeHue NI KUHCTHYECKOR
SHepruy, H YuuTbIBAA, YTO

Le=rc B =(xci+ ycJ + 2ck) - (yii +Yof + V:0) =
= Xc¥1 + Ye¥z + Z¢Yse
12*
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NMONYYHM HHTerpan sHeprHH B BHIe

1

5 (Ap?+ B 4 Crt) = — P (xcY1+ Yo+ 2c¥s) 1 const.  (20)

Hnrerpan (20) takie HenocpeACTBEHHO HAXONLMTCA U3 ypasuexud (15),
€CH Kaxioe K3 HHUX YMHOMMTL COOTBETCTBEHHO Ha pdf, gqdt, rdt
U MOJYYHBIIMECH PABEHCTBA CAOMHMTL noufeHHo. Toraa 6yneM HMeTb

+d (AP Bgt+Cr) =
=—P[xc(rvo—qVvs) + Yo (PYs — rvD) + 2c (@V1— pY)] df
HAH Ha ocnopanuu ypasdenu#t Ilyaccona (14)
1
Td(AP*+B@+Cr) = —P(xcdyi~+ Y dv.+ 2c dVy).

Orciona, uHTerpupys W YUHTBIBAsA, YTO Xo, Y, Z¢ — BETHUHHBI MOCTOAH~
Hble, mpuleM k pabeHcrsy (20).

Puc. 60. Puc. 61.

OcraeTca HallTH emle TOMLKO ONWMH MHTErpa; B 9TOM W COCTOMT riap-
Has TPYAHOCTh 3anaud. Ha#ith 9TOT Tpernit o6wm# uHTerpan ymanoce
TOABKO A1 TPeX YaCTHBIX MPEANOMNOMeHHH OTHOCHTENbHO NBHKYLIETOCH
Tena W yCAOBHH JABWKEHHA. ITH TPH YacTHHIX C/yudst ABHKCHHSA CyTb
cnelywuHe:

1)Cayuai Sirepa — ITyanco. 3to cnyualh ApMKEHHA MO HHepUUH,
KOrfa paBHOAEHCTBYIOLNAS BHEUIHHX CHJ MPOXOAMT uepes HeNOIBHXKHYIO
rouky O (puc. 60). B uvacTHoM cayuae TsKesnOro TBEpAOrO Tena, UCCle~
nopanHoM J#iepom H ITyanco, Henmonsnxmas Touka O COBNARAET C UeH-
TpoM TaxecTH C. Ipyrux BHeIWHX Cun, KPOMe CHJABL THXKECTH, HeT,
a mocnelnas ypaBHoBewupaeTca peakuued omopw O. Camo TBepioe Teno
MoxeT OuiTh nioGo#t dopmm.

2) Cayuai Jazpanaca—IIyaccona (puc. 61). B srom cayuae saann-
COHI WHEPUMH, MOCTPOEHHHH 1AA HemoABMKHOR Toukm O, mpencTaBiaser
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cofoft saanncoun Bpautenus, 7. e. 4 ==B==C, a uentp TakecTd C AeHuT
HA OCH AHHAMHYeCKOH CUMMeTpHM (OCH BPALICHHA SIMNCOMAA KHEPUHH).

Puc. 62. Puc. 63.

Taxoe Teno, npuBeleHHoe B OLICTPOE BPALUEHUE OKOJO OCH €UMMETDHH,
HA3LIBAETCA CHMMETPHUHBIM THPOCKONOM,

3) Cayuad C. B, Kosasesckoii (puc. 62) B srom cayuae snaun-
COMJI HHEpPUHM ANA HEeNONBHXHOH TOYKH €CTh BHIMAHYTHIH 3JUIMNCOMA Bpa-
LeHust, TIPHYEM MeXIY [MaBHLIMA MOMEH-
TaAMH HHEPIJ.HH Cy].ueCTByET COOTHOILIEHHE

A=B=2C,

MANNSEASN
N

W

2 LEHTP THHKECTH JIEXKHT B HKBATOPHAALHOMH
MJIOCKOCTH 3JUHIICOMIA HHEPLMH,

IMepeuiit ¥ BTOpOH Cnyyad IBHIKEHHS
MOXHO IEMOHCTPHPOBATH HA BOJYKE KOJO-
Kon000pa3Hoft GopMHl, BILOJABL OCH IMHaMH-
YeCKOM CHMMETDHH KOTOPOTO NepelBHraeTcs i ]
BHHT, GJaT01aps YeMy MOXKHO NPHUBECTH TOUKY : |
onopu O (ocTpue BUHTA) B COBNAAEHHE C LIEHT= ] !

POM TSKECTH WK e noMecraTh C BHe TOUKU : :
onopsl Ha OcW BuuTa (BOJuOK Maxceeana, I 0 2

|

! ]

| I

t |

' |

| |

L J

|
|
|
t
i

puc. 63).

Cnyuatt C. B. Kopanesckoft MOMHO nnio-
CTpHpOBATh Ha OuYeHb NPOCTOH MoJen — OT-
KpHTOH KOopoGouke B (hopMe NPIMOYrosb-
HOrO nNapajieNenHnela ¢ COOTBETCTBEHHO
nofoOpaunmMu pasmepamu (puc. 64) Ha- p
npaeuM ock Q2 BAOJb HPOLOJBHOK OCH CHM- bE.64
MeTpUH BHYTpEHHEH CTODOHM IHA KOPOoOOuKH, a ock OX — BAOAL Nonme-
peuHoft, 3a HENOABHNHYI TOYKYy omopel O BO3bMEM LEHTP CHMMETpHH
aua. Torna, nomoGpas pasMepn KopoOouxd Tak, uTOoOB MOMEHTHL
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HHEPUMH OTHOCHTeNbHO ocelt Ox u Oy Obinu pasunl, T.e. A=8,aC = %,

Mbl MOJNYYHM HamocTpauio caywas C. B. Kosanesckoft.
4, Hekoropuie cBefeHHS W3 TEOpPHH SANMNTHYECKHX Gyurumii.

Hurerpan
x
- dx
_J Y T—x3) (1—#x) Bk

Ha3BIBAETCA SAIUITHUECKHM HHTerpaaoM [-ro pona (B 0Gosnavenuu Axobu).
Ecal caenaTh MOACTAHOBKY X ==Sin@, TO HHTerpan MPHUMET BHI

@

~

— ] —
= y=—re» 4

(8 o6osunauenuu Jlewanapa).
Wurerpan u ects ¢yHKUM Bepxwero mpenena ¢. OOpatuas QyHx-
Wdst @ OT # HOCHT HA3BaHHE «aMMIMTyda» W 0003HauaeTcA

¢ ==amu =am F (¢, k). (23)

ITo onpenenenuio fKOOM SATMATHYECKMMH (YHKLUAMH APryMeHTa
HA3HLIBAIOTCA TPHTOHOMeTPHYECKHe OYHKUMHA OT (QYHKUMM aM &, UMEHHO:

sin g ==sin am# =sn u,
cos@=coSamu=cnu (24)

Vi —Esinfp=Ap=Aamu—=dnu

(cpenunft  croaGeir — o6oaHavenus Slkobu, mnocaenuntt — Cyzepmanna;

A o6osnavaer omepatop: Ag =} 1 — £?sin® ).

QueBHAHO TaKKe, 4TO
sn?u—4-cn?a=1, (25)

Ecan Monyns k=0, T0 sanunTHyeckue GYHKUMK SN & K CO# BH-
pownaroTca B sinu W cos«. Ma paeencts (22) um (24) cneayer, uro
sn0=0, cn0=1, dn0=1.

M3 3THX e PaBeHCTB CJAEAYeT, YTO MIHNTHYeckHe dyHKuHH fko6H
SBAAIOTCH  (PYHKUHAMH MEPHOIAMYECKHMH € HeHCTBHTENBHHM NepHOILOM,
pasuniv 4K, rae K ecTs sanunTRyeckuit uuterpan Jlewanapa 1-ro poga

K= (26)

T
,[ ]f_._.—
¢ 1 —%%sin’q
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§ 17. Cayuait Biinepa — Iyaunco

1. HaTerpBpoBanye ypaBHeHWH aBuXeHHs. B cayvae Oinepa —
Tyanco raapHeiR MOMEHT BHeWIHHX CuJ, LeACTBYIOIMX Ha TBepRoe Teno,
OTHOCHTENBHO HeMONBMKHOM TOYKM paseH Hymo, T. e. My==0, n nuna-
MHyeckHe ypaBHeHus Dfiiepa MPHMYT BuX

d
Ad—§+(c-3)qr=o,
BA L (a—Cyrp=0, (1)
C G+ B—Apg=0.

Hatizem nepabie RHTerpanbl ypaBHenH#t (1), nonraras, uto As#=B=£C.
Hna storo ymuoxaem ypaeHenus (1) COOTBeTCTBEHHO HA p, ¢, I' H CKIa-
IbIBaeM MX TOWIEHHO; I'IO-I'Iy‘-lﬂeM

+ Bq —|— Cr ==0.
Hurerpupys, naxoaum

Ap*+4-B@+4-Cri=r, (2)

rie h ecTb MPOM3BOAbHA MOCTOAHHAA, IDTO eCTh MHTETPA/] HEPTHH, TaK
KaK JeBas 4acTh paBeHcTsa (2) ecTh yABOEHHas KHHeTHYeckas sneprus 27T,
[Huterpan (2) MOMXHO NMONYYHTb HENOCPeACTBEHHO M3 TeopeMbl 00 Mame-
HEHHM KHMHETMYECKOH 3IHeprHu, TaK Kak JWHHA AeHCTBHS PaBHOREHCTBYIO-
uieft NpoXOAMT BCe BpeMs uYepe3 HeMONBHIKHYIO TOUKY H paboTa BHeu-
HAX CHA paBHa HYMO.]

Jag HaxoXKIEHHS BTOPOrQ MHTETpAaNia YMHOXHM YPaBHEHMs JBHKe-
Hust (2) cooTBercTBeHHO HAa Ap, Bg, Cr w cioMuM X MOYNEHHO; mo-
AYYUM

ap 2Py pgld 4 oo 2,
uHTerpupyd, OyaeM HMMeThb
Ap+ B+ Cr = @7, (3)

rae G ecTh NPOMSBOJNbHAA MOCTORHHAA, OYEBHIHO, PpaBHas KBalpaTy
KuneTHuecKoro MoMmenTa. [Murterpan (3) MokHO HenmocpeAcTBeHHO Moay-
4YHThb M3 TeopeMbl 00 H3MeHeHHM KMHeTHYeCKOro MoMenTa. B camom nzene,
Tak kax M,==0, crenosarenbuo,
G? = const.]

Jns naxoxaeHusa p, ¢, r B pyHxuny oT ! neobxonum ewe Tperui
HHTerpal, KOTOPHH MOXHO nOAyuMTh Ccledyiomum oGpasoM. Bripasum.

T‘:.—_—{), a noromy @G =const n
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BEIMYHHBL F M P uepe3 g, HCNOAb3yd MHTerpate (2), (3), n nmpeanono-
WHM ONHOBPEMEHHO AAd onpelenextoctd, 4o A > B >C. Toraa no-
JYYUM

{ B(A—B

P= s )[Ak—(}?__B(A—B)qz]—z.———-C-EA 103 —4");
1 B(B—C

P= =y |0~ Ch—B B=00¢ll=za=¢f (i 7).

rze oMecTo G M h BoeleHb HOBEIE MOCTOSHHEIE Ay H A, COrNAcHO pa-
BEHCTBAM

4)

A1 —G*=B(A—B)A; G —Ch=C0(B—C)M\. (5)

Ilpu stom mockomsky p?>0, r2>0 u A>B>C, 10 M>q.

2
A3 > ¢% MONCTaHOBKA HAYANBHHX NAHHHX B pasencrsa (4) naer aaA Ay
H X, 3HaYeHHd

C(A—=C A(A-C
=g+ Fa—gr M=d+ga—arn  ©

“Tenepb, MONCTABAAS BO BTOpPoe 3 ypaBHeHu#t (1) HallenHble 3HAa4yeHHA
rup, nonyqﬂu

=)/ L2B0_0 VT _AM—9).

Coxpausm cmpaBa 3HAK MJI0C (Bmﬁop 3HaKa A9 OKOHYATENBHOrQ BHMAA
pelienwst He CYLIECTBeH), pasjenss MepeMeHHBIe M MHTerpupyd, Hatizem

dq
ot o= j @
i V(?-g— 2)(3'3—?2)
TAe OL— MOCTOAHHA WHTETPUPOBAHHA, NPH 3ToM 0003HAYEHO
A—B(B—C
o BB B0 ®)

Y3 npasoll wactd pasencTsa (7) crelyeT, 4TO 3aBHCHMOCTb ¢ (f) MOmer
GhiTh MpeiACTaBJeHd C MOMOLIbI0 SAAUNTHYECKMX QyHKUMH Skobu. Bua
9TOH 3aBUCHMOCTH OKOHYATEJAbHO ONpeleNaeTCs 3HAYEHHWAMH [MOCTOSH-
HHX Ay M Ay, T. €. HAuanbHHIMH YCJOBHAMH,

1) Ecau Ay > Ao, TO, mnoaarag q=A,sing, uTO Bceria BO3MONHO,

MOCKONbKY 7> < A3, noayuny us (7)
9

m‘—]—a=L T -
Aoy Vl-klsm cp
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rae kl---"—il . CpaBnupad uuTerpad, croauut cupasa, ¢ dopmyaoi (22) §16
1
u yuutbiBas pasenctsa (24) §16, saxmouaem, uro sin@ = sn(A,0f -+ o).
rie o; — HOBas TOCTOAHHAsA; CHENOBATENLHO,
g =2y sn (M0l + ay).
Ecnn cuwrats npu t=0 §=g¢, TO0 NOCTOSHHAN ©; OnpeleifeTci pa-
BEHCTBOM
o Y
sn gy == :‘\‘2 .
[MoacTasnaa HafiieHHOE 3HAYEHHE ¢ B INpaBee YacTH paBeHcTB (4) U
As
yunThBas COOTHowenua (24), (29) § 16, n rtawe, uTO 3= *==ky, Nerko
1
onpeneanTh Bexwuunsl p u r. Oxonuarensno OymeM uMeTh

B(B—0C)
p=ﬁ'2]/'AEA ©) cn (h0f +ay),

g =M~y sn (hiof +ay), e
B(A—B
r= ?vl ]/ C EA C; dTl (?.lat—}- al)'

2) Ecam Ay < Ay, 7O, monaras ¢=Ai;simn¢ ¥ BBOAA o0O003HaueHHE
Ay

-i—_kg, HafijeM TakuM Ke NyTeM, 4TO
2

B(B—-C
p=1aY ZE= dn (ot +ay).
g ==y st (hyof 4 a,), 9

B(A—B
r=ny f{;‘-_—%m (o0t +ap), |

rhie ¢y HAXOOWTCS M3 PABEHCTBA

Sllﬂ-g=%f'o

KpoMe paccMOTpeHHBIX OCHOBHHX IBYX CiyyaeB, BO3MOXHHL elle
crenymoLine:

3) Ay==0; npu 3TOM, KaK BUAHO H3 paBeHcTB (4), MOMKHO OHTh BCE
ppeMa r=0, g=10 (Tak kak A > B >C, a r2>0)u p =consi = p,;
Ten0 B STOM Ciyuae COBepllaeT PABHOMEpHOe BpallleHHe BOKPYT OCH Xj

4) Ay == 0; B 5TOM cnyuae Bce Bpema p==0, g =0 u r = const =r, —
Texo BPALIAETCH PABHOMEPHO BOKpPYr OCH 2;

5) Aj==A,==2; B 3TOM oco0GoM Ciayuae unTerpan (7) BHpPOKIaeTCH

B OOBIKHOBEHHM# H p, g, r OyAyT runep6oaHuecKUMH QYHKIMAMH apry-
menta (Aot - a).
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Tak kax saaunTHUECKHe QYHKUHE CyTh (QYyHKUMH NOepHodHueckue,
T0 u3 paseHcTs (9) caeayer, yTo p, ¢, r, 4 TAKNKE ® CYTh QyHKUMM

fnepuoaHyeckue € JeHCTBHTENbHBIM [EPHOAOM b s (pu Ay > Ay)
!

nim 72='£;!“(; (npu Ay < Ap), rze K ectb snnuntuyeckull umTerpan

Jlewannpa 1-ro pona, ompenenseMuift pasenctBoM (26) § 16.

CrnenosatenbHO, MO HCTEYEHHWH MePHONA T MTHOBEHHAas yrioBasa CKoO-
POCThL MPHMeT NpexHee IO0J0XeHHe B Tele (HO HE OTHOCHTEAbHO OCHOB-
HOM CHCTeMBl OpPHMEHTHPOBKH, YTO BO3MOXHO, KaK MOKAa3hBAeT HCCAeAO-
BaHue, JHIIb B OYEHb YACTHOM Cayyae),

Yro6el MOBECTH 3aflauy A0 KOHUA, HYKHO €lle BbipA3UTb 3HAEPOBH
Yras B QyHKUMM BpeMenM, T. € [(POMHTErPHPOBATH KHHEMATHYECKHE
ypasHenna Ditnmepa (7) § 16 Tak kax B nannom cayvae My=0, To u3
Teopeuu 06 HAMEHEHMH KHHETHYECKOro MOMEHTa

d@

@ =M

BbiTeKaer, yro G ==const, T. e. kuHeTHyeCKu# MOMeHT G MOCTOSIHEH MO
Moayo # no nampasnenuio. Ecm 3a nenonsmkuyio ocs O B3aTh Hanpa-
BJEHHE KHHETHYeCKOro MomeHTa @, TO McclenoBauWe ynpoliaercs.

- TlockoapKy BexTOp W HanpasfieH BAOMbL OCH §, TO npm BHOGPaHHOM
HanpapienuH 3To#t ocu npoekunn G,== Ap, Cy=Bq, u C,=Cr bek-
Topa @ Ha ochH X, ¥, 2z OyAyT BBIYMCAATBCA TaK e, KaK MPOEKUMH

BeKTopa q: spxoaamue B dopmynn (7) § 16; caenopatensHo,
Ap =GsinBsing,
Bg=GsinBcos g, (10)
Cr==GcosH.

Ha papencrs (10) moxHo cpasy nahtu Gopmynn, onpesensiomiue ¢ (f)
U B(f), ecnu MOACTABUTH B HAX BMECTO P, ¢, r UX 3uavenus (9). Toraa,
OrpaHMuuMBaicL caydaeM A, > Ly (npn A; < Ay NOACYETH AHAJOTHUHLL),

N0ayunM
_ oAl e A(B—C) ca(hot+a))
8e=Tp3;=V B@A=C) sofFo)’
__Cr __C) B (A—B)
COSG-—-T—'T}J mdn(hm‘ﬁ-a]}-

tae noctosnHas G onpelensieTca paseHCTBOM (3).
Ilna naxowxneuna yraa 1 Gepem nepehie ase 3 dopmyxn (7) § 16,
Yuuomas mnepsylo Ha Sing, BTOPYI0 HA COSQ H CKIAAWBAA, NOJYUYHM

psing+ gcos p=1ysin,

OTKyAd
i psing+t-gcosq
b= sin *
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Tenepb yMHOMHM cHAyana nepBhie ABAa H3 paseHCTB (10) cooTBercTBEHIO
Ha P M ¢ W CIOKHM, 3aTeM BosBeldeM 00e 4acTH HX B KBagpaT M ONATH
CJHOXHUM; MOJNYUHM

Ap*+ Bg*=GsinB (psing—+gcosg),
A2p? 4 B%q? = G%sin? 6.
Tloasayfich ITUMH pABEHCTBAMH, HaWjeM, yToO

e PSINQ+gcose _ 5 AP+ Bg?
qie= sin® Y Aip? L B3

[MoacTasass ciofa 3HayeHHs p ¥ ¢ M3 paseHcTB (9) M yuurhiBas CoOT-
nomenue (26) § 16, GyneM OKOHUATEALHO HMEThb

liJ—G (B — C)+ (A — B) sn? (A,0f + a;)
T AB—-O)FC(A—=B)sn? (Aot J-a;) °

Orciona P HafilleTcs KBaIpaTypoRt OT SAMMNTHUECKHX (yHKuKit:

{
- (B— C)y+ (A— B) sn? (M0f + a;)
v=a ﬁ[ AE—0)FClA=Bysw G Fay 2+

Tak kak ¢GyHkuma sn (A,0f - «;) ¥MeeT nepHol 1=1—K

T TO

b 41— (&) =0.
Hurerpupya no £, nonyyum
Y(E+1)—p(@)=c,

rle ¢ eCcTb NOCTOsHHAs HHTerpupoBanua. Pyuxums P ywe He Oymder
NepuoIMYecKol; Mo HCTEYEHHH MPOMEXYTKA BpEeMEeHH T OHa nojydaer
npupaitenne, pasHoe ¢. B 3ToM M 3aKmouaeTcs npHuMHA, Y4TO W 3afMeT
TIO MCTEYEHMH mnepuona 1:=%%, poo0ie rosops, Apyroe NOAOKeHHE
B TPOCTPAHCTBE, €CAM TOMbKO cayuatHO He OKamercs, uTO mpupalle-
HHe ¢ ==2m.

2. Hurerpupopanue ypaBHeHHii NBMMEHHS B 4YacTHOM cayuvae,
KOrja SJAJHNCOHA HHEpPUHH ABJAAETCA SJJAHNCOHAOM BpauleHHs.
B uacTHOM Clyyade, Koria 3JUHMCOHIL HHEPUHH OTHOCHTENbLHO HeMo-
IBHIKHOH TOYKH €CTB 3IJIUNCORD BpalleHus, HHTErpHpOBaHue ypaauelmﬁ
IBsKeHHst Aas cayvas Sfinepa — Ilyanco 10BOAMTCS A0 KOHUA B 3Je-
MeHTapHHX (yHkunaX. JeRcTBuTenpHo, B STOM ciaywae B= A, xpome
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toro, My=0, u ypaBHenns Jfinepa NMPHHHMAIOT BHUR

A%‘%+(C—A) qr=0,

A% 4 (a—C)rp=0,
dar

C-Ef- =0.

VMuoxana obe yacTH 9THX ypaBHeHu# COOTBETCTBEHHO Ha p, ¢, 7, 4 34aveM
Ha Ap, Bg, Cr, cknalmBas NOMYYEHHHE BLIDAMEHMS M MHTerpupys,
HalizeM HBAa TIEPBEIX HHTerpana ypaBHeHu#t NBHIKeHHA

AP+ P+Cri=h,
A (PP )+ Crt = G2
Kpome Toro, Tperhbe M3 ypasHeHnft Dfinepa naeT uuTerpan
r = ry=-const.
Bropo#t 13 HAHISHHEIX MHTETPANOB BHIPAKAET, YTO MOLYJb KHHETHYECKOTO
MOMEHTa G NOCTOAHEH; HO BCKTOp G nocTodAHeH H MO HanpaBIeHHID
(OTHOCUTENBHO OCHOBHOR cucTeMBbl). JlAs noBedeHMSt MHTEFPHPOBAHNA
10 KOHUA, T. €. /A noay4yeHna yriaos @, P, 0 B dyukuuu Bpemenu £, npu-
MeM BO BHHMAHWE HEH3IMCHHOCTH HANPABNEHHA KHHETHYECKOro MOMeHTa aG.
Hna npocToThl Bhiuucienuf HanpaBuM 0¢k Of oCHOBHOH cHCTEMH MO
HATPABACHUWIO BeKTOpPa () TOTAA MPOSKIUMH KUHRTHYRCKOrD MOMEHTa Ha
NMonBuKHLE OcH OyAyT onpegensithca pasencteamu (10), 1. e.

Ap={_sinBsing,

Aq=GsinBcosq, (10"
Cr=GcosB.
Uz nocneauero ypasnenus B cucreme (10°) caegyer, uro
_Cr __Cry
€08 B = ="

Tak kak C, ry u G cyrte nocrosussie, To yron 6= const=0,. Kine-
MaTnueckue ypasHenus Dinepa (7) § 16 nawor npu 0=20,
p=tf:sinﬁnsintp.
Tloncrasafa 310 3naveHue p B nepBoe w3 ypasuennii (107), noayunm
_Avpsin Gy sinp == G sin0,sin ¢
HIIH .
AY=G,
OTKyAa
¢=—ﬁ—=canst=n.
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Hurerpupys, noayuum

b= nf 4,

rie Py ecTh HavaiabHOe 3HaveHHe V. Hakoweu, moacrasmsg r=r, (Tpe-
Tutt materpan) u 0 =10, » Tperve u3 ypasnenu#t (7) § 16, momyumm

ro==1cos 8+ @,
WM, Y4HMTBhIBadg, 4ro P==const=un,

ro=ncos 0y,
OTKyIa

@ =ry— ncos Oy
C1eloBaTenbHO, @ TOXE MOCTOSHHO; MoJjaras

P=1
TOJIY UM
@ ==t —+Qo,
rne ¢, ecTb 3Havenne @ npu f=0. Mrak, Mp Hamam, yto
B == Bﬂ.
b= nf 4y, (n
@ =nt +@p.

Jpuenne, onpelenseMmoe ypasHenwamut (11), ecTe perynapHas npeuec-
CHfl, PACCMOTpeHHas KuHeMatwueckn B § 14, n. 2. 3mecy ©,=n,,
a @y==n, NpdueM NocTostHuHe Oy, n, 1y CBA3aHBl Meway coboH cooT-
HOLEHHEM

ro—ncosBy=n,.

3. T'eomerpuueckas unrepnperauus Jlyanco ana ABHXKEHHS TBep-
JOTO Teésa OKOJIO HeNOABHXHONH ToukyW no WHepnuH, B HCTOpUUecKOM
Pa3BHTHH MEXAaHWKH METONb aHANUTHUECKHH M reoMeTPHuYeCKHH HMeau
camocTofTenbHOe 3HaveHue. Hepenako o6a meTola MpOHMKAAH APYT B APYTA,
M 3aMeyaTe/IbHHIM TPHMEPOM STOrO ABJAETCA TeOMeTPHUECKad HNTepmnpe-
TauHds JABHEHHS TBepAOro Teia C OOl HeMolBMuHOH TOUKOH AnNd cay-
yag O#nepa, nawnas [lyamuco.

BoabMeM, KaKk M paHblle, 33 MOLBHIKHYI CHCTeMY OpPHEHTHPOBKH
CHCTEMy € HayajioM B HemoABMkHOH Touke O M C OCAMM, HAMPaB/eH-
HBIMH MO T'JIABHBIM OCAM 3/AMNCOHAA MHEDUHH, NOCTPOEHHOTO LA HenoA-
BHXHOM Toukn O. YpapHenue 3TOro S/MIHNCOMIA MHepumu NycTe Oymer

Ax?|- By?4-C22=1. (12)

Byaem, coraacho Tlyauco, nasmiBaTe NomocoMm P TOuKy mepeceuyeHms
MrHOBeHHOH ocn Bpalllesust (T. €. MIPHOBEHHOH YrioBOH CKOPOCTH @)
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¢ 3mmncounoM nHepuun. OO03HAYMM uepes p PaIMyC-BeKTOp nomioca P
OTHOCHTE/IbHO HEMONABHMKHOM TOUKM; TOrAa

OP=p=pa®=p—. (13)

JokaxeM Tpu TeopeMsl, Monoxendsie [IyaHco B oCHOBY ero uHTep-
fnipeTauys.

1) 1poeryua M2HOBEHHOH Y2ZA080d CKOPOCMU ® KA HANpABAeHue
KUREMUYECKO20 MOMENMA €CMb 8eAUHUHA NOCMOAHHAR.

B caMoM pRene, MpoeKUMs @ HA HEMOZBHMHHIA B NPOCTPAHCTBe BeK-
TOop G ecTh

oG 2r h
(|)G=(,)oGO=—G-=--G—=-—-G—--—COBSf, (14)

YyTO BHTeKaeT H3 dopmynbl (4) § 15 u uaTerpanoe ypasnenu#l nBiKe-
uua (2) n (8). Crenyer oGpaTuTh BHMMaHWE HA To, YTO GopMmysa

ar
Byl s e

cnpapeaymBa M AAR OOlLero ciayuas IBHIKEHMS TBEpPAOro Tejlad OKOJO
HenmoaABUKHONH TOUYKMH.
Beenem 00603Hauenus

G1? h
T=D 1= (15)

npruem D n p Gynyr, oueBMAHO, MOCTOAHHB; TOTAA
G=Dyu, h=Du? (15"
npiyeM, coraacHo papeHcrBy (14),
I = g,

T. €. PaBHO NPOEKUWM MTHOBEHHOH YrioBOH CKOpOCTH HA Hanpasienue
KHHeTHueCKoro Momenra. Pasmepnocts ) Takas e, KaK pasMepHOCTb
MmoMenTa muepuuu. B camom zene, B cucteme CGS

D)=L= [ | =tman

2) Hauna paduyca-sexmopa noANCE P NPONOPUUOHAALHA 8e.qu-
YuHe Y2A080i crOpOCMU @,

HeficTeutensno, u3 paseHcTBa (13) MMeeM AN KOOpPAMHAT momoca P
BHIpaMeHus

x=pL, y=pl, z=pL. (16)
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[Moncrasnss 9TH KOOpPAMHATH B ypaBHeHHe (12) saauncousa uHepuuy,
KOTOPOMY OHM JOJNHE yAOBJETROPATH, MOMYUMM

2
£ (AP + B+ Cry=1,
a NoTOMY, COTMacHO paBeHCTBY (2),

P,
=h=1,

=oVh. (17)

Jlpyrumu  COBAMH, OTHOWIEHME MOAyJst yrioBOH CKOPOCTH K pammycy-
sextopy nomoca P pasuo Vk.

3) Kacameavnan niockocms x siasuncoudy usepyuu 8 noswce P
nepneHOUKNARPHA K Kunemudeckomy momenimy G u naxodumcs Ha
NOCMOARKOM PACCMOAKUL OM HEenoQBUILHONL MOUKE, m. e. anma nio-
CKocmb HenodsudcHa OmHOCUmMeAbHO OCHOBHOX cucmeMmbt opuesmu-
posKI.

[leppas wactb Teopembl (mepneuankyaspHocTs @ KacaTejbHOH mI0-
CKOCTH K 3JUIMACOMAY HHEPUMM B TOYKE MepecevyeHns MIHOBEHHOR ocH
BpalleHus, T. €. B NOJIOCE) HMeeT MecTO Aad oOwmero cayyast IBMKEHHS
TBEpAOr0 Tend OKOJO HEeNOABMXHOM ToukM W ywe Nokasana B § 15,
n. 4 Hacroswe#t raasel. JokameM BTOPYH 4acTh, T. e. MOCTOSHCTBO
pACCTOAHAA KacaTeqbHOR NJMOCKOCTH K S/IANCOHAY HHEpUMH B Mojioce
or touku O.

VpapHeHHe nIOCKOCTH, Kacawulehcs saaunconnd umHepumu (12) B no-
moce P(x, y, z) uMeeT BHL

AxX + ByY + CzZ =1, (18)

OTKyla CaelyeT

rae X, Y, Z cyTk TeKkyuue KOOpINHATH 9TOH# KacaTelbHOH MUIIOCKOCTH,
a x, ¥, Z—KOOpAMHATH nomoca. MasecTHO, uTO paccTosHMe Kakoft-
ambo touku (x’, ¥, 2’} or naockoctu (18) naerca dopmynon

Axx' 4- Byy' 4- Czz' — 1

6—“—- ==,
—V AixT L B%y? 4 Cz?

B nameM caysae Touka (X', ¥, 2’) ecTb nHauano Koopamnar O, cne-
nosatenbto, X' =0, 3y =0, 2/ =0, u nosromy

l e
VAl F By F Ciz?
B Bblpa)eHuu MOL 3HAKOM KOPHsS 3aMEHHM KOOpDAHMHATH MHoawca P 3Ha-
vennamu (16), satem mnpeoGpasyeMm mnonyueHHoe BHpakKeHue, MOJALIYACH

0=
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pasercrBamu (3), (17) n (15); noayunm
A 4 By 4 = (w4 B 4O =y 0 =

202 a2 ’
Crenoatenbo, _
A 1
6 = .—5— —_— Vb_—— - (l g)

dopmyay (19) momHO MoayunTh M3 CleAyIOWMX MPOCTHX cOOGpaxe-
Hutt., Paccrosude O 0T HeNmoOABIKHOHM TOUYKH 10 KacarelbHOR MIOCKOCTH
PaBHO TNPOEKUHH paIHyca-BeKTOpa @ HA HanpaB/AeHWEe BeKTOpa KHHETH-
yeCKOro MoMenta (puc. 65), T. e.

0=pcos(p, G)=pcos(®, GO)=p- 90 =p- B e 4 .
® GoV'h a
,llouasamme fIOJIOXKEHHA SABNKIOTCA OCHOBaHHeM 1/ NOCTpOeHuA reo-
METpHYECKOR KapTHHBE! IBHMEHHA TBEPAOro Teaa B cilydyae DHnepa, AaH-
nott Ilyamuco,
Tak Kak MAOCKOCTH, KAcAlOWAAcs SIMMNCOHIA HHepiuM B nomoce P,
He TONBKO COXPaHAeT MNOCTOAHHOE Hanpas/ieHHe B MpOCTpaHcTBe (nep-
NeHAHKYJApHA K KHHETHYeCKOMy MO-
MeHTY @, HemoIBHKHOMY RAs PACCMATPH-
BAEMOTO clyuyad Dflepa), HO ¥ OTCTOMT
OT HenoABHKHOA TOUKH O HA MOCTOTHHOM
paccToaHuu [cornmacHo TeopeMe 3, ¢op-
myna (19)], To oHa HENOABHKHA OTHOCH-
TeNbHO OCHOBHOH CHCTEeMBI; 3Ta MAOCKOCTh
HA3bIBAETCA HemOIBHXHOR NAOCKOCTLIO
n naockoctbio [lyanco. OGosnauum ee
Gyxsott 1.
Puc, 65. SnAUNCON MHEPUMH, CBA3aHHLIM € TE-
noM, Bce Bpems kacaerca nuockocrn II
B nomoce P. Tax kak noaoc P no onpelefeHdio ecTb TOYKa TeJa,
MpeAcTaBAAOUAA nNepeceyeHHe 3IHNCOUIA HHEPUHH (llel-lTp KOTOpOTO
HAXOAMTCH B HenoaswxHOH Touke () ¢ MTHOBeHHOH OCBHIO BpauleHus,
TO CKOPOCTb TOYKH Kacawua P pasHa nymo. ClenosarelbHO ABHME-
HHE TBEPIOr0 TelMa OKOJO HeNOZBHKHON TOUYKH M0 HHepUMH MOMHO
reoMeTpHYECKH NPEICTABHTb KaK KadeHue Ges CKOJbKeHHA (M BepueHwe)
SJUIANCOMIA HHEPUWH C HENOABHMHLIM UeHTpOM O NO HermoABHIKHOM
nmnockoct II (puc. 63). Bmecte ¢ snaunconnoM uHepumu ABHKETCH U
CBA3aHHOE C HHUM TBEeploe Tea0, ¥YTJ0Baf CKOPOCThH @ HampasieHa Mo
pannycy-sekTopy OP ==p TOYKH NPUKOCHOBEHH W MO Teopeme 2 H3Me=
HAeTcs NnponopunoHamsio Aamke OP, T. e.

=V?l- - 0P,
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MrHopennas ocb Bpawenua OPF, MeHss CBOe NOJOMeHHe B Teje, ONH-
WeT KOHUYECKYIO MOBEPXHOCTb (HOIBHKHOM akcomn), koropas Oyaer
[epeceKaTbes ¢ JUIMNCOMIOM HHEPUMH MO KPHBOH, onuCHBaeMo# noaw0-
coM P u HasmBaeMolt no.odueli. TloapwkHoft akcoMa HA3HIBAETCH TAKMKE
konycom mnonoaufi, Ha mnaockocts Ilyanco nomoc P Taxkwme ofuluer
HEKOTOPYI0 KPHBYIO, Ha3uBaeMylo zepnosodued. HenolBmmHBIA aKcoWA
uMeeT BepiiMHy B Touke O, H HanpaBIfiOWel eMy CAYKUT reproJonns;
y NONBHMKHOTO aKcouMaa BeplIMHA HAXOJATCA Takxe B O, a Hampa-
BAAOLICH ABineTcA nonoausa. [ToaToMy aBHMEHHE Tela MOMHO elle nmpel-
CTaBUTb KaK KaueHue 0e3 CKOMbKeHHA MOJBHIKHOTO AKCOMIA MO HEMOIBHMK-
HOMY ¢ MPHOBeHHO# yraoBo# ckopocthio @ ==OP - V.

4, Moaonuu. Tak Kak noJOIUS JIeXUT HA DJNHNCOMAE HHEpUMM, TO
TeKyMHe KOOPAMHATH TOHYEK MOJNOAMH AOJMKHH yAOBIETBOPATb ypaBHE-
HHIO 3/umncouta uuepuun (12):

Ax?+4 By!+4-Czl=1, (12)

C apyro#ft cTopomB, PacCToRHHME HENOABHKHOH Touku O B0 MIOCKOCTH

Myanco nocrosnno u naetca Gopmyaoit (18”), KoTopyld MOXKHO 3amucaTh
B BHIEe

x4 B4 P =D = . (20)

Ypasuenna (12) n (20) onpenenfioT aHaJUTHYECKH MONOIMI0 KAK reo-
MeTpUYECKOe MEeCTO TOueK, JeXauux Ha smanmncownte (12), mpuueM kaca-
TeJbHad MMIAOCKOCTh K 3JJIMNCOMAY B 3THX TOYKAX HAXONUTCA HA MOCTO-
aHHoM paccrosnun & or Toukdn O. Tak Kak ypasuenue (20) ecTb Taike
ypaBHeHne HeKOTOPOTO 3JUIMMCOHIA, TO TOJNOIWA eCTb KpHBas mepeceve-
HUSL OBYX S/MIMICOMAOB M, CJelOBaTeJbHO, 3aMKHyTas anreGpauveckas
KpWBask yeTBEPTOrQ MOpSIKa.

Ina yno6ctBa wuccnenosanus ypasienus (12) u (20) moxHo npeoG-
pasoBatb. YMHoMHUM oOe uwacTd ypasuenus (12) wa D 1 BoiuTeM u3
ypastenus (20); noayunm

A(A—D)x? + B(B—D)y?+C(C — D) 22 =0. 1)

YpaeHenue (21) ecTb ypaBHeHue KOHYCA € BeplIMHOH B HAauajas KOOpAH-
HaT O — HenolBMKHOR TOuYKe; eMy YIOBJETBOPSAIOT KOOPAMHATH TOYeK
noasukHoro axkcomna. CnemosarenbHo, (21) ecTh ypasHenHe KOHyca Mo-
NONmMK, WM NONBHKHONO aKcoMad. B mepeceuenud ¢ 9/JMNCOMIOM MHep-
muu (12) konyc nonoau#i NaeT NONOAHIO.

Y1o6H MMeTh BOSMOMNHOCTb CPaBHUBATB MOJyYaeMble HHXE pe3yib-
TaTe C TeM, yTo Ou/0 Ha#deno B M. | aHAMHTHYECKUM NyTEM, 3aMeTHM,
yTo, coraacHo paseHctsaM (5) u (15), nmocrosHuble Aj, Ay cBasaHu ¢ D
3aBHCHMOCTAMH

B(A—B)M=(A—D)h, B(B—C)M={D—C)h. (22)

13 H. H. Byxroasn
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Hecnenyem usmenenue BHMIA NOJOAMH B 3aBUCMMOCTH 0T pPasnu4HBIX
sHauewnft D, T. e. npu pasmuunbiX paccroauusx maockoctd I or me-
NoaBHKHOK TouKH [cM. dopmyay (19)], nan, MHLIME CloBaMH, NPH paa-
AUYHHIX HA4YaJAbHBIX VC/AOBHAX JBHMEHMA. .H.J'!ﬂ ONpeAe/ICHHOCTH Tipeino-
JAOWHM, Kak pasblue, uro A >B>C, T. e. 4TO NIMNCOUI MHEPUMH
Tpexocunff, npuuyeM Haubonpluas OCb HANpapieHa MO OCH 2, HAUMEHb-
Was —Mno OCH X W cpenHas —mo ocH y. HawBomswett ocu Gyner co-
OTBETCTBOBATh HaMMeHblUMH MOMEHT wHepumu, T. e. C, a HauMeHblueh
ocu — nanGoaplunit MoMeHT HHepumH, T. e. A. B camom nene, seauunnu
nonyocedl anmaanconia ﬂuepuuu OyLyT onpenensThcd PaBeHCTBAMH

1 1

a == -—ﬁ' b=, C=—n
Va VB Ve’
c¢ienoBatTenbHo, a < b <ec.
Ytobel KoHyc moaoauft 6ua geicTBATeNbHBIM, KO3(GMHUHEHTH ypaBiie-
ana (21) A0MKHBL HUMeTh pasHbie 3HAKH, T. €. HeoOXOoAHMO, 4T0OH

A=D>C,
a<bLec.

B nporusnoM cayuae, ecad, Hanpumep, Owno 6w D > A, to komyc
Ona OB MHMMHM M B fepecedyeHHH C SJAMACOHAOM MHepuHH He jgaBan OH
Hu oaHo#t JgeHcTBHTeNLHOM ToOYKHM; ABMXNenHe OO OLl HEBO3MOMKHO,

1 1
VD < VA 6 < a,
T. €. pAacCTOAHHE HENOJABHIKHOH MJAOCKOCTH OT HEeNoABHKHOH TOYKM
©Obl10 OBl MeHbUie HAWMEHbIIER NOJNYOCH @ UIMICOWAR HHepuuu. TaKxke
ACHO, YTO HeBo3MOxeH u caywal D << C, &> ¢, Tak kaxk Toraa niao-
ckocTb Il coBceM He MOXeT KacaThCd SJJHICOMAA. 3aMeTHM, uTO CO-
otHoluenne A > D > C crenyer u u3 paseHcTs (22).

paCCMOTpHM cnaqana TPH HACTHHX CAy®as:

1) D= A. Ypasnenne Konyca noaoant (21) npumer Bup

B(B— Ay C({C—A)22=0;
B 9TOM Clyyae KOHYC BbIPOMAAeTCA B NAPY MHMMBIX MiocKocTeR

_ CHE=Cy
e =

flepecekaioluxcad no ocH Ox, Tak Kak 3TO ypaBHeHHe YAOBJIETBOPAETCA
nupn y=0, 2=0 u, crenosareibHo, KOHYC MONOIWH CBOAUTCA K OXHOMH
nAefictsuTenbhoft npamolk Ox — manolf ocH sS/mncomMaa HHepuuu. DTO
SICHO M I'eOMeTpHYecKH, TaK KaK B 3TOM clyuyae paccTosHHe niockocrd I1

wi no (19)

4YTO ACHO #H reOMeTpHYeCKH, TaK KaK B 3TOM Ciayyae

OT HENOABHXHOH TOYKH paBHO bﬂ-——-_]—/.:{-—a T. €. Majno# oCH

JAAHNCOMAA, & MOJOAHMA W repnojofns CBOIATCA K OIHOH TovKe Kaca-
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Hug O’ —koHuy Manoft ocu. Teepiaoe teno OyleT Bce BpeMst BpPAaIlaThes
BOKPYT MaJOR OCH 9IMICONNA HHEPLUH C NOCTOAHHON YrI0BO#t CKOPOCTHIO.

IeHcTBATENBHO, €CAM TeNO HAayan0 BpallaThCs OKOJO ManoH ocu
SJANCOMAA HHEPUHH, TO BEKTOPE @ W (G KOMIHHEAPHE H, CNE10BATENbHO,
npoexuust @ Ha G OyzeT UMeThb B HAauanbHHH MOMEHT HaubOIbWYIO
sesuusny. Ho no Teopeme
1) [dopmyna (14)] npoex-
uHi @ Ha @ ecTh BeqHuHHA
NOCTORHHAS, 4 MO3ITOMY Telo
6yI1eT npofoKaTh BpawaThCs
okoao ocH Ox ¢ MOCTORH-
HOH HayanbHOH YriOoROH CKO-
poctbio, n6o Npy HapyeHuH
9TOTO IBMMEHUS MPOEKUHA @
ta G yMeHbIIMTCA.

Hrak, npmxenne TBEpaoro Puc. 66.
Tena Oyaer nepMaHeHTHBIM
BpalleHHeM BOKPYT ManxoH moxyocH sanuncoMza MHepuuu (puc. 66).
TockoabKy, Kak Buixo ua (22), npn D == A L, =0, 3TOT BHIBOI COBNa-
naer ¢ nonyuenuniM B m. I [eM. m. 1, cayuaft 3)).

2) D=C. B arom cayuae B ypasHenun (21) mpomaier nociertui
YieH, ¥ KOHYC OfAThH Pacmasaercs Ha
Napy MHUMBX NJOCKOCTe# G

]/ B(B— C) 9,
AA=C)

nepecekaiowuxcd 1o Goabwo# ocw
samunconna uaepunn Oz, Tlonoams
¥ TeprnoJoAHA BHIpOKIATCA B TOYKY
KACaHu#, JEKALLYI0 HA KOHUE OCH Z.
Paccyxnad Tak e, KaK U B Mpeisl-
Ayuwem chaydae, yOeniHMcsi, HYTO JIBH-
WeHde Teepnoro Tena Gynrer mnepma-
HeHTHHIM BpalleHueM BOKpYr Goabwof
ocM aanmncouna uHepuud (puc. 67). Puc. 67.
Ilpn ananuTHYeCKOM PpellleHwd 3TOT
cayuaff, Kak BHIHO u3 (22), cOoTBeTcTByeT Ay==0 M 1aeT TOT Ke pe-
syabTar [0, 1, cayvait 4)].

3) D=2B. B 3srom ciayuae KOHYC pacnanaeTcs TaKie Ha IBe, HO
yie neftcTBHTeNbHBIE MIOCKOCTH, YpaBHEHMi KOTOPHIX OyAyT

2 —+VA(A B) X.
C(B-—-0)
IATH NJIOCKOCTH fnepeCcKaioTcy 1Mo Cp&ﬂ.Heﬁ OCH O)l SNNHANCOH 1A HHep-
HHHM H B NepeCeuyeHHH C JIMNCOHIOM HHePUHH AaI0T JBa AeHCTBUTEAbHBX

o

g

13*
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9JUIMNCA, KOTOpHE W TNPEeACTABAAIT MOJNOAMI0 ANA AAHHOTO  ciyuas
(KL u MN ma puc. 68, naouem BuIL co CTOPoHH ocu ). na cpea-
He#l ocu 3AAMNCOMAA uHepumu KuHeTHuecknH MmoMeHT G TaKxe KOJnH-
fieapeH C ©; MOITOMY OCb y TaKxe siBasercs CBoGoaHOH OCbIO Bpalle-
HHA, HO BpallesHe BOKpYr Hee He Oyler ycToHuuBeM (CM. Hmke, m. 6).

PaccmoTpum Temepb OCHOBHbIe cayuau. Ecim A>D>B, 10 a<{0<b.
Tloronust B 3TOM cJayyae COCTOMT M3 IBYX 3aMKHYTHIX BeTBeR, OKpyxa-
owux KkoHusl Mano#t ocm Ox (puc. 68), asasoweHca oOCLIO KoHyca
nosonu#; 910 creayeT u3 ypasHedusa (21), B KoTopom mepsuft Ko3(-
OHUHEHT MOJNONKUTENeH, 3 OCTanblbie
NBa OTpHUATeNbHHE, 3aMKHYTOCTH NO-
JOAAH CHedyeT reoMeTpPHYECKH H3 TOTO,
YTO KacaHue IMICOMAA HHEPUHH
¢ miockoetbio I nomsuo mocme mos-
Horo 0060poTa NpOM3OHTH B TOH MHe
TOYKE.

Ecin B>D>C, 10 b<b<e.
OG6e BeTBH NONOIMH CYTb 3AMKHY=~

Puc. 68. Thie KpPHBHE, OKDPYXKAIOUHE KOHLUB

’ Gompuoft ocu Oz 3MMMACOHIA HHEP-

UMM, KOTOpas ABafeTcs ocblo Ahs konyca (21). lpumepum#t Bua nono-
Ju#t MpU pasmuuHeix 3Hadenuax D usoGpaxeH Ha puc. 68.

PasinunpiM HauanbHLIM  YCNOBHAM IBHIKEHMA COOTBETCTBYIOT pasHble
sHavenns D, a cnegoBarenbdHo, M pasiauunble monoiud. ITononuu genstcs
Ha JBA KJACC4: OIMH OKDYKAeT BepLIHHY ManoH OCH S/IANCOHIA, a Ipy-
rot—sepunny Ooaswioft ocu. OBe rpynnut pasgeneds ocoBenHoR nepe-
XONHOH nosoaueR —napolt s.MNCOB, COOTBETCTBYIOMUX 3HAYeHH D=5,

Ycaopne D < B, npu KOTOPOM MOXOLHH OKPYXKAIOT KoHey OGoibuwof
OCH 3JJKNCOMAA, KAK BHIHO M3 paseHcrB (22), COOTBETCTBYET PacCMOT-
pessoMy B n | cayuailo, Koraa A;> Ay JIBHKEHHe B 9TOM cayuae
onpefenserca ypasHenuamu (9).

[Tpu ycmoBun xe D > B, Korna noJOIHH OKPYXAT KOHEL ManoH
ocu, Gyner A, < hy, M HBMNKeHHe onpelenserca ypasrenuamu (9).

B npomexmyToynosm cayyae, korna D =258 (n0noiMH pacnaianrca Ha
zBa sanmnca) OyiaeT, kak BURHO u3 (22), Ay==A, 3TO cooTBeTCIByeT
paccMoTpeHHoMy B 1. | caywaio 5), KOrna peluedde YNpoulaeTca n SJ-
nunTHYeCKHe GYHKUMK mepexolsT B runepbonmueckue,

6. lepnosoansa. He Bxons B ananuruyeckoe uccriejoBaHue, KOTOPOS
Tpebyer NpuMeHeHUd INAUNTHYECKHX (BYHKUMH, ClenaeM JHIIbL 3aMeuaHHe
o Buae repmnonoiuk. OOo0snaunm no-npexHeMy dwepes O ocHosaune
nepleHinKyaapa, ONylUleHHOro u3 HenoaBukHOA Toukn O Ha nnockocTs 11
(cM. puc. 63). Toraa OP =p, O'P==p’, ¥ u3 fnpaMOyronsHoro Tpe-
yronbuuka O'OP cnenyer

O'P=)YOP?—007% uwm ¢ =) p?—0.
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Tak Kax NOJIOAHA ecTh 3AMKHYTast KpuBas, OKPYXaomas KoHelu OXHOM
M3 Kpa#lHux noayocefl SJJIMNCOHAA HHEPUMHM, M NPHTOM CHMMETPHYHO
pacmoJoKennas OTHOCHTENbHO 3TOr0 KOHUA, TO paluyc-BeKTOp NOJO-
JMH OP =gp wuMeeT HeKOTOpPHIH MHHMUMYM Py ¥ MAKCHMYM p,; TOr1a M3
8aMMCAHHOrQ BHIE PABEHCTBA CAELyeT, HTO

V=8 <o <V i—&
T. €. rephoJolus 3aKJIIOUeHa Memly ABYMA KOHUEHTDHYECKHMH OKpPYM-
HOCTAMH C ueHTpoM B O i ¢ paguycamu py=
=V = nn=Vi—¥.

B npoTHBOMONOKHOCTL MONOIMM, KOTOpas
eCTb KpHMBasi 3aMKHYTas, reprosondus, BooOuie
rosopa, Oyzer yxe He3aMKHYTOH KPHBOMH, BHI
KOTOpo#t nokasaH Ha puc. 69; npm stom, xak
MOWHO 10K23aTb, epro/IOAust NMOOYeperHOo Ka-
caerca oKpyxHOCTeR @ ==const, p,=const
W He uMeeT TOuyeK neperuba. [lyra repmoio-
aud AB ecTb 4eTBEPTb LYTH MOJOLHH; Nocie
TOr0 Kak noMioc P npHIeT CHOBA B TO XKe
NOJMONEHHe HA LIMICOMIAE HHEPUMH H, CJedo- Puc. 69.
BaTeNbHO, ONHILEM MOJHYIO NONOAMIO, panHyC-

BeKTOp TepNOAOLHM NMOBEpHETCS HA YroJ, paBHLif 4 AﬁB. Ecam  yroa
AQ'B HecousMepuM € 1, TO TepnoJoAMf HUKOTAA He 3aMKHETCH; B
MPOTHBHOM Chyuae repnonoius Oyzer saMkHyToH KpuBOH.

6. YcrofluyBocTh BpamEeHHs BOKpPYI TJABHBIX Oceli saaumncomaa
nHepuuH. PaccMoTpenue reomeTpuueckofi kaprunsl IlyaHco nossoaser
crenath 3akiuoyeHne 00 YCTOMUMBOCTH Bpawiends BOKPYT Kawaof U3 Tpex
ocell INAMNCONAA HHEPUHH.

ITousarue 00 YCTORYMBOCTH NBHXKEHHS NO OTHOWIEHKIO K TeM HIH
HHBIM €r'0 XapakTepHCTMKAM dHA/MOTMYHO NOHATHIO YCTORYMBOCTH paBHO-
secia (§ 10). 3axkoH ABHKEHHS MeXaHH4ecKoH CMCTeMH Onpenensercs
AEHCTBYIOWHMMA CHTAMH W HAYaldbHBIMH ycaoBMAMH. [lpoucxonswee npu
BalaHHBIX CHJAAX M HAYAMbHBLIX YCHOBMAX NBHMEHHE HASHLIBAIOT HEBO3MY-
wennuM. Ecnm B Kako#-au60 MOMEHT BpeMeHH TOUKaM CHCTeMhl c000-
LWHTh Maldble BO3MYLIeHHs (T. €. MaJbie NONONHUTE/bHbIE CMENIeHHs Hiad
CKOPOCTH) M ecau Mocje ITOro 3HauyeHue Kako#-unOyab M3 XapakTepUCTHK
ABuxenus OydeT Bce Bpema OCTapaTbCA ONMBKMM K ee 3HAUEHHAM B He-
BO3BMY!ICHHOM [IBHXEHMH, TO HEBO3MYLIEHHOE ABHIKEHHE MO OTHOWEHHIO
K yKasaHHoM XapakTepUCTHKe HA3bIBAKT YCTOHYMBLIM, 4 B MPOTHBHOM
ciyyae — HeyCTOHUHBLIM,

PaccmoTpuym Bonpoc 06 yCTORYHBOCTH BpAallATEJIbHOTO IBHMEHUA TeJa
¢ HenoABHKHOH TOYKOA BOKPYT ero raaBHbix OCe#t HHEpUMH; NMpH 3TOM
HaC Oyner HHTepecoBaTh BONPOC 00 YCTOHYMBOCTH MO  OTHOIIEHHIO
K COXPaHEHHIO MOLYJS M HANPaBleHHA BeKTOpa YII0Bo# ckopoctH @.
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Jpuxenue OyneM cuntaTh yCTOHYMBLIM, €CIH TpPH MAaJOM BO3SMYILEHHH
yuCJAeHHAN BeJHUYMHA U HATMPAaBJeHHe BeXTOPA ® BO BCE MOCHENyloUlee BpeMa
OyIyT Mano OTKMOHATBCA OT ero HayalbHOW MOCTOAHHOH BEAHUMHH @,
W HAYAJNBHOTO HAMpaB/eHHA, COBMANAIOUIEr0 C HaNpPaBJeHUEM TIaBHOH oCH
HHEPUHH; B NMPOTHBHOM CJAyvae 3TO ABHXeHHe HeycToHuuBo.

3axkmouenre 06 yCTOWYMBOCTH (MM HeyCTOHWMBOCTH) AMst paccmaTpu-
BAEMOr0 JABMIKEHH MOMHO CAENATh TO PACHOI0MKEHHIO NONOANH HA SJUTHIl-
couge HHEPLUHH.

Ecan 1Beproe Teno Bpawaercs BOKpyr Ooablioft ocH SAMHACOHAA
uHepumy (ocH 2z, cosnasaowef ¢ ocklo ), TO NpH BechbMa MAajoOM BOS-
MYIIEHHH, KOTOpOe BHI30BET H3MEHEHHE HAYaNbHOIO HAMPAaBJAEHWs MIHO-
BEHHON Yr/I0BOH CKOPOCTH @, 3JIMHCOMI MHEPDUHH NepeCTaHeT KacaTbea
naockocTh [lyanco B onHO#t Touke (KoHue GosbiioR noxyocw), a cTamer
KATHTBCA, Kacasick MaockocTH [lyaHco BAOML Todek OAHOH M3 no.gonui,
OKPYKAIOWHMX KoHell GoJbluoH MoayocH H OueHb OAM3KHX K Bepmvue E
(cM. puc. 68). Ilpn sToM yroJl OTKIGHEHHS BEKTOPA @ OT MepBOHAYANL-
HOro Hampasiexus OyleT Man H uxCleHHO » OyIeT Majo OTAHYATHCA
OT @, u4TO clelyeT u3 pasencrsa (14). Cnegoparenbno, COMMacHO cKa-
3aHHOMY BbIllE, BpaueHHe BOKPYr OOJBLIOH OCH SJAUMCOMIA UHEpUHH
Oyner ycroftyusbim. To e paccymaeHne MOXHO NOBTOPHTH H LIS ManOR
OCH 9JUIHNCOMAZA, H, C/el0BaTellbHo, BpalleHHe TBEPAOro Teaa BOKPYT
GoJbwOA HWIM MaJOH OCH 3SJUIMNCOMAA MHEPUMH SBAAETCH YCTOHYHBBHIM,

Hanpotus, Bpamenyie BOKpYr cpeaHelt 0CH 3/IHNCOMAA HHEDIHH OKA3HI~
BaeTcA HeycToHuuBbiM., B caMom Mdene, npu BechMa MajJOM BO3MYLICHHH
BpaleHns BOKPYT cpenuel ocu smmuncouia uxepund Oy HoOBnoe IBHIKe-
nie OyneT ocyluecTBaaThbc KadeHueM 3uuuncouia mo maockoctd II,
npHueM reOMeTPpHYECKMM MeCTOM TOuYeK NPHKOCHOBeHHs OyneT clyxuTh
0IHa W3 MOnoIMi, BechbMa Oau3ias ¢ KpUBOH, COCTaBNeHHOM W3 KaKuX-
mmbo monoBun AByX saauncos KL u MN (cm. pnc. 68). Ira nonoaus
Oyner KOHEYNBX pasMepoB; TOrIA B NocieldyiolleM IBHKEHHMH H MOAYJb
W HanpaBieHHe BekTOpa @ OylyT 3HAYHTENbHO OTAMYATBCA OT WX HAUAMb-
HHIX 3HaueHM#, M CNeIOBATENbHO, ABHKewue Oyrer HeycroftuusbiM, To
00CTOATEALCTBO, UTO NBHMKeHHE MPH 9TOM OLHHAKOBO BepOSTHO no moboh
U3 IOoCTaToOYHO OAHBKHX mnoNoAHH, JAexawpX B ueThipex objacTdx, Ha
KOTOphle pasjendercs AByMs samuncamu KL u MN nosepxnocTs 3iaun-
COHIa MHEPUMM, XAPAKTepPHO AAs HeYCTOWUMBOro BpalleHHs BOKpYT ocy Oy
H CYWECTBEHHO OTAH4aeT 3TOT ciyuafl OT Bpawesus BOKPyr GOJLIIOH
W Mano#t oce#t, Koria BOSMylleHHOE IBH)KEHHE OCYIUECTB/AETCH KayeHHEeM
JUIMMCOUAE MHEPUHM BLOJL BechbMa ONM3KON MOMOIMH, Jexawmel B Tof xe
o0nacTH SANMNCOMIA, 4TO H KOHel COOTBETCTBYIOLIeH MOAyOCH, KOTOPYIO
NOJMOAUA OKPY HAeT.

B § 12 (n. 3) 6buto 20Ka3aHO, YTO T/ABHEIE OCH 3JUIHNCOMNA MHEp-
MM ABAKIOTCH cBOOONHEIMM OcCAMHM BpameHus TBeploro Tena. Jloxakem
ofparHoe, T. e. YTO eC/H OCb BpAlleHHA TBEPAOro TelNa ¢ HENOABHIKHOM
TOYKOMN, HA KOTOpOe He NEeHCTBYIOT HHKAKWE BHEIIHHME CHJL, NMepMaHeHTHA
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(T. e. COXpaHsieT HeH3MeHHOEe HampaBJeHHe OTHOCHTENbHO Teja), TO 3Ta
OCb eCTh QQHA W3 IaBHLIX OCel 3JINIMCOMIA MHEPUMH, NMOCTPOEHHOTO IJis
HenoABMMHOR TOukM. TaK KAK OCh MepMaHeHTHAR, TO NPOEKUMH YrioBo#l
CKOPOCTH ® HAa MOABHMcHHeE ocu OyayT

p=oae, g=fo, r=vyo, (23)

rie o, §, ¥ CyTb MOCTOAHHHE HANpaBAAlOmWME KOCHHYCH YTJ0BOH CKO-
POCTH @, KOTOpas Mo YCJIOBHIO HMeeT MOCToAHHOE HANpaBJeHHe OTHOCH-
TenbHO Teda., JloKaweMm, 4TO @ MOCTOAHHA He TOJLKO N0 HanpasieHwio
OTHOCHTEIbHO MOABHM¥HOM CHCTEMB, HO ¥ no Molymw. B camom zene,
NOLCTaBAAA 3HAuenus (23) B umurerpan aveprun (2), MoAyunM ypaBHesHe

2T =w? (Aa2+ Bp2+ Cy*) =4,

U3 KOTOPOro creiyer, 4to |@|==const, & ClIe10BATENABHO, MOCTOAHHEI
¥ BEKTOP @ H ero npoexuus p, ¢, r. Ypassenus Ofinepa (1) ana cry-
yasl MOCTOSHHHX P, ¢, F NPUMYT BHJA

(C—B)qr::{], (.4———-C)rp~._.-0, (B—A)pq=0 (24)

Orciona CreayeT, 4TO eCAd SJAHICOMI MHepuMd TpexocHwft (A > B > C),
TO, 4roBhl YHOBAETBOPUTh ypaBHeHusM (24), HAAO NMPHHATH ABe M3 NpoOeK-
udit yraoRo# CKOPOCTH PaBHBIMH HYJI0; 3TO W JOKA3LIBAET, YTO eIuH-
CTBeHHbE MePMAHeHTHbIE OCH Tesld CYTh I'IaBHLIE OCH 3JUTHIICOMAA HHep-
mwin. Ecam snnuncona MHepumu ecTh 3JUIMNCOHA BPAILEGHHA, HanpHMep,
ecan A==B, To, 4T006bH Yyn0BNETBOPUTL ypaBHeumaMm (24), Hano mnono-
wuth Wi r =0, uan p=g=20; vo paseHcTBo r =0 moKaawBaer, uTo
nwboe Hanpapiaenue B NAOCKocTH dkBaTopa Oxy ecrb nepManeHTHas oCh,
a u3 paseHcTBa p=¢g =0 cxelyer, uro ocb Oz TaKwxe ABIAeTCH mnep-
MaHeHTHOHt ocbio. Ecau saiamnconn uHepuuu ecTh cdepa, T. €. ecid
A= B=C, 10 ypasuenuam (24) yzosnersopsioT MOGre 3HayeHua pP,
g, r, T. e. mobas ocb Oyler mepMaHeHTHOH.

7. Fepnonoporpad. HezocraTok reomerpuuecko#f MHTEPNpETAUHH
Tlyanco 3akmovaeTcs B TOM, 4To B Helt JBMKeHME BIOJHE 3a14HO reo-
MeTpHYeCKH KayeHMeM 3JUIHNCOMIA uHepuuu mo naockocru Ilyanco, HO
KpHeMaTHyeckne oOCTOATENbCTBA JABHMKEHHMA TNPHXOMHTCA OCYMIECTBAATh
AononHHTEbHO, Ecan oCywecTBuTh MaTepHa/ibHO aKCOHIW C BepPUIHHAMH
B HenolpmiHoR Touke O (M orpaHuueHHLle: HemOLBHXHHHE — reprnono-
Iveft, a noABMKHLIH — fosofueff), To AJA NOJHOrO BOCHPOH3BENCHHA ABH-
WeHusd HEeLOCTaTOYHO MPOCTO KATHTb MNOABHKHHA KOHYC MO HEMOJEHMXK -
HOMYy, 3 HeOOXOZMMO KaTHTb TaK, 4TOGH yr/ioBag CKOPOCTb, HAMPABAEH-
Has. BIOJb OOuie#t oGpasyiowelt OP, pasuanace == 0P . Vi [hopmyna
(17)]. PeanbHO oCymecTBHTh TaKo# 3aKOH W3MEHEHHs YTAOBOH CKODOCTH
Ha OCHOBAHHUM reoMerpuyeckoff murtepnperaunn llyanco HeBO3MONKHO,
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Hap6y u Kenurc pocnmoanwiu ykasanublfi mpoben caeayiomum obpa-
soM Pa3nomuM YTAOBYI0 CKOpPOCTh @ HA jBE COCTABJAOMIME: Gy BAOJbL
sexiopa G ¥ @, — napannensho naockoctn Il (puc. 70), Tak uto

0)=0)]_+ (02.

CornacHo nokasaHnoMmy B m. 3 [dopmyna (14)] nepsas cocTaBasiowas
®, = ®g NOCTOAHHA; M3MEHRETCH, CJAENOBATENbHO, TONBKO @)
IlpoBeneM uepes Touxy O naockoctb 1T/, napannenbuyio nAOCKOCTH I,
M 3acTaBuM miockocTh II’ Bpawiatbcst paBHOMEPHO C yraoBoft Ckopo-
CTBIO @, BOKpyr BekTropa G. Toraa yraosas
CKOPOCTb /IHNCOKIA HHEPUHH OTHOCUTENLHO
mwiockoctd IT” Gyzer pasHa @ — @)= 0,
Bo BpeMa nBHeHHA BEKTOpP @, OyleT 3aHH-
MaThL pasfH4HBIE HNONOXEHHA OTHOCHTENLHO
TeNa M ONMHMIIET B Tesie HEKOTOpHSH Konyc K
(BTOpPOro nMoOpaiKa, Kak STO MOXHO JIOKa-
3atb). Ecmu 3ator wonyc K ocymecTsuThb
MarepHanbHO, TO MABHXKEHHE MONHO mpen-
CTaBHTh KaK KaueHue konyca K no moasmx-
Ho#t maockocti I1” ¢ yraoso#t cxopocThio @,.
Ocyuiectsum MaTepuanbHo naockocts I1,
9AAMNCOMA  MHepuuH, konyc K wu nnoc-
Puc. 70. kocrb I/, Moryuyio paBHomepHO BpauiaTbes
€ samaHHOH Yr/A0BOR CKOPOCTBIO BOKPYT
BeKTOpa (7, npuM STOM NPeRNOoNOKHM, YTO JMGC BCe STH NOBEPXHOCTH
1epoxoBaThie, AH60 CBA3aHB OAHA € APYroH cCoOOTBeTCTBYWIMMH 3y6ua-
ThMu 3auennenuaMu. Ecnn Teneps 3aaMucoMa weepunu Oyner KaTHTbed
C Hapnexaule# yriaoBoH CKOPOCTHIO

@=0P . Vk no nenoasmxHokt
maockocr II, Bocnpowssoma aefi-
CTBUTENbLHOE IBHIKEHHE, TO KoHyC K
3aCTABMT CONPHKACAOWIYIOCA € HHM
naockocrs I spawarbes pasmo-
MEpHO C YrioBOH CKOPOCTHIO 6.
Ecam, HanmpoTuB, 3acTaBuTh Bpa-
IaThes TOAbKO nmockocts I17 ¢ no-
CTOSHHOK YTAOBOH CKOPOCTHIO @y,
Puc. 71 t0 nnockocts II', conpukacascs
¢ KoHycoMm K, nepenact ABHiKeHHe
9NMMNCOMLY HHEpUWHM, KOTOpIfl, Karack no naockoctu II, ocywecrsur
neficrsutenbHoe apwkenne. Kenurc u JapOy nocTpouim coOTBEeTCTBYIO-
wuit  npu6op, HaspauuH# Tepnomoaorpagem (puc 71) notomy, uTO
MarepHaiLHO OCYUIECTBAEHHBIR 9amuncoma, karach no naockoctd II,
BHUepYHBAET HA 3TOH MJOCKOCTH Treprojoiuio.
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§ 18. Cayuaii Jlarpania — [Tyaccona

1. YpasHenua ABHKEHHS CHMMETPHYHOTO THNKEJNOr0 THPOCKONA
H KayecTBeHHoe wucchaenopanme. B cayuae Jlarpawwxka — Ilyaccouna
S/VIMNCOMA HMHEPUHM TBEPIOr0 Te1a OTHOCHTENbHO HEMOABMIKHOH TOUKM
eCTh SJUTHIICOMA BpauieHud, T, €. A=—25, K LeHTDP TMKeCTH Tena JIEHHT
HAa OCH BpAULEHUA 3/UTHIICOMAA MHEPUHH, T. €. Ha OCH NHHAMUYECKOW CHM-
MmeTpuu. Takoe TeMo, uMeOujee HeMOABHKHYI0 TOYKY, 4acTO HA3HBAIOT
CHMMETPHYHBIM TFHPOCKOMOM. 3aMeTHM, YTO €CAH ONHOPONHOE TBEPLOE
TEJI0 HMeeT OChb PEOMETqueCKOﬁ CHMMET- [
pud, T0 3Ta ocCb OyneT Takmke H OChIO
AMHAMHYECKOR CHMMeTpPHH, HO He Ha-
oGoporT.

[To-mipexHeMy CBeM € TeaOM IOA-
BIXKHYIO CHCTeMy oOpueHTupopkn Oxyz
{puc 72) M wuanpasum ocb Oz no ocH
JAHHAMHYECKOH cmn\fe'rpuu C MONOKHTE b=
HHIM HanpasieHneM ot O K uedTpy Ta-
weeth C. Oce OF ocHoBHO#H cHCTeMb ¢
OTCYeTa HATPaBHM BEpPTHKAMLHO BBEpX.
OGosnaunM paiuyCc-BeKTOp wUEHTPA Ta-
wectw C orHocutensno O uepes a (0,

0, @), a HanpaBAOUWKE KOCHHYCH Bep- Pue. 72.
THkaAbHOR ocH O orHocuTeabHo mox-

BHXHLIX OCeft —uepes vy, Yy, Y3 WX BHPAKEHHA uepes yras Iftnepa
onpenensioTcs dopmynamu (12) § 16, [Mpoekunn CHAM TAKECTH HA TOMA-
BHXHbIE OCH MMEIOT gHavedus P (— Py,, — Py,, — Py;). Cocrabum

AHMHAMHYeCKHe ypaBHeHus DHnepa. MoMeHT BHemHe#t CHJB OTHOCHTENbHO
HenoapmkHol Toukn O Gyner

i j ok
My=mompP=aXP=Ply, v, v
0 0 a
C/1e10BATENbHO,
M, = Pay,,
My = — Pay,,
M,=0.

Toraa munamuyeckne ypasHehns DHaepa npuMyT BHA

AZE 4 (C—B)gr=Pay,
B %+(A —C)rp==—Pay, 8Y)]

dr
CE-—..O.
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K aruM ypapHeHuaM HeoGX0ZHMMO eule NPHCOCAHHUTH KHHEMATHUECKHE
ypasHeHus Ofinepa:
p= P sin B sin - 0 cos @,
q=fpsin9cosqa—ésintp, (2)
r=q@—{cos . |

[Mpu obuiet nocraHOBKEe 3adauM O ABHMKEHHH THKENOro TBEPAOTrO TeTa
OKOM0 HeMoABMWKHOK Touxm (§ 16, n. 3) 6bUTO BEIACHEHO, uTO KpOME
TPUBHATBHOTO MHTerpana Yi-+yj-fyj==1 HeobXo1uMo Ami peuweHus
3afaun OTHICKATH elle TPW MHTerpana. Ipumennm TeopeMmy o0 MaMeHEHHH
KHHEeTHYEeCKOH 9SHeprum

roe EC €CTbh KOOPAHHATA LIEHTPA TAXKECTH OTHOCHTEIbHO OCHOBHOH CHCTeMEl
orcyera. OueBHIHO, 4TO {p = (@); ==ay;. MHTerpupys n saMends kuxe-

THuecKylo 3Heprmio T ee pupaenwem (7°) § 15, moayumm mHrerpan
91.8pruu

AP+ P +Cri=—2Pay;+n 3)

MpH 3TOM yuTeHo, 4To A== 5.
Ilnta moayueHus BTOPOrO M3 HHTErPanoB NPHUMEHHM TeopeMy o0 HaMme-
HeHHH KMHETHYeCKOro MOMeHTa B mpoekuuu Ha ocb Of. Iloayuum

d
-ET(G;) =0,

nockoabky My=10; cnenosarenbHo,

G; = const,

Ho rak kak
Gy =0 - B =(Api+ Agj +CrRk) - (Wil + Vo + V3k) =
= APVt qv)+Crys
TO OKOHuaTeNbHO OyleM HMeTh
A (py,+qvy) + Cryy = const. 4

Tperuit MHTErpan NONyuaeM K3 TpeTbero ypaBHeHus cHcTemb (1)

r == const. (5)

BamernM, uTo MHTErpanbl (3) u (4) MOKHO MONYYHTL H HEJIOEPENCTBEHHO
u3 ypasHenu#t (1), kak 370 GOm0 noxasaso B § 16, n. 3.

Bpenem 8 noayuensele HHTerpanel sftmepossl yrinl. Bossoas ofe
YaCTH MEpBHIX ABYX ypaBHeHH{ cucTeMbl (2) B KBAAPAT H CK/IALHBAA KX
TOYNEHHO, MOAYYHM

¢t ml‘b?sln? 9-1—62.
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Kpome roro, yz==cos®. Ecmu, naxowel, nocrosunyio Beanduny Cr?
ofbefMHUTL ¢ A, TO HHTEerpam (3) mpHMeT BMI

A(§?sin? 0+ 02) 4 2Pa cos 0 = £, (6)

rae hy=h—Cr2
Hanee, yMHOXaf [BA NEpPBHIX M3 ypaBHeHHH (2) COOTBETCTBEHHO
Ha Yy, Y, H NPHHMMA® BO BHWMaume paBedHctsa (12) § 16, noayunm

PV = sin?B sin? ¢+ 0 cos ¢ sin O sin @,
gy, =" sin 0 cos2p — Bsingsin0 cosq.
Otciona mocae MOUNEHHOTO CAOKEHMA HAXOLHM
PV gy, = psin.
B pesyabrate muterpan (4) mpeobpaayercs K BHLy
Apsin? 04 Cr cos b =b. )

Haxkounen, udterpan (5) nocne 3aMeHwl 7 ero 3HaueHHeM H3 KHHeMaTHue-
ckux ypasHeHu#t DHnepa (2) npumer Bua

Pcos 04 ¢ =r = const. 8)

Bxopsmme B wuuarerpaawt (6), (7), (8) nocrosxHsle hy, & W r onpene-
JAI0TCA MO0 HAYaabHBLIM YCJ'IOBHFIM.

Ina OTHICKAHHMS 3aKOHA W3MEHEHWS B 3aBHCHMOCTH OT BpEMenH Siae-
poBHX yraoB ¢, ¢ u 0 HeoOxonuMo NPOUHTErPHUPOBATH CHCTEMy Tpex
OOLIKHOBeHHBIX AuddepeHuHanbHpIX ypaBneHuit nepporo nopanka (6), (7)
u (8). HeuapecTHoe @ B ypaBHenus (6) u (7) He BXONMT, MO3TOMYy ypaB-
HewHs (6) ¥ (7) MOKHO HHTErpHpOBaTh OTAEAbHO OT ypaBHenns (8).

Onpenenss u3 ypaHeHus (7) P (CKOpPOCTb TMPEUECCHH), TOAYYHM

: b — Crcos
VY =——Feme ®

Sarem, paspemas ypasuenue (6) orHocutensuo 82, Gymem HMeTb

B2 — f1—2Pacos
= A

MOLCTABAAA ClOfa BMecTo P ero aHaueHue (9), natimem

; hy—2Pa cos 6 (b — Cr cos )2
2 M -
fh=s A ATsmre (o)

¥Ypasuenue (10) naer Bmpamenue AJMA KBaapaTa CKOPOCTH HYTAUHH.
VinTerpupoBaHue 3TOrO ypaBHeHHs MOMHO AOBECTH IO KoHua; 0 Beipa-
BHUTCA B BHAE SJUTHNTAYECKOH (YHKUMH BpeMeHH. 3aTeM, [OLCTABJAA
watizeHHoe 3uavenue O B ypaemenus (9) u (8), mokHo wHaitu P u @
B BHAe KBAApATYp OT 3jumnruyeckux ¢yuxunl, He nposons no kowua

—2sin? 0;
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STOr0 HHTerpUpOBaHMH, MPOBefeM HAa OCHOBAHMM BHAa AHddepeHimab-

Horo ypasHenus (10) xauecTBeHHOe HCC/Ie10BaHME XAPAKTEPA JBUIKEHHH,

Aaiollee NOCTATOYHO SCHOE MPEACTABJICHHE O BCEX ero 0co0eHHOCTAX.
[peo6pasyem ypastexue (10) k BuAy

A?sin2@ . 62 = A (h; — 2Pa cos B) sin?0 — (b —Crcos 0)2  (10")

H BBeleM HOBOe MepeMeHHOoe §, MoJaras

cos B =z, —sinB—{:}zj—f. (1)

Torpa ypasuenme (10”) mpusmer pug
a(g) = 12
) =1 (12)

rae ofo3HaueHo
f(s)=A(h;—2Pas)(l —s?)— (b —Crs) (13)
Hccnenyem wopun ypasuenus f(s)==0, T. e. HaHieM Te 3HaueHus S,
TIPH KOTOPBIX ?: ofpamiaerca B Hynb. Jlerko BHAeTb, uTO ypaBHeHMe

f(s)==0 Oyner umeTb Tpu naeHcTBUTE/BHBIX KOPHA. B camom nexe, M3
paseHctBa (13) cmenyer, uro

J(—D=—(b—Crs¥ <0,
fHD=—@®—Crsp <o,
f (4 00y =+-co.

MocneaHee cooTHOWeHWe HMeET MeCTO NMOTOMY, 4TO 4JdeH f(S) co crap-
weft creneHulo § uMmeeT BUA -+ 2PaAsd.

Tak kak s=cos® u — 1 LcosOB1, TO anu neHcTBHTENLHOTO
IBHMEHHA MOMKHO HMeTh MecTo — 1 <{s<l. A BBuAy TOrO, 4TO M

ds
—F AOMKHO ObiTh NEeHCTBHTEARHBIM, a4 HE MHHUMBIM, BbipameHHe f(§)

BOMKHO OLITH MOMOKUTENLHLIM B HEKOTOPOM MHTEPBAJE, JNeKAIUEM MeWAy
—1 u 41 coorsercTByOmeM AeHCTBUTEbHOMY ABHAeHHIO. HO Tak Kak
npus=—1ns=-1 f(8) <0, aB ynomauyTom uHTepBante f(s) >0,
10 Mexay §=-—1 u §==-} 1 cymecTByiOT 1Ba NeHCTBHTE/bHLIX KODPHA
f(s), xoropele oGoanauuM uepes §; M S,. Kpome toro, Tak kax
f(-+00)=-o0, To 3a 3HaueHweM §= - 1 dyHkuua f(s) umeer ewe
ONMH NeHCTBHTENbHMU KOpeHb §; [NpuMepHnIR rpadux dyuxkuun f(s)
nsobpameH Ha puc. 73].

BocnonbayeMcs NpOBefeHHBIM HCCNEAOBaHHeM 1A oOuie#t xapakTepH-
CTHKH JABH)KEHMs) CHMMETPHUYHOTO THPOCKOMA M NPUMEHMM 1/ 3TOH uen
cipepuyeckoe nsobpawenne. OmullieM CPepy eIMHHYHOrO paIUyca ¢ LEHT-
poM B HenoABWXKHOH Touke O M oTnoXMM OT Towkn O BIOAL MOMOKH-
TeNAbHOrO HAMpABAeHHs OCY AHHAMHYeCKOM cummerpuu rupockona Oz

enninunbifl Bekrop AO =00 Kouwenm ero A, HasbBaeMbiff anMeKCcOM,
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GyneT Bce BpeMsi aBHrathcs Io nmocTpoeHHof cdepe. JlBmkenue amexca A
no cgepe MOMHOCTHIO H30OpasuT ABumeHHe ocu Oz, T. e. npeueccHio
HYTalHIO THPOCKOMNA.

Hccenyem cHawaga, Kak H3MEHAETCA NPH ABHXKEHHMH THPOCKOMA yron
nytaunu 0. Tak kax s==cos0, To W3 3akmoueHus, uTO AAA AEHCTBH-
TEALHOTO JBHMKEHHA § HAXOAHTCA B TIpaHULaX §; < < S, BHTeKaeT,

fls)

"
-

+*
el

S TN
5 su:a

Puc. 73.

e .
i
L7

uro cos B, < cosB cosBy, rme 6; u O, —yrau, coorBercTByOUIKE
KODHSIM §; M Sy, ClefOBATe/bHO,

0> 0> 0,

Aro ABoHHOE HEPABEHCTBO O3HAUAET, 4TO CepHuecKan KPHBARA, KOTOPYIO

OMHCLIBAET AalleKC, 3aKJI04eHA MeXAy ABYMS [apajiefsMu A;Ai H AgAé.
NJAOCKOCTH KOTOPHX MepleHAMKYIaPHE K BepTHkambHo#t ocn Of u or-
crost of O Ha pacctosHusax {;==cosB; un
{,=rcosB,. Ocb Oz Bo Bce BpeMA nBHKe-
nug GyfeT HAXOAHTbCA MeXILy ABYMS KOHY-
camu ¢ o6we#t pepumuo#t O W Hanpasamo-
wemn AiA; n AgA; (puc. 74). Tak wak us
pasercrea (11) crenyer, urto

das dcos B . daf
== Sl e

W Tak kak 0= 0, nbo 3TOT yroa 3aKmo-

e Mewxay 0, u 0, Togoépamae-rcn

L Toraa us
dt "’
a0
ypassetna (12) creayer, uto 5= 0 Toabko
Ias KopHeH ypaBHeHus f(§)==0, T. e. KOT1a TPAeKTOPHA ameKca AOCTH-
L r
raeT TPaHHuYHBIX napanienet A, 4, U A4,
ChenoBarenbHo, M3MEHATh HAMpaBJeHHe HYTAUHMOHHOTO ABHMeHns (OT
ABHKEHHS BHU3 HA JNBMXEHHe BBEpX M HaoOOpPOT) OCh FHPOCKONA MOMET
’ r
TONLKO HA Napamaensx ApAd;, AsAs.
Taxkum ofpasoM, Tpaekropus anexca GymeT uMeTb poobiue BHI BOJ-

HUCTOH cdepHuecKOl KPHBOH, 3aKMOUEHHOR MexAy napamtensmu A;d;

B HyJb OIHOBPEMEHHO C

Puc. 74.
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H A4y n uaywe#t OT OAHOH mapamIendH K Apyrof. ITpu atoM Bpems
r !
Apumenna fy, or napamaemn Ayd; 10 AxA; ocraeTcd MOCTOSHHBIM H

’ r
PaBHBIM BpeMeHHM f,; IBMKeHHS OT napamienn A;A; no A14, T. e. Hy-
TAUMOHHOE JBHXKeHHe sBasercs KkomeGarTempHbiM ¢ nepuHofoM T ==2f,

B camom genme, us ypaeptenus (12) crenyer, uto As=+Vf(s), rae

sHak nuoc Gepercs, korma § >0, T. €. KOrAa § pacTeT OT §; X0 §,
M 8HAK MHMHyC — NpH yOblBaHHM § OT §, A0 §;. Torna

£ I 5
ds ds das
I 420 1T —Vre S VIO

Taxkum oOpasoM, BenHUMHB fy, H [y ONpelendiOTCA ONHUM H TeM Xe
HHTETPAnOM, MpHYEM HETPYAHO MOKAa3aTb, 4TO 3TOT HHTErpaj HMeer KO-
HeuyHoe SHAYEHHE; C/1eA0BATeNbHO, [y =={fy == const.

Ecin xopuum s; H §; oOdeHb OJH3KM JApYyr K ApYyry, TO Napaiieau
AIA; H AgAé oueib COMMIKEHBI, TPAEKTOpPHUS dneKca M3BHBAETCH B y3KOH
MOa0Ce MeWAy HUMHM, MAJ0 OT/MNYAACh OT OWKPYHHOCTH, & OCb THPOCKONA
Bpalaercss (npeueccupyeT) BOKpyr ocu O, HCHHTHBAA OueHb Maible
KOJ‘IeﬁaHHH; HMeeT MeCTO TAaK HasbiBaeMas [ceBlOpery.ApHaf npeueccud.

PaccmoTpuM Teneps, KaKo# BHI MOMeT HMeTb TDPAEKTODHA anexca
MeXAy OTPAHHYHBAIOIIMMH ee MapaanensMy. ITO 3aBHCHT OT XapaKTepa
TPEeUecCHOHHOrO0 JBHXKEHHS, T. €. OT YCJIOBHH CKODOCTH TIPEUECcCHH li::,
onpenensemoft dopmyoi (9)

r___b—Crcos8

Yes—awe ®

nOCKOJ‘Ibe B 3HaMeHareqae 30eCb CTOWT BeaHYyuHa CYLIECTBEHHO TIO-
JAOKHTeNbHANA, TO HampapieHue npeneccuu Oyner 3asuceTb OT 3HAUCHHA
nocTosHHOM b, T. e. OT HAYaNbHHIX ycaoBuit. Boamoxmbl caedyiouiue
caydan:

1) 6> CrcosB, (nmn & < CrcosB). MockombKky BO BCe Bpems ABH-
wenna cosB LcosBy (M cosH >cosB), To B sroM cayuae { mveer
Bce BpeMs OAMH M TOT e 3HAK M HHKOTAA He o0paulaetcs B Hy/b,
T. €. THPOCKOI MpelecCHPYeT BCE BPEMs B OJHOM M TOM e Hanpapie-
aun. Tlpu sToM Ha mapannemsx AA{ u AyA; ckopocts O obpautaetcs
B HyAb M OCb CHPOCKONA HMEET TOMBKO CKOPOCTh \; Ce10BATEMbHO,
TPAEKTOPHA AMeKCa KACAeTCA TpaHUYHBLIX Napamieme#t. B urore saxmo-
yaeM, 4TO TPaekTOPHs amekca OyleT B NaHHOM C/yuae HMEThb BHL KPH-
BOH, MOKa3aHHOH HA puc. 74. .

2) b=CrcosB,. B arom cayuae P TakKe HMEET Bce BpeMs OIHH
M TOT e 3HAK, HO HAa BepXHeH Napamtenu As A ofpauaerca B HYyb.,
Tax Kax Ha sto#l mapamiean ¥ 6 =0, TO y TPaeKkTOpHM anexca Ha na-
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pamtean AgA Gyayr Touku BOsBpaTa. Takum o6pasom, TpaeKTOpHS
aneKca MMeeT B ITOM cily4ae BHA CPEPHYECKOR LHKIOMAH, H300paweH-
HO#t Ha puc. 75.

Bamernm, uto cayyalt b =Crcos B, PpuMUCCKH HEBOBMONEH, TaK KAK
TOrja Ha MNapaanenu AIA{ 6bl10 Gbl  OAHOBpEMEHHO lf>=0, 6 =0,
4 MOTeHUHANbHAA SHEPruaA FMPOCKONa Tpu O =0, uMmeer MHHUMYM (ueHTP
TAKECTH THPOCKONA 3aHMMAET HAUHHM3LIEE MOJ0-
WeHue); CrelOBaTeNbHO, B nocaelyioleM 8-

HEHHM OT Tapamneny AIAI K AgAg, Koraa

6yner h =0, 00, HOMKHEI ONHOBDEMEHHO
BO3pacTaTek H KHHETHUYECKAs H NOTeHUHabHAaf
SHEPIrUN THPOCKOMA, YTO NMPOTHBOPEUHT 3AKOHY
coxpaHenusa sHepruH. Takum o6pa3oM, TpaekTo-
pHs anekca ¢ TOYKAMH BO3BpaTa Ha HuxHel
napansend HeBO3SMONKHA.

3) CrcosB; < b < Crcosf,. B atom cay-
vae, noka cosf,<CcosB < b, yrmosas cko-
pocts npeneccuu P > 0, anpu b < cos 8- cos B, Puc. 75.
6yner P < 0. CnenoparenbHo, npu yrae § = 0%,
onpeneaseMoM paBeHCcTBOM cos 0¥ == b, Hanpap/IeHHE IPELECCHE HBMEHAETCS .
Tpaexropua anexca GyneT neTneofpasHot kpuso#t, HanoMuHawolueH no
Buay Tpoxouny (puc. 76). IIpu sroMm u3 coobpaeHHft, aHaTOTUYHBIX Bbl=
CKA33aHHEIM TPH PACCMOTPEHHHM Mpeablay-
HIEr0 cayuas 2), crenyer, uTo MeTJH Tpaek-
TOPUH MOTYT PacHonaraTbCd TOMbKO BGIH3N
BepXueft nmapasienu AgAs.

PaccmoTpuM uactum#t mpumep., [lycrs

B HauanbHEIA MOMEHT £ =0, @ = (|30, =0,

B =0 u8=0, 1.e. rupockony coobuaor
€O6CTBERHOE BpalleHne ¢ yrI0BOMH CKOPOCTHIO

fl;o M OTNycKAIOT oOCbh 0Oe3 TOJuKA, HAKIO-
uuB ee moa yraom 8, k Bepruxamu. Ilon-
CTaBJAS STH HaualibHHe JNAHHbE B ypaBHe- Puc. 76.

Hua (6) u (7), HAXOMMM, 4TO B [aHHOM

cayuae hy==2Pacos®, b=Crycosl;, u pasencrso (13) mpuuumaer
BUI

F(8)=2PaA(sy— s)(1 —s?) — Cr (s, — s)?,
ree sy==cosf, Orcioga caenyer, uro oAHNM H3 KOPHEH YypaBHEHHS
f(8)=0 Gyner s=s¢, (uan 68=20,). Ho, kak Gma0 ycTaHOBIEHO BHILIE
NpU PACCMOTPEHUN Cayyas 2), BO3MOXKHO TOAbKO paBeHCTBO b == Crcos 92.
Crnenosarenbio, B fawHoM caywae 8,=0, 1. e. napanmens A,A;,
OTPEIHH"IHBRIO].!J,E.Q TPAeKTOPHIO aMeKca CBEPXY, Onpefe/aaerca HaUaAbilkIM
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nosoweHHeM OCH rupockona. TpaekTopusi anexkca HMeeT BHA, H30Gpa-
wennnifl Ha puc. 75, rae 0y =10,

B 3zak/moueHne OTMETHM, YTO TPH OCOOBIX HAEYAJAbHHX yCIOBUAX
MOXKET HMETh MecTo cayua#f, worza oba KOpHA §; M Sy ypaBHeHHS
f(s)=0 6yayT paBusl apyr apyry (s;==§,); toraa 0;=0, u amexc
OTMHCBHIBAET OKPYHHOCTE napananten, a ochb TH[JOCKOH&‘-K[JYTIIHIH KOHYC
pokpyr Beprukamn O, T. e. nBuienue Oymer npencTaBaaTh coboft pe-
TyAspHYIO MpPeneccHio.

2, MpuSnukennoe HHTETPHPOBAHHE YPABHEHHHA ABHIKEHHS CHM=
MEeTpHYHOTO TKeJOro rupockona. B Ooabwmuctee cayvaeB and mpax-
THUECKHX lenelt GhiBaeT JAOCTATOYHO HMeThb NPHOIMKEHHOe pellenke
ypasHeHUH ABMKeHHs rupockona, Ha#nem rtaxoe npuGammeHHOe pelueHHe
Ans CHMMETPHYHOIO TSAXKENOro THPOCKONA IpH CAeaylolmux HavaNbHBIX
YCAQBHAX!

ty=0, gy=0, $o=0, E'o=0; =@y P=1 0=0,

T. €. PACCMOTpUM ciyualt, KOrla TMPOCKON B HAuadibHBIR MOMEHT TMOay-
yaeT yIJIOBYI0 CKOPOCTb @ BpAUIEHHA BOKPYT CBOeH OCH AMHAMH4EeCKOH
cummeTpHy Oz, xoropas B 9TOT MoMent ofpasyer yrom Oy c BeprTu-
Kanbio.

MMoncransa 3TH HauwaibHeie JXanHbie B paseHctBa (6), (7) u (8),
Ha#neM, uTo B 9TOM ciaywae r=®, h;=2Pacosf, b=Cowcosb,
Torana ypaexenue (10) npumet Bua

2
b2 = 3—;-‘-‘- (cos 8, — cos 0) — AzL;(:,T (cos By — cos 0)?

HAH, BHIHOCH TIepBLIH uieH NpaBoR wacTu 3a CKOOKY,
i 2 (cos By — cos ) [l s TN (cos B, — cos El)] (14)
A 0 2PaA sin? 0 0 :

Wa pesyabTaTom, mOAyueHHHX B M. 1, crenyer, yro BO BCe Bpems ABH-
wenua cos B cosBy 1) u, cremosarenbuo, 8> 0, Jlepas wacth ypas-
Henust (14) cyllecTBeHHO MNOMNOKHTENbHA; OAMH W3 MHOMHTe/ell Npaso#
yacTH, UMeHHOo cos Oy —cosB, mo mowasawHoMy Goablue Hyas, CilenoBa-
TEIbHO, BTOPOH MHOXKHTENb, T, €. Bblpa)KeHHE B KBAAPATHHIX ckofkax,
AomKed ObITh CYIIECTBEHHO [OJOXHTENeH, a AJ9 3TOro HeolXoauMO,
uToGel BTOPO# ujeH B KBANPAaTHHIX ckoGxax Okl MeHblUe enuHHLLb.
Byaem B panpHellmieM paccmarpuBaTh chayuat, oOHYHO HMeOLIHK
MECTO HA MPAKTHKE, KOTAA HAua/lbHAA YIIOBas CKOPOCTH ® FHPOCKONA,
a ¢ ueio npouasenenue Ceo, HasbiBaeMoOe COGCTBEHHBIM MOMEHTOM THPO-

1) 310 ACHO M M3 TOFO, 4TO ecAH 6Bl 60 cos B > cos 6, TO BhIpawenHe
B KBAIpaTHHIX CKko6kax ypaBHenusa (14) OblA0o 66 NONOKHTENBHBIM, a CAE10Ba-
TeALHO, BCA TPABAaA YACTh 9TOFO ypaBHenHs Ouia 6m OTPHUATENbHOMH, 4TO HE-

BO3MOJKHO, TaK Kak JeBad 4acTb 0? CyuiecTBEHHO MOJOXKHUTEAbHA.
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CcKOma (HauadbHLI{ KHHETHUeCKHH MOMEHT FMPOCKOMA), HACTOMbKO BENHKH,
YTO BBIMOMHAECTCS HEPaBEHCTBO

C?? > 2PaA.

Ho B TakoM cayyae, uTo0bl BTOpDO# uwieH B KBAAPATHHIX cKoOxax Guin
MeHblie eJHHHUB, HeoGXomuMo, 4ToGbl MHOMHUTEab MpPH HeM (T. . BelH-
unia ¢os 8y — cos 8) 6ua mocratouHo Mald. ITO B CBOIO ouepeab Oyier
MMeTh MECTO TOTA4d, KOTI& OueHb Mana pasHocte O-—0, a moromy
MOKHO TIOJOKHTh

0 =0, 4 u, (15)

rae # ecTh BecbMa Majgas MOJOKUTeJbHad BelHYHHA (yTod, HA KOTOPbIH
H3MeHAETCA HauambHOe B3HAueHWe yrna Hyrtauuu). B nampHeHmem Gyaem
OrpaHHYHBATBECA B BHIpAXKEHHAX TPHrOHOMETPHYECKHX C!)YI-IKIJ.HFI YJIeHAMH
nepsoro MOPAAKA MaJOCTH OTHOCHTE/NLHO & H [1OJAraTh

cosu~1, slnu=u.
Torna

cos 0 = cos (8, 4 u) = cos By cosu —sinbysinu == cos By—u sin B, 18
sinB = sin (0, + u) ==sin 0, cos 4 4 cosOysinu = sin By ucosfy; ()
oTCI0/1a

cos By —cos 6 =~ u s1n 6. ("

Iockombky Ml cuntand C?0? >>2PagA, To ANR yaepXaHHs B KBajpat-

Ho#t ckoOKe npaBofl yacTH ypasuenus (14) YACHOB ONHHAKOBOrO NOPANKA,
Cip?
HeoOXONHMO B MHOMMHTeae TIPH oPaA COXPAHHTL uieH C 4. Brryucass

STOT MHONMTenb ¢ yuerom pabexcts (16), (17), nmoayunm

cos Bp—cos @ 1 5in gq _ [ _
sin? @ " 8in? 0, +-2usinBycos B, sinB, (I 42w clg By)
u "
_m(l——%clgﬁo—l— ...)-—-.-m. (18)

Kpome Toro, m3 cooTHoutenusa (15) caemyer, uro é=i—?. B pesyab-
TaTe ypaBHenHe (14) saMeHHTCA C/eAyOIINM MPHOIRMEHHBIM YPABHEHUEM!

d_w)2M2Pausin9¢ [I __ C%u ]
( at) — A 2PaAsing, |'
HITH
du \2 Clp? 2Pa A sin O
(d—t) - u[ L% —-u]. (19)

Beedem o6o3HaueHua

Co 2Pa A sin 0

=% g b (20)

14 H. H. Byxroaey
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Toraa ypaenexne (19) mpumer Bux

(%‘})2 = 02 (B — u),

OTKYyAa
du e TR
ar=aeVub—u. @n
Paznenss nepemetiibie, GylaeM HMeTh
du

Wﬁ_})—:'adt. (22)

Takum ofpasom, 3anaua cBenack K KBagparType. 18 oKoHuaTenbHOro
HITETPUPOBAHUS CHeIaeM [OACTAHOBKY

u=psine; (23)
ToTna
du=2psingcosede.
Ypasuenne (22) mocne nofcTaHOBKH (23) npuMeT BuA
2fsinecosede
V BsinZe (B— P sinfe)
HAH, MOCTe COKpatleHus,

adt,

Wurerpupys, nomyunm

IToncraBass 5TO 3HaueHwe ¢ B paBeHcTBO (23), Haxonum
a
u=ﬂsm’-’(-2—f-|—cl).
Jlas onpefeneHns: MOCTOSHHON MHTETrPHPOBAHUS ¢; YuTeM HAUANbHLE yCJI0-
sus; #=0 npn £==0. Torna

0 =psw’c;, oTkysa ¢;==0
"

u == psin? (%—{) v

3amensa 3nech KOHCTAHTBl @ M P UX 3Hauenuamu (20), Oyaem HMmeTb
2PaA sin B, Co
- 2 [
u cLh (2 1) @4
Hakouen, moxcraBnss 3TOT pe3yasTar B paseHcTBo (15), moayumm okoH-
YaTe/bHO CAAYIOlee BHIDAMEHHE I yriaa HYTauuH:

0= 0, + 2PaA sin 0, sma(C&J )

ot (25)
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Ha pasedctsa (25) BuAHO, UTO Yroad HYTAaUMH MEPHONHUECKH H3Me-
HAeTCA OT 3HAUeHHA O, N0 3HAuCHHS

2PaA sin®
BI:BO+T3*O°

CienoaTenbHO, €CiH BOKPYT BePTHKAAbHOM OCH OMHUcaTh IBA KOHYyca
¢ yraamu pactBopa npu Bepumue 20, u 20;, To oce rupockona Oyner
BCe BPeMs HAXOLMTbCA B MPOCTPAHCTBE MEKAY STHMH
kKoHycamu (puc. 77). [lepuon nameHeHHa yriaa Hyra-
wuH 6ymeT, cormacHo ypaesenuio (25), pased

=24, (26)

dopuyas (26) u (25) MOKA3LIBAT, UTO ueM
Goablue cOOCTBeHHBI KHHETHUECKHH MOMEHT THpO-
CKOMA, TeM MeHblie Nepuol HyTauun (6onbile yaci0Ta)
M Tecdee rpaHuusl 6, nm 0, mewxay koTopsiMM Ko- \
neGaetcs (HyTMpyeT) oc¢b THpockona, CkasaHHbiM 0
obbacuderca ABJEHHE, COCTOAIUEe B TOM, YTO BO/A- Puc. 77.
4oK, NpHBefeHHHft B OGbICTPOe BpawmeHUe, wusnaer
8BYK (KY¥iaHume) TeM Golee BLICOKOr0o TOHA, 4eM OGoabile CKOPOCTh
BpalieHHA.

Hafinem BhipaweHuWe cKOpOCTH npeueccud. Ilam 3TOro Bocmoab3yeMcs
unterpanoM (7). [1pu NpuEATEIX HAYANbHBIX YCAOBHAX 7 = @, b==Co cos B,
M 3TOT MHTErpan faer

Apsin? § = Co (cos B, — cos 0),

oTKyxa

§= Co cosBy—cosB
- sin? Bo

3aMeHAs 3gech MOcHenHHH MHOMXKHTenb B [IPaBo#l 4acTH ero NPHOAMKEH-
HeIM 3HaueHuem (18), Oyaem HMeTb

_._ Cau
lIJ Asing, *

Haxouneu, 3aMeHss # ero sHaueHueM (24), nafiieM OKOHYATEABHO cle-
Aywoluee NpuGAMKeHHOe BHIPaMeHHe AJA CKOPOCTH NPeuecCHH:

ap._—sm?(g;’ t) @n

Takum ofpasom, Mel NPUOAMMEHHO ONpefeMAH 3AKOHB NPEUECCHH H
ayTauuy ObICTPO BPALIAIOLEroCcs THHENOr0 FHPOCKONA NPH NPHHATHIX
HAYAAbHBIX YCTOBHAX,

OCbIO Hyraunu ABMAETCA JHHHA )’SJ'IOB. a 0OCbID npeueccnu—ueno-
IBMKHAA BepTHKanbHaw ockb Of, 3akoH u3MeHeHMs yria HyTauMn naercs

14*
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dopmyoft (25). U3 sroft dopmynsl cmenyeT, uTO 0OCb colCTBEHHOTO
ppauierns Oz xosnebnetca B naockoctv OLz (BOKPYr AHMHHH y370B) OKOMO

HEKOTOPOTO CPefHEro CBOEro moaowedus. BeauumHa P ectb CKOpOCTB
BpalUeHHS JHUHHK Y310B Wi Taockoctn OLz (mepneHauxyaspHOH K Ju-
wuu yanos) Bokpyr ocH OF. Ocb co6crBeHHOro BpallleHHs COBepluaer,
CleOBaTeAbHO, CHOXHOe ABHXeHue. M3 pamsencTma (27) caeayer, uro

CKOPOCTb [IpemeccHd P COXpaHfeT B HallieM Caydae BCe BpeMs ONMH M
TOT JKe 8HAK, ONMHAKOBHLI{ CO 3HAKOM @; C/IeJOBATENbHO, OChb COGCTBEH-
HOrO BpauleHHs Npeueccupyer (Bpautaerca BoKpyr ocu OL) Bce Bpems
B OJIHOM H TOM e HalpaBleHHH, TIpUYeM, €CAH THPOCKONM Bpallaercd
BOKPYT OCH B KakOM-1MGO HaNpaBiAeHHH, TO M ero OCb MOBOPAYHBAETCS
BOKDYT BepTHKaJAW B TOM e HanpasieHuH. M3 ¢dpmynm (27) taxxe
BaK/MIO4aeM, 4TO MNEPHOA AN H3MEHEHHH CKOPOCTH NPELeCcCHH TOT e,
yro W Aag yraa wyrauun. OnHoBpemenxo H3 dopmya (28) u (27) Bu-
TeKaer, uTo

Orciona BHAHO, 4TO NPH MHUHUMyMe yria HyTaluud, T.e. nmpu 0 ==0,,
CKOPOCTb MPELeCCHH PaBHa HymO, T. e. TOXE MHHUMANbiias, & NPH MaK-
CHMyMe yria HyTalHH, T. e, PH HauGOAbINeM OTK/IOHEHHH OcH COBCTBeH-
HOTO BpAIIEHUSA OT BEPTHKAMH, UMEEeTCH H MAKCHMYyM CKOPOCTH [PEIeCCHH,

2Pa
papib#t —=—. CrenopaTenbto, Tpaektopuefl anekca Oyner chepuyecxas

UMKIONNA, Kacaoluadca HmkHe#t napannean (0=0,) u uMeouas Touxu
3a0CcTpeHnss Ha BepxHeft mapaaremn (B=0,==0p), 7. e. xak u Gou10
ycTaHoBiAeHo B M. | [IpH NMPUHATHIX HAYaAbHLIX YCHOBUAX HMEET MECTO
BTOPO#i M3 paccMOTPeHHHX B M. 1 cayuaer (cM. puc. 75)]. Ipu stom
ONyCKaHHe OCH COGCTBEHHOrO BpalleHHA COMPOBOKAAETCS BO3PACTAHHEM
CKOPOCTH ee BpallleHuss Boxpyr ocu Of u HaoGopoT.

Koraa ckopOCTb cOGCTEEHHOTO BpalleHHd THPOCKOMA OdYeHb BEIHK4,
u3MeHeHHe yraa HYTAUMH HACTOMbKO Mano M HedaMmerTHo (rpaxnus 8, u 8,
oueHb GJM3KM APYT K OpYyry), UTO [MpPelecCHs Kaxercs peryaspHOH.
Takas HeperyaspHas npeueccuss, Maao OTAHYAOIIAACH OT peryaspHof,
HaseBaeTcA, Kak Obao ywe ckasaHo B n. 1, mceBaoperyaspHod mnpe-
ueccuet. Jlas NceBAOpery/MspHON MpeueccH BBOMHTCA MOHSTHE CpenHeht
CKOPOCTH MpeueccH, KOTOPad ONpenensercs Kak CpelHee SHAUEHHE CKO-
poCcTH mpeuieccHH P 8a MPOMEKYTOK BPEeMeHH, DaBHHH Mepuoly mpe-
UECCHH,

CornacHO ONMpefeneHHI0 CpelHero sHAyeHHT (YHKUMH B HEKOTODOM
MHTEPRA/Je H3MeHEHMA €e aPryMeHTa CpelHss CKOPOCTh NpelleccHu GyreT

paBHa ir
F= [ bar

4
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rae tl €CTb MPOH3BOALHO B3ATHI MOMeHT BpemesH. Jlerko MoKasaTb,

4TO 1[7 He 3aBHCHT OT MOMeHTa f;. B caMom nene, 3aMmeHfis BenMuHHY 1]9
04 3HAKOM MHTErpana ee Bupameﬂnem (27), monyuum

LH+T
Cot
$=—:L f Tsin o )dt.

Henas noxcraHoeky £ ==7;-} T, Hallnem

=

sin? ——g 1~ e {{' + D gy —

Il

P

T
2k

T

J‘ 1 —-—cos————(t, —|—1)]d1:-—-
1=T

0
o[t —sin A(f1+r)] =

=0

=T

— [T — A sin S (¢, 4 T) 4 F-sin C‘;"]

Mocnennue nBa uaeHa BHYTPHM KBagpaTHOH CKOOGKM B3aHMHO YHHYTO-
HAIOTCA, 4TO OGHAPYKHMBAETCH, €CAHM TPEACTABHTh B HHX 3HaveHue T u3
pasetcTRa (26). Hrak,

=12, 28)

CpeaH0 CKOPOCTh TCEBAOPEryaapHOH Npeueccuin MOKHO ONpelequThb
TAKKe KaK MOCTOAHHYIO CKOPOCTh HeKOTOpO# BooGpaxkaeMo#t peryaspHol
npeueccud, Mpu KoTOpofl BooBpamaeMLft amekc, ABHTasCh PaBHOMEpHO,
OTMCHIBAET AYTy MapajieNd MeXAy ABYMS TOYKAMH MPHKOCHOBEHHS KOH-
UOB BETBH TpPAEKTOPHH HACTOALLETO ameKca B TO e CaMmoe BpeMms (ne-
puonr T), B KOTOpOE HACTOAILHH anexkc ONHChLIBAET BeTBb CBOEH Tpaex-
TOPHH (ABuUradch HepaBHoMepHO). [Tockoabky Mbl B XOle PAacHeTOB CUHMTA/H
sennundy Co Goabiwio#t, To u3 dopmya (28) uau (27) caenyer, uro npu
NPHHATHIX HAYAJbHLIX YC/IOBHAX yraoBas CKOPOCThb NpeliecCHH Oyner Be-
JMHYHHOH MamoM, T, e. MMEET MeCTO MeAJeHHas MpeleccHs.

Hafiem, HAaKoHell, 3aBUCHMOCTb yI/ia MpeleccHH OT BpemeHH. HMHre-
rpupys papeHctBo (27), moayuum

¢—¢o=jii:dt _f2sm2 £8 ¢ )dt— La f[l cosCT“"]df_

Pa[ A CotV! _ Pa [t—isi Cot 7.
] Co "_A]'
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OKOHYATEJBHO

1|:_—_1po—]-—gg-[t -—--E“:-ﬂ-—sin C—?#-]

W3 papexcrsa (29) creayer, uro yroa mpenecchn 6yaerT MOCTORHHO BO3-
pacTath, uTO, BIPOuYEM, CACAYEeT H M3 paBeHCTBa (27), TAK Kak NpOM3-
BONMas 1 NMOMOKMTenbHA. WTak, och COGCTBEHHOTO BpaleHHs Gyxrer Bpa-
WAaThCA BOKPYT BEPTHKATH BCE BpeMs B OAHOM M TOM e HampaBJeHHH.
Viamenenune yrma npeueccun Moxer ObiTh NMpencTaBleHo rpaduuecku, ecau
BLIYEPTHTL TpaduKu ABYX (yHKuuh

_ Pa _ Pad . Ceot
h=ht gt B = e sing.

T. €. ]'[pHMYIO H CHHyCOHﬂ.y, 4 34TeM CIIOHKHTh HX Op,ELHHaTLI; TOrna
P =P+ by
Eciu coBcTpennbift kKuneTHuyeckut MOMeHT rupockona Ceo oueHs Be-

JHK, TO MOXHO, DACKPBIB CKOGKH, NpeneGpeub TPeTbHUM uieHOM B dop-

Myae (29); Toraa ANA yraa mpeneccHu NOAyYHM
npuGINKennyio fopMyny

p=tp+Eas, (30)

i3 aroft opmyanl Momuo Ou10 Ol TaKke MO-
Ny4HTh HAUJEHHYIO BhILIE CDEAHIO CKOPOCTH
mpeueccun (28).

[Tocnendas W3 BeJHYHH, XapaKTepHayio-
WX JBWKEHHE FHpOCKONa, T. €. ¢, orpene-
a9eTca Hs MHTerpana (8) um pasHa

(29)

q5=m-—-t|5cosﬁ. (31)

Puc. 78. l'locuo._rlbﬂy, KaKk BHAHO u3 dopmyn (27) uam

(28), P <€ @, TO MpaKTHYECKH MONKHO CHH-

TaTh $=U®, T. €. uyTO COOGCTBeHHOE BpauleHWe FHPOCKONA MPOHCXOLUT
€ MOCTOAHHOH YII0BOH CKOPOCTHIO.

8. dnemeHnrapnan TeopHs rupockona, [upockonoM (M BOMUKOM)
OObIYHO HA3bIBAIOT OHICTPO BpawAlOUICecs BOKPYr OCH CHMMETPHH ONHO-
poAHOe TeJo BpauleHWA, OCb KOTOPOTD MOMKET W3MEHAThb CBOE HAnpapne-
uue B npocrpaictse. 'mpockon Gosblued 4acTbio BHINOAHAETCH B BHAE
MACCHBHOrO UMAMHAPA HAH TOpa, 3aKPeNaeHHOro TaK, 4uTO OnHA H3 TOUEeK
ero OCH ocTaeTca Bce BpeMs HemonBxkuo#. Takoe 3axkpennexue ocyuie-
CTBNACTCH, HANPHMEp, C MOMOIBI0 TaK HA3bIBAeMOrO KapAaHOBa MOABeca
{puc. 78).

Y rupockona ofuapyxuBaerTca uesabfi pag H4 MepBHH B3raAl napa-
_JOKCANBHBIX gBAeHHH, OOycNOBAEHHEIX ero OLICTPHIM BpauleHHeM. DTH
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ABJCHHA HA3HIBAWT 2upockonuiecKu s, OHW BOSHHKAOT BCIOLY, TIE
HMeloTcs OLICTPO BpAUIAIOUINECS Tesd, OChb BPAIEHHd KOTOPBIX MOXeT
M3MEHATB CBOe HAMpPaBjAeHHE, M TNOTOMY HMET Goablloe TeXHuueckoe
3HaueHHe.

Boiie Mbl BHaean (cM. nn, 1 W 2), uTo TOYHOE HCC/eIOBaHHE [ABH-
WEHNUd THPOCKONA NOA AeHCTBHEM Jaxe OAHOW TONLKO CHJBL TAXECTH
ABJSETCA LOBOJBHO CHOKHOK 3afauelt W uTO peuleHHe 3TOH 3a4a4H MOKHO
yNpoCTHTb, KOTAAa YT/IOBas CKOPOCTb COGCTBEHHOrO BPAUEHHA MHPOCKONA.
JAOCTATOYHO Be/vKa,

Janehefimee ynpouenue mpobaeMmbt L4eTCH B 3/JAeMEHTApHON TeOpHH
IHPOCKONA, OCHOBAHHOR HA HEMOCPEACTBEHHOM MNPHUMEHEHHH K HBYUYeHWI:
ero ABAMeHHA TeopeMbl 06 H3MEHEHMH KHHETHYeCKOro
MOMEHTA.

PaceMOTPHM PHPOCKOIN, 3aKpelIeHHBI#t Tak, 4TO ero
HeHTP THAKECTH COBMANACT C HeMOLBHIKHONH Touko# O ocn
rupockona (puc. 79). Hasosem Taxo#t rupockon ypas- 2
uoselleHHbIM. [IycTh STOT PHPOCKON BpAILACTCA BOKPYT '
CBOEH OCH CHMMETPHH C YTIOBO#t CKOpPOCTBIO @;. Tak
KaKk yrnoBas CKOPOCTb HAlpaB/i€Ha B JaHHOM CJayuae
no raaBHOW UEHTPanLHOW OCH HHEpUHH, TO KHHETHYe-
cknft mMoment G rupockona OTHOCHTeldbHO Toukn O
GyleT HampaBAaeH MO ToM xe ocu, U npu 3toM G =Jao,,
rae J— MOMEHT HMHEpIHH IMPOCKON2 OTHOCHTENLHO ero
och. EciM HUKAKKe BHemIHKe CHAB (KPOME CHABL TRIKECTH)

Ha THPOCKON He NEHCTBYIOT, TO r/IaBHBI# MOMEHT BCex
BHEINHHAX CHJI OTHOCHTEnBHO uedrpa O paBeH Hymo
da

W N0 TeOpeMe 00 MBMEHCHHM KHHETHUeCKOro MOmeHTa —-==0, otkyaa

G = const. Tax wak BexTop (G NMPU STOM BCe BPeMA HAMPABIEH BAOIb
OCH CHMMETDPHH THUpPOCKONA, TO, C/ACLOBATeNbHO, OCh B [LAHHOM Cayuae
GyneT COXpaHATb CBOe HAYanbLHOE HAMPABJEHHE OTHOCHTENbHO HHEPUHANb-
HOH CHCTEMBl OTCYETa, @ YT/I0Bad CKOPOCTb @ OyneT MOCTOSHIION.

JonycTuM Teneph, WTO Ha THPOCKOIN ACHCTBYIOT KaKHe-HHOYAb BHELI-
HUe CHJB; TOrAa, KAk H3BeCTHO, TUPOCKON, KpOMe COOCTBEHHOrO
ppamleHnss, GyleT coBepllaTh eule TPeUECCHOHHOE H HYTAUHOHHOE
ABHMKEHH.

Hccnenopalis, NpoBefeHHLe B M. 2 AA% CAy4Yas ABHXKEHUS THPOCKONZ
nox ZAeHCTBHEM CHJIBL THKECTH, [OKA3HBAKT, 4TO y OBLICTPO Bpallalo-
1terocs THPOCKOMNA HAMpABAEeHHe OCH BCAGACTBHE HYTAUMOHHLIX KOjgeGaHUA
H3MeHdeTC B OueHb MaamX npenemax 8, —O; m yraosas ckopocrs Hy-
taunn O mpnm sToM Tawke ouews Mmana [cM. dopmyay (25)]. Mo stoi

DpHYHHE HYTAUHOHHLIM JBMMKEHHEM OCH B 3/ME€MEHTapHOH TeopHH rupo-
cxona soofue ApexeGperaot.

Yriopas CKOpPOCTb TpeUecCHH, KOTOPyi0 Ml 3xeck Oyazem o603Ha-
yaTbh @, TaKKe Mand, HO MPH ee HAMHYHH OCb THPOCKOMA CO BPEMEHEM.

1 G'-“er,

Puc. 79.
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3HAYHTE/NbHO H3MeHAET CBOE HaNpaB/AeHHE; MOSTOMY Yr/ioBas CKOPOCTb 0,

B 3JeMeHTapHOH TeOpuM THPOCKONA YUMTHIBAaeTcA. ‘Toraa MrHoBeHHasa

yraosas cKOpocTb rupockona GyleT @ = o, -+ @, (puc. 80). Ho rax wak
y GHLICTPO BPAILAIOIIErocsd CHPOCKONE WHCICHHO Oy < @y,
TO IPHOMUKEHHO MOXKHO CUHTaTh, 4TO G == @y, T. €, MOJAa-
rath, UTO W TIPH HAAMYHUH [peLecCHH YrJ0Bas CKOPOCTh
rHPOCKONa B K&XIHfk MOMEHT BPEMEHM paBHA YTIOBOH

‘”’cuopocw ero COOCTBEHHOTO BpAlIGHHA H HampaBJIeHa
B1OJb OCH cuMMeTpuu rupockona. [lpu stom monyuteHnu
BEeKTOp KHHEeTHYeCKOro womenra Oyaer rtakwe B mobof
MOMEHT BpeMeHH paBeH Jo; M HanpaeileH MO OCH THPO-
ckona, 1. e. Gyrer G==Jo,.

Hanomunm, uro Boofute Koraa Teno, HMeiollee Hemo-
JBHIKHYI0 TOUYKY, He BpAaUlaeTcss BOKPyr CBOeH riaaBHOH ocu
MHEPLHH, TO 3T4 OCb, BEKTOP @ M BEeKTOP ( UMEIOT pasHble
Hanpasienns (cM. § 15, n. 4).

OcHoBHOE N0MTyweHHe 31eMeqTapHOR Teopun rHpockona
COCTOHT B TOM, 4TO y OHICTPO BPALIAUICTOCH THPOCKOINA
Puc. 80.  gTH Tpu HampasaeHuss NpPUOIHKEHHO CUHTAIOTCA COBNALAN0-

UWMMH, T. €. MPHHHMAeTCs, 4To B MOOOH# MOMEHT BpemeHM
BEKTOP MrHOBEHHOH yriaoBOH CKOPOCTH H BeKTOP KHHETHYEeCKOro Mo-
Menta G HampasjeHbl MO OCH THPOCKONA M TIPH 3TOM

G ==Jo,. (32)

C,HEIIHHHOE H.OHYLLIEHHQ NO3BOJIAET CYIHTHL O nepeuemeﬂnu OCH THpO-
CKOma 0 WBMCHEHMIO HampaBieHus BekTopa G, WMCIOAb3ys AAS STOro
TeopeMy 00 H3MEHEHMM KHHETHYECKOTO MOMEHTZ B MCTONKOBaHuM Pesang.

CornacHo STOH Teopeme

dg
rie M ecTh rnapHbHfi MOMEHT OTHOCHTENBHO HemoABHKHOM Touku O Bcex
IeHcTBYIOWKMX Ha THPOCKON BHemHux cuia. Ecam xoxen sextopa G o6o-
sHaunth Gywkso#t B (puc. 81), To BemMuMHy, CTOAIYIO B AEBOH HacTH
paseHcTBa (33), MOXHO (cuMTan MAcIITAGHHIA KO3(QPHIUHEHT DPABHBLIM el-
HHLE) PacCMATPHBATh KAK CKOPOCTh Up TOYKH B, M TOrAAa 3TO PaBEHCTBO
TIpUMET BHA

V=M. (34)

TaxkuM 006pa3oM, CKOPOCTb KOHIA BEKTOPA KMHETHYECKOrO MOMeEHTa paBHa
YUCAEHHO M MO HAMpaBJAeHHI0 TIABHOMY MOMEHTY BHELIHWUX CHJI (TEOP&M&
Pesans). B amementapHoH Teopuu BekTOp (F cuMraerca Bce BPEMs Ha-
TipaBieHHbM Mo ocu rupockona. CrejoBareabho, Touxka B Bcerla cos-
nmagaeT ¢ TOUKOH OCH rHpoOCKONa, OTcTosilief OT HemoiaBmuHo# Touxu O
Ha paccroaiun OB = (G. [lostomy, b6uenumuas teopemy Pesans c oc-
HOBHBIM JONYIIEHHEM 3/IEMEHTAPHOH TEOPHH rMpockona, OyieM B Aaib-
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HefilleM paBeHCTBO (34) MCTONKOBBIBATL CAEAYIOIMM 06Pa3oM; CKOPOCTb
TOUKH B OCH TrMpOCKOMNA, OTCTOsWEd OT HemoABHMKHOR Toukn O Ha pac-
crosiuu OB == G =Jo;, umeer B MoGOH MOMEHT CKOPOCTb, DaBHYIO
YHC/ICHHO M TO HANPAB/JEHHIO I/1aBHOMY MOMeHTY M BHEWHHX CHA OTHO-
curenbHo uedtpa O.

PaccMOTpHM Tenepb, 4TO TPOM30HIET ¢ ypaBHOBEIIEHHBIM FHPOCKOIOM,
ecau Ha ero oCb Hauuer neHcrosare cuma F (puc. 81), Moment koro-
poli OTHOCHTeAbHO HenomBukHOH TOuUkm O pased M (MaH napa ¢ Mo-
menroM M, HanpapneHHHIM MepreHAMKYAsSpHO K ocH rupockona). CoraacHo
pasencTsy (34) Touka B ocu NOAYYHT NMPH ITOM CKOPOCTh Dg=M R
OTK/IOHUTCA 32 MaAblfl MPOMEKYTOK BpeMeHH
At wa yron Ay, aBurasch B IIOCKOCTH, Tiep-

neHaukynspHo#t k Bekropy F. Caenosa- 5.5
Tenso, nod dedcemouenm cuant F oce 2upo- - “‘P
CKORG HAYHEm OMKAOHAMLCA He 8 Cmo- s

pory OdeilcmBus cuavt, @ 8 my CMOPOKY,
Kyfa Hanpasien sexmop momenma M
Mot CHABL OMHOCUMEABHO HENOOBUNCHOU
mouku O (T. e. NEPNEHLUKYAIPHO K CHAeE).
B sTOoM mposBaseTCs OAHO H3 HHTEPECHMX /4
CBOMCTB GLICTPO BPAIIAOWETOCH THPOCKONA.

[lycTh Teneph B HEKOTOPHIH MOMEHT Bpe- M

meuu Jefictgue cuanl F npexpawaercs.

B 06bluHBEIX YCAOBHAX TOYKA (MAM Teno)

¢ npekpauleHHeM JeRCTBHA CHAbI MPOAOMKAET Puc. 81,
ABHTaThCd MO HHepunu. Ilas ocu ke rupo-

ckona npu F=0 Mo noayunm M==0, a cnenosaTenbHo, u 5=0,
T. €. € npexpamjenuem Oelicmsus CuAb OMKAOHCHUE OCH 2UPOCKONA
npexpaujaemcss. B 3TOM COCTOMT BTOpOe HHTEpeCHOE CBOHCTBO THpO-
ckona (6es3blHEPUMOHHOCTL HABHMEHHS €r0 OCH).

[MToabsyach 3THMM pe3yAbTATAMH, pPACCMOTPHUM CHAyala, Kakoe Jlelt-
CTBHE HA FHPOCKOM OKA3bIBAeT MIHOBeHHad Cuaa (Man yaap), 1. e. 60Jb-
wad [0 YHCAeHHOH BeJaMuHHE cHaa F, nefcTBylOIIas B TeyeHHEe CTONb
Manoro TMPOMEKyTKA BPEMEHH T, 4UTO ee HMIyabc FT ectb BeJiHYHHA
koueuasn (cm. ra. VII). TlycTe Ha rupockoll none#cTBOBANA MIrHOBEHHAS
cuta F (cm. puc. 81), MOMEHT KOTOpPOH OTHOCHTENbHO HEMOJBHKHOH
Touku paBeH M, npuuem umcaenHo M==hF. Toraa, cormacko ypashe-
nHo (34), vp==~hF W Touxka B 3a BpeMs T NepeMeCTHTCA HA PACCTOAHHE
BB’ = hF% a tak Kak OB==G=Jo;, TO OCb T'MPOCKONA 33 BpeMd T
noBepHercs Ha yroa Ay, ompenenseMufl paBeHCTBOM

BB __ hFt
A¢=W=W' (35)

[Mockoabky npousseleHve AFT, kak OblI0 yKaszaHo, — BE/MUYHHA KOHEY-
Haga, a coOCTBeHHbIA MOMEHT rupockona Jo, SBAseTCA Be/AHYHHOH oOwueHb

:)__l"l
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Goabliolt, To yroa Ay Oyxer ouenb Man (Tem MeHblue, uYeM 60/b-
we Joy).

[To ucTewenun e npomemyTka BpemeHn T AeHcTBue cuanl F npe-
Kpawaercd, a C/AEAOBATENbHO, KAK OBLIO YCTAHOB/IEHO, TMPEKPATHTCA H
OTKJ/IOHEHHE OCH.

B peayaprate npHXoaMM K BBIBOLY, 4TO JACHCTBHE MTHOBEHHOH CHIBI
TIDAKTHYECKH HE H3MeHAeT HanpasaeHus ocH OHICTO BpAULAOUIErocs ypas-
HOBELIRHHOTO TMPOCKONA (MPHMEPOM MOXeT cAyxutb KyGapn). Cremzo-
BaTe/bHO, OBICTPO Bpamaoumics rupockon o6majaeT yCTORUHBOCTHIO
MO OTHOUIEHHI0O K COXPAHEHHIO HANPABIECHHA €ro OCH. ITO — QNHO H3 BaK-
¢ HBIX CBOMCTB rMPOCKONA, WHPOKO HCMONb-
z 3yeMoe B TEXHHKe.

[epefineM Temeps K pAaccMOTPEHHIO
ABMXEHHA FHPOCKONA MOA AedcTBUEM Cua,
IlycTh rnaBHelt MOMEHT 3THMX CH/I OTHO-
CHTEILHO HemoABHKHOH Touku O H30BGpa-
Aaercqd BeKTOpoM M, nepreHIMKyAspHbIM
K OCH COOCTBEHHOro BpallleHHs Z THPO-
ckoma !). Toraa Touka B ocu 2z (pHc. 82)
Oyner nBUraThCi CO CKOPOCTBIO ¥y =M,
a caMa OCh NOBODAYMBATHCA BOKPYr He-
noasuxkHo#t Toukn O, [Mockoabky HyTa-
uneit B 3/1eMEHTapHO# TeopHM npeHebpe-
ralT, TO NBHIKEHHE OCH OKO0J0 TOukH O

Puc. 82. npeictaBiger cob6oft mpeueccuio, T. e.

BpauleHHe BOKPYT HEKOTOPOH HEMmOMABHM -

Ho#t ocu § ¢ yraoBo# cKOPOCTbIO @,. QUEBHAHO, YTO CKOPOCTb Ty CBA3AHA

C ©, COOTHOWEHHEM Vg=@, X OB wuu, nockoabky OB = G==Jay,

10 g =03 X Jo,;. B pesynsrare NPUXONUM K CICAYIOLIEMY OCHOBHOMY
PaBeHCTBY, CBA3HLIBAIOIIEMY BeqMYHHH M U @

J(0, X o) =M. (36)

ColcTBeHHbI KNHeTHYECKHH MOMeHT J@®, CYHTaeTca BeaMdHHOH 3aaaH-
Hoft. Tlostomy ypasHenme (36) nossonser, 3uas M(£), onmpegenuts @,,
T. €. NMPeueccHio, BHI3HBACMYID 3THM MOMEHTOM, W Ha00OpOT, 3HAT ®,,
-OTIPEAENUTb, KAKOB MOMEHT M, mox AefiCTBHEM KOTOPOrO 3Ta Mpeueccus
NPOUCXONHUT.

Paccvorpum cHavana pelueive nepeoi w3 Ha3BaHHBLIX sanau. Ms ypae-
Henuss (36) puaHo, uto Bexktop M B mololt MOMEHT BpeMeHu Hanpasiex
NepneHanKyaspHo K miockoctw 2OC, T. e. no auxmm ysnos OK (cwm.

1) Ecau BexTop M He nepmeHAukyasipeH K OCH 2, TO CcocraBasiman M Boas
3TOH OCH BBHIOBET yCKOpEHHE Wi 3aMelneHHe COOCTBEHMHOTO BPAIUEHHH, B TOTAA
Hapo Oymer AHIIL B NMOAyydeMHX pesyabTarax CUHMTaTh ©; BEAHUHHOW NepeMeH-
#o#i. Ha npakruke, ofnako, ¢ NMoMOmB0 COOTBETCTBYIOUIESO0 MOTOPYMKA BCEraa
0fecneyuBaloT paBHOMEPHOe COGCTBeHHOE BpailenHe CHPOCKONa,
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puc. 57 na crp, 162). Crenosatensto, npu BunoaHesun ycnosus M | Oz
BekTOp M mpu ABHMKEHHH rupockona OyfleT NepeMelnaTbCa MO OTHONIEHHIO
K OCHOBHOH cucreMe oTcuyerTa Eni B mmockoetn £Ov. A Tak Kak Bek-
TOD @, HATpaBieH NO OCH {, TO OTCOAa CjedyeT, uTO BEKTOP yTAoBOH
CKOPOCTH NpelleCCHH HATIPaB/eH MEpPNeHIHKYAIPHO K HEMOABHIKHON Wio-
CKOCTH, B KOTOpOH mepememiaercs Bektop M; cTopowa, B KOTOpYyIO Ha-
npasjieH BEKTOp @, omnpeaensetcs paBehcTBoM (36). Hawkoueu, uncneu-
HOe 3HAUCHME O, TAKKE ONpefensiercd ua paeencT (36), KoTopoe xaer

M

®2 == Jo,sin0 ’ (37)

rie B-—yron Memay BEKTOPAMH @, H @, T. €. yroj HYTALHH, TPHIEM
0 =const. [Tocrenwee cheayerT H3 TOrO, YTO B AeMeHTapHOM TeopHm
HyTauuelt npeweGperaioT (maM Hemocpen-
CTBEHHO M3 TOro, 4T0 Vp=M, a Tak
KaK BekTOop M mepleHAMKYy/dpeH K nJOC-
koct 20, to Touka B ocm Oz B sT0#
MAOCKOCTH He TMepeMeLlaeTcs).

B kauecTBe KOHKDETHOrO 4YacTHOTO
IDHMEpa pACCMOTPHM MPELeCCHIO THXKe-
1Oro THpPOCKona (BO/IYKA), IOCTABAGHHOTO
noa yraoM 8 x Bepruxanu. B atom cay-
4ae Ha TUpOCKOn J].E‘FICTB}’&T cHJaa TA-
wectn P (puc. 83). Moment M sroft cuant
OTHOCHTEbHO TOYKH onopsi O npu moGom Puc. 83.
HanpaeneHud ocH Oz TrUpPOCKOMAa JEHMT
B TOPW3OHTA/BHOH NIOCKOCTH, Mpoxonsaile#t yepes touky O; cremosa-
TenbHO, ocb mpeueccun Of BepTukaJgbHa M NPH YKa3aHHOM Hampasie-
HHH @; BEKTOD @, HAMpPABJCH BepTHKAILHO BBEpX. HYncnenno M= Pasinb,
rae ¢ = OC — pacCTOsHNE NeHTPa THMECTH OF Touky onopw. [loncrannas
sTo 3Hauenue M B paBencrso (37), HafneM, 4TO FMPOCKOIN B STOM CiAyuae
NpeueccCHpPyeT C Yri0Bo# CKOPOCTLIO

P
%zjh%, (38)

He saBHcaled OT sHaveHus yraa 6. CpaBHHBag 3TOT Pe3y/ibTaT C paBeH-
ctBoM (28) w3 n. 2, HaxoauM, uTO JaBaeMas 3JeMEHTApHOW Teopueft
BEJHYHHA Yra0BOH# CKOPOCTH MpEueccHH, COBMAAET CO CPeiHe# BeaHuH-
HOW 3TOH CKOpOCTH, HAWAGHHOH NyTeM HHTEr PHPOBAHHA COOTBETCTBYIOLIMX
npubAMIKEHHEIX YypaBHEHUH JBHIKEHMA.

O6patuMcs Tenepb KO BTOpoH M3 HasBaHHBIX Bbllue 3anay. Ecmm
yrA0Basg CKOPOCTb MpPELECCHH @, M3BeCTHA (H BelHYuHa J@; MO yCIAOBHIO
TaKKe 3ajaHa), TO W3 papeHcTBa (36) cpasy ompeneaflOTCs YHMCNEHHas
BeM4UHA W HAMpaBieHwe MomeHTa M, nox neicTBHeM KOTOPOro Takas
TIpEleCCHA MOMET NMPOHCXOAHTD,
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Ecan rupockon copepluaeT BHHYHCOEHHYIO TPELEeCcCHO, T. e. mpe-
HECCHPYET [MOTOMY., HTO ychOﬂCTBO, € KOTOpBHIM CKpemjieHa OCb rHpo-
CKOHNa, BpalaeTcs ¢ YI/AOBOH CKOPOCTHIO @,, TO MOMeHT M GyneT Bhi-
3bIBATHCA CHJAAMH JaBaeHus Ha CHPOCKON ROJAWHNHHKOB, B KOTOPBIX
3aKpemsieHa ero ocb. B cBowo ouepenb, NO 3aKOHY paBeHCTBa NeHCTBUA
H I'IpOTHBOILeFlCTBHH. OCbk T'HPOCKOIlA Gyne'r JABUTL HA TIOAIUHIIHHKH C Ta-
KUMH e [0 YMCAeHHOH BeJHUYHHE, HO NMPOTHBOMOMOKHO HAaTIpABACHHBLIMH
cuaaMu. DTH cuasl 06pasyloT mapy ¢ momedToM M™P, HasbiBaeMHM rupo-
CKOMHYECKHM MOMEHTOM, KoTopas Oyaer neHcTBoBaTb HAa yCTpOHCTBO,
coofamouiee rUPOCKONY BHHYXKAeHHYIO npeleccHio. Mockombky M™P==
= — M, To u3 pasencrsa (36) HaxozuM

MM = J (0 X &) (39)
H UHCTEHHO
M™P = Ju,o,sin 0. (40)

W3 pasencrsa (39) Buauo, uro MomeHnT M™P wampaemeH Tak, 4TO OH
CTPEMHTCS COBMECTHTH KpaTyaflliuM NyTeM BeKTOP @; C @, YKAa3aHHoe
#BAEHHE HOCMT HA3BAHHE THPOCKOMNueckoro 3dexta M ompeneasercs
crenywwnm npapuaom YKyKOBCKOro: ecau Karxoe-aulyos Yempoicmeo
coobmaem Gocmpo BpAULAOWEMYCA 2UPOCKONY BHHYICOLHHNIO npe-
yeccuro, mo npu 3mom HaQ GaHuHOe YCmpOUCMBO CO CMOPOHBL 2upO-~
crkona Gyldem Qdeiicmsosams napa ¢ 2UPOCKONUHECKUM  MOMEH-~
mox M™P, cmpemnwancq Kpamuaiwis nymes YCmAHOBUME 0CH
COOCMBEHHOZ0 BpPAWEHUR 2WPOCKONA RAPAAACABHO 0CU npefeccid
max, 4mof sl 8eKmMopsl y2.40-
8ux cropocmeti co6cmeed-
HO20 BpalyeHun u npeyec-
cuu npy SmoM COBRAAU NO
Hanpasaeruw. ITO  mpa-
BIIO 00BACHART 3HAYHTENbHOS
YHUC/IO THPOCKOMMYECKUX ABe -
HUH,

B rexauxe rupockonuye-
ckuft sdpexT YacTo uMeeT
MeCTO B TeX CiyyasxX, Koria

Puc. 84, MPOHCXOIUT TOBOPOT ObICTPO

Bpamaioulerocs MAaCCHBHOTO

Tena, HagpHMep napoxoaHo# TypOuHbl, BeTPAHOrO ABUTaTEls M T. A.
JomycruM, 4TO TakuM TeaOM sBAAETCS NApoXoaHas TypOuHa, Bpaumiao-
ancs Ha ropuU30HTANLHOM BAaAy ¢ yriaoBo#t ckopocTbid ®; (puc. 84).
Ecin napoxoa Oyaer aenaTh passopor ¢ yriaoBOH CKOPOCTHI @y, TO
€ HuM MoBepHercs W Bam rypGunbl, Toraa BcAeACTBHE THPOCKONHYECKOrQ
apdexra Ha noswmmuukn A w B Oyaer neficrBosarb mapa cna Q, Q',
HAMpap/ieHHas, COraacuo npaBuay H{YKOBCHOI'O. TAK, KaK MNOKA3aHO Ha
PUCYHKE, T. €. CTPEMAIAACS YCTAHOBHTL Ba/ BepTHKaNbHO. MOMEHT 3TOH
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napsl onpeneasercs gopmynoli (40); nockonbky B AawHoM cayyae O = 90°,
10 M™P = Jo,0,. C apyrofi cropousl, MOMeHT nape @,, @ papen Q- AB.
Orciona HaXodUM CHAy A00aBOYHOIO NABJEHWA HAa KamIbif MNOJUMIHHK,
00y CcAOBASHHOrO THPOCKOMUYeCKHM sddiexToMm:

e J(l)l(l)g
Q=<Zp

Tlpn OGoabmux suaveHuax Jo, 5Ta cHAa AOCTATOYHO BeJHKA M JOMKHA
VYMTHIBATbCA B COOTBETCTBYIOUIMX HHMEHepHHX pacueraX. Ecau xe mo-
BOpOT Oyner cienaH oueHb pe3ko (c GoOAbINOH BeaHYHHOH @,), To cuiaa Q
MO¥ET BBI3BATH PA3pyIIEHHE MOAMINIHHKA.

B Hacrosuiee Bpemsi 06JaCTb TEXHHYECKMX NPHIOKEHHH THPOCKONOB
rpomMaana. I'MpocKonbl HCHOAB3YIOTCS B KayecTse CTaOMIM3ATOPOB Kak
npaMoro neHcTBHA, B KOTOPHIX HCHOJAb3YIOTCA MACCHBHBIE T'HPOCKOMBI
(nanpumMep, HPOCKONHYECKHE YCTOKOMTENH KauKH CyN0B, TMPOCKOMHYe-
ckue CcTabuamanpoBaHHble maaT@OPMB M T. N.), TAK M HE NpAMOro nefi-
CTBHA, B KOTOPBIX THPOCKON HrpaeT poJib YyBCTEHTEJIBHOTO 3JeMeHTA,
nepenauero CHrHajJbl MOTOpPAM, NPHBOOALUIMM B INBHKEHHE COOTBETCT-
BylolliHe pyu (Hanpumep, npubop, cTabUAHIHDYIOWHH 1BHKEHHE TOPNENH,
BCEBO3MOXKHLIC ABTONMWIOTH M Ap.).

Bonbmoe npuMeHeHHE HaXOAAT Pa3H4HBIE THDOCKONMHYECKHE HABHra-
UMOHKbBe NPUOOPH: FHPOCKOMMYECKHE KOMMACH, FHPOTOPH3OHTH, YyKa3a-
TeJH MOBOPOTOB H T. 1.

B TexHuke HCNOAB3YIOT TaKKe IHPOCKOTMHYECKHe TAXOMETPH, THPO-
CKOMHYECKHe HHTerparopul yckopenu#h (npubop, nossonsiowuft b mobo
MOMEHT BPEeMEHH ONpele/JnTh CKOPOCTH HEPABHOMEPHO [ABHIKYUICTOCH
oObeKTa) H MHOUHe ApYyTHe ycTpoHCTRAa, OCHOBAHHLIE HA HCNOJb30BAHHH
paccMOTpPeHHBIX BhIINEe CBOHCTB rHpockona.

§ 19. Cayuaii C. B. Kosanesckoii

1. Uaterpaa Kosanesckoii. Hosuit unaterpupyemuft cayuafi nsnwxe-
HHA TAMEJIOr0 TeJMa OKOJAO HeMOIBHKHOH Toukd, moayueHmit B 1889 r.
C. B. Kosanencko#t, onpenenserca neyMda ycnobuamu: 1) A= B==2C
M 2) UEHTP TAMECTH JNEWHT B 9KBATOPHAJABHOW MJIOCKOCTH 9MIMNCOMIA
WHepuuH, KOTOpHH, Kak nokasnsaeT nepsoe ycaosue A=B=2C,
ecTb BBITAHYTHA 3/mHIICOMA BPawenus Bokpyr ocu 0z.

OcHosubie ocn OEnE, ceasauneie ¢ 3emnelt 1), subupaem, kak u pawee,
TaK, utobn ock Of 6maa wanpasieHa mo Beprikamu. OCH MOABIKHOA
cucreMt Oxyz HanpasjsieM 0 TAaBHBLIM ocaM nHepumu Tena. Ock Oz
MO yCJAOBMIO COBHANAET € OCbI0 IOHHAMHYECKOH CuMMeTPHH (B NAHHOM
cry4ae ¢ Gombiiolt ocklo samuncouaa uuepuuu) Ecnu saamnconn MHep-
UHH eCTh 3ANMTCOMI BpaueHus, To moGas ock B ero sksatopuanbtiolt

1} CM. cuocky ma crp. 176,
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MJIOCKOCTH eCThb T/aBHAas OCb HHEPUMH; MO3TOMY, He OrpaHuumsas obi-
HOCTH paccyxienns, MoxHo ocs Ox npoecrn ueped wuentp rswectn C;
Toraa Hanmpasseuue ocu Oy onpedeauwrcs caMo cobolh. O6osnaumm, kak
H paHblle, Pamuyc-BexTOD UeHTpPa TsimecTH C OTHOCHTENbHO HEMOJBHXK-
Hot Touknm O uepes Z)_é:a(a. 0, 0), a xanpaBifINHE KOCHHYCHt
Beprukasn OF oTHOCHTeNbHO NOMBIXKHLIX OCefl — 4epe3 Y, Voo Vi-
Mowment cunst tamecty P orHocuTensHo ToukH O Gyaer

i j k i j &k
My=aXP=| a 0 0 =PV v Vsl.
— Py, —Py, —Py a 0 0
HuHamuueckne ypasHeHHs IDHaepa MIpH HAAHYHH yCAOBHS
A=B=2C

H npu HafineHHoM 3Hauexuu M, npHmyT BuA

dp e
QC'd_t —Cgr =20,

2Cc -%«—]L-Crp = Pay;,

dar
-7 = Pavy,

uan, gejas ofe 4acTM Kawaoro M3 ypasHeHuBt cucreMer na C u 0bo-
Pa
3Hauas MOCTOAHHYIO —= =1,

dp —_
2 A —gr == 0,
dq —
2 +Hrp=ny, (D
dr
72t b
K cucreme (1) Heobxonumo ewme npHcoexnnuth ypaexeuus (14) § 16:
B oo o
4t =TrYys Q’\?&'
d
= @
dvy,

a2 =T~ PYy

Ypasuenns (1) u (2) npeAcTaBAfIOT CHCTEMY IUECTH OOBIKHOBEHHEIX
anddepeHuHanbHHX yYpABHEHHH NEPBOro MOPAIKA C IECTLIO HEH3BECT-
HEMH QYHKUMAMH BPEMEHH P, ¢, 7, Yy, Yo V3. /9 NaUHOH CHCTEMBI,
KaKk W B [BYX PacCMOTPEHHHX Bhbillle CJy4asX, MOXHO J€rKo MOMYYHTb
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TpH HM3BECTHHX  a/re0paMuYecKMX  HMHTErpana, WMEHHO:  WHTErpan
YHEPruH, HHTerpaa naoulaneid, nNoAyHaOUIMACA NPOEKTHpOBaHHeM Ku-
HeTHYeCKOro MoMeHTa Ha Beptukans Of, W TpHBHANBHOE COOTHOLIEHHE

2 2 2 .
Mexly KocuHycaMu Vi—ye~Fyz==1. K ~stum rtpem uurerpanam
C. B. KopaneBckaa nofaBuna werbeprhift. Ilas MoayyeHHs ero yMHOMHM

sropoe M3 ypasueHmd (1) Ha MHUMYIO enMHHLY { =V —1 u croxum
€ mepBBM; TAKHM e 06pa3soM yMHOMHMM Ha { BTopoe M3 ypaBHenu# (2)
u cnoxum ¢ nepebiM. TMoayunm

23'-1;(p+tq)=—fr (Pt iq)+ invy,,
L (ViAo = — i (v 4 1)+ vy (0 1),

Hckmouaem y; M3 AByX NMOJYYEHHHX ypaBHeHHH, yMHOXKAs MepBOe U3 HUX
ua p-+ig M BHYMTAR M3 HErO BTODOE, YMHOXEHHOE Ha M, NOTy4UM

d d
2(p+1iq) = (P +iq) — o n (V1 Ivg) = ir [ (yy—+ 1Y) — (P +ig)*),
HAH

L 1P+ ig) — 1 (i )] = — U7 [(p 4 ig)® — & (yy =+ )],
4TO0 MOXHQ 3alHCaTh B BHIe

d i
<57 (P +igP —n (v - iv)] = —ir. 3
[MpolenaeM Te e onepauHH, HO yMHOWas He Ha I, 4 Ha oTpHLA-
TeJAbHYI0 MHHMYI CIHHHLY ——-1——-—]/—-1. Torna nocne BHKAALOK

COBEPIICHHO TAKHMX e, KaK H MpeNmecTBYIOU(HE, MBI NpPHAEM K BHpa-
WEHHI0, OYEBHIHO, NOJAYYAIOWEMYCA M3 paBeHcTBa (3), eC/iH NMPOH3BECTH
8 HeM saMeHy i Ha —I, T. €.

I [(p — igf — (v — iyl = ir. (4)
Cknansipasg paseHcTBa (3) 4 (4) NounexHo, NMoJyuuM
dii n {[(p+ig) —n(yi+iv)l [(p — g —n(y;—iv)] }=0. (5)
Hurerpupys ypasnenne (5), naiuem ueTsepToft airefpaHyeckuil HHTerpas:
(P +1)* — n(vi—+ i)l [(p — ig) — n(y;— iy}l = const. ()
TIpeoGpasys Bupaxenue (6), GyneMm mmers E
(P —¢*—ny)+i(2pg — nv)l X

X [(p* —q* — ny;) — £ (2 pg — nyy)] = const,
HAH
(P —¢* — ny)? 4 (2pq — ny,)* = const = k. Q)
1o m ectb wmHTerpa’d Kosanescko#h. OKOH4aTenbHO 3aZaya CBOAHTCH
K KBAJPATYpaM THNEPINIHOTHYECKOTO THNA,
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2, 3aka0yuTe bHbe 3ameuanHs. B paccmoTpenHmiX BHUIE Tpex
CyuYasX ABMMEHHMS TAXENOro TBEPAOro Tela OKONO HEeMONBUIKHOH TOUKH,
T. €. B cayuanx O#nepa, Jlarpauka u Kosanescko#i, KpoMe Tpex HepRHIX
HHTErpaioB (TPHBHAMLHOrO, MHTErpajsa SHepTHMH M HHTerpana Iuoumane),
CyIeCTBYeT ellle weTBepTHft aireSpanueckuft umTerpajn, Oaarodapsa Ko-
TOpPOMY 3alaya NPHBOAMTCA K kpanpatypaM. Bosumkaer Bompoc o Towm,
MOFyT MK OBITb, KpOME STHX TpeX, ApYrHe CIyYaH IBHNKEHHS TBEpAOro
TEAa OKOMO HEMOABMMHOM TOuKHM, A8 KOTOPHX TaKMKe HMEeT Mecro
yernepThifi anre6panuecknit uwrerpan. Mccnenosanns Xyccoua (Husson)
(1905 r.), Byprarru (Burgatti) (1910 r.) w np. nokasanu, uro ajd
APYTHX C/AyuaeB, KpoMe TpPeX pACCMOTPEHHBIX, He CyIeCTByeT APyTHX
anreGpaH4eCKUX HHTErpasnos, KpoMe TPHBHAMBHOTO, HHTErpaia SHEPIHH
H HHTerpaja niaouanei.

OTo 3aKJIIOUEHHE OTHOCHTCE K oOLMM HHTerpanaM, WMeloWyM MecTo
npu MOObIX HaYalbHHIX yCAOBMAX. TeM He MeHee Pa3nHUHBIMH ABTOpPaMH
HafileHsl CJAy4aW, A8 KOTOPHX CYWECTBYIOT YaCTHHe anrefpaHueckue
HMHTErpansl, T. €. MHTErpajibl, HMEIOUIHE MECTO TOABLKO NMPH HEKOTOPHX,
crnenuguyeck BHOPAHHKX HAYaJbHEX yCaoBusX. K TakuMm cayvasm
otHoecarca cayuau Tecca (Hess), C. A. Yannuruua, Bobuuiesa — Cre-
kaosa, . H. Topsuera u apyrux astopor (cm. I'. K. Cycaos, Teope-
THYeckas Mexauuka, 1946, ra. LI).

§ 20, Jlpukenue cBOoGOAHOrO TBEPAOTO Teaa

1. Ypapnenus pBmwenns csoGoanoro Ttesa. Ecan o6o3naunts
uepesd OEML OCHOBHYIO CHCTEMY OTCYETa, TO YPaBHeHHS JNBHKEHMA LEHTpa
mMacc cBo6OaAHOrO TBEPAOI'O TEAd NOAyYyaTcad H3 TeopeMbl O IBHKCHHH
LeHTpa Macc B BHOe

mgc = Ry,
mne =Ry, (1
mtc =R;.

rae m—wmacca Teaa, &e, e, be — KOOpAMHATHL ero uewtpa macc C
OTHOCHTeNbHO OCell OCHOBHOH cucTeMm, a Ry, R,, Ry— npoexuun Ha
Te ¥e OCH I'aBHOro BEKTOPAa BHEWHHX CHI.

Ecau nposectn uepes uentp macce C ocu B, %/, L', coorsercr-
BEHHO Mapajie/ibHBIe OCAM OCHOBHOH CHCTeMbl, H 0003HauNTb Yepes Cxyz
NOABHMHBIE (OCH, CBA3aHHbLIE ¢ TEAOM H HanpaB/jleHHbIe MO TJABHBIM OCAM
HHEPUHH Teia B TouHKe C, TO IBHMXEHHE TBEpAOro TeéJAa OKOMAOD UeHTpa
Macc, KAK OKOJO HernoABHXHON TOUKH, ONpelennTca ABnKeHnem ocett Cxy2
otHocHTeNbHO cucTembl CE'm'L’, Koropoe GyneT M3BECTHO, €CAH H3BECTHH
COOTHETCTBYIOMMe YrAE ODinepa B GyHKUMH BpeMeHH,

Tak kak TeOpeéMa MOMEHTOB HNpWMeHHMa H K OTHOCHTe/JIbHOMY HJBH-
HEHHI0O OKOJO0 UeHTpa MacC, TO AAd IOBHXCHHA TBeplOro Teaa OTHO-
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CHTEJIBHO LeHTpa Macc OyleM MMEThH Te€ ME Camblé AWHAMHYECKHE ypas-
Henus dHnepa, 4TO W LAd Teaa C HEMOABHMKHOH TOUKOH, T. e.

AL Cc—Bygr=n,

d
BSL+(A—Cyrp=M,, )

d
HB—A)pg=M,. |

Cucrema ypasneuntt (1) u (2) npeacraeaser cobo#t cucremy IWIeCTH
anddeperunanbHLX ypaBueHufl npimkeHus Aas cBo6oAHOTO TBEPIOro Tena.
Tak KaK HeW3BeCTHHIMH SIBAAIOTCA TPU A0COMOTHBHIE KOODIMHATH LEHTpa
Macc Ep, Mo, Lo ® Tp yraa Dismepa @, P, 6, To k cucreme (1),
(2) HeoOxonuMO eule MPHCOSAMHHTH KHHEMAaTHyeCKHe ypamuenus I#nepa
[ypaBHenus (7) § 16].

OO6bIyHO B NMPOCTHIX CAyuyadxX IBIMKEHWA, HANpUMED B Cayuae ABH-
WeHHA TBEPAOro Teia B GE3BO3AYIIHOM HMPOCTPAHCTBE, NPOCKUWH Tian-
HOTO BexTOpa BHemHMX CUA Ry, R,, Ry He sasucaT ot yraos Ofaepa,

a npoekuun rxapsoro Momenra M,, M,, M, ue sasucaT oT KOOpAMHAT

uenTpa Macc, B rakom ciayuae ypasuenus (1) m (2) MomHo uHTerpi-
POBAThb HE3aBHCHMO APYT OT 1pyra; &c, Mg, b BHPpasarca B QyHKuuu
BpeMeHH M LIECTH MPOH3BOMBHHIX NOCTOSHHHX, & @, P, 0 — B dyHkumn £
H LIeCTH NPYTrHX (He3aBUCUMBLIX OT MEPBBIX) NPOHU3BOJLHBIX MNOCTOSHHbLIX.
Onnako B Hekotopex Oo/ee CHOKHHIX CAyuasX, HanpuMep B Ciyudae
OBHIKEHMS TeJd B CONPOTHBAAKILEHCH cpele, PIaBHLR MoMeHT M Buem-
HUX CHJI OTHOCHTeJBHO HeHTpa Macc OylerT 3aBHceTh OT KoopawmHar .,
Mo, Ge, a DeficThyiolnas HA Tea0 CHIa CONpoTHBAGHMs Oyler 3aBHCeTh
OT OPHEHTHPOBKH Tend, T. e. yraoB ¢, p, 0 wu ypaenenns (1) u (2)
0o06pasy0T COBMeCTHYIO CHCTeMy., B aTom obuleM ciyuae UHTErpHpOBaHus
nuTerpansl cucrembt (1), (2) Oyayr coaepxars 12 npousBOAbUBIX No-
CTOAHHLIX WHTEr PHPOBAHHS,

2. Mpumepsnt. 1) Jdomyctum, uto cpobojHoe TEEPAOE TEAO AGHKETCA BHE
noaa cua (R=0, MC =0). Toraa, kax sunno n3 ypasuenufl (1) u (2), ero uenrp
Macc Gyaer ABHrarbca PABHOMEPHO H NPAMOJMHEHHO, a ABMKEHME Teld OKOMo
neitpa mMacc 6ymeT TakHMM ke, Kak B cayuae 3Jitnepa — [lyanco. 310 npumenne
MOMHTO HA3BATH JABHKEHHEM TBEPAOro Teaa no dHHeplUHH B OﬁlU,BM CJIyllae.

2) Honyctum, uTO TBEPIOE TENO ABHIKETCA B OAHOPOAHOM MOJe THKECTH
npyH OTCYTCTBHM cua conpotHpaeuns. Torga Ha Ttenao AelcTByer TOMBKO Cuaa
TAMECTH, paBHad mg, NPUAOKEeHHas B NEHTPe Macc H HalpasieHHaa MO Bep-

THkaan BHu3. Ecau och { HanpaBHTh BEpPTHKAIbHO BBEpX, TO ypaphenus (1)
TMPHMYT BHA

gc=o: ﬁc=0- §C=—g'

Orciona (cm. u. I, § 36) pajinem, 9TO NMpY NPOM3BOABHLIX HAUANBHEIX YCHOBHMAX
LeHTp Macc Tena Gyzer asurarthed no napabosde. JBHieHHe OKOJO LeHTpa Macc,
nockOAbKy u 31ech M, =0, Gyxer Takum, Kak B Cayvae Jinepa — lNyauco,

15 H. H. Byxroaseqn
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3) PaccMmoTpHM ABHMEKEHME mAaHeTH B moue tarorends Coaxua, mpene6peras
OpUTAXKEHHAMH ApYrux HebecHwx Ten. Ecam nmamery cuHraTs cocroawed
H3 ONHOPOAHHX cdepHYeCKUX CAOEB, TO, KaK AOKA3HBAETCA B TEOPHH NOTEH-
uMaja, naamera Gyler mnpuraruBarbca Kk CoJHUY Kak MarepHaibHas TOUKA,
Macca Koropoll paBHa Macce m NJIaHeTH M COCPenOTOYEHA B IeHTpPe Macc
(CHAB NMPHTAXEHHA WMEIT NPH BTOM paBHOAEHCTEYlomylo, NPOXOAAWIYIe uyepes
uentp Macc). Torna ypasuenus (1) MoxuO npeo6pasopaTh Tak Ke, KaK B CIy-
yae ABMMEHHS MATEPHAJbHOH TOUKH MOA AeHCTBHEM LeHTpanbHOH cHabt (CM. L. I,
§ 37); B pesyabTate HalineM, uTO TpaektopHed uenTpa macc Gyner xOHHUECKOe
ceyeHHe, B UYACTHOCTH, NPH COOTBETCTBYIOMIMX HAYaALHAEIX YCAOBUEX, SJIHIC
¢ (okycoM B NPHUTATHBAlOUIEM LEHTPE,

Mowment M, paBnofieficTBylOmeR Cull TATOTEHHA OTHOCHTEABHO LEHTPA Mace
sdech ONATL papeH Hymo. Ho, nockoiwky mpn clelaHHOM JONylleHHH © Qopume
nAadeTs LEHTPAJbHBI{ 3MTHNCOMA HHEPUWH dpadeTcs cepoi, TO ABMKEHHE Iaa-
HeTH OKOJO UeHTpa Mace GyaeT paBHOMepHMM BpalleHHEM BOKDYT OCH, cOXpa-
uAlomel HensMeHHOE HalpaBieHHe B NMPOCTPAHCTBE (HanpapJeHHe STOH OCH H
BeJMYMHA yraoBo# CKOPOCTH BPAMIEHHA ONpENenaloTcd HaualbHBMH yCAOBHAMA),

Ecau e He CUHTaTh NUIAHETY COCTOAUIEH M3 OJHOPOAHHX cdepHuecKHX cloes
H yuecTh ee peanpHylo dopmy, Hanpumep pas 3eman QopMy reouia, To oxa-
HeTcq, UTO paBHOAEeHCTBYloNIas CHI ﬁpnwamenun y#e He Gyaer NPOXOAHTH Ye-
pe3 HeHTp Macc nJaHeTH u Gymer cF 0. Torna apiskenHe muaHeTH OKOJIO
HeHTpa Macc GyaeT aHANOTHUHO KBUKEHHIO [HPOCKONA, T. €. HOMUMO cOGCTBEH-
HOr'O Bpauienns NMiaHeta GyleT coBepluarh euie MPEUECCHIO BOKPYT OCH, Mepneu-
MUKy napHOH K IVIOCKOCTH SKJAMNTHKH, @ TaKie HyTauHouHMe Kolebauua. B uact-
HOCTH, NpeueccHio mop AeficrBueM cud npursxxenus Couuna u Jlyss cosepmaer
H 3eMHaf OCh; mepuof 3roft mpeneccn paseH npubanaureasno 26000 ner.



FJABA TATAA
KAHOHHWYECKHE YPABHEHHUA ABHXXEHHA CHCTEMBI

§ 21. BuiBon ypaBHeHH!i H nepBhle HETerpaJbl

1. Kanonnyeckue mnepemennmie. Jlarpauxesa cHCTeMa ypasHeHnft
npexcraeaser coboit cucTemy 7 0OHIKHOBEHHBIX IuddepeHnHaAbHEIX ypaB-
HeHu#i BTOPOro MOPSAKA OTHOCHTEAbHO OOOGUIEHABIX KOO PAUHAT g | B Cay-
yae, KOTaa NeHCTBYIOIIHE CHJB MOTEHUMANbHBI, HMeeT BHI

d /oL oL —
d_t(af)m—_ (t=1, 2, ..., n) (1)

rie
L=Ll; B =vos Ui Qs Qv wwvar Gt O

ectb pynkuns Jlarpauma (_HJ]H KHHeTHYeCKu#t MOTeHlnan), BaBHCALlas OT
KOOpIHHAT ¢, cKkopocTeli ¢ H, B oOweM caydae oT Bpemenu f. Koopan-
HATHI, OT KOTOPHX (yHkuMst L ABHO He 3aBHCUT W KOTOpHe Bxomar v L
TOJNBKO CBOMMH TNPOH3BOAHBIMH, HOCAT Ha3BaHHe LHKAHYECKHX. Ecnu L
ecTb (pyHkuns BTOpoft cTeneHH oT ckopocrefl, To cucTema (1) HaskiBaeTcs
AMHAMHYeCKOH; B 9TOM caydae (cu. § 8, n. 4)

L=L2+LI+L0-

Cucremy (1) MONKHO nerko npuBecTH K cHCTeMe 27 OOBIKHOBEHHHIX
mnddepeHumManbHEX ypapHeHuH nepBOro NOpsAKa, CUNTas CKOPOCTH ¢ 3a
HenspecTHoie GyHkuun., Takan cucrema GynerT wMeTb BHI
d (01.) oL : dg,

% —0;‘ —_——=0; gy =— =12 iy A 2y

og, dt

Cucrema .(2) onpenenser Heu3BecTHble QYHKUHM ¢y, o, - ..y G, E}l,
:;;2, <.+ @, KOTOpHlE HA3BIBAITCA JarpaHkKesbIMH MepeMEHHBIMH, W, KaK
BHAHO, ABASAETCA CHCTeMOH 27 OOBHIKHOBEHHHX AH(OepeHIHATLHLX ypas-
HeHHH nepBOro mopsaka.

15*
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s npusenenns cucremsl (1) X KAHOHMYECKOMY BUIY BMeCTO Jar-
paHKeBLIX NepeMeHHHIX ¢; M ¢; (KoOpAuMHAT M CKOpocTel) sBeneM HOBEHE
nepeMeHHble, a UMeHHO 0000lieHHble KOOpIHHATH ¢; H 0000LIEHHbIE HM-

IyAsCH p;, Tae
oL

p=-— (=1, 2, ..., n). (3)
09,
Dru nepementbie GyneM HA3HIBATL KAHOHHYECKMMH MEpEMEHHBIMH.

Takoe npeoBpazopanne (npunaniexamee Ilyaccony u lamuabTony)
Gyner BO3MOMKHO, eciM cucTeMa n ypaBHenuft (3) Moxer OwlTh paspe-
IleHa OTHOCHMTENBLHO ¢, 4 STO B CBOW OuY€pelb BO3MONHO TOrila, Koria
@YHKUNOHANBLHBIN onpeenTeas (dKoOnaH) cHCTeMbl TOMIECTBEHHO HeE
PaBeH Hymo, T. e,

dl dl dL
a ST Ty T Ty v e sy 0
aqlt aQQ aqH ______l
0@y Gy -0 9,)

Jlarpasesa cucTema, L1s KoTopo# onpeneaureas ecca

L
0g, 04;

+»

n

. O

9q, dg,
paBeH HY/O, Ha3blBAETCHA HOPMaiabHOM cucremo#. Ecaum cmctema auHaMmu-
qecKas, TO
Eme Lty
npHueM
n .. n .
— a L= a,q;;
Ly :,%1 194 1 1';1 19
NMO3TOMY 1/ IHHAMHYECKOH cHCTeMB 06061ieHHBle HMIYIbCH PABHbI
n -
pr= ,«2; a4+ a (3"

T. €. ABAAIOTCH JMHeHHBIMH GQyHKUMAMH CKOpOCTe#, H oOnpenenuTenb
Tecca Gyaer
oL

0q; dq,
T. €. paBeH OMCKPWMMHAHTY KBagpathuuo#t dopmu L,, KoTopuit He Mo-
HeT OHTb TOKNECTBEHHO paBen Hymo. B camoMm nene, dynkuna L, =T\,
BCEraa MOJOMHUTENbHA U 06pau.LaeTca B HYJb TOJNBKO B TOM CJy4de, eclH
BCE g, PaBHBI HY/IO, a ec/ii OBl NMCKPHMHHAHT |[a, ;]| 9To# monoNHTe LHON
KBanpaTnuuof Qopybl O TOMIECTBEHHO paBeH HYNIO, TO CHCTeMa ol-
HOPOAHHX MUHEAHBIX ypaBHeHufl

=lla;

n
0Ly . Y
— a q=0 (l:[, 2,.... n)
3% )«2:1 1191
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ynosnernopsmat:b (3] l'lpl‘l 3HAYEHUAX ¢, OTAHYHBIX OT I‘I}'JIH, H Chelora-
TeNbHO, COTAIacHO TeopeMe Dinepa, Gbiio Obl

LG )
i=1 94,

T. €. ¢yukuns L, obpamtanace Gul B Hyab npu 3HAYCHHAX §, OTIMYHEIX
OT Hynd, 4ro HemoaMoxHo. HTak, nunammueckas cucTeMa Oyjer pceraa

HOpManbHo#, ¥ npeoBpasopanne Ilyaccona — IaMuabTOHa nng Hee Bcerna
BO3MOMHO.

Paspemas cncremy ypasxeHuft (3) OTHOCHTEJBHO ¢, TOAYYHM

= (G @ +<s Gai P P -+ P ©) (=1,2, ..., 0). (&)
Honcrapass Buipawenms (4) B dyuxkumio L, Mb noxyuum

L(g, ¢; H—>L(q. p; b,

T. € (pyﬁkl.lliﬂ L BLIPA3NTCAS B KAHOHWYECKMX MNEpEeMeHHbiX, Toraa,
noacrapiass Beipamenus (3) w (4) B narpawmkeny cucremy (1), Oynmem
HMeTb

dar _ oL

s (i=1,2 ..., 0. (5)

Ypasueuuss (4) n (5) obpasywor cucremy 2n oObKHOBEHHHIX AH(de-
DEHUHAbHBIX YpaBHeHuft TepBoOro nopsaka

dg.

dtl _f(q: p: t) (£=]-’ 2; v ks n)' (4")
dp oL (g, p; ?) :
d; o (J: 1, 2, . ey n), (5 )

dg,

KOTOpHEe ¥ OyayT ypaBHEHMAMH ABMMKeHHS B KAHOHWYeCKOH dopme,

2. Ypapuenuss FamnantoHa, I'amuiabrod B 1834 r. nan uuoft sug
KAHOHHYECKHM YDABHEGHMAM [BHIKCHHS, BbHIPAaSHB NpaBhie YaCTH ypaBue-
Huft (4) u (5") uepe3d oaHy (PYHKUMIO, KOTOpDAs HOCHT HA3BaHHME (YHK-
unn amuiabTona. 19 BRBOAA 3THX ypaBHeHHH BO3bMeM BapHaumuio dvHk-

uun L(g, q £), BuipaweHHOH B JATPAaHIKEBBIX MEePEMEHHBIX; MOJYYAM
oL oL .-
L= Y — bq;+ ¥, —0g,. (6
2£‘ o, 7t Z a0 )
IpeoGpasyeM sTopoft unen NpaBoR 4AaCTH ypaBHEHHS (6); HMeeM

2—-'—6?:—6(;"—"?:) 2?: ( ) M

16 H. H. Byxreasu
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Brocs Buipaxcenne (7) B ypasuenue (6) H H3MeHAS FPYRNMMPOBKY WIEHOB,
HOAY4HUM

: aL . (]
L+§]w—~qf ==Y+ Xad(5).  ®
T o " g
B neso#t wactn ypasHenus (8) nonm suakoM O cromt (yHKumsa, KoTopas

pcrpevanace yxe 8 § 8, n. § u Omaa obo3navena uepes H'. Bpenxew
B ypasHenne (8) BMECTO NarpalxeBbiX NepeMeHHLIX KAHOHHYeCKHe, 3aMe-

HHB ¢ WX BuIpaxeHnaMu (4). Torna ¢yHkums

-—L+2—~é;~ﬁ*(q. )

nocie TOro mpeoOpaszoBanus mepeRaeT B yHKUHIO

H(g. p; f)»—( Ly agf“;‘). . (9)
gp

byukuns H(g, p; £), B3anmuas no oTHowleHu© K dyHiuun L, wo
BHIpaXeHHass B KAHOHMUECKHX NEePeMeHHBIX, HaswiBaeTcs Qyuxumelt [a-

oL
muibroHa. Ilockoabky T:pp dysxune H MoxHO ele mpeacTaBHTh
91

B BHIE

H(g p. )= (@ Pl — L)m' (10)

Orci08a Cpasy ONpENensioTcs BHpAKeHHs ¢, yepes dynkumio H, anamo-
ruuiee BoipaweHusM (3) uMnyabcoB p, uepes dpyuxumo L. Jedcreuren-
Ho, BhyHCIsd w3 Buipawenns (10) npoussoanyio o H no p; u yuntoi-
Baf, UTO B STOM BbipaweHHn [{ 3aBUCHT OT p; KaK ABHO, TaK H 4epes

MepeMeHHbIE 4§, MOAYYHM

. aq_.r aL (}q)'
== 2 p
2 ! op i 0q; op,
oL
Bxondmue B NpaBylo 9acTh CyMMbl COKpPAINAITCA, MOCKOMBKY = P
4qj
W OKoHuaTeabHO OylIeM HMeETb
. oH
-y l].
q‘ Opi ( )

Haftnem Tenepr BTOpyl0 Tpyniy ypaBHEHHH, KOTOpbe COOGCTBEHHO H
ABASIOTCA ypaBHeHWsMu Apyokenns. Ilas sToro nepefiaem B mpasod 4acTH

paseHcTBa (8) K KaHOHWYeCKHM mepemenHuM. Torna ¢ynxuus L (g, g; )
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nepefiner B L(g, p; ). a g—.!‘ 3aMeHHTCA 4epes p,, W ypasHenue (8)
qi
NIpHMET BHI

oL -
OH (9. ps B)=— gq—;bq:+2q; opy,
i i

WAH, MPHHEMAs BO BHMMAHHe paBeHCTBO (D),
SH(q. pi H)=—21p,04,+214,5p,. (12)
PaspeproiBas B J/eBoft wacTh sapuaunio H, noiayuum

S8 +2 o =— 2. P4y +th6m»
Orciona, yuntniBas pasencrsa (11), nmaxonmm
2 (g + br)sm=0-
3To COOTHOUICHHE, MOCKOJABKY Bce 0, Memay co60l0 He3aBHCHMBI, NAeT
p=—2L  (=1,2 ..., n)

ITpucoenunas ciopa pasenctsa (11), npuxoamm k cieaymwuled cucreMe
ypaBuenui:
do M dp O gy o Lm. (13)
t dpg dt dg;

Ypasuenns (13) nocaT HasBaHMe KAHOHHYECKOHW CHCTEMBI ypaBHeHHH
apuienns B dopme IaMuiabronHa wiam npocro ypaesenud Famuasmona,
Oun npexacrapiaaoT coboft ciucreMy OOBIKHOBEHHLIX yPasHeHMH mepBoro
nopsaKa, ONpelensioWuX Gy, o, -+, Gp U P1. Par - -» Pp KAK OyHK-
un# BpeMmeHH, T. €. ¢, plt.

B ciayuae nuHaMuyecko# cucreMnl ypapHeHHs (1) MpHMeHHMBb TONBKO
TOrA&, KOrZa CHCTeMa KOHCepBAaTHMBHA, T. €. KOTJa CHAb, IeHcTByloume
HA CHCTeMy, HMeIOT noTenuwan, wbo L=T - U, caenosareibio, n
ypaBHeHns (13) Toxe MMEIOT MecTO TOAbKO AAs 3Toro ciayyads. Ho secbma
NIeTKO MONYYHTh ypaBHeHHs ['aMHJBTOHA W A/ HeKOHCEPRATHBHOW IMHA-
MHYECKOH CHCTEMH,

Ipeanonoxum anst oBWHOCTH, YTO HA AHHAMHYECKYIO CHCTeMy AeHcr-
BYIOT CH/IBL KAK KOHCepBATHBHble, MMeoine noTeHuuan U, Tak u HeKoH-
CepBATHBHBIC, TOTAA YPABHeHHS NBHMEHHA TaKOH cucTeMbl OynyT HMETh
BRI

oT ar
_.__.___. il=1, 2, ..., .
(09':) o0 oa e B

16*
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nan
i(b‘{-)_a_’-_-__Qi flesd, B, ciu, B
rae L=T- U, npuuem L|g, q. £. Tonaras no-mpexuemy
Py==r5=

0q;

M BBOAS KAHOHWUECKHe MepeMehuble, MoAyynM ypashenns (4°) u (5)
B BHIe

_‘:":Zt_wf(q pi ) (i=1,2 ..., n),

dp _ 4L 5 L
=G+ =12 ...,

a pasenctso (12) B Bune

0H = *2!1;(}33—@3)‘5QJ+;'§'5 op;,

OTKyNa TeM e NIyTeM, 4TO W NPH BuBose ypasHeHu# (13), moayduum
¥ y p yp y

dg; _ 0H dp; __
EL_FE’ = GQg+Q‘ (=1, 2, ..., n). (14

Ypasnenus (14) npencrasasior co6ol ypaBHenus [aMu/IbTOHA 18 HeKOH-
CepBATHBHON CncTEMH.

Heo6xonumo 3amerurs, yTo ypasHenns ['aMu/ibTOHA, Kak NMOJyYCHHHIE

u3 ypapHenuit Jlarpawa BTOpPOro pona, NPHMEHHMbl TOMBKO K roJo-
HOMHBIM CHCTEMAM.

8. ¢yukuns lamuabrona, $yuxuua TamuaproHa, kKak ObNO yixe
CKa3aHO B TIpeNBbILyIMeM NyHkTe, ecTbh (yHKIHA, B3auMHad N0 OTHOLLe-
HHIO K yHkuun L u BripameHHAs B KAHOHHYGCKHX INepeMeHHHIX, T. €.

H@, p; r)«( Lk a—"é;) :
g>p

Koopaukare ¢, He BxonduiHe SBHO B ¢yHKOMi0 FI, HA3LIBAIOTCH LUMKAH-
decknMH. B cayyae nuHAMHIeCKOM CHCTEMB uMeeM

L= L+ L+ Ly

nosroMy no Teopeme Ditiepa
JL -
—Lt P t=—h—bL— L+ 2t L= L~ L,
i

A CHel0BATENbHO,
H(g, p; t)y=L,— L, (16)



§ 21] BbIBO YPABHEHHWF W NMEPBBLIE WHTETPAJIBI 233

rae Ly ectb dynxunst L, B KOTOPOHR CKOPOCTH ¢ BBIpAXeHL Hepe3 HM-
nyiabcsl p. Tak Kak B cayyae NHHAMHYECKOH CHCTEMB CKOpPQCTH é, co-
raacho dopMyne (3), cyTb anHeHHBE QYHKUMK HMOYAbCOB p, To M3
paseucrBa (15) caeayer, uro f ectb dynxuusa BTOopo#t cTemeHH oT HM-
ny/bCOB p.

Ecau

L=T4+U=Ty+T,+To+U.
TO

Ly=Ty Ly=Ty+U
H, caenoBparenbHO,
Hg. pi )y=Ty,—Ty—U. (15%)

Ecin, kak 910 GuBaeT B GOAbUIMHCTBE KOHKPETHBIX C/AyuaeB, KHHe-
THueckast SHeprus T ecTb OAHOPOJAHAH PYHKUMA BTOPOH CTEMeHH OT CKO-
pocre#t (& caenoBaTenbHO, M OT MMIYJbCOB), T. €. €C/AH

1 "
T=T3‘“~—*'§'Ejaiﬂ£9ﬁ Ty=0,
i,
TO
H=T,—U=E, (16)

T. e. Gyukuna H ecth cyMMa KHHETHuecKOR M MOTeHuManbHOH 3SHeprum

WM NOAHAf SHeprus CUCTEMH, B KOTOpoH CKOPOCTH ¢ BhIpAMeHbl yepes
UMIyAbLCH P

Mpumep. CocraeuM ypabHenus [aMuibTOHa Aas cBoGoxxo#i MaTepHaisnOH
TOUKH € MacCoil m, ABHMYyIeHicA B NMOTeHUHAJIbHOM IMojde cul. B stom cayuae

NOJOKEHHE TOUKH ONpPEAeJAeTCs TPEMsl He3aBHCHMBIMH KOODIMHATAMU X, ¥, 2.
KuneTnweckaa sHeprua ToukH OyAeT

s )

a nmoreHnHaabHaa paeHa — U (x, ¥, 2), rae U ectb TOTeHUHan cHIOBOTO MO,
TMonxas sHeprusi pasHa

E=-$~ m(x2 4y 427 —U(x, y, 2).

Uro6u noayuynts GyHKuM0 [, HYKHO B BRpaxeHnnn £ BMeCTo cxopocTell BBeCTH
umnyabcul, Vimeem, cornacho (3),

17 H. H. Byxroasy
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oTCaa
»= Px ,
m

. Dy
y = '—n—aﬁ ] (a}
: Pz

Z=E

Hi

[lopcrapnas puipamenun (a) B E, Hoayuum
1 /3 :
He= g (0 2y 4 p) — U, 3, 2).

Ypapuennsn Famuabrona (13) 6yayT uMers BAA

B UL oo n H_dp,ﬂ___ﬁH HT
dfr —ap, T TN T ax 4T
HIR
ot obe, AP SO0
dt m’ dt dax’
dy Py dpy _ ou
at — m’ dt — dy’
e Pz dpy. 20
at  m’ dt oz '

Tloxcrapasns BWpPAXEHUS! py, Py, Pz U3 NEPBHX TPeX ypaBHeHHH B oCTadblibie,
noayyum ypasHenus Hebwtona
d*x _ oU dy _oU d’z _ oU

maE = ox M@ Ty "wmEr = oz

4, Nepeoie HATerpans, [lepBEIM MHTErPaJOM KaHOHHYECKOR CHCTEMBI

ypaptenn#t (13), 1. e. ypasueuuf

dq 0H  dp oH

o e, R (=1, 2,..., n), 13

at = 9p,’ df o, ) (13)
HaspiBaeTcs Qyuxums f(g, p; ), KOTopas oCTaercs NOCTOAHHOH npn
BCeX 3HAYEHHAX ¢ W p, YAOBJAETBOPAIIMX ypasuenusM (13); muaue
ropops, ecnu f(g, p; f) ectb mepsmft HHTerpan cucrems (13), To

f (g, p; t)y==const

BO BCE BPEMAl NBMKeHHs Npu MOOBIX HAYA/JBHBIX ycnoBuax, flcno, uyro
ecau f = const ecrp nepeuifi unrerpan, To moban dyukuns F (f) = const
OyneT TOMe MepBbIM HHTEIPAOM.

3anada Murerpupopawns cuctembl (13) 3akmouaercs B onpenenennn
NepeMeHHBIX P H ¢ B (QyHKUMH BpEeMEeHH H 2n MPOW3BOJABHEX NOCTOSH-
HbIX, T. €. B OmpexeaeHuH - '

p. gt ey 0 vniy Ly
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Ecnu naa cucreMbt (13) nafiiensl 27 He3aBHCHMEIX MeXIy COBOI
TIePBEIX HMHTErpajosn

fi=¢y fo==0¢3 ..., fon="0Cop (17)

T. €. TaKHX, 4TO HM OAHA W3 3TUX (yHkun#t f He Moxer ObITh Bhipa-
weHa Kak (yHKUMS oOCTadbkbIX, To cucrema (13) mpounTerpuporana,
Tak kak W3 2n ypasuenu#t (17) MoxHO HAWTH p M g Kak QyHKUHH
{ W 21 NPOU3BOJBHEIX MOCTOAHHBIX. ITO BO3MONXHO, TaK KaK onpeie-
antenb Sxobu

o(fll .le vy fznr)
(41, -y Gni Piv -- 1 Pn)

BCJGACTRME HE3ABMCHMOCTH Mexay coGol dyukunit f.
B HeKOTOpHIX 4acCTHHX CAyyasx cucrema (13) HemocpeACTBEHHO Naer
nepBee MHTErPajibl, a MMEHHO:

+0

oH
1) Ecan dyuxuna H ABHO He BaBHUCUT OT BpeMEHH, T. e, -d—tzo.
Ilns nokasarenbciBa BOSbMEM MPOM3BOLIYIO OT Ppyukuuu H no spemenn;
noay4HM

dH (q, p; 1) af -
di —6t+v(0q ‘h+ap )

IToncrapnss BO BTOPOR WieH MPAaBOH YACTH BHPAWEHHS qi H p; uyepes
dyHxwmio H u3 ypasuenut (13), MbI BuaHM, YTO 9TOT uneH paBeH Hynwo,
Cl1eloBaTeNbHO,

dH o
EimE (18)
oH drf
Mosromy ecan T=0’ TO H _oF“‘_‘O' a CAelOBATeNLHO,
H(g, p)=nh, (19)

roe k ecthb NOCTOsHHAfA, T. €. WMeeM mnepBuift uuTerpan. [punumas
BO BHuMaHue Belpawenwe (9) Axn H, M BuauM, 4To HHTerpan (19)
ecth 0606wenHplit wHTErpas suepruu. Iaa AMHAMHYECKOR CHCTEMH 3TOT
uuTerpan obobumaercs ua ocmoBanuu pasenctBa (15”) B uurerpan Axobu

TQ b Tu TE U = k,
a B clyuae, ecaim 7 =7, B MHTErpal SHEPrHH B (UIHYECKOM CMbICTe
T—U=h;

NoCToAHHAS 71 B 3TOM ChAyuae eCTh MocToAHHAA 3Hepruu (cp. § 8, n. 5),

2) Ecim nekoTopbie M3 KOOPAMHAT ABHO HE BXOAST B (yukumio H,
T. ¢, 6yayT unkanyeckumu. ITycTs unkandeckumu 6YAYT nepere k Koop-
BHHAT ¢, g -+ -» G (R < n); TOraa

H=H(qui1 oy ---» Gui P1s Pos ~+ o Ppi E)
7+
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B srom cayuae

oH
—_— I=1; 2 vi:y R),
5 =1, 2 )
¥ ypaBhenus I'ammibrona (13) nawr k mepBHIX HHTErpaJioB
PL1=0Qp Py=0y ..., Pp==0y (20)

Thoe O; cYThb MocrosiHuble, DTH MHTErpans HOCAT HA3BAHHE LMKIHYECKHX
¥ BHpaxawoT cofofi TOT ¢akT, YTO0 UHKIMYECKHE HMMMOYJLCH MOCTOSHHH,
IToaroMy ouveHb BaWHO HaHTH Takoe npeoOpazoBaHHe KAHOHHYECKHX
TiepeMeHHHX ¢ H p, HpH KOTOpOM ypaBheuus (13) coxpanuiu Obt CBOIO
raMuAbTOHOBY ¢OopMy M BO3MOXHO Gonblllee YHC/Ao KOOPAMHAT CTano Okl
uukaugecknM. TakMe npeoBpasoBaHus KAHOHMYECKHX NEPEMEHHHX, RPH
KOTOpHX ypaBHeHHa (13) mepeXolAT B ypaBHeHHA TOrO e BHIA, Hasul-
BAOTCH Ka@HoHudeckumu, 0 HuX Oyner ckasaHo Huwe (cM. § 27).

[MpeanonomuM, 4To KOOpAMHATH Bce UMKIMYECKHe, T. €. YTO QYHK-
und f{ 3aBUCAT TONBKO OT ONHHX MMINY/IbCOB M BpEMEHH, T, €.

H=H(py Po v Pu 1)
Toraa u3 ypasueuuit (13) nmeem

p=u ¢=1,2,..., n),
Tie O; CyTb MOCTOAHHEE.

oH
Ecan npeanomoxure eme, uto -&E'=0' T. e. 470 QyHkuns H

HE 3aBHCHT ABHO OT BpeMeHH, To Toraa dyukums H = H (o, ay, ..., a,)=
==const, ¥ nepeas rpynna ypaBuenui (13) NPHBOEMT K OCTA/JbHEIM
n wnrerpanam, B camoM llefe, B STOM clydae
dq, o .
T: _ =’Y;. qt='\’tt+ci (6"—=1, 2, i W n),
t op,
>

T. €, KOOpPAHHATbl ¢ CyTb /AnHeHHube (YHKLUMH BpEMeHH.

Takum obpasom, ecad Bce KOOPAMHATLI LHKAMYECKHe, TO KaHOHHYe-
CKad CHCTeMa ypaBHeHWHR ABIeHHS Jerko wuuTerpupyerca. Bosunkaer
BOMPOC O BO3BMOMHOCTH OTHICKATh TakHe MpeoOpa3cBaHMi MepPeMEeHHbIX

g M p B TepeMeHnHe g M p, NPH KOTOPHIX CHCTEMA ypaBHEHHH ABH-
MeHns ocTanach Obl Mo-npexHeMy KaHOHHYECKOH, HO BCe KOOPAHHATH ¢
Obian Obl yie unkanyeckue. Takue npeo6pPa3oBaHHA HECOMHEHHO Cylie-
CTBYIOT, XOTH M He HaWOEHBl L0 CHX MOP.

Npumep. CocrapuM ypapHenHs ABWXEHnS MaTepuaabHoli TOUKH ¢ Maccoi m
noi xeitcTBuem uenrpadvHoli cuasl. Ilockodbky ABHNKEHHE ABAAETCA NAOCKHM,
BHGEPEM B KAYECTBE HE3AaBMCHMHEX KOOPAHHAT NOARpHBE KOOPAHHATH TOUKH r

¥ @, Geps nHauaso orcdera r B ueHTpe cHAb. Torga KHHETHYEeCKasn SHePrua
TouKH Gyner

T= % (),
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a noreHuKanbHad pasHa—U (r). Beenem B Bupamenne T BMecTo cxopocTed
HMIYTbCH

P =~£=m;’ p =6T=mr2'
r a;. s =7 P.
[lonyuaem
. Pr . PQP
"= YT

1 p?
FPeg= (PE +‘;§L)'

CuenoBareabHo, Gyuxkuus ['aMHIbTOHA HMeeT BHJ

L (¢ Y. 5
- Pr-l-??' —U (r).
Koopaunara g 0kasanach uMKIMUeCKot; CAeA0RATENbHO, HMeeM MepBHil unTerpal

Po=0; @

8TO MHTerpal mioinaief.
KpoMe TOro, mockoanky J§7 He 34BHCHT HBHO OT £, HMeeT €l MecTO
HHTErpan SHepriu

L (o, Py
Ta\Prtm)-U =t (6)
Hau
2
o (A+E) v =n ©")

Cnen0oBaTeabuo, 37eCh pg== const, a p, ecTb Qynxuus toabko r. [Mocxonbky

HaiileHO NBa NePBHIX MHTErpaxa, pellieHHe 3aJaud CBOJAHTCA K HHTErPHPOBAHHIO
TONbKO ABYX AuddepennnalbHEX ypaBHeHuil nepBoro nopaaka (BMecTo ueTHpex),

Hanpumep
ar _OH g _ oM
dt — op, i~ dpg’

T. €., YUHTHBAd, UT0 pp==0,

Ligay 3 dq'“—-;“ ()
it~ m' df T mrtt

Hs nepsoro ypasHeHMs, NOCKONLKY 3aBHCHMOCTE p,(r) naeTcs paBeH-
creoM (6’), HalimeM r (f); nocie 9TOr0 H3 BTOPOrO ypaBHeHHA onpeneisercs
3aBHCHMOCTL @ (£).

Ecan ypasHeHnus (B) NOJeAuTh NOYJAEHHO M 3aMEHHTb OJHOBPEMEHHO p,
ero BHpaxeHneM p,(r) us pasenctBa (6), To moayunM anddepeHuHaabHoe
ypaBHEeHHE TPAeKTOPHH

dr _ rip.(r)
dp ~ @&
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§ 22, Merton flkoGu

1. HexoTopbie cBenenHs H3 TEOpHH YpaBHEHHH B YACTHBIX NPOH3-
BOAHBIX NepBoOro mnopsaxa. OGWuA BUJ ypaBHEHWS B YACTHHX MPOH3-
BOJIHBIX [I€PBOT0 nopfaika ecrb

F(xl, CRCACH | xﬂ; z; pl» L SR | pn)zos (I)
rae plz%. PDyHKung
sz(xl; ey xn: L2 ST a;;);

ya0BTeTBOPAWIIAA ypaBueHuio (1) M 3aBHCALIAS OT CTONLKMX HeaANHTHB-
HBIX MPOHZBOABHBIX [TOCTOSHHLIX, CKOJBKO ypaBHEHHE COMLEDPMKHT He3asH-
CHMBIX TIEpEMEeHHbIX, HABHIBAETCA NOAHBIM HHTErpanom ypapnenua (1).

Ecan gynxuus F une cofepxur sBHO 2, T. €. ypaBHEHHE B HaCTHBIX
MPOU3BOAHBIX HMEET BHI

F(Xp vvos X0 Ppooovs Pa)=0, (2)

TO ONHA M3 MPOM3BOJBHBIX NMOCTOAHHHX OyreT amauTupHo#, T. e. Oyxer
BXOAMTL B OOWMA MHTErpan B KadeCTBe C/IaraeMoro; C/JAeaoBaTeNbHO,
noMHHEH WHTerpan ypasHenu#t (2) OymeT HuMeTb B

Z=2(Xps -y Xg} By, ey &) Cpe

Ecau YpapHeHHe B YaCTHBIX NPOU3BOIHBX 6)’]1&1‘ BHIA
F(Xpip oos Xp3 Provves Ppovven Pp)=0, 3)
T. €. 4acTh HE3aBHCHMBIX IlepeMeHHBX, B JNaHHOM Cly4ae MNepsbie k
H3 HUX: X, Xy ..., X (R<n), Oyayr sxoauth B ¢yukuuio F
He §BHO, 4 TONLKO MOCPEACTBOM YaCTHBIX MPOH3BOAHBIX Py, Pg, - .., Pp,

TO YHCAO He3dBUCHMBIX MepeMeHHHX ypaBHewns (3) MOMHO clenath
paBHLM (n— k), T. €. MOHH3UTL 1A R eIMHuL. B caMoM Aene, noiaras

z=a X+ .o X +L(Xppn o Xph

augdepeHHpOBaAHHEM HAXOIHM

Pyr=itlyy vy Pyl Pppy™guote o o Ppigas

M, CAeNOBa1eNbHO, ypaBHekMe (3) HPHMET BHA

. . L
f(xk“, N N dxﬂ):ﬁ. (4)

Ouepnano, ypasuenne (4) HMeeT 72—k He3aBHCHMBIX HNepeMeHHbLIX,
Moaum#l MHTerpan 5TOro ypaBHEHHs HAMMILETCH B BHAE

L==0(Xpgp cver Xpi G vuny G5 Gputs vy Gp_)+0a,
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H, CJel0BaTelkbHO,
Z=a X+ ... F a5+
FL(Epatr o0 Fai O evs B Ggegy +emn B )G,
HaxoHey, HanoMHMM, 9TO ypaBHEHHS XAPAKTEPUCTHK LA YpaBHEHHS
F(xy, vvus X35 Pppoovv, Pp)=0

npeacTaBigeTcs chaenyiome cHcreMot oObikHOBeHHHIX Iu(depeHunanb-
HHX ypaBHeHH:

dx, __ o dxy ___dpy . 4ps
'P—I—-.o—-—Pn— X"—'"°_"‘_ Xﬂ' (5)
rae oF aF
PI:-FE‘—, Xi—-d_xio

2. Ypapuente SkoGu. KanoHnueckyio CHMCTEMY ypaBHEHHH ABHMe-
aua [(13) § 21]

dq, __ 0H dp, oH
T d_p:’ '-a—t-———-ga‘— t=12,..., n) (6)
MOJXHO NpPeIcTaBATh B BHIE
dq __ — dqn _— dap, — — dpn __4at (6"
A Sy S S W
o 0pn 7 94

CpaBHuBas 3Ty CHCTeMy ypaBHEHHH C ypaBHEHHAMH XapakTepHcTHK (5),
nerko yOedHThCS, YTO KAHOHMYECKYI0 CHCTEMY YpaBHEHHH MOXKHO pac-
CMaTPUBATL KAK YDaBHEHHS XapakTepUCTHK CJENYIOUIEro ypaBHeHHs
B YACTHBIX TNMPOM3BOLHLIX NMePBOro MOpAIKa:

iNY oS o8 | -
G (g i e e g 1)=0, ™

rne HemssectHast yukumss ofosnadena uepes S, DTo ypasHeHHe Ha3H-
Baercs ypaguenuem SlkoGu. Bo MHOTHX C/IydasX oKasblBaeTcd npoule
HaHTH NOJHBIA HHTErpaz STOr0 ypaBHEHHS, a 3aTeM, ONHpascb Ha Teo-
pemy S$koOm, M camble WHTErpanbl KarnowHdecko cuctemu (6), uem
HenoCpeacTBeHHO WHTEerpHpoBaTh STy cucreMy ypasnedu#i. BooOue we
HHTerpHpoBaHie ypasHenHs flxoOu He nNpeacrasiseT yNPOULCHHA BanauH,
TaK Kak 9Ta 3a1a4a, KaK M3BeCTHO, CBONMTCS K MHTErPHPOBAHHIO CHCTEMbLL
o0blikHOBeHHbIX AHbdepeniuanbHuX ypasHenui (5), KoTopHe nas ypas-
Heuus fkobu (7) npencrasiasioT cobolt Ty me cucreMy (6).
Hemnssectnas Qynkuus S Hasvisaerca 24a8woll Pyniygueld Iamuns-
FIOR@G; iC HeHl Mbl BCTPeTHMMCH eule B rjiaBe 0 BapHALHOHHBIX NPHHUMAAX.
OuesnaHO, ¢1, 920 +++y §o F OYAYyT He3aBUCHMBIMM NepeMeHHHIMH Aid
byskuun S u, crexoparenbHo, NOAHHA HMHTerpan ypasHenus (7) Oymer
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cozepxaTs n—+ 1 NpoM3BOMBHBIX MOCTOAHHBIX, M3 KOTOpPHIX OfHa,
nockonbky ¢ynkuns S aBHo He BXoAHT B ypasienue flkobu, Gyner
apautHeio#, CrenopaTensno, noaabi uHTerpan ypaBHeHHs SkoOu GyaeT
¥IMETh BHIL

S=§(t; Gio ovr Gni Gp vva 8)) 844y ®)

3. Teopema Sko6u. [Tpexnonoxum, yTo NoaHeH WuTerpan (8) ypam-
wedust flkobu naineH. BosbMeM ypaBHeHHA

S S
Bt Eepn emtrn o

rae b, cytb npouseoabHBle NocTodHHble, TeopeMa flko6H coCTOMT B TOM,
YTO ec/H H3BecTeH HOJIHHH uHTerpan ypasHenus $kobu

(e 5 ) =0 ™
1. e. HalixeHa GyHKUUA

S ity coew B F By By wnn a,)+a,,

TOXAECTBEHHO YyAOBACTBOpsiIOWasa ypaeHenno (7), To ypasdeHns (9)
O6yayT MHTerpalaMH KaHOHHuYecKOH cucTeMmr ypasnenn#h (6). Taxum
00pasoM, COT/IACHO TeopeMme flkobu, nepemenunie q;. P, onpeneneHlible
ua ypasdenn#t (9) B dyHKuMM BpeMenH £, H 27 NPOUIBOMBHHIX NOCTOMAH-
HHX 81 «+.5 G, By, ..., b, OyayT TOXINECTBEHHO yIOBACTBOPATH KaHO-
HHUeCKHM ypastexmaM apmxenns (6). B stom Moxuo yGeantnca meno-
cpencTseHHoH mnoacTaHOBKOH HalmeHHMX M3 ypasuenutt (9) 3sHaueHui
nepeMEHHBIX ¢, p B KAHOHHYeCKHe YypaBHenus nsixenusn (6); npouwe,
OIHAKO, cAenath obpathoe, T. e. [10KA34Th, 4TO (yHKuMH ¢, p, onpe-
JeneHHble M3 KAaHOHHYECKHX )’pﬂBHBHHﬁ NBHIKEHHA, TOMIeCTBEHHO yao-
BreTBOPSIOT ypasHenuaM (9),

Huddepenwnpys nepsme n ypasuennt (9) mo BpeMenu f, momyuyuM n
ypaBHeHHH BHIA

a“tdf+23a dq q;="0 (=1, 2, ..., n.

3aMenda B JIeBOH YACTH MOJYYEHHBIX PABEHCTB t}j HX BHIPAXKCHMAMH H3
KAHOHWYECKHX ypaBHeHHH, T. e. uepes I NoAyunM
)
n
223 2 a8 oH __,
Oay Of iﬁaléqj 6,0!"' 2

JoxaxeM, YyTO NOAyYeHHOE ypaBHEHHE eCTb TOMAECTBO, €CNM MepeMeHHbIE,
Bxoafwme B GyHkuuo F, 3aMeHUTb WX 3HAYEHMAMH M3 ypaBuennil (9).
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Bunouansd 9Ty 3aMeHy, nojyunM

T B
i

a5 da, dq}
“9(a,)

Ho nepas yacTb 9TOro paBeHCTBa eCTb YacTHass NPOHM3BOAHAA NO &; OT
1eBOR uacTn ypaBnenus $fkobu (7), B koTopoM dyxuus S saMenena
yepes MOJHbIK uHTerpan S, T. e. paBHa

d raos . . 08 a3
dar L (a0 g
a MOTOMY TOMXAECTBEHHO paBHAa HYMO; CJAEN0BATENbHO, paBeHcTBO (10)
ecTb TOMIECTBO, 4TO H TPeOOBANOCh AOKA3aTh,

AHanoruyHble pacCy#IeHHs NPHMEHHM AJsl [O0KA3aTelbCTBA TOTQ Ke
I0JIOKEHHA OTHOCHTEMBHO BTOPOR rpynnsl ypasuenn# (9). HDuddepenuunpys
no ¢ ypaexenus BTOpoH rpynnu (9), Oyaem umersb

928 . .
aqf0t+2 aq;dg ¢—p,=0 (=12 ..., n.

3aMeHAs ¢ M P HX BRIDAKEHWAMH H3 KAHOHWYECKHX yDABHeHHH, MOAydHM

025 928 oH
= = T
0q; 0f E an 9g; aq), g,

0.

TlokaxeM, 4TO NOAy4YeHHOe PaBEHCTBO OOpPaaeTcss B TOXMECTBO, eC/IH
nepemenHble, BXoAAUye B QyHkunio F1, 3aMennTb HX BHAYEHHAMH M3 ypaB-
Hennit (9). Boimoansin 3Ty sameny, moaydnm

323 928
ar+aq +2} as aqiaa,=°' (1n

Jlesas yactb paperctBa (11) ecTb wacTHas nNpousdBodHas N0 g; OT JeBOH
yacTi ypaBHenus SkoGu (7), B koropoM ¢QyHKuua S saMeHeHa uepe3

NOJHbIH HHTErpan g, T. €, 9Ta JeBafd 4acThb paBHa

LB (s a0 )

4 MOTOMY TOXIECTBEHHO paBHa HYJI0;, CAeloBaTe/NbHO, paBeHcTBo (11)
€CTh TOMKAECTBO.

Takum oOpaszom, ecanm mnoausih wuarerpan (8) ypasuenus $xobu
uaBecTed, TO nO TeopeMe flko6u KaHOHHYeCKHe TNepeMeHHbe ¢, P,
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OTpenenMoTCs KaK QyHKUHK BpeMeHH { ¥ 2/ NPOH3BOMbHBIX MOCTOAHHBIX
ag ..., @ by, oo, b, w3 ypanHeuu#t (9), npeictaBasoumx coboit mo
OTHOUIEHHIO K §; W P; CHCTeMy anreGpamyecKHX ypaBHeHHH.

4, Cayuaii, xorapa H sBHO OT BpeMeHH He 3aBHCAT, IJTOT cayuah
BCTpedaercs B GOMBIIMHCTEE MPAKTHYECKHX Bompocos. IlycTsb

H=H(qy, -+ qu} Pis +-+s Pp)
Ypasuenne fAxobu Gyder wmerh BHA

oS . a8 S\ _
'57+H(9’p rexa @gh SGETx ween -@)—-0— (12)

Tlockombky ¢ B ypaBueHHe sBHO He BXOIHT, TQ YHCAO HEBABHCHMBIX Te-
PEMEHHBIX MOXHO YMeHbIIHTb HAa ernumnuuy. JIlas sroro, cornacuo m. 1,
NONOHUM

S=—ht4+W(gy, «+.» qo)

rie 2 ects nmocrosunan. ®ynxuns W, c KoTopo#t Mu emle BCTpeTHMCH
B I'iaBe O BapHAUMOHHLIX NPHHUMNAX, HASHIBAETCA XapakTepucTHyeckoh

hyuxunes.
Tak kKax
s 08 _ oW b
-a-i--—-"—-k H -5-@:_—09; (5——1. 2» “hey n),

TQ, MOICTABAsAA B ypaBHeuue $koGn BumecTo S H ee NPOMBBOIHBIX 3TH
BHAa4eHus, MoaydvaeMm Ias onpeleneHnd ¢yHxuun W ypashenue

ow ow
H(th, caey @ud TG, dqﬂ):}z, (13)

He comepxauiee nepeMenHodt #. Tlpeanonomum, 4To NOAHBIH HHTerpan
ypaBHeHHs (13), uMelomHl BH)

W=W(q, .... §s} @1, «+o1 @p_yy Dta,,
uaiged. Torza moausit murerpan ypaeHexna (12) Gyser
=—ht4+W (G c vy Qi G evy 81 B +a,.

Orciona Aerxko NoAyuYdTh CHcTeMy (9) UHTErpanoB KaHONWYECKHX ypar-
aS ow 9S8 __ oW

HeHWH; NPHHKMAT BO BHHMaHHE, YTO Oa, =4, g, — g, , Oynem umeTh
ow
Se=b =12 ..n—D, (14)
w
37=p: G=1.2, ... m, 15)
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rne f, ectb MPOH3BOAbHAS MocrosnHas. Tlepswie 7 — 1 uuterpancs, T. e.
unrerpans (14), naswiBaloTca reomerpHueckumd, OHu He coxepxkar mpe-
MeHH M B MHOTOMEpPHOM TDOCTPAHCTBE OMPeJe]sI0T KPHBYIO, KOTO-
pas saBIserca TpaexTopueft nzobpaxaiomwe#r Toukn. [locnenuutt wumre-
rpan (16), consepmamuit Bpems, HA3LIBAETCA KHHEMATHUECKHM; OH HaeT
84KOH ABH¥eHHn Waobpamaiowed Toukw Mo Tpaexropuu. Muarerpann (15)
HA3LIBAIOTCA TPOMEKYTOUHLIMH MHTerpajaMi H CAyKaT A ONpele/eHus
HMIYJIBCOB P, @ TaKkKe NMOCTOSAHHBIX HHTErPHPOBAHHSA.

Mpamep. HalizeMm TpaexTOpuio M 3aKOll NBIEeHHA Tskenoil MartepHanbHoft

TOUKH Maccel m B OAHOpOAHOM noJae TaxecTn. Hanpasum och Oz BeprHKaabHO
BBEpX; TOrA2

U=—mgz =-fg- (x24y2 4 22).
Tubdepenunpys T N0 X, ¥, 2, NOAYHAEM BHPAKEHHS AR HMUYIALCOB

Py=mx, pj":: my, p;=maz
OTCHOna HaXOgHM
a\." . P:: 5 .
el y=

Py,

Ez
m}

z.=

Caenonatenbno, gyHkuus Mamuaprona H =T —U Gyner uMmern Bun
1 r2, o2, o
H= ‘Q'm' 5 (px +p3.r + p;)+ mgz.,

3amensia B GyHKHE /A MMOYAbCHL YACTHBIMH NPOM3BONMBIMH OT XapaKTepH-
crHueckolt dynxuxn W mo coOTBETCTBYIOMIMM KOODAMHATAM M NMPHDABHHBAA ITO-
AyueHHOe BHIpaWeHHe NOCTOAHHOH A, mOAyuuM chaenyloutee ypasHenue HkoGu
nas onpelencuns Gynxnun Wi

oW \2 oW \2 oW \2
(&) +{G) + (5] +omes=2m =
3nech ABe KOODIHHATH X M y LHKJHYECKHE, a NOTOMY, moJaras

W=ax4PBy-+ f(2)

M MojCTABAAA B YpaBueHde (a), MPHXOAHMM K oObiKHOBenHoMy Auddepernnans-
HOMY yPaBHEHHIO NEpPBOr0 NOPAIKa

a?-4-f2 4 (% )2+2m2gz = 2mh, (6)
HMs ypannenus (0) umeem

-‘%= +V2mh—a?—p2—2migz,

OTKYna, MHTEerpHpys, ompelenseM f (z); TakuMm 06pa3oM, sajaya cBedAach K onnoit
kBagparype. OGo3nauan BhipaweHue f(2), NOAYYEHHOE NOCJE HHTErpPHPOBAHHSA,
uepea f (2 o, B, k), Gyaem uMeThb (¢ TOUHOCTBIO 1O AAAMTHBHON MOCTOAHHOH)

5 @0 b b =F gt (VImh—o — [ — Zngz . ()
Torna
W =ax By +/ (7 o B, B +c. ©
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Ortciona moayuaeM wuuterpaist gpuuetns (14) u (16)
of o of
x+W=bl’ b op = by, 6—k=f"—t0
HAH B ABHOM BHJE

x+mi._.gF(z; a B, i)y =0y, y-}-—-ﬁg-‘—g_-f’(z; o, [3' k) =b,, I

1 )
— g FE b n=t—t,

rne obosHayeHo
F(z; a,p, b) = = V2mk —a? — p? —Im?gz. (")
MMepsbie iBa MHTerpana B CHCTEMe (1) reoMeTPHUECKHE; OHH ABAAIOTCS ypaB-
HeHHAMH IHIHIIDHYECKUX NOBePXHOCTeH, IepeceueHHe KOTOPHX NaeT TPAEKTOPHIO
Toukh. M3 sTHX mHTerpanoB cpasy cheayer, uro
x—b _ y—b ,
a

T. € YTO TPAGKTOPHS ASKHT B NAOCKOCTH, mapanineabHolt ocu 2. Ecau coBMecTHTh
naockocte Oxz ¢ sToff mAocKocTbK, To GyaeT y==0; Toria B paseHcTBax (r)
u (1) caexyer noaowutb f=0. B sroM ¢Ayuae nepsoe W3 ypaBHeHumit (1), KO-
TOpOe MOMHO MPENCTaBHTb B BHIE

B
X — =
( l) m g
JlaeT ypaBHeHHe TPAaeKTOpHM TOYKHA B maockocTH Oxz; HEeTPyIHO BMIETh, UTO 3TO
napabona € Ocblo, napanneasHolt ocu z,

Tpernii uHTerpas B CHCTEMe (I) KHHeMaTHUECKHH, OH NaeT 3aKOH ABMKeHUT
TOUKHN B BHJe

- mh— 02 —2mg2),

2mh —a?-—pt—2m2g2
mﬁg:psl — = (t—=1o)%

cNeI0BaTENbHO, KOOPIHHATa 2 NpH ABHXeHWH Bo3pacTaeT (uad yOuBaer) mpo-
nopuHoHanbHo (f — fp)2.

3ajaua pemeHa OpH INECTH NMPOUSBOALHBIX MOCTOSHUBX &, B, by, &a A, o,
KOTOpHE ONpejensioTcs 3ajaHHeM HalaibuuX YCAOBHH, T. €, HauaaLHOro moJjo-
WeHua TOUKM (TPH KOOPAMHATH) M HauaabHOH CKOpocTH (TPH ee mpoexuum). JLaa
onpejeeHus 3THX MOCTOMHHBIX HAJO €lle COCTaBMTh TPH OPOMEIKYTOUHBIX HHTe-
rpana (15), HMelOUIUX BHI

Per=10, P}'=ﬁ' P=F,(z;0,B, h) ... (e)
[MoxcTaHOBKO# HAuaAbHBIX JAaHHWX B paBeHcTBa (1) M (e) oOmpejeasioTCs BCE
IeCTh MOCTOSHHEIX MHTErpHpoBaHHA.

Takum o0pasoM, 3aJaua pemeHa B caMoM obmeM cayuzae W FeoMeTpHYecKue
HHTerpaisl CpPady OXBaTHIBAKT BCE BOSMOMHBIE TPAaeKTODHY, Yero He Jai0T ypaB-
Hednsa Apwikedus B dopme Jlarpamita, B srofi Goabmeft ofmHuOCTH moayuaeMBIX
peayJbTATOB H 3aKJKYaeTcsd NPEHMMYWECTBO KAHOHWIECKHX ypaBHemwil.

§ 23. Meron Ilyaccona

1. CroGku Ilyaccowa, B salauax MexaHuKH 4YacTo cayuaercd, 4TO
M0 CAMOMY XapaKTepy ZAHHOH 8aJayM HeCKOAbKO MHTErpanoB KaHOHHYE-
CKOH CHCTEMB ypaBHEHHMH, ONpelensionled ABWMKENHE, YiKe HIBECTHO.
Meron Ilyaccona paeT BO3MOXKHOCTb, 3Has [Ba HHTErpana, Halru TpeThH
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¥ TaxkHM 0Opa3OM NMOMYYHTb B HEKOTOPHX OAAPOMPHATHLIX CAyYasX MOA-
HYI0 CHCTEMY He3aBHCHMbIX Mexay COOOH HHTErpanos, a CrenOBaTeNbHO,
M onpenenuTbh ABHKEHHE CHCTeMbl. l'lpenme HEM NIPHCTYNHTD K H3JI0MEHHIO
CAMOTO MeTON3, BBENEM HECKOMbKO TNPelBAPATENbHbIX TOHATUHA, KOTOpHe
noHa1obaTca B AanbHelinem.

flycre @ ¥ ip OyAyT QyHKUMH KAHOHHYECKUX NEPEeMEeHHBIX ¢, P H Bpe-
MeHu f, T. e

@ $lg1 9o oo o Gu3 Pro Poovoy P b
Buipaxenue, cocraBieHHOoe H3 ITHX (ynxumf, Buna
n
dp Oy dp 0
‘zl(ﬁaﬁo?_gg;w)—*@- ) (O]

HocuT Haspamwe cxobru Ilyaccona.

U3 sToro ompelneneHyus pecbMa TPOCTO BHITEKAIOT OCHOBHBIE CBORCTBA
ckobok IMyaccoHa; OTMETHM HEeKOTOphle M3 ITHUX CBOHCTB, KOTOPLIMH APH-
ZIeTCsl NOAb30BaThCA.

1) Ouesnauut paBeHCTBA

((P, l[J) = (ll" ‘p)s (‘p' - ‘I?) T ([P» \l?) = ('IJ’ (P)-
2) Hanee, ecAu ¢ eCTb MOCTOAHHAA BEAMMHMHA, TO
(. ¢)==0.

3) Hafimem uacTuyi0 npousBOAHYW OT (@, ) M0 £; MEHAT MNOPHLOK
auddepeHnpoBana Mo £ ¥ g M N0 [ M p, NOAyYHM

M=§[i@‘i_l o a(%%)ﬂh_

of og, op,  0p, Og,

[ o(5) o "(3_‘5)]__ o oy
""2 g, “op, _ op, 0q, '_(757' :)-1—(‘1:-,—(%—). @

{

2. TowpecrBo Ilyaccona. BoabMeM Tpu dyukunu f, ¢, |, npiuem

foo® Vlgy, g0 -os G@u PL Pa -l Pui £

Torna Meway cKoOKaMu, COCTABACHHBIMH M3 ITHX C]Jyl[Kl.lHﬁ, HMEET MecCTo
COOTHOIUEHHE, KOTOPOE HA3LIBAETCA TOXKIECTBOM ﬂyaccoua; STO TOXKIE-
CTBQ HMeeT BHI

(f @ ¥+ (@, (b, N (f, P)=0. (3

Hokasatb 3ITO TOMKAECTBO MOXKHO 1eNOCPeNCTBEHHEIM BHIYMCAEHHEM
BXOASAMHX B Hero ABOHHLIX ckoOox IlyaccoHa, HO 3TO BuYHCAeHME,
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HECMOTPA Ha CBOIO MPOCTOTY, AOBOJLHO FPOMO3AKO. Jlns cokpaumenns Bhl-
YHCAeHUH MOXHO MCXOANTb M3 TOro coolpaweHds, 4YTO KAKIbIR unen
TOXAeCTBE AOMKeH 00a3aTenbHO ConepKaTh NMPOHIBOLAHYIO BTOPOro no-
paaxa or dyukuuft f, ¢ naM p; MO3TOMy, €CAH MBl JOKAmeM, 4TO Jesas
YacTe paBeHcTBa (3) ue Oyner colepikaTb HH ONHOM NPOH3BONHON BTO-
poro nopaika, TO S3TO MNOKaXET, 4HTO OHa paBHA HYMI0, W TOXIAECTBO
Gyner gokaszano, Taxk Kak Jepas 4acTb PaBeHCTEA (3) CHMMETPMUYHA OT-
pocure bno OyHKum#t f, @ w P, TO AOKA3ATENLCTBO MOMKHO IPOBECTH
TOABKO 451 OAHOR QyHKUKH, HANPHMED AAA f, UTO 3HAYHTENbHO COKPATHT
Bhukcaedns. JIng 3TOTO BO3bMeM CyMMy ABYX 4Y/AEHOB, B KOTOpBIE MOTYT
BXOIUTb BTODbie MPOM3BOIHHE (yHKuuM f, T. €.

@ (b N+ s ) =@, & )— @ )

W, BRIUNMCAA TPABYIO 4acTh 3TOTFO paBeHCTBA, /Aerko yOenwMmcd, uTO OHa
BTOPBIX NPOH3BOAHBIX f comepwaTth He Oyler.

3. Teopema [lyaccona. IlIpewne yem noxasate teopemy [lyaccoma,
HafileM yCA0BHE, KOTCPOMY AO/KHA YIOBJACTBOPATL PYHKIMA f (g, p; {)
nast roro, utolel f(g, p; £)==¢ OHAO HHTETPAAOM KAHOHHYECKOR CH-
CTeMB YypaBHeHuM

f’i=.0£, QL_,_EJ_ (=1, 2, ..., n. 'C))
at — op, dt 0g, :
Mycte f(q G -~ -0 Gp3 Pr Py +evy Pyt £)==¢C ecTb HuTerpan

cucremn (4). Tax kaxk Gynkums f MocTosmHa Ans BCEX 3HAYeHHH ¢ W p,
onpeaenseMeiX cucremolt (4), o

+2(—3—q; L p)=o0. )

Tozacrasaaa B ToxaecTBo (5) 3HaueHus qi W p; u3 cucremur (4), noay-

GHM
n
of (df OH _ of aH)
o+ 257 o — o
uau, noabadyachk cxkobxamu [lyaccona,

Lyt m=o. (6)

Ycaosue (6), caegoparenbHo, HeoOXOZMMO H, XaK Jerk0 NOKAB34Th,
COCTaBIAA ypaBHeHHA XapaKkTepHCTHK Aang (6), A0CTATOYHO AAS TOTO,
uyToOH f = ¢ Obino mHTerpajaoM cucreMnl (4).

Tenepn nokaxem teopeMmy Ilyaccona, xortopas cocrouT B Cielyw-
mem Ecau gyuxgun (g, p; )=a w p(g, p; H)=0b 6ydym nep-
BHMU  UNMEZPAAAME  KQNOHU4LCKOU cucmens (4), mo Pyurxyusn

[JI

4r
di

fl

0,
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(@, V) ==c 6ydem mosie unmezpa.romn amol cucmenmst, JeficTBHTEALNO,
TaK KaK @==@a u Pp==F CyTb mnepBbHE HHTErpanol cucTemnl (4), To Ha
ocHoBaHun Townecrsa (6) Oyaer

It @ =0, St H)=0. ™
Ho no romuecty Ilyaccona
(H, @ ©)+@ b B)+W H 9))=0; ®
a Tak Kaxk w3 paBeHCTBa (7) cielyer, 4To
@0 Hy=—238, o, H=—2",

TO, NPHHHMas BO BHHMAHHE COQOTHOIUICHWE

%

H TOACTaBAAA 3TH 3Hadedna (f1, @) n (p, H) B paBeHCTBO (8) nuryuum

H, @ 0)+(o. — ) +(v ) =0,
(@ ¥ B+ (0. )+ (5, v)=0.

(55 v)+(o. ) =220,

TO OKOHYATENBHO HMeeM

2@ 4 (g, y), Hy=0. @

Tomaecrso (9) nokaswiBaeT, 4To (@, P) == ¢ eCTb MHTErpan CUCTeMH (4),
yTo u TpeboBanoCh AO0KA3aTh.

PaccmoTpuM wacTHHM caydall, korna ¢ysknua F we 3aBucHT gBHO
oT BpemeHn. B 3ToM cayuae, Kak ckasaino B § 21, n. 4, xanonuyeckan
cuctema ypasHennflt (4) ponyckaeT oO0OGILIEHHBIA HHTCrpan SHEPruy
H = k. Ilpeanonoxuy, 4TC H3BECTEH e€lle OLMH mHTerpan cucTemsl (4)

e(g, p; t)y=a,

rae & ectb mocrosuHad. Toraa Ha ocuoBamud Teopemb [Tyaccona gynx-
una (@, H)==c¢ Oyner Taxxe uHTerpajsom cucteMus (4). Ho rtak xax
(p==@a eCTb HHTErpan CHCTEeMb, TO HA@ OCHOBAUUK TOKAecTsa (6) EMee

drp

HIH

Tak kax

-1+ (0, H)==0,
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OThYy:a ”'%‘Pf=(¢’ H), u MB nonyiaeM HHTerpai

99

— =

ot

Takum 06pasoM, eCiM (==a eCTb HHTerpan KAHOHHYECKOH CHCTeMB
d
¢ dynxuned H, sBHO OT BpeMenu He sapucamed, To - =c Gyner

TaKme HMHTErpajoM STOR CHCTeMbl, a CJAedoBaTeNbHO, MHTErpaiaMu OyayT
0 N
¥ By HH -a;—:l=c,, %=cg u T. 4. Ecam xe Qynxuus ¢ ssHo or

BpEMEHH HE 3aBHCHT, TO ?;;'—-—0, ¥ caenosaTenbho, (¢, H)=0; no-

sroMy (¢, H) yxe ne OymeT nHTerpanom cucrembl (4).

Hrak, meron Ilyaccona AaeT crnocol, mOCPeNCTBOM KOTODOTO MOMKHO
M0 ABYM H3BECTHLIM HHTErpanaM KaHOHHYECKOR CHCTeMbl HaiTH TpeTni
u T. A, Kasanoce 6bl, uTO STHM MPOHECCOM MOKHO TOAY4HTh Bee 2n
HHTErpasoB CHCTEMB, HO 9TO, K COXKaJeHHIO, He Bceriaa yzaercs, Hacro
ciyuaeTcqa, 4To ckoOka [lyaccoma OT AByX HHTeIrpajoB HJH SBAAETCS
GyHKOHeH Vye HaRIeHHBIX WHTETPAaNOE WMAH K€ TOXKAECTBeHHO oOpa-
waeTcs B HyAb H, CNeAOBATeNbHO, He JaeT HHTerpana.

Ecan Mbl BO3bMeM cdacteMy HHTerpanos fi, fo. ..., fn TpHYEM

Fu o ovis Ful@i @00 o oo Go3 Pis P oo s Py
U ec/li
(fi, fR)=0 @ k==1, 2, ..., m),

TO Takas CHCTeMa HOCHT Ha3BaHHE MHBOJIIUMOHHOH CHCTEMBI HHTErpamoB
CJAeN0BATENbHO, €CNH MBIl HMEEM ABA HHTErpana, NPHHAAMCKAWMX K HHBO-

MONMOHHOH cHCTeme, nanpumep f; u fp To cxobka Ilyaccona (f;, fp)
HOBOIQ HHTErpa.jTa He 1acT.



TJIABA IUECTAR
BAPUAIMOHHBIE TTPHHUMIIBI MEXAHHKH

§ 24, Beepenne, Iloapaspenenne npUHIHIOB

1. Beenenne. [Tox TepMuHOM «mMpuHUMO® MBl OyldeM MOApa3yMenaThb
TaKoe 8KCHOMAaTHYCKOE IOJNOWeHHe, KOTopoe, o0Aafas NOCTATOYHOH
OBIWHOCTLIO, ABNAETCA A/ JAAaHHOH OGMACTH HAyKM OCHOBHbBIM, TaK 4TO BCE
OCTaNbHEIE TIONOMEHHS BHITEKAOT M3 HErD KaK JNOoruyeckoe CleACTBHE.
B passuTuH HAayK BCErAa CymeCTBOBAIO W CYWIECTBYeT CTPeMIeHHE CBECTH
CHCTEMY HAHHOH HayKH X HauMEHbIEMY 4MCAY HCXOAHHX MHOAOKeHHR H
B HACANBHOM ciy4ae K OOHOMY OCHOBHOMY NPHHUHNY, KOTOPHH MOTeH-
UHAIbHO 3akmoyan On B ceGe Bce colepwanne sTofl HAYKH W obbelu-
HAMl O BCe ee MOMOWEHHsd., ITO CTPemiaenue, BLI3HIBAeMOe, C Of-
HOR CTOPOHHI, TpeGoBaHHeM Hay4HOM SCTETHKH, HMeeT, C ApYro# cTO-
poOHH, ueabl0 HalTH HauGomee ofwme sakown npuponbl. Cosnanne
OCHOBHBIX CODBEIHHSIOWHUK NPUHIKIOB NpecAelyeT 1eab He TONBKO HCKTIO-
YUTEAbHO KOMNAKTHOM cucTemaTw3auuu ¢(akToB, HO M cTaBUT Oonee Bhl-
COKME 3a7a4d [TO3HAHHA 33KOHOB OKDYIKAIOIUIEro HAaC MHPA, K KOTOPOMY
Mbl C TMPOrpecCcoM HAyKH MOMEM HEOTDaHHYeHHO MNpHOAMKATLCA myTeM
HaOMI0/IeHUA, ONbITA H Jorndeckof 006padoTku peayabTaToB. Ouelp BaXHO,
uTOGbl TMPUHUMIT YIOBIETBODAN He TOMBKO TNPHCYLIMM eMy TO CyLlecTBY
NOrUYecKuM TpeGoBaHHAM, Ho B 0613331 ele SBPHCTHYECKOR IEHHOCTHIO,
T. €. 4To0B M3 Hero, KaK clelJCTBHe, BHITEKANH HE TOIbKO Te GaxTH,
CHHTE30M KOTODBIX OH fBJAETCH, HO M Te, KOTOphie BO BPEMA CO3AaHAA
9TOr0 MpHHUHNA He 61 H3BECTHBLI; TOrla Mbi MOMEM CKa3dThb, HYTO
STOT MNPUHUUN AeHCTBATeNbHO mnpencTasaser coboft nakimewnnfl namm
00BbeKTHBHEIH 3aKOH NPHpPONH (HanpuMep, nepuolxueckuit sakon Meune-
neeel, ypasHeHuns Makcsenna u ap.).

2, lNpusnynel Mexauuks. B ucropuu passuThA MeXaHHKH NPHHILHENE
Hrpaas ovenb Gonpinyo pomb. CosmanHbie Ha 6ase FeHHATbHBIX HCC/e-
nosani#t [anunes sakonnl HplOTOHZ, ABJAMIOUWHECT 0O CYUIECTBY TPHH-
UMIAMHA, JIeriH B OCHOBY 9TOH HayKH M B 3HAUHTE]AbHON CremeHu
nocayxuan ee passuTuio; npusupn  Janambepa Aan MOryuiecTBeHHbIR
METOA A7 pelieHHs pasHooOpasHLIX 3aja4, a TIPHHUMIT BHPTYaAbHBIX

18 H. H. Byxroasn
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nepemetenult Jlarpamwk cuntan ocHoBHHM Lisi Bcef Mexauuku. B macros-
liee BpeMA ydeHHe O MPUHUMRAX MeXaHHKH, B OCOOEHHOCTH BApHAUHOH-
HbIX, HaXOMHMTCA B NOCTATOUHOM DAa3BHTHH, Ml HMeeM pasHUHHE MPHH-
LMOb MeXaHuKH, H Bce OHH 06nanaioT oOuiMM cBOHCTBOM: H3 HHX JIOTH-
4eCKH BHITEKAIOT ypPAaBHEHHs IBIKeHHA, & ClelloBaTe/bHO, W OCTaflbHblE
NMONOKEHHsT MexaHUukH, H0O0, KaK H3BeCTHO, NMOCACIHHE MBI BCEMIa MOMKEM
nonyuynth H8 STHX ypasneHuH. Pasuuua meimay pasquuHEIMH NPHHIHTIAMH
saknaiouaetca B Oonbiue#t 1AM MeHbwef OOWHOCTH HX NOpPHMeHeHUs MO
OTHOILGHHI0O K DA3AHYBHIM MeXaHuyeckuM cHcTemam. OTciona fCHO, HTO
H3 KaKoro-aubo OZHOrO TPHHUKME MOXHO TOAYHYUTh, KaK CAeNCTBHe,
BCe OCTanAbHble, MpuueM 06/NaCTb NPHMEHUMOCTH 3THX OCTalbHEX GyieT
Ta He, YTO0 M HCXOAHOrQ NPHHIHMNA,

IMprHuMnY MeXaHHKH MOryT ObiTh HeBADHALWMOHHBIe H BAPHAUMOGHHBIE;
KaK Te, TaK WM JApyrde paslefsioTCd Takke Ha NUddepeHluanbHLie H
HHTErpa/ibHbIE.

HepapuaunonHuft npuHumMn npeiacrasaseT coboll Hekoropoe ofiuee
Ans BceX JABHMKeHHH CBOMCTBO, KOTODOEe MMEeT MeCTO HAH [ IaHHOro
MOMeHTa BpeMeHH (IxddepeHUnANbHBIA NPHHUMM), HIH A1 KOHEUHOIO
MHTepBala BpeMeHn (MHTErpadLHui NPHHUKN); HANDHMEp, MPHHUMI CO-
XpaHeHUs! SHePruH eCTh HEBAPDHAUMOHHBIR WHTErpanbHEI NPUHIMN, & NPHU-
uun HManambepa — audbepeHunanbybii.

BapHauMOHHHI! RNPUMHUMI HaeT TPH3HAK, OTAHYAOWMA HCTHHNOE,
peanbHOe ABHXeHKE OT KAAcca IDYrux ABHKeHUH, KuHeMaTWUeCKH BO3-
MOXHBIX MPDH TEX e YCAOBMAX, W COCTORWMH B TOM, YTO AJA MCTHH-
HOTG ABHKEHHs onpeleieHHad (QYHKIMS, 3aBHCAUAN OT KOODAHHAT W HX
MPOK3BOLHBIX, NdeT SKCTPEMYM MO CPABHEHHIO C APYrHMH JABHXEHHAMH,
NpHHALACKAWUMME K onpeleleHHOMY Khaaccy. TakuM oOpasom, And Ka-
WIOro BAaPHANMOHHOrG HPHHIMNA HYMXKHO ycTaHOBHTH: 1) dynkumio, xo-
TOpas AnS WCTHHHOIG ABHIKEHMA OONanaeT 9KCTPeMAaJbHBIMM CBOHCTBAMH,
¥ 2) knacc ABHNeHHH, MO CPaBHEHHIO C KOTOPHIMM 9Ta QyHKumg HaeT
IKCTPEMyM [ MCTHHHOrC ABHMKEHHS; OTCIONA CACNyeT, 4TO MOAydeHHe
VPABHEeHHH NBHKEHHS M3 BADHAUMOHHOIC NPHHIMNA CBOMMTCO K Bapua-
UHOHHOR 3allade NMPH TeX MAH MHBIX NOMOMHHTENbHBIX ycaoBHsiX. Bapwa-
UHOHHBIE TMPHHUMIE, T4K We KAaK W HeBapHALMOHHbLlE, PAasAeAfIOTCA HA
naddepentnanbible 1 UATErpasbHLe; NMepBhe AT KPuTepui HCTHHHOTO
IBHMEHHS, OTiHeCeHHBH K MOMeHTY, @ BTOPbie — K KOHEYHOMY MHTep-
Bany BpeMeHM.

B nacroswett riase Mb GyleM paccMaTpHBaTh TOABKO BapHAIHOHHBIE
NPUHLHMGL, TpHYeM cHauyada nuddepenuuanbibie, a 3aTeM HHTerpaibHble,

§ 25. JAuddepesnuanpibie MPHHILHANH

1. llpuHnxn BHpTYaasHBIX nepememenudt n npuunan  daxam-
Gepa — Jlarpanwa. [IpuHUMN BHPTYa’JbHHX nepeMelleHult MoXHO ¢op-
MyAHpPOBaTh TaKi N0AL0MCEHUE DPABHOBECUS CUCMEMBL OMAULGEMCLA OM
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CMEAHCHBX NOAONCEHUT, COBMECMUMBLY CO CBAZAMU, MEM, UMO MOABKO
OAR NOAOKHCERUS PABHOBECUA CYMME 318 MEHMADHLLX PAOOM QKMUB-
HOLX cun, Oeilicm8YOUUX HQ cucmeMmy, OAR BCAKUX BUPMYAAbHHLY
nepe»eu;eﬁaﬁ cucmemst pasda HyY20, T. €. LJI9 NOJ0OXKeHHA paBHOBe-~
CHA MBI MMeeM

N
F, . or,==0,
!2:] i

MM, BHIPakas BCe Be/HYHHBI 4epe3 WX MPOeKUWH H TMOab3ydch 0603Ha-
YenuaMH, oropopennwMu B § 7, m. 1,

3N

XoTd B Bepa¥eHHe 3TOr0 INPHHUKNA H HE BXONMT Bapualud Kaxoh-
aubo QyHKUHA, HO OH MMeeT Xapaktep AuddepeHnHasbHOr0 BapHALHOH-
HOTO TMPMHIATA, MOTOMY YTO B JeBoff 4acTH ero aHAAHTHYECKOro Beipa-
MeHHA MBl uMeeM JAMHeHHYI0 (yHKUMIO BapualMR KOOPAHHAT, 4TO, 1O
CYIecTBY, ABAAETCS BAPHAUHOHHBIM BHPAKEHHEM.

Eciu npenNonokuTh, YTO AKTHBHBIE CHABl CHCTEMBl HMEKT MOTEH-
uMan, T. e. ecau

X‘=a—x£‘ (=1, 2 vy 3N),
10
2X,6xf32%6x,=6b’.
i L

H, Clef0BaTCJALHO, BLIpaxellue NpHiunna npuaobperaeT Bl
U = 0. )

B sroM dYacTHoM cayuae, T. e. KOrZa CHCTEMA CHA NOTEHIHANbHE,
MH TOJyuYaeM, HTO /I8 TIONOKEHHs PaBHOBECHA CHCTEMbl BapHAUUA OT
MOTeHUHAAbHOR (YHKUHH AOMKHA DABHATLCA HYAIO, T, €. NPHHUMN HMeeT
y¥Ke fBHO BapHaUHMOHHBIH Xapaxrep.

CoennHaa NPHHOHMI BHPTyadbHBIX NepeMewenufl ¢ NpuHuunom Jla-
namOepa, Mbl nonyuaeym npunuun danambepa — Jlarpanxa, gaownft kpu-
Tepu#l, MO KOTOPOMY HCTHHHOE IBHMKEHME B Kaubit MOMEHT OT/AHYaercs
OT KHHEMaTHYeCKH BO3MOM(HOrO, T. e. COBMECTHMOTO CO CBA3SIMH, YTO
Bosee noaHo dhopMyanpyerca caedylomuM obpasoM: 80 BCAKull MoMenm
8peHEHU HCMUHHOE OBUMNCEHUE OMAULGLMCS OM KUHeMamuiecku 803-
MOHCHO2O meM, 4mO MOALKO OAA UCHMURHO20 OBUIICEHUA CYMMA 3ae-
MeHMAPHOLX pabom CuA GRMUBHOLX U CUA UHEPYLU NpPu BCAKULX

18.<
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BUPMYAABHUX NepeMeWeHEAX cucmeMbl pasHa HYA0, T. €. AN HCTHH-
HOrQ JBHXEHHA HMeeM

E (F:—ml %) »Or; =0,

H/H, B NPOCKIMAX,

E(X,—mf%)bx‘=0. 3)

i

3nech, TaK Xe Kak B B THpeabiiylieM c¢/Iy4de, B BbIPAXEHHE NPHH-
uHNa BXOAWT He BapbupyeMan GyHKuHA, a JnHeHHas QyHxuns Bapuanni
KOOPIHHAT, KOTODYI0 MOHO DacCMAaTpHBaTh KaK De3Y/AbTAT BAPHALUOH-
Horo mpouecca; nostomy npuduun JanamGepa — Jlarpawxka Gnarogaps
BAapHANMOHHOMY XapaKTepy NPHHUMIA BHPTYAAbHLIX TepeMemeHn#l (Ha3wl-
B4eMOro 4acTo HpHHIMnoM Jlarpanxka) ABIAeTcA BADHAUMOHHLIM, d THpH-
TOM AuddepeHuHanbHbiM, TaK KakK IBHXKEHHS CPABHHBAIOTCS B KaMIbR
MOMEHT BPEMeHH,

Ws npunnuna JanamOepa — JlarpaHxa MOXHO BHIBECTH ypaBHEHHS
JABHMEHHST CUCTEMBI, KOrZa Ha Hee HAaJOXeHbl CBS3H TOJIOHOMHBIE HMAM
HErONOHOMHbBIE AWHelHble, B uYeM MBI HMEIH BO3MOXKHOCTH yﬁeﬂ,l‘dTbCﬂ
npn ux Buisode (ra. II).

2. llpusuun TFaycca (npHHpUNM HAWMEHBIIETO MNPHHYWKJACHHS).
Ipnuuun  JanamOepa — Jlarpanka He eIHHCTBeHHLIH NpUHUAN AHbde-
penitaanbuoro tHna., Ilpuniun [aycca, WA NPHHUAN HAHMEHbIUEro Npu-
HyWIeHHsa, TaKxe aApasercs MudepeHunanbHbIM NPHHUMNOM; €TO Mpeu-
MYILECTBO [0 CpaBHeHnio ¢ npuHuunom JManambepa — Jlarpauxa cocTout
B TOM, YTO OH NdeT BO3MOMHOCTb NOJYYHTb YPaBHEHUA [BHKEHHS CH-
CTeMEl npH# KAKUX Y200HO HErONOHOMHMX CBA3%X, B TO BpeMA KiK H3
npudnuna  HdanamGepa — Jlarpanka STH ypPaBHeHHS MOAYYAIOTCA JHIID
B CJyuae AuneliHslx HeroAOHOMHEX cBasef. Taxum o6paszoM, npHHUMI
laycca sapasmeTcst HanGonee OOWMM NDPHHUMNOM MeXaHHKM W obaalaer
GombInoH 9BPUCTHYECKON UEHHOCTHIO, Gnaromaps kOTOpoH OH MOCAYKHI
OCHOBaHKEM AJ7 JajbHefllero PasBUTHA MEXaHHKHA. ,[loc’ra'roqno yrasaTb
Ha Mexauuky . I'epua, KorTopas BO3HHKAA IJaBuuIM 0BpascM Ha OCHO~
BANHH HMIeH, 3aKTOMAIOUHXCA B ITOM NPHHUMIE

IpuuyxaenneM B NaHHLIA MOMEHT laycc Ha3HBaeT Mepy OTKJGHEHHA
CHCTEeMBI, ,IIBHH{}'].ILE‘.“CFI noJ AeHCTBHEM AKTHBHEIX CHA NMpH HAAOKEHHHIX
Ha Hee NPOH3BOABHBIX FOMOHOMHEIX M HeloAOHOMHBIX CBA3AX, OT CBO=-
GOAHOro JABMIKSHHS, KOTOpOe OHa HMena Obl, HAa4HHAS C paccMaTpHBae=-
MOr0 MOMEHT4, JABHrasch NOL NeficTBHEM TeX Ke aKTHBHHIX CHJ, €CIH
6l ¢ 9TOr0 MOMeHTa ObIAM ycTpaleHb! HalnOXEHHLIE Ha Hee CBA3H.

IMycrb ToOuka cucrembl C Maccol #1; HAXONMTCA B MOMEHT BpeMeHn £
B noroxennn M, (puc. 85). 3a pecbMa Madbift mpOMEKYTOK BPeMEHH T

TOYKA MO WHepUHW copepluHT mepemeutenwne M;A =—or, rme o; ect
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CKOPOCTb, KOTOPYIO OHa HMeeT B MOMeHT £, Eciu Ha Touxky Oyner nefcrso-
BaTh aKTHBHas cuAa F;, TO nOA AeficTBHEM STOH CHAL €80000RAML TOUKA 32
TOT ¥e NPOMEeXYTOK BpPEMEHH T COBepIUNT TNepeMelleHne ME i» KOTO-
poe, C TOYHOCTBIO JO MAJMHIX TPeTbero mopsika, OyleT paBHO

Ecan e Ha paccMaTPHBAEMYIO TOUKY HAJOXHTL elle CBH3M, TO e ne-
pememiense mnon neicrBueM cuabl F; u mpH ratuumu cpased Oyzer
C TOYHOCTHIO A0 ManHX TPEThEro NOpsAKa

MC =0+ % w,7?,

re W;==Fr; eCTb YCKOpDEHHE TOYKH.
OTK/I0HEHHE TOUKH OT CBOOOAHOrO ABHKE-

Husl TpelcTaBuTCs BektropoM B.C,; fcHo, uTO
1 s F

- LI 1
BC,=MC—MB =5~ ("'i"—',;,T)
C TOUYHOCTBIO OO M4JAHX TPeThbero nopsaaxa.
3a Mepy OTKAOHEHHs TOUKH OT cBOOOIHOro apikenust I'aycc npu-

HEM3eT BeIHYHHY, NMPOMOPHHOHANBHYIO KBaApaTy OTKIOHeHms B,C,, ko-
TOPyI0 Ha3biBaET KNPHHYMXAeHueM» (Tmo-HeMeuxkn Zwang); NpHHYKIeHHE
BHpaMaeTCA TaK:

Puc. 85.

1 ( F, )2
B, =—=m, (Fr, — =] .
Bw, UL RS m,
CyMMupYA NPHHYXKIAEGHHA A7l BCEX TOYEK CHCTeMBbI, HalleM MPHHYKIeHHE
nnaa BCel CHMCTeMBI:

N
1 =t Fi\2
3w=2'§m;(f:“;,:) , 4)
i=1
HAH, Bb{pa}Kaﬂ BCE BEJHYHHBI qepea HX NnpoeKuuH,
o 5 i
- .
3w=2‘-§ml(xf—gi) » 4"
i=1

Vines Mepnl OTK/MOHEHHA CHCTeMbl OT cBOGOAHOrO ABHWKeHHS B dopMe
CyMMbl BeNMYHH, TNPONOPUHOHAABHBIX KBALAPATAM OTKJIOHEHHH uacTHI,
CHCTeMbI, — 3auMCcTBOBaHa ['ayccoM B HM e NMOCTPOeHHOH TeOpHH OINHGOK.

[MpuHuun I'aycca COCTOMT B TOM, YTO 8 KANCOWE MOMEHM BpeMeHlt
HCmMUHHOE OBUdCERUE cucmeMmbl, HaXx00fAwelcs nod deiicmeuem armus-
Holx CUA U NOORUHEeRHOU UOeQAbHLIM CBA3AM, OMAULACMCS OM 8CEX
KUHeMAMULCCKE BO3MONCHOLX (M. . COZAQCHBX C MeMU e CBAIAMULY



954 BAPHALIMOHHBIE NMPHUHIUNH MEXAHUKH i vr

Osudicenuli, coseptiaiotjuxca u3 mof e HauyasbHol KoHguzyYpalyuu
U4 ¢ MmeMu He HAULAALHGIMI CKOPOCMAMU, meM csolcmeonm, wmo 04
UCMUHHO20 OBUJCEHUS Mepa OMmKJAOHeHUS om CB0GOOHOZO Osudicenus,
m. e. npunydcdedue, ecms munumysn. MaremMaTHueckn 3TO o3Hauyaer,
4TO A7 HCTHHHOTO ABHKEHHA

03w =0,

npHueM BapHauust OepeTcs MPH HeH3MeHAeMBIX KOOPAMHATAX M CKOPOCTAX,
T. €. BaApbUpPVIOMESL MOALKO YCKOPeH#S; TaKoro pola BapuauHi He-
KOTOpbie @aBTOPhHl HAa3biBAIOT TayccoBOH
Bapuauueh.

Boinoansa papbupopanue GyHxuun Jw
¥ TpHPaBHNBAA HANACHHYIO BAPHUAIMIO
Hynwo, GyReM HMETb

83w= 2{ (X, — mx;)0x,=0. (5)

[Mpunuun Taycca MOXHO NPOUJIO-
CTPHPOBATh CJACAYIOINHM IMPOCTHIM NpH-
mepoM. Tlycre maTepuanbhHas Touka IBU-

Puc. 86. WEeTcd B NOJe CHA THKECTH BHOJbL Taal-

KOH HaxkaoHHOW maockoct, o6pasyiomel

C FOPH3OHTOM ¥yroa ¢, NnpHueM OBHMEHHE HAYHHAETCA H3 NOMOMKEHHA M

Ge3 HawaapbuOf cxopoctd (puc. 86). KunHeMaruuecky BOBMOXHEL NepeMe-

HIeHHA TOUKH C PAa3HBIMM YCKOPEHHSIMR @;, EClHH BeKTOD @; ACKHUT B STOH

ITOCKOCTH; NPH 9TOM, TAK KaK M0 I'ayccy KoOpAMHATA, CKOPOCTh H Bpess

HE BAPbUPYIOTCH, TO BLE pacCMaTpUBagcMble MepeMeluleHua OOJAKHGL HAYH-

HaTbCA W3 nongxenus M 0e3 HauadbHON CKOPGCTH H COBEpLUATBCS 34

OMMH H TOT e NPOMEKYTOK BpeMenn T. Torma sru nepemeureHus OynyT
paBHbl

—— 72 —_— T2

MCI=TMI.’ MCQ‘-—TTWQ, -

Jelcrpyouet Ha TOUKy aKTHBHOH CHIOH ABAfeTCA CHAA TAWKECTH Mg,
cofolHOe TepemellledHe TOYKH non NeHcTsHeM 9TOH CHAB 33 TO XKe
BpeMa T npu Ty==0 OymerT HanpaBIeHO NO BEePTHKAAM BHUZ H DaBHO

m:%-g Toraa NMpHHYXIEHHE MNpPH KaXIOM H3 paccMaTpHBaeMbIX

KHHEMaTHYeCKH BO3MOXHBIX /[ABHXKeHHH Oyler npomopumoONaJbHO KBa-
apary Bextopos BC;, BC,, ... Jlerko BHIeTb, 4TO HaMUMEHbIUMM H3 BCEX
BEKTODOB BY'.’} aBasercs BexTop BC,, HANPABIEHHLIA O NEPNEHAHKYADY,
OII}']J.IEHHOM}’ H3 TOUYKH B Ha HaK.’TOHHyIO NI0CKOCTD, NpH ITOM YHCAEHHO
BC,==MBsine, orkyma w;==gsina. Taxum of6pasoM, ¢ NOMOILIO
npuuumna Faycca NpuxonuM K H3BECTHOMY pesyabTaTy: IBHIKEHHE TOUYKK
BIO/b HAKJAOHHOH TIOCKOCTH MPH Up= 0 NMPOHCXOANT MO JHHHH HAHMEHb~
ero Ckata C ycKopeHueM w;== g sinda.
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3. BuBopn ypaBHenuii ABHMEHHS CHCTeMB M3 nmpusuuna laycca.
[Ipexe BCero 3aMeTHM, YTO €CJAH HA CHCTEMY He HAMOXEHO HMKAKHX CBS-

3efl, TO BADHALMH YCKODEHHR OX; GYAYT HEABUCHMEIMH, U CCIOBATEABHO,
X,—m%,=0 (=1,2 ..., 3N).

B sTom cayuae Bce TOYKH CHCTeMbl GyLyT CBOGOMHHIMH, M MbL LA HHX
nonyyaeM OObIUHBIE ypPaBHEHHS ABHIKEHHS. DTO, MEWKILY HPOUHM, CAeLyer
n w3 mpunumna JlanamGepa — Jlarpauka (3), Tak Kak eCaum CHCTeMa
cBoonHast, TO BCE BADHALUMHM KOOPAWHAT HE3ABHCHMBl M MBI NPHXOLUM
K TeM e ypaBHCHHIM.

TycTe Temepb Ha CHCTEMY HANOkeHO R TOJOHOMHBIX CBf3el

fou(Xn X9 oo vy X £)=0 =12, ..., k)
M r HETOJOHOMHBIX CBA3eH KaKOro YrofHO BHAa
Pp (X1, Xay vy Xags Xy X« o os Xyps £)=0 =12, ..., r).

Iluq)qaepeuuupya IBaxAH (QyHKUHE f, (X; £) N0 BpeMeHH, TNOAYUYHM

"f’* L5+ D % D=0 (=12, ..., k),
i=1

rae cumposom @, obosnadeno Buipakenme, He COAepiallee YCKOPeHHR.
Bapeupyna saTeM mNOAy4YeHHOe BhIpaXeHHe W HMeR B BHAY, YTO BaPbH-
PyIOTCS TONLKO ycKOpeHua, OyneM umeTb

2% 0%, =0 (=12, ..., k). (6)
i=1

Huddepenuupys Tenepb QyHxunn @, (x; x; £) MO BpeMeun omMH pas,
NOJIY4HM

0‘00
xf~+-‘1’ (x; x, ty=10 =12 ..., 1)

0%,

=1

rae cumBonom W, obosHaueno Bbipaxkedue, he COJepHallee yCkopeHuit.
Bappupys satem nonyueHHoe BuipaxeHue, Gynem HMeTb

0

2 2%, =0 (p=1,2 ..., 7. @
=1 dx;

Cogruomeuua (6) u (7) nokaswsaior, yro #3 3N Bapnauu#t yckope-

uult Ox saBucuMbX OyneT k—r, a octamshusle 3N — (k4 r) Gynyr
HeaaBucuMel. B COOTBRTCTBHM C 3THMM BBeleM R —-r HeompeaeneHHbIX
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mHoxuTened Jlarpamka; c Sto#l nedbio yMmMHOxaem paBeHcTsa (6) u (7)
COOTBETCTBEHHO Ha A, H |, CyMMupyeM mNepBbie no % or 1 1o &,
a BTOpHE 10 p OoT 1 A0 r; NOAy4HM

= i=1
"
r aN
Z N Oy , -
Ko —a—bx =0.
p=1 =1 *i

Mensa tenepr B 00enx ABOHHLIX CyMMaX NMOPANOK CyMMHpOBauus, OyueM

HMETh
3N k-‘ 6f .
2(2‘ Ay M’:)axﬁo, ®)

=1 ‘g=1

3N r

SRR

Z(ZM‘JF}; 6&\3;“—-"'0. (9:’
i=1 ‘p=1

CknazniBas nafinennvie Bupaxenns (8) n (9) ¢ ocHoBHBIM ypasHenueM (5),
MOy YHM
3N of dq;
Wl x—m, -|-? “+2‘ —2 | 8%, ==0.
l l

i=1

Tak Kax 4MCAO 3aBUCHMBLIX Baphauumi pasio k-}r, To k- r ueomnpe-
NefeHHbIX MHOW#Tene# Jlarpanka BuGepem Tak, uroOH BhIPAWeHHS B KBa-
NpaTHEIX CKOOKax INpPH 3aBHCHMBIX BAapHANHRX DPABHAMHCH HY/IO; TOrAa
OCTanbHbLIe KBaApATHBIE cKOOKH BCASACTBHE HE3dBHCHMOCTH OCTABIIMXCHA
papuauuft OyAyT TakKe paABHEI HYMO, W TakHM 0o6pasoM MH NOJAyuYaeM
3N ypaBHeHHR IBHMEHHS CHCTEMBI

_.m;x;—i—Zl“afx—}—)‘ o =0 (t=1, 2, ..., 3N). (10)

IMpucoenuuas ypasuenns cBsaseft, Oynem umers 3N -} & -~ r ypasnenufl
¢ 3N+ k- r HeusBecTHBIMH.

4, BuiBog npuHNHNA HAHMEHBIIErO NMPUHYKJACHHS W3 NpHHUUNA
JanamGepa — Jlarpanxa. PaccMOTpHM TOUKY cHCTeMB € MaccoB my,
3aHMMAIOLLYI0 B MOMEHT BpeMenH £ moaoxenue M;. Tlycts, Kak ¥ B 1. 2,
9JIeMEHTAPHHE nepeMeleHus 9TOR TOYKH 82 Malbi MPOMEXYTOK BPeMEHH T
no HHepUHM H cBoOGoAMOE Mo NeHCTBHEM akTHBHOM cuanl F,; n3obpa-

HAOTCA COOTBETCTBenHO Bextopamn M, A, n M B;, u nycts sextop M,C;
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u3o0paxaeT MCTHHHOE NepeMellleHHe TOUKHM 3a BpeMA T MOML HeHcTBHEM
TOR e akTHBHOH CHJAB W TPH Hamuuun Ceasefl (puc. 87). Paccmorpum
Kaxoe-HuOyAb [Apyroe KHHEMATHYECKH LOMYCTHMOE 3JeMeHTapHoe mnepe-

memenne M;C;, KOTOpOe TOYKA MOra G COBEPIIUTH 3a TOT e MHpoO-
MEXYTOK BPEMEHH T, HEe Hapymana HANOKEHHBIX CBA3eR W HayHWHAA ABU-
MEeHHe M3 TOro Xe monoweHuds M; m ¢ TOH Me CKOpPOCTbIO T;, HO
IBUrafch ¢ IPYTHM yCKODEHHeM w;, oTHy-
HHM OT YCKODEHHS W,=F, B HCTHHHOM
ABHMEHHH (Hanowuaeu, 4TC B TNpHHUHNE
laycca BapbHpPYeETCA TOJABKO YCKOpEHHE).

[MokaxeM, 4TO AR HCTHHHOTO ABH:KEHHs
npuuyxaenne OyieT MeHblle, 4eM AnA Ai0-
60ro APYroro yKasaHHOro BHILIE KMHEMATH-
UECKH BONYCTHMOTO ABMNKEHHA.

Tpexne scero, ACHO, 4TO

BiC;=B,C;+CiCy; Puc. 87.

BO3Belsl B KBALPAaT ofe 4acTd COCTABAEHHOrO paBeHCTBa, MNOAYYUHM

(B.CYY =(B.C) +(CiC)Y +2BC; - CCi. (11

B n. 2 Mu MMmeNd paBeHCTBA

12 (= F, m; = Fi\?

OTCOAa ANg MCTHHHOIO JABHMKEHHSA
n

. __
Bw,=—2m BCF v Jw=2 Ym . BCY.

14
i=1
Il.ﬂﬂ CpaBHHBaEMOFO KHHeMaTHUeCKH BO3MOMKHOIO IBHHEHHA HMEeM
e !
8w =2 Y, m - (BCIP.
i=1

2
wm, noncrasass smecto (BC;) supawenne (11),

N N
2 g 2 [
g’ == Nm - BCY+= ymi-(CCY+
i=1

i=1

13

+Z2 N BC)-(CC). a

i

—
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Paccmorpum TperuH 4ien npasoft wacTu pasenctBa (12); OH pasen Hymio.

JleHCTBHTEbHO, KHHeMATHUECKH BO3MOXKHOe mepememenne M,C; cosep-
waercs NMPH COXPAHEHWR HAMOMEHHBIX CBA3EH ¥ 33 TOT e NPOMEKYTOK

BPEMEHH T, 4TO M HCTHHHOe mepemewmedue M,C;, CienoBaTeNbHO, BeK-

i
top C;C;, COCIMHMOUWHI HCTHHHOE TNONOKEHHE TOYKM B MOMEHT f -1
H KaKoe-TO Ipyroe IONOXKeHHE, KOTOpPOE OHAa MOXET 3aHHMAaTh B TOT ke
MOMEHT TPH COXDAHEHHH HaJlOXeHHBbIX CBudeH, npexcTasinner coboft BHPTY -

anbHOe TepeMellleHHe TOUKH B MoMeHT £—-7, T. e. C;C;=>0r. Toraa,
NpUHEMAs BO BHHMAHHE BblpaXeHue Ana BekTopa B,C;, OyreMm umerb

N N
o 2 -
2 m;+B,Cy.CCr== -%—- 2 (mpr,— F;)-or,
=1

i=1

Ho, B cuny npunuuna JanamGepa — Jlarpanxka [dopmyna (3)],
N
ZI(FE'_msfr)‘ﬁf’z-——'o.
=

a cheloBaTenbHO, M TPeTHR uneH mpasol uacty (12) pasen uymo.
Wrak, umeeM

N S

2

8w = 8w+ 2 Yym. CCl,
i=1

OTKyZd fACHO, HYTO
Bw’ > B,

T. € OAA HCTHHHOrQ [ABHXEHHA NDHHYXKIeHHS HMEET MAHHMYM.

5. INpunuun npamefimero mytu I, lepna. Ws npunumna Taycca
HenOCPEeICTBEHHO BBITEKAeT MPHHuMIT npsMeimero nyru I'. 'epua, xoro-
puift sBasercs o606lleHHeM HBIOTOHOBA 31KOHA WHepPUMH. DTOT NPHHIMI
COCTOHT B TOM, YTO BCAKAA «CB06O0HASLS cucmema OBuMNemes no npf-
Meiimemy nymu (m. e. no nymu ¢ nausensuwell kpusnanok). Cam Iepu
popuyanposan CBOH mnpuHumMn, nepedpasupys mepssifft saxon Heioroua,
tak: «Systema omne liberum perseverare in statu suo quiescendi vel
movendi uniformiter in directissimamy (t. e. pcaxan «cBoBorHaAA» CuCTeMa
cTpeMuTcs npebblBaTh B COCTOSHHH TMOKOS HAH DABHOMEPHOrO ABHIKEHHA
no npsMeHwemy nytu). Hyxuo saMmerurs, yro [epu B cBoe#l MeXamuke
yCTPaHACT MOHATHE O CHAE B TOM BHAE, KaK OHO (UIyPHDYET B MeXa-
Huke HbiOTOHA, H pacCMATPHBAET CHABl KAK SPQeKT ABHBIX MIH CKPHITHX
cBA3ed; NO9TOMY ROHATHe «cBoOOAHAd cucTema» B cMieicte ['epna oswa-
yaeT, YTO TOYKH CHCTEMH HAXOLATCH TOAbKO MOL ACHCTBHEM HANOXEHHBIX
Ha cHUCTeMy cBsAdeH.

IMycre umeeM cuctTemy N MaTepHanbHBIX TOYEK, KOOPAMHATH KOTOPHIX
o6osHaunM uepes &, Ep ..., Ejy. T'Epu BBOIMT MOHATHE 0 TpaexTOPHUU
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CHCTEMB, ONpenensa ee Kak KPusywo B mpocrpaHcree 3N uamepenutt,
SICMEHT NYrH KOTOpOH papeH

1 N 1 an aN
Al
dsfsm- mvdsi ='ﬂ'2m: dEs =2dx%, (13)
v=1 t=1 =1
roe
S i 3N N
m
X, = -ﬁ%g‘, M“‘—“’? mi= mv.

ds W
M HaapipaeTcst MaccoM cHCTeMBl, a Be/JHUHHA E:—.Zx‘—cxopocrbn}
i

CHCTEMB!,
WapecTHo, 4TO KpHBH3HA Kk KPHBOM B TpexMepHOM NPOCTPAHCTRE
ONpelenaeTc PaBeHCTBOM

3
o 1 __ N (dx)\2,
B=m=lar)

=

oGobman 9Ty dopMyay na 3N-MepHoe NPOCTPAHCTBO, MOJYYHM
aN

B=Y (L) (14)

=1

BoabMem Bhpamenne rayccosa npuayxmaedns (4') npu orcyTcTeHM
AKTHBHBIX CHJ; HMeeM

1 = 1 Q-
3w=-§zm!§§ HIH gw_—_-g_zxg b, (15)
£ i
Tak kak

5 dx; * 2 d?x; dx o
X =TS %= S

TQ, BO3BOIA x. B KBanpaT, NOAYYHM
S () 4 (22 0 S
Ioacraenag nojayuveHHOE BbIpa}eHHE B PaBeHCTBO (15), HAXomuM
= B(GfH+ B e B G5 a0
i
Ho us pasenctea (13) caemyer, uro

3 (4] =

1) MuoXuTedb M, Kak NOCTOAHHLIE, B BHpaMeHHH Sw OmycKaeM.
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OTKyLa, nuddepeHuupys N0 §, HMeeM
dxi d2x,- . 0

ds dst
i

Ilpuumas 9TO BO BHHMaHMe, moay4ydM u3 paBescrsa (16)
23w = kst + .

Taxk Kak aKTHBHHE CHABI OTCYTCTBYIOT, TO NDH CKICPOHOMHHIX CBA3AX

1 19 1 2 1 %)
T“"“‘jzms&:"g‘Mg""‘:?MS = const; (an
i
CIENOBATENBHO, éxconst, H
§=0;
109TOMY
23w == k2s4.

Mo npunuumy Taycca ans wucruuHOro asmweHus Jw  ecrb Mu-
HUMYM, HO TaK Kak Ha OCHOBaHuM papeHcTBa (17) §=cgns{, 0 R
IOMKHO HMeTb MunuMyM. OTciona BhiTeKaer npungun npameliwezo
nymu: O0asf MeXQrudecwol culmemsl, nOOUUHEHHOH CKAEPOHOMHLLM
CBA3AM U CB0OOOHOH om Oelicmeun cua, ucmuruoe Osudtenue npo-
ucxodum ¢ ROCMOARNOL CKOPOCMBIO, RPUYEM MPREKMOPUS CUCTE Mbl
UMeem HQUMEHLILYIO KDUBUIHY NO CPABHEHWI0 €O BCeMi Opyzunu
mpaexKmopusimu, O0nYCKaeMbiMu CBAIAMU.

§ 26. HurerpaiabHbie MPHHIMIL

1. 3ameyanns o BapbupoBawHu. [IycTb Touka uMeer onHy cTemenb
cBoGOILl W TDMOKEHHE ee ONpelenseTCsl KOOPAHHATOH

g=f().
Huddepesuupys 9T paBeHCTBO HO BPEMeHH, MOAYYHM
dg= f' (t)dEt.

3eck Mbl MMeeM H3MEHEHWe OYHKIUH ¢ BCJIEACTBHE H3MEHEHHs CaMOTo

apryMeHTa, T. e. BpeMeHH; AuddepeqHunan KOOPAHHATH COOTBETCTBYeT

NOSTOMY €€ H3MEHEHHUIO BC/ICACTBHE ACHCTBHTENBHOrC IABMKeHus (puc. 88).
HMamennM Tenepb pun camoft GyHxnuM ¢ ==f (f) # noROWKHM

7= () +en().

rae € ecTb NPOWSBOJALHO Maj0e NMOCTOSAHHOE YHMCI0, a 1) (f) — HPOH3BOIL-
Hag Auddepenuupyemas Qynxuus BpemeHn. B 3TOM cayuae mameHneHue
KOODAMHATHE ¢ BCIEACTBHE W3MEHeHKA BuAa caMoM dyuxuun o6Gosuauaercs
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yepes Og M HasbiBaeTcs MPOCTOH WJAM M30XPOHHOH Bapuaumett (puc. 89);
€1e10BaTeNbHO, OyleM HMETb

8q == g —q =-en(f). e

JoxameM, 4To H30XPOHHAA Bapuauus H Auddepenunpopanue mo spe-
Menn oOnajaalT CBOACTBOM KOMMYTATHBHOCTH, T. €. 4TO

=02l @
B camom nene, nuddepenunpys pasesctso (1) mo £, moayuum
':qu = 3 —q=2.
TaK K4K, COTJIACHO ONpele/eHMI0 M30XPOHHOH BapHauMK,
7—q="0

TakuM 0O6pasoM, TpeGyemoe A0Ka3aHO. 3aMeTHM euie, 4TO B cayuae
uzoxponHo# Bapuawun O =0,

q -
g Al —
e aq - -f!ﬁt* .
dq 7
Y = t 0 4t t
Puc. 88. Puc. 89.

Bpenem Temepb mMoHATHe 0 nomiof sapuawuu. [Toaxo# Bapuaumeft
6yneM Ha3biBaTh H3MeHeHMe (YHKUMH KaKk BC/JENCTBME H3MEHEHMA BHIA
GYHKUMH, TaK H BCJeICTBHE H3MeHeHMs APTyMEHTa; MOJHYI0 BapHaUHMIo ¢
Gynem oGosnauath yepes Ag. M3Mmenenune aprymMeHTa MOXKHO BBECTH Cre-
aywomum o6pasoM. ITonoxmum

==t e (8),

roe yepes 7 0603HaueH MaMeHeHHbIt aprymeut, a yepes g (f) — npouspoab-

Haa Anddepenunpyemas ¢yHxkuua, O6o3nauas M3MeHeHME apryMeHTa
uepes Af, T. e. monaras

f—t=0»At wm Af=cek(?)
Gymem HMMETb Cleldyiollee BbIpAaMeHHe Ans MOAHOH Bapuaumd dyHKuuu g.
Ag=1dg+qAt, ®)
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T. e, HaMeHenHe (yHkuun Ag COCTOMT M3 ABYX uacTefi; neppas 04 ecTb
M30XpOHHAs BapHanus, Bropast ¢ Af ecTb uameHeHue BYHKUUM § Bciel-
CTBHE H3MeHeHHs aprymenrta ! ua senHundy Af. Ora dopmyaa narasano
noxaszaka #Ha puc. 89.

IoxaxeM, uTo moaxas BapHauus u anddepenunposanne no £ csol-
CTBOM KOMMYTATHBHOCTH He 0OaanaoT. Helicreurensho, nuddeperuupys
paBeHCTBO (3) MO BpeMeHH, NOMYYHM

d e e B c dAt
a7 M=%+ qMq——.

Ho aas nonno# Bapnanun ¢yuxuuum ¢ Oynem HMeTb, COTJIACHO paBeH-
crey (3):

Ag =g+ g At.

TMoncrapnas orciona selpaxene ¢ Af B npenrinylilee paBeHCTBO, NOJIYYHM

dAg A, » dAt

aE R )
U3 papenctea (4) AcHO, uTO ddaiq + A i—g M 4TO 3TH BHIPANEHHd OyayT
paBHEl TOJNLKO B TOM CAyuae, eCaH dd‘i‘r =0, T. e. ecau mapHaums

H3DXPOHHaA.

Ho nas cayvad ¢==1 MeXLYy OMEpauMsIMH MOJHOro BAPLHPOBAHHS H
AudepeHUUpOBaHHA N0 BPEMEHY HMEET MECTO CBOUCTBO KOMMYTaTHBHOCTH.
JeiicTBHTE/IbHO, M3 PABEHCTB

AM=F—t=gt() n df —dt=ct' (H)dt=Adt

Q4EBHAHO, YTO
dat ., Adt
-"'3;-—-33, () o =g’ (¢),

OTKyna HMeeM
dAt=Adt.

2. Tpuuuun cragyonapuoro aeficreus Camuiabronal). [punuun
crannoHapHoro Aedctus [aMMIbTOHa HMCTOpHYeCKM ABaserca Oonee Mosn-
HumM npuHuunoM, uem npunuun Jlarpanxka — Moneprion (em. m. 7).
OaHaKo AOrHyeckH UenaecooBpasHee H3N0MUTL CHAYAMA MPUHUMI [ aMuib-
TOHa, Kak Gonee oOLIRA,

1) Mpumnun 6wa uanoxen [amuibronoM B padorax 1834—1835 rr. nas
cayuan crangouapHbix cpsseil. Hesasucumo or wero u B Goaee obieit dopme,
OXBATHBAIONIEH clydail HECTAMOHAPHHIX cBA3edl, npuniun 6ua chopMyanposan
B 1848 r. M. B. Ocrporpanckum {cM. c6opuux «Bapuanuonunpe MPHHOUIB MeXa-
BukH», M., 1959). ITo yxa3aHHOH NpHuHNE MHOTHe aBTOpH HA3HIBAKT 3TOT MPHH-
uun npunnEuoM I'amuabtona — OcTporpagexoro,
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Yrobsl BHAcHMTL cMbicA npuauuna [amunbTona, ofparTHMcs onaTh
K MHTepPHpeTaluMy NBHNEHHA B MHOTOMePHOM mpoctpakcTee. [lycrh B MO-
MeHT f=={f, cuCTeMa XapaKTepHayercsi TOYKOH A MHOrOMEpHOro Ipo-
CTpaHCTBa, 4 B MOMEHT [ = f;— Toukoft B. CrenoparessHo, 3a nmpome-
WMYTOK BpeMeHH ¢;-—f; cucTemMa MOA HeHCTBHEM CH/ Tepefner M3 KOH-
¢durypaunn A B xondurypauuwo B. Tlyctb TpaekTopuelt ABHKEHHS CUCTEMb]
Gyner xpusas AB (puc. 90). Kuuematnyecku BOIMONHBI H ApYrHe Tpa-
ekTopuu, HanpuMmep AnB M T. M., MO KOTOPHIM
CHCTEMA 32 TOT e HPOMEKYTOK BpeMeHH £ —f; n B
MOMeT MepelTH M3 moaowenua A B nonoxenue B.
Tpaektopuu AnB H43LIBAIOTCA  TPAEKTOPHAMM
cpanieHns (M/IH OKOJbHLIMH MyTAMH), a TPaeKTo-
puio AB nasbiBalOT eue NpaMbiM nyTem. Bee
TpaeKTOpHH CpABHEHHT AOMKHB AOITYCKaTbhCA CBA-
3IMH M OPOXOAHTh 4epe3 PUKCHPOBAHHEIE ToukH A
n B, JIBHikeHHs TO TPAaeKTODHAM CPABHEHMH, CO- Puc. 90.
BepUIZIOILMECA 334 TOT e MPOMeKYTOK BpeMeHH
£, —1; HA3LIBAIOTCS BOBMOXHBIMH MM KMHEMATHUECKH HOMYCTHMbIMHM IBH-
AEHHUSAMH.

CyumiHocTh npuHimna [aMuabTOHA COCTOMT B TOM, YTO OH HaeT KpH-
Tepul, HA OCHOBAHMH KOTOPOrO Mbl B COCTOAHMM CpelH BCeX KHHeMa-
THYeCKH RONYCTHMBIX I BUIKEHHH YKa3aTb HCTHHHOe JIBHXeHHE HJH CpelH
BCeX TPAeKTOPHHt CpaBHeHMA ONPELeNNTb TY, MO KOTOPOH neHcTBUTeNbHO
OyneT MPOMCXONMUTL ABHIKEHHE CHCTEMBl Mexay xoudurypaunsmu A u B.

[Tokawem Tenepb, KaK H3 ypapHeHWH nBHxeHus JlarpaHima MOXHO
NOJy4HTh BhIpaxeHue NpuHUMna lamuabrona. BoabmeMm ypaBHeHust IBu-
Wenus AJAA FOJOHOMHOH CHCTeMBl C # CTENeHAMH CBOOGOILI, HaXoaauleHcs
nmon AeHcTBHEeM MOTEHUHAaNbHBEIX CHJ; HMeéeM

d oL aL
— (=) ——=0 i=1, 2,..., n).
i (5ar) o ( " e
VMuOKas /eBYI0 4aCTh KAWEOrOo M3 ypasHeHuH (5) Ha dg; W CKaanwBas,
NOJyHHM
n
d { oL oL
= ———bq;|=0.
E[dz (5a7) 09 =5 89 @

Vyuruisag cooTHowenue (2), Hadnem, uro

d { oL oL d [ oL
e L
at (aq;)oq‘ o (Oq 6""‘) ( it 5o é"’)

NOACTABJAR 3TO BbIpaXieHHe B paBexcTBo (6), Oyaem HMeTb

%;(%wf)#g( 8.+ 5-80,). @
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Tak kak L= L(g, é', 5, 10

n

2‘ (‘—" dq, + '5%) =0L;

0g;

MOSTOMY paBeHCTBO (7) MpHuHMaeT BUL

n
L
a ¥, (—-‘3— bqj) — L dt. ®)
f=\on
BoasbmeM oT 00euX uacTefl 3TOr0 PaBeHCTBA OMNpeleNeHHBIE HHTErpaJabt
B mpelienaX OT ¢{=={£; N0 £==1;, riae f;— MOMEHT BPEMCHH, B KOTOpLIH
CHCTeMa HAXOAMTCH B KOHQUrypauuH A, a f; — MOMeuT, KOTJa OHA NpH-
XOIHT B KOHQHrypauuio B; nonayuum
n 7 t [
{2 (g—.-bqi)] = _f oL dt. ©)
1=1 V04 B P
Tak kak Toukn A M B duxcuposannt (cm. puc. 90), To [6qi],0=0 H
15,1, =0. CnenoBaTe/bHO, IS HCTHHHOTO ABMIKEHHS CHCTEMBl MeMAy
nByMa KonburypauuaMu A W B mbl nmeeM

[dLat=a,
W/IH, TAK KAK BapHauusu H30XPOHHaA,
4
8 [ Lat=o. (10)
Hurerpan
b
[Lar=s (11)

NpUHATO Ha3wBaTh dedcmeues no [aMuIbTOHY; CAeROBaTeNbHO, papeH-
creo (10) MOXHO MpeRCTaBHTL B BHAE:

88 = 0. (109)

Pasencrpa (10) man (107) 4BAAIOTCA MaTeMATHUYECKHM BLIpaXEHUEM NPHH-
uuna FaMuAbTOHA, KOTOpHIR opMyIMpyeTca TaK: delicmeumesvHoe O8u-
Jicenue cucmemst Meacdy 08YMA 300AHHUMU KORPULYpaluAML Omail-
HQemeA OM KUHEMAMUUECKU BOIMONCHWX OsuyceHull, cosepulaemsx
Medncdy memlu e KORMuzypayufmu i 8 mom e camuili npomexcy-
moi 8pemenu, mem, amo 048 Oelcmsumesbnoo (uCmUHHO20) 08u-
ocenun sapuayun Oelicmeus no I'amuivmony paska Hyawno; uau,
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UHBLME ca08aMu, 048 OeficmeumebHozo 0sudicenus delicmsue no -
MUABMONY uMeem CMAUUOHAPHOe 3Haverue.
Ian nuHaMuuecKofl cucTeMbl
L == T + U»

rae 7-+U ecth PAasHOCTb Memly KMHETHYECKOH M MOTEHIMAaAbHOR SHep-
THAMH CHCTEMBI, H BbipaKeHHe NpHHUMNA [aMUABTOHA HMeeT BHI

t
aj(T+U)d:=o, (12)
HIH 4
4
f(bT 4-8U) df = 0. (12)
1

Pasencray (10), sbipaxaiotuemy mpumumn [aMuibTOHa, MOXKHO MpPHUIATH
LpyroR Bum, BBens B Hero ¢yHkwmo Iamuabtona H*. Tak xak

i - al,
H =—L—|—23§;q3. (13)

i=1

TO, ompexeass orcona ¢ysxkumio Jlarpamwa L ¥ MOACTABAAA B BLIpaXe-
uue npunnuna (10), noayuum

1 n
L -
6J‘ —H*+ ¥ 2= g ldat=o. 14
fs %6‘?‘ e

Aro Bupamende npuvuuna, kaxk u (14), UMeeT MECTO TOJBKO AAA CH-
CTeMbl, HaxolAsuiecs NMon neHcTBUEM MOTEHUHAJBHHIX CHJ.

3aMeTHM, HakoHew, 4To AefcTBHe nmo [aMuAbTOHY MOMHO mpelcTa-
BUTL B BHJE

f
S = J' Ldt = (t,— ) ",
ty

rae L* ectb cpennee snauenwe pynkupu Jlarpanixa B NpoMexyTKe Bpe-
Menn ¢ — f;. PasmepHocTh BennuuHbl S ecth padoTa X BpeMs (eIHHHIH
uaMepenns B cucreme CH wem?lcex; B TeXHHyecKOH CHCTeMe eLHHHIL
wla cex).

8. BuiBog ypaBHeHM# apyxeswHsa u3 mpunuuna Tamuabrona. Ilo-
CTyaupys npuHUMN [amuabToHa KaK OCHOBHOH, HETPYIHNO MOAYYHTL H3
Hero ypapuenHs IBuwenns. Mwmeem Buipadcenue npuHuuna [aMuibTOHa:

6S =6 led.‘f= J{lf)Ldf=0.
ty fa
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PaspepTmBast Bapuaudio 8L, noayunm

bt
1 dL oL
f(), bq;+2 éq;\,dt—-o (15)
ty M
ITpumenss K umeHam BTOpPOH CyMMbl HHTETDHPOBaHME IO 4YacTAM M uMen
B BHILY CBOMCTBO KOMMYTaTHBHOCTH I/ H30XPOHHOH Bapuauuu, Oynem
HUMEThH
fl
—-6 At = —.— dt ==
f 22 o0
to .

[aqg ], Jldt( )éq‘dt _Jdt(dq,) s

ubo [cﬁqi]::=0. 4TO HaM yXe BCTPewanoch.
Mmes B BMIy MOJy4eHHOe PaBeHCTBO M MOACTaBJsA €ro B ypasHe-
aue (15), Hatizem
ton

| 25— (3] smar=o. 19)

Pagenctso (16) Takwme npencrasmser coOOH MaTeMaTHYECKOE BHIpaXKeHHe
npunuuna [amuabTona. Tax kak MHTepBaj WHTErpHPOBaHMA 34eCh MPOHM3-
BOJEH M BapHaUMM KOOpIMHat Og; He3aBHCHMLI, TO pPABEHCTBO HYJIO
HHTEerpaia BO3MOXHO TOJMbBKO IMpPH YCIAOBHH paBeHCTBA HYJ/K MOALIHTE-
rpanbHOr0o BbLIPAWEHWUA, cJenoBare/ibr0, LA ZeHCTBUTEILHOMO HBUKeHHS
NoAyuHM
i(dft)—d—L_*o (=1, 9.0 1),
g,

T. e. ypasliedus ABHWxeHHd B dopme Jlarpanxa,

C TouxkM 3pedHs BapHAIMOHHOTO WCHUC/ACHHA ypaBHeHus Jlarpawka
ABAAIOTCA YPABHEHHAMH NMy4Ka SKCTpeMaieH, NpHueM T4 M3 HUX, KOTOpas

MPOXoIMT uepe3 ToukH A u B, 1aeT 3KCTPeMyM MHTerpaja I Ldt nm,
ty

MHBIMH CIOBaMu, 1aeT SKCTpeMyM AeHcTeud No [aMMiIbTOHy; STa SKCTpe-

Manb M GyneT MCTHHHOM Tpaekropuef IBHKeHHS.

4. O6Go6uenue npuuuuna [amuabTOMa Ha Cayyau HEKOHCepea-
THBHON M HeroJOHOMHOH cHcreM. [Inst nHHaMHyeCKOH CHCTeMbl MPHHUMN
[aMuIbTOHA MOMHO MPENCTABUTL DABEHCTROM

t
J'(oT+w)da—_-.o.

ty
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Bsenem B Hero mmecto uiaena OU, Bhipaxaiolllero sJMeMeHTapHyio pa6oTy
NOTEHUHANbHBIX CHJ, BENHYHHY

A= E, Qq;, (17)

T. €. IeMEeHTapHyl0 Pab0Ty CH HEMOTEHLWANbHbIX, BHPaKEHHYIO uepes
o6o0uieHHbIe cHIB (31ech chHMBON & ywme nHe 0603HayaeT BApHALHMIO
Kako#-mn60 (ynxuun). Torza moay4um

f
_[ OT +8'A)df =0
ty

HJH
4

[ o7+ iq,,aqi dt =0, (18)

iy =1

B sToft dopMe npuHUMI WMeeT MecTO W ANA CHCTeMbl, Haxomsute#ics NOA
JeficTpHeM HemoTenuMadbHeX cHa. PasenctBy (18) MowHo ewe mpuzath
aApyro#l muia, ecau uaterpan ot 8T mpeoGpasosaTh Tax e, KAK STO GbLIO
cuenano 8 M. 3 ¢ uHTerpasom ot OL, T. e. Kk muay, asanoruudomy (16).
Toraa nonyuuM BelpaneHnHe npHuuuna IaMunibTOHA ANS HeKOHCepBATHBHOR
CHCTeMbl B BHIE

fi[a_m“%( )+Q;]6qidt - (19)

Orciona cpasy clenyeT CMpaBelAHBOCTb NpHHuMNa B dopme (18) mis
HEKOHCEepPBAaTHBHOM CHCTeMb, Tak Kak ero shpasenue (19) maer ypas-
HeHHMs [IBHXEHHH 3TOH cucTeMbl. B camoM nene, MOCKOnbKy HHTepsan
t, — t, npoussoseH, a Og, Mexny co6olt HesaBucumbl, To M3 (19) nomy-
YAI0TCA ypPABHEHHA NBHMeHHs cucTembl B dopme Jlarpamxa

d OT) aT
— = ———=Q (i=1, 2, ..., n).
(dfh o ‘

Moxno yGenutbest, uto npunuun lamuasTona B dopme (19) cmpa-
BEAAUB M INA CHUCTeMBl C NHHEHHBIMHM HETOMOHOMHBIMH CBA3AMH, TaK Kak
M3 Hero MOMHO NMOJYYHTb M YpPABHeHHS IBMMEHHS TAKoH cHcTemu. Jle#-
CTBHUTEJbHO, ECAH HA CHCTEMY HaNOWeHBl 7 JHHEHHBIX HEro/JIOHOMHHIX
CBsi3cH, ypaBHEHHS KOTOPHIX MMeloT BuR (cM. § 8, m. 9)

n
%Apgdqi—i-ApdtzO (=12 ...,r)
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TO [pH 3TOM BapHauuWH KOODIHHAT JO/MAKHL YyanOBAETBOPATL COOTHOLIE-
HHAM

n
az; Abg, =0  (B=l; 2 «cuy B

VMHOKHM KawI0e M3 3THX paBeHCTB HA JIArpaHXeB MHOMHTENb ?LD H Opo-

cymmupyem no p. TlonydeHnoe BmIpaweHHe, paBHOe HYy/A10, NpUOaBHM
K cymme, cTosme moa 3xaxkom Haterpana (19). Torna GymeM uMeThb

IE “—_d—t(:—;)-FQ,—kﬁlpAN dq,dt.
i ol

0g;

Terfepb BoIGOpOM MuOXHTeneH A, oOpamaeM B HYb p claraeMbiX B CyMMe,

croAmed noo 3HAKOM WHTErpania; TOraa ocTajlbHble c/laraeMele Takme
JOJTHKHBI GuiTh PABHBl HYJI0, NOCKOABKY OCTABINHEeCH AOM 3HAKOM HHTE-
rpaia n—r Bapuauuft dg; weway cofo#t Hesasucumbl. B pesynbTare
NOJYYHM MBBECTHOE HaM YpPaBHCHHE NBHKCHHMS HETOJOHOMHOR CHCTeMH
¢ muoxutensmu Jlarpamwa [cm. § 8, m. 9, ypasuenua (54)].

OTMeTHM B 3aKjwuenue, 4To npuHuun IaMuabrTona, 06o6meHHHd Ha
cayuall HEeKOHCEPBATHBHON M HErDJOHOMHOH CHCTeM, YiKe He ABJAAETCH
BapHaUMOHHEIM, TaK Kak BeipawedHs (18) wam (19) we npencraBasioT
cofoft BapHAUMIO KAKOro-HHOYAL HHTerpana.

Mpuauun Tamuabroxa B BapuanuonHo#t dopme (10) obaanaer Tem
BAXKHBIM TPEHMYILECTBOM, 4TO OH He CBA3aH HH ¢ wakof cucreMmoft koop-
[LHHAT; B Ero BhIPAXKEHHE BXONAT Juimb GyHKous L u ppema. Ilostomy
LAHHBIR NPHHUMI NPHM COOTBETCTBYIOUMEM OO0OOUIeHHMH NOHATHH HAXOAMT
IIMPOKHE TIPHIOKEHHA B PA3NHYHHX 004aCTAX U3UKH.

5. Jleiicteye no IamMMabTOHY M raaeHag ¢ynkuna § B ypaexe-
and $SIko6u. okawmesm, uro nmeicteHe mo 'amuabrony coBnamaer ¢ riaas-

Hol ¢yHkuuelt S B ypasnenun SlkoOu. [as storo paccmorpusm S Kak
dynaKUHIO BpeMeHH [, nojaras

S=def,

T. €. CuHTad BepXHuHH npenen y wudrerpana nepemexntim. [uddepen-
uupys Temepb QYHKiHi0 S MO BpeMeHH, MOSY4HM

dSs
=L (20)
OGparumca k ypassenuio fxoGu [cm. § 22, dopmyna (7)]

(e =0
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no/ixblfl MHTerpan kotoporo Oyier
S=8(q1 qa vovs Gui L 1, @3 oo, B)F 8,1

Duddepenunpys GyHkumio S, ABAOLLYIOCH NMOMHBIM MHTErPaiOM ypaBHe-
Hud fIkobu, moayuum

n
ds as a8 -
=+ N i
i=1
Ho u8 ypapsenns $koOu, npuHuMad Bo BHMMaHHe, UuTO %;Sf=p;.
3

HMeeM
oS

2 =—Hg p b
aS oL
KpPOME TOTO, COTJaCHO OMpelg/eHHI0 HMIYJbCa, $= p; = % ; 103
t i
TOMY
n
ds oL
—_— = — gy
at +§g om Tt
Q aL
a tak Kak "= — L —-qt TO MOJYUYHM
oo
45
gl e

T. €. TO e, 4TO M A4 TPOW3BOXHOH MO BpemeHH OT neftctua mo la-
MuAbTOHYy. Tak KaK MPOM3BOIHBIE MO BPeMeHH OT AeHcTeua no [ amuib-
TOHY W OT raaBHOH ¢yukuMu S B ypasHenuu $lkoOu paBum, TO 3TH
(YHKUMH COBMNANaloT ¢ TOYHOCTbIO RO ALIMTHBHOH MOCTOSHHOM.

6. 3aMeuaHHe O XapakTepe 3IKCTpeMyma geHcTBHA no TaMHJIbTOHY.
B npunnune NaMuabToHa CPaBHUBAIOTCH ABHKEHHS 33 HEKOTOPHIH NMPOMEXYTOK
BpeMenu f, —i¢; no npaMomy nyts AB u N0 OKOALHBIM NYTAM, NPOXOIAIIMM
uyepes 1€ xe Quxcupomanupie Toukn A w B (cm. mL 2, puc. 90); npu sToM Aaf
IBIDKEHHS TI0 NPAMOMY MyTH peficTBue S HMeeT IKCTPEMYM.

OctaHoBuMCs Ha ABYX CBf3aHHBIX JPYr ¢ JpyroM BompocaXx: 1) Gyzer au
NP4 TPoH3BOABHOM BhiGope Touek A u B npamoli nyTh equHCTBEHHHIM; 2) KakuM
ABASETCA XapakTep 3KCTpeMyMa AeHcTBHA (MHHEMYM, MaKcUMyM) MDH JIBHKEHHH
no l'lpﬁMOMy MyTH, Hama;moe npescTanjieHHe O BO3MOMKHBIX OTBETAaX HA 3T
BOMpOCH jaeT caeaylouluif npocToH npumep. PaccMOTpHM MaTepHaNbLHAYI TOUKY,
IBIKYmYlCA no raankoli cdepe paiuyca R, NycTh HAKAKHE aKTHEHBIE CHIBL
Ha Touxy He jeficteywt. Torma ouma 6yAer ABHCATHCA TO Te0de3HYECKOH NHHHH
(em, o, [, § 38, m. 9), 1. e. mo ayre Ooabmoro prra,zc YHCJEHHO TIOCTORAHHOK

mu,
CKOPOCTBI v, Ilpu 9T1OM, ouesumHo, L = T = TO—= const # S=8§; =
2

muy
=g (t—ta).

19 H. H. Byxroask



270 BAPHALIMOHHHE MPUHUNIBE MEXAHUKH [T, vI

Ecan B3aTh Ha cdepe ase npoussonbubie ToukH A u B (puc. 91), 10 uepea

S

Hux MpoilzeT ABa NpAMHX nyTH:; AB (If? < nR) n AByB (AB,B > nR). Wckaio-
yeHue NpeicTaBAseT caywal, korja Touka B coBsmajgaer ¢ By, T. e. ¢ TouKo#H,
AuaMerpajbHO NPOTHROMOMONKHOH Toyke A; B 3ToM cayuae depesd ToukH A u B,
NPOXoAHT MHOWeCTBO GeckoneyHo GAM3KHX JPYT K Apyry NpAMbIX myTel (Mepu-
Auansl). Takue age TOukH A W B, uepes KOTOPHE NPOXOAHT MHOXKECTBO Gecko-
HeyHo OaHaKMX APYT K ADYTY NPAMBIX NYTeH, Ha3bl-

A BAOTCH CONMDAMKEHHBIMH KHHETHYecKHMH dorycamu,
Toraa Ha ocHOBaHMM JaHHOrO NPHMEPE MOXKHO
¢llenaTh CAEAYONIME BHBOAW © XapakTepe BKCTpe-

8 MyMa feflcTBMA, cNpaBeliuBee M B obuieM ciydae:
- 1) ecan npaMoH myTh He NPOXOAHT 4epe3d KHHe-
tugeckuft Qoxyc, conpaxenunil HavaisHOR TOuKe
(B HameM MpHEMepe nyThb :479’), T0 JAeffictBHE Ha HeM
HMeeT MHHHMYM (B HallleM npHMepe ai006oH oKoJBb-

Hul# nyre G6yxer Goabe AyTH , H dtoln npoiitu

€ro 3a TOT Xe€ MNPOMEeXYTOK BpeMeHH f; —1I, TOuka

8, HOJKHA JIBHFAThCA CO CKOPOCTBIO © > Ug; [OSTOMY Ha
no6OM OKONBHOM ng{m S>S

Puc. 9L 2) ecau mMpAMOH MyTh NPOKOAUT UEPe3 KHHETH-

yeckuft doxye, conpsmenHm# HawaapHo Touxe (B nHa-

S
weM caydae nyth AByB), 10 jgeficTBME Ha 9TOM NYTH HE HMEET MHHUMyMa
il

(B wameM NpHMepe 3TO CAeAyeT H3 TOrO, 4TO rgu npamom nyrd AByB Haltayrca
oxgnbagi NyTH, KOTOpHe Oyayr kopoue AB,B; aad sTux nyte# Oyaer v < v,
nS <S8

TaImDM obpasoM, TOuku A u B MoXHO Bceraa BHOpaTh HacTOAbKO GAH3KuMH
APYr K pRpyry, 4to neficteue Ha npaMoM nytu Gyjer HauMenbslinM {(OTCIONA H
TepMHH <«NPHHLMI HaHMeHbUlero JEHCTBHUA»);, IAS STOrO HANO JHIIb, YTolbl
nyTe AB He JOCTHraJ XuHeTHyecxoro (OKyCa, CONpsKeHHoro Touke A

7. TNpunuun craumonapuoro pelicteHa Moneprion — Jlarpasnika,
B 1744 r. MonepTion onyO6aukoBan NPHHUMI, COTJNAaCHO KOTOPOMY 94
delicmeumenvHozo Oguoicenun wacmuyst uxnmezpas om vds, 83amud
no ompeaky mpaexmopuy Medxcoy O08YMA KAKumu-iubo ee mouwauu,
ecms MUHUMYM RO CPABHEHWIO € MAKLMU JHCE UHMEZPALAMU, BIA-
MOLML NO OMPL3KAM Opy2uX KPUBLLX, NPOBEOEHHbIX MeNHCOY meuu sce

mourauu. Wuaterpan J.tvds, rie ©— CKOpOCTb uacTHus, Moneprion

Haspan «aeficTBHeM», a caMblfi MDHHUMI — NPHHUMNIOM HaMMeHblllero
Adeficreud. K 9TOMYy npuHUMnNy BHawa/ie OTHEC/HCb OYEHb HEJOBEPUMBO,
TaK KaK aBTOP He Hall JuiA Her0 HHKAaKOro MOKA3aTe/bCTBa, HO iiep
NOHS BaXHOCTb OTKPLITHA MomnepTioM M CTpeMWICA naTh ero NPHHUHIY
CcTporoe MaTeMmaTHyecKoe OOOCHOBaHHe, YTO yAdnOCh TOJBKO BOOC/eN-
cTBuM JlarpaHwy, BCAEACTBHE 4ero 9TOT NPHHUMO M HOCHT Ha3BaHMe
npuHuuna Moneprion — Jlarpanxa.

[Mpuxuun Moneprion — JlarpaHa no cBoel KOHCTPYKUMM MOXOX HA
npuHuun [aMHALTOHA ¥ COCTOMT B TOM, YTO NeHCTBHTENbHOE ABHKEHHe
FOIOHOMHOM KOHCEDBATHBHOM CHCTeMEl Mexly IByMs KoOHpurypaumsiMug A
H B orauuaercs TeM cBoHCTBOM, YTO I/ HEro HekoTopas (QyHKuud,
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Bbipaxaemasl OIllpefe/leHHHM HHTErpajoM M HasbiBaemas JeHcTBHEM no
Jlarpanay, MMeeT SKCTPEMyM nO CPAaBHEHHIO CO 3HaueHHeM 3TOH (QYHKUMH
IS APYTHX KHHeMAaTHUeCKH AONyCTHMBIX ABMKEHHH, CoBepliaeMblX Mewny
TeMH e XOHurypauusMu H c ToH we aHeprHe#t. Taxum oGpasom, paa-
Hulla Meway npuHuMnamu [amuasToHa u Moneprion — Jlarpanwa cocrour
B TOM, 4TO, BO-NepBHX, HeHcrue No Jlarpanxky umeeT BooGme HHOMH
Bul, YeMm JAeficTBMe no [aMMALTOHY, a BO-BTOPBIX, B npuduxne Monep-
TIOM—Jlarpaska cpPaBHHBAIOTCS ABHKEHHMA C ORHOH M TOM e IHeprued,
TOTZAa KAk B npuHuune [amMuaAbTOHZ CpaBHMBAaeMble NBHMKEHHS COBep-
WAKTCA 33 OHMH H TOT K€ NPOMENKYTOK BPEMEHH.

Boabmem Bulpaxcenue ne#cTBHA N0 TaMUABTOHY AnS AMHAMHHYECKOR
KOHCEPBATHBHOM CHMCTEMBl MexAy AByMs Kondurypauuamu A u B, npu-
4YeM MOMOXHM, YTO HAYaNbHAA KOHQurypauus A COOTBETCTBYET MOMEHTY
t =0, a xoHdurypauua B — MOMeHTY £ ==£,; DK ITOM MOMEHT f; 3/eCh
He fABAfeTcA (UKCHPOBAHHBIM, TaK KAK CHCTEMa, IBHCAfCh IO OKOJBHLIM
NyTAM C NOCTOAHHOW SHeprueft, Oyiaer MPUXONMTL B KoHpHrypauuio B
B pasHbi¢ MOMEHThH BpeMeHH (MHIekc 1 3aeCh yKashlBaeT jJHIb TO, WTO
nepeMeHHas BeJqMYHHa #; O3HaYaeT MOMEHT MPOXONa CHCTeMbl B KOHG(H-
rypaumio B). Toraa Oyunem umeTb

5 ¢
S=Odet=!(T+U)dt.

Kposme Toro, Tak kak cHCTeMa MO YCJAOBHIO KOHCEPBATHBHA, MMeeT MECTO
HHTErpan SHEPru
T=U-h.

[Moncraass Bhipaxenne U u3 uuTerpama sHepruu B BbipaueHHe S,
NONYYHM

£
S= J' oT dt — ht,.
0

D yHKnua
1 4t N
W= [oTat=[ Y molat 21)
1] 0 I=1

HasuBaercd lelcTeueM no Jlarpanxky W Apnfercd Bceria NOAOMKHUTENbHOHU
M OrpaHuueHHOH TOJABKO CHHM3y. B peayibrare Haxomum

S=W—ht;, wm W=S8-4ht. (22)

[Mockonbky BepXHufl Npexen uHTerpana fy, kak ObIIO YKAa3aHO, ABAAETCA
nepemeHHuM, TO, 0003HAuas ero uepes £, MOMEM [epenHcaTb PaBeH-
cTBO (22) B BHIE

W =S -+ ht. (22)
19*
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[Tonyuensas dopmyna moxaseiBaer, 4To dynxuud W cosnamaeT ¢ Xapak-
TepUCTHUeCKOR (yHKuHeR ypaBHenus FkoOum (cMm. § 22, n. 4).

Ilanee, Ha cpaBHHBaeMble ABHIKEHHR Hajlaraercsl yc/lIoBHe, HTOOB 3TH
HBHKEHHs CoBepluaauchk ¢ onHOH u TOH ke sHeprue#t #. Ho, xak 310
BHITEKAeT M3 MHTEerpaja 9SHePrHH, KHHeTHweckas 3sueprus T, a moTomy
M CKOPOCTH TOYeK CHCTeMH 3aBucaT oT U, T. e. 83aBUCAT OT NOJOKEHHH
cuctembt B JaHHBA MomeHT. Ilostomy Bpems, B TeueHHe KOTOPOTO CH-
creMa mepeXOAMT M3 A B B, 3aBHCHT OT MNYTH H UM Ofipenendercs.
CnenopaTenbHo, BpeMeHa Mepexona CHcTeMsl M3 Kondurypauuu A B B
N0 pa3iH4yHbLIM NYTAM Da3AHYHB W 3aBMCAT OT ITHX nyref, T. e., xax
Obi0  ykasawo, npenen £; B wuuTerpaae (21) apasercd NepeMeHHbIM.
[Tostomy mpu Nepexome OT OAHOTO MYTH K APYrOMY IOMKHB BapbHpO-
BaThbcS HE TOJbKO KOOPAMHATBL M CKOPOCTH (Kak B C/y4ae TpPHHUHNA
lFamuabTona), HO M Bpems, T. e. B ciyuae npuaumna Moneption — Jla-
rpaHxa BapualuMst nomkHa Obits moJixo#, Ecam mbl Gynem uMunTepnpeTH-
pOBATb IBHKEHHE CHCTEMB! B BHIE NBHXKeHHs H3oOpaxaloueR TOYKM
B TPOCTPAHCTBE N H3MepeHHH (Tle 7z ecTb YHCAO KOOPIHHAT CHCTEMBb),
10 npuduun Moneption — Jlarpanwa Gyaer GOpMyaHMPOBRATLCA CAEAYIOLIHM
ofpasom: dedcmBumesbHoe OBuNCEHUE 20A0HOMKOI KOHCEPBAMUBHOL
cucmemst mexncoy Gsymn sadaunnsimu KoHgueypayuamu A u B omau-
Yaemcs Om KUHEMAMUUECKU BOIMONCHOLX O8udCenull, cosepuwaemo.x
Mexcdy memu e Kowguzypayufmu u ¢ mofd oe noanoli anepzueil
mei, wmo Oan Oelicmeumenvno20 J8uieHus nOAHAN sapuayuf defi-
cmeuf no Jlazpauowy pasHa HYLi0; HHBEIMH CIIOBaMM, AR AeHcTBHTENh=
HOTO nBHMeHHs neficTsue mo Jlarpaniy uMeer CTALMOHAPHOE 3HAYEHHe.
MaremaTHyeckn 9T0 O3HAYdeT, YTO AJA AEHCTBHTENLHOTO ABHIKEHHUS

t
ajgrdrEaW=o, (23)
0

rae, Kak yxe GbIo ckasano, sapuauust Gepercs nosHas.

Hestcreue no Jlarpamwy, Tak ke Kak M nedcrsume no [amuavtony,
HMERT Ha npaMom NyTH MHHHMyM (l'IO CpaBHeHHI{) C €ro 3HAYeHHAMH Ha
OKOJMbHHX MNYTAX), ec/lH NPAMOH NyTh He NOCTHraeT CONPSAMNEHHOTO Ha-
yaxblOf TOYKe KHHeTHueckoro dokyca (cm. n. 6).

8. Buoisog npuHuuna MonepTiok — Jlarpanka w3 ypasHeHWH asu~
WeHMA U ypaBHeHHH asikenus u3 npunuuna Monoeprion — Jlarpanxa,
Hatizem cHavana seipawenue AW, ucxons ua pasescria (22). IToayuuwm,
YUHTHIBafl, 4TO A == const,

AW = AS -k A#,,

rne f;,— nepeMeHHb#f MOMEHT NPHXOMa CHCTeMB B KOHe4HYIO KoOH(Mry-
pauuio B.
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lTpeoGpaayem npasyio uacts, nenoas3ys popmyay (3) us m. 1; Gyzem
umers AS =985 - S At. Ho, cornacuo pasescrsy (20), S = L. Ciego-
BATE/LHO,

AW =088 -+ (L + &) Af,.
Tax xax npuduMn MonepTion — JlarpaHixa HMEET MecTO IS KOHCepsa-
THBHOH cHCTeMbl, TO L=T-U, a h=T— U, B pesyabTaTe Haxoaum
AW = 0S - 2T At,. (24)
Tenepp suiuncaum OS, yuurviBad onats pasenctBo L =T 4 U; noayuum

f £
85 faLdt=f(aT+aU)dt:.-
Q 0

4 n fe
N oT 0
s f )‘(a—-}—a—U)éqidt—i—f ZB'T_ g,dt.  (25)
8 =1 9 7 0 I=1
TlpeoBpaayem BTOpPOH wieH MPABOH YACTH, HHTErpUPYd [0 YACTHAM; YuH-
ThiBad paBeHCTBO (2) uz n. 1, Oymsem umeTs
ll1 n 1 4 n
oT d
I v bqidt_[z——bqi] "I Zd_( )‘5‘? dt.
o i=1 i i=1 0 i=1
B pesynbrare papeHcTs0 (25) mpuMeT BHI

n ) n 5 t
88 = [ 2[ ( )+a d_U]aqur[ -3-6%] . (26)
d i=l 7 ¥ =1 99, i
3ameruM, 4TO B NOCAENHEM 4YleHe MOYYeHHOTO BhHIPaMeHHS l64s1,=0=0.
TaK KaKk Bce JBMMEHHS HauuHalorcd M3 KoHburypanun A B oamH
TOT we MoMedT Bpemenn fo=0. Ho [6¢;],_, + 0, Tak 8 Kondurypa-
uMi0 B cHcTeMa, NBMMasch MO Pa3HbHIM OKOJBLHLIM NyTaMm, Oyzer NpHXo-
IMTb B paA3Hble MOMEHTH BPEMeHH £, @ B C/iyude H30XPOHHOTO BApbUPO-
BaHHR BapHalus Oepercs NPH OJHOM M TOM e (HMKCHPOBaHHOM 3Haue-
HuUM £; (ecad, HampuMep, STHM (PUKCHPOBAHHBIM 3HauexneMm OyHeT MOMeHt
npUxona cHCTeMbl B KOHOHrypauuio 5B NpH IBHIKEHHM MO OKONLHOMY
nyTH I. TO TIIpH OBHKEHHH nO NyTH 2, CHCTeMa B TOT Xe MOMEHT B [10/TOXe -
Hue BB He NPUIET, Clea0BATENBHO, L/ BCEX OKOJbHBIX MyTeH [“Sq,-]‘:l,1 = 0).
ITepefinem nostomy B noclenHeM uaene MpaBOM uvacTu paseHcTBa (26)
ot 8g, k Ag;. o dopmyne (3) us n. 1 nmeem dg, = Aq; — g A¢; creno-
BaTeJIbHO,

n 4 - n b
or or - h
——éq;] —[ —-—aq;] —[ g, At] .@n
L=1 0g, =194 0 9q, 0
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Ho [Ag;],_,=0 u [Ag,],_, = 0; nociennut peayipTar cleayet M3 Toro,
4TO 37eCh BpeMA BapbHPYeTCAd, 4 B MOMEHTH fj, KakMMH Obl OHH HH
Oul/M, cHCTEMA MO yC/AOBHIO MPHXONMT B OAHY M Ty e KOHQHTypauuio B.
Kpome toro, naa KOHCEPBaTHBHOR CHCTeMbI T aBasercd OLHOPOLHOH

I
dyHKuMel BTOpOR CTemeHH OT CKOPOCTeH M 2—2—?—-@:2?‘. B pesyis-

i=1 i
TaTe paseHctBo (27) maer

.
[2 9z bqtj BT Kby,

=1 04, 0
Torna pasenctBo (26) npuMer BHI
f| n
7 d (0T or o
65:[ w8 0N O O | 5aide . 9T A,
: gz._.{ dt (aqr)+ 9g, & a‘?t] # ’

TMoacrapass 370 3Hayeuue OS B Gopmyny (24), nOAyuUHM OKOHHATEALHO
caelyouiee Bupa}l{euue AnA NOJHOM Bapuauuu AeficTBus no Jlarpatiky:

)
AW = 6[ )-|- —U] dq, dt. (28)
og
t-:l i
VpaBHenna ABHMEHHA TOMOHOMHON KOHCEPBATHBHOM CHUCTEMBl MMEIOT BHJ,
d | oT oT U
LN = (=12 ..., 0. 29
dt (Oqi) dqi 6:}'i (29

CnenoparenbHo, MpH HeHCTBHTENLHOM JABMMEHHH TakOH cHCTeMul Oymer
b

AW =0 nm .{\IQTdt:O. (30)
0

¥ Mbi NPHXOAHM K OpHHUMOY CcTauHoHapHoro aedctsua Moneprion —
Jlarpana.

Ecnu teneps npunuun Moneprion — Jlarpanma npuuste 3a HCXONHBIH,
TO H3 Her0 MOXHO NOJYUHTL YDPaBHeHHS JBHKEHHS TONOHOMHOH KoHcep-
BaTHBHOH cucTeMHl. B camom nese, moBropss Bce NPOne/NaHHbIE BHIKAANKH,
Mpl CHOBa npuiem k coortxowernio (28). Ho, cornacho npusuuny Mo-
neprion — JlarpaHxa, AN MCTHHHOrO ABMIKEHHs BOMKHO Obite AW =0,
4 TaKk KaK HHTepBal BpeMeHH £; — [, NPOH3BOJIEH H BAPHALUMM MeWLY
coB0f HesaBHCHMLI, TO H3 PaBEHCTBA HYJ/I0 HHTErpand, CTOALIErO B Mpa-
Bo# wacTi cooTHOWeHHUA (28), ClenyIOT ypaBHEHHS ABHXeHHS CHUCTeMbl (29).

9. Pazanuubie ¢opmbl Bblpaxenus npuHuMna Moneption — Jla-
rpanxa. [lpuruun Momneprion — JlarpaHma, Kak Mbl BMIEeNnH, COCTOUT
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B TOM, YTO A% AeHcTBHTE/NLHOrO ABHMEHHS TOJOHOMHOHM KOHcepBaTHBHOR
CHCTeME] MeXy ABYMA AAHHBIMM KOH(HUrypaunsamu geficTeue no Jlarpamxy
HMEeT SKCTPeMyM 1o CPaBHEHHI0 C KHHEMaTHYeCKH JONMyCTHMHMH ABHMKe-
HUAMH MEWIY TeMH JKe KOHQUI'YDAUMAMH NPH ONHOW H TOR Ke SHEPrUH.
B 3aBHCHMOCTH OT BuipaeHHs ne#cTeHa W 3T0T mpHHUMR MOweT OHTL
BHIpaXeH B Da3/MHuHLIX dopmax.

a) Popma Monepmion, Buie wMb HMenu Bhipawenue HefcTBHSA
8 dopme Jlarpanma:

4 1
W [2Tat=[ Y molat,
0 i]
rie N ecTb uuMci0 TOuek cHcremnl. Tak kak v, df=ds;, rae ds; ectb
9/1eMeHT AYTH TPaeKTODHH TOUKH CHCTEMH C HOMepom I, TO
2 o
vidt=wv,ds,
W, C/elOBaTENbHO,
B N
W = j Emiﬂidsi, (3])
A

i=1

npHyeM MHTErPHPOBaHHMe COBEPINAETCA MO AYraMm TPAaeKTOPHH TOHeK CH-
creMs OT KoHbpurypaunn A no B. dopmyna (31) maer Bbipamenne
Jefictens 8 ¢opme Moneprion.

6) Dopma Hrobu. Bripawxenne neHcTsus B dopme SIkoOn oTinuaerc
TeM, 4YTO B HeM IIpH MOMOIUH HHTErpana SHEPrHH HCKIIOHAeTCS BpeMs.

Vimeeu
2T = Lmﬂ -_.Zm,(d‘g‘] ;

KpoMe TOro, HHTErpas sHeprul naer

2T = 2(U 4-h). (32)
CrenosaTenbHo,
Z m, a!‘s'2
—d-— =2(U4-h),
OTKYZa

]/-2 m, ds
— A ) A L R,

V2O +h (43)
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[loncrasnas anauwenus 2T n df, napaeMbie pabenctBamu (32) u (33),
B Bhipaxcenue W B dopme Jlarpanma, noayynm

t, B
W= [orat= | VEUFH-V Sm,ast (34)
0 A

3neck Tak ke, Kak H B opmyde (31), wuTerpuposaHHe COBeplaeTCH
no ayraMm Tpaexktopu#i oT xoHdurypauun A po B. dopmyna (34) naer
BupaxeHue AeHcrsust B dopme fkoGu; 37O BHIpawEHHe HMEET TEOMETpH-
HeCKHH XapakTep, TaK Kak BpeMsS H CKOPOCTH B HeM MCKJIOYEHHL.
Ecan Mbl BBeneM HE3aBUCHMbIe KOOPAHHATEL M BLIPAZHM Xy, Xy, « .., Xgy
B (QyHKUHMM OT 4y, §g, -+ .y §u TO
fn

aw
» mtds§=i=21m1dxf= H2=laualqr,d!q).,

U Bupaxenue neficrBus B ¢opme Skobu mpuobBperaer BuA

B n
w=[V2U+n ¥ a,;dq,dg;. (34")
A

i, j=1

B uyactHOM cayuae, KOria BHelllHME CHJIB Ha CHCTeMy He nefcTByioT,
U =const, u nosromy Ha ocHoBaHuM (opmya (34) u (34") mel MOwewm

Buipasauth neftctBue W, orOpaceiBas TOCTOSHHBIR MHOMXUTENb, B Bune
W = I '/ Em ds2—_[]/2a”dqquj.
i=1 i j=1

HuTepnperHpya IBUMEHHE CHCTeMBbl Kak JABHIKEHHE TOYKH B MpPOCTpaH-
cTBe n M3MepeHHR, I/ KOTOPOro 3/JeMeHT AYrd (dyHIaMeHTaJbHAs MeT-
pHueckas (opma) MMeeT BbIpaXKeHHE

[

do’= Zﬂau dq,dq;

2 J=

MOYEeM HANHCATH

W= J do. (35)

Takum o6pa3oM, 3ajaya 006 ONpelefeHHH [IBHKEHHA TONOHOM-
HOR cHCTeMB DO HHEPUWM CBOLMTCH K HAXO0XKICHHI0 MMHHHMYMA HH-
Terpaga (35), T. e. K samaue reoiesnueckux jgHHuf. [TpuHUMR cTamuo-
HAPHOro neficTBHA B 9TOM Caydae MOMeT ObTb (OpPMYAHpOBaH TaK:
2010HOMHAA CUCMeMA NO UHePUuL Q8udCemes max, 4Mo mouxa, uzob-
PANCANIAR CUCMEMNY 8 COOMBEMCMEYOUEM NPOCMPANCMEEe It U3Me-
PEHuli, O8udCeMcA NO 200003udecKoll AUHHL 3MO20 RPOCMPANCMEd.
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K 3agave reoaesHueckux NHHHA MOMHO CBECTH OnpeleneHUe ABHKe-
HHA TOJTOHOMHOH CHCTEMB M B TOM CAyYde, KOrLA OHA IBHXKETCH B MO-
TeHUHa/IbHOM CHJIOBOM NoJe, onpene/seMoM cuiosoft Gynxknuelt U. Meficr-
BHTENbHO, Tak Kak {/ 3aBHCHT TOJNBKO OT KOOPAHHAT g, TO

i n
rie 0;;=2 U + h)a,;; nosromy

B n B
-
W’=I Zb”dqidqjmfda.
A L =1 A
rjle B RAHHOM Cayuae
n
do? = ”2_163 ;dq,dg;. (36)

Takum 0Opasom, IBHKeHME TOJOHOMHOW CHcTeMBH WOl AeHcTBHeM
MOTEHUHaNbHLIX CHA BCerga MOXHO paccMarpHuBaThk KAk ABHMKEHHE MO
uHEepuUMH B NPOCTPAHCTBe PuMaHa, MeTpHka KOTOpOro onpenenserca QyH-
lameHTanbuolt Merpuuyecko#f ¢dopmoli (36); cornacHo NpHHUMOY CTAUMO-
HapHoro neCTBHA IBHMKEHUE NPOHCXOIHUT NO reofiesHyeCKod JTHHHH 3TOrO
MpoCTpaHCcTBA. 3Ta HIest JewHT B OCHOBe OfuieHl TEOPUH OTHOCHTEb-
HocTH A. DHHINTe#HA.

10. Mpumep. as ysacHeHHS NPHHIKUNHAALHOH DA3HMIBL MEX1y NPHHUMIOM
FamuapbTona W npunumnoM Moneprion — Jlarpamka pacCMOTPHM MNpHMeHelue
©O00HMX 9THX NPHHUHIOB K ONpPEJeNeHHI0 IBMKEHHA MaTepHajbHOH TOUKH BIOJb
rAagkoi noBepxHocTH no uuepuun. B sTom cayuae U = const; urerpan suep-
THH jaer
" mu? = const,

2

CclefoBaTenbHo, v = const.

Corasacuo npuHuuny FaMuabToHa Rag AeHCTBHTEALHOrO ABH-
HeHudl gefictBue no [aMuabTOHY HMeeT cTaMOHAPHOE 3HAYEHHE TO CPABHEHHIO
€ IBHKESHHAMH MEWAY TeMH We nojoxeHuaMH A u B, coBepIAILUMHACA B OIHO
4 TO e BpeMd £, T. €, :

t
.5]’(7‘+U)dt=o.
0
Tax kak aas paccmaTpusaeMoro asuwenud peiicrBue mo [amuabrony S Gyher
1
S= J. (-%-mv"‘-}- C) dt::-%-mv%-l—-(.'t.
]

TO ans AeHCTBHTEABHOrO ABMKeHHH (TaK Kak Of = 0) uMeeM

P (L N S
BS-tB(va)—..O,



278 BAPHAIIMOHHBIE MPHHUWUIMbLI MEXAHHKH [rn. vi

oTkyna 8 (v?) = 0, crenopaTenbHo, v = v, TakuM o6pasoM, U3 BCEX KHHEMATu-

YECKH BOIMOXKHMX JIBHMEHHH TOUKH Meay noioweHusMu A u B, cosepmap-
UIHXCE B OAHO W TO e BpeMs ¢ (HO C Pa3lBYHBHMH CKOPOCTAMH), AEHCTBUTEL-
HHM Oyaer TO, AAA KOTOPOTO © ==, ., & CACAOBATENBHO, H Vf =5 =10, T. €.

ABHMEHHE MO KpaTyalleMy nyTH WiH, HHAYE FOBOPH, MO reOfe3HdYecKod aHHuu,

CornacHo MPHHOUNY CTalHOHapHoro geficrBus Monep-
Tiou—JlarpaHxa pas JeHdcTBHTEABHOrO ABHxeHma JelicTeue no Jlar-
palKy uMeeT HAWMEeHbIee 3HAYECHHE MO CPABHEHHI C JBHKEHMAMH Mex1y
TeMH e noxoweHusMM A n B, copepwanmmMucs ¢ onuo# u To# xe Suep-

rue#, 1. e,
¢

&J2Tdt=0.

Ias paccmaTpusaemoro Jemxenns geiicreue no Jlarpauwy W Gyner
¢
W= J muv? dt = mv,
a

IAA AeficTBHTEALHOrC JABHIKeHHs HMeeM
AW =mvi At =10

1
(nﬁo SHeprusa A = imv'ﬁ‘, a CAENOBATEJIbHO, H CKOPOCTH ¥ AJAS CPaBHUBAEMBIX

IBWKeHu#l OZHH H T Ke, U NO3TOMY Av =0), orkyna Af=0. Takum o6pasom,

M3 BCeX BO3MOXKHBIX NBHKEHHA TOYKH, COBEpIIAOMEXCH MeXAy Moloxe-
nusiMu A u B ¢ onHol u Tol we cxopocThio (HO B pasaudnoe Bpems), AeHcT-
BHTeJbHHM GyneT 70, KOTOpOe yroBJeTBOpPHAET ycaoBmio At=0, 1, e. [ = Lotn

cAenoBaTeNbHO, AEeHCTBHTEABHBIM JgBUeHHeM OyAeT TO, KOTOpOe COBeplildercd
B KpaTyajililee BpeMs MiH, TaKk Kak of==§5, MO KpaTuaHIIeMy MyTH, T. €, no
reopesHdyeckofl AuHHH,

§ 27. Kanonnueckne npeoGpasoBanus

1. Buipox KaHOHHuUECKHX ypaeHeMM# H3 npuuuuna lamuasToHa,
CornacHo npuHuuny crauuoHapsoro nefticTeust .[aMHAbTOHA AAs neher-
BUTEALHOrO JBHIKEHHA CHCTeMBl MeXIy NByMA KOH(HIrypauusaMH HMeeM

4
61 Ldt=0,
i

rze Lig, q t. Jleficrue no [aMUILTOHY MOXHO NPeACTaBUTH uYepes
byuxumio H* B Bume [cm. § 26, dopmyna (14)]
t i
oL -
S=J‘ —H" —_ dt,
+§ 7 q;

iy
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HIH, Bbipawana GyHxunio H(g, 9, £) B KaHOHMYECKHX NEPEMEHHHX H

YUYUTLIBAR, 4TO _di =P
9q;
t

S= f(—H-t-Zp:éa)df- M
i

ty

Tak kak AN HeHCTBHTENLHOrO IBHKEHHS
4
.l .
s [ (—hw-}, p,q,) at =0, @
¥ 1
TO, Pa3BepThIBAas BapHaUMI0 B JeBOH uyacTH, NOJY4YHM
oH . .
2 f 89, — 3-8, +4p: -+ P d1s) dt =0.
[TpeoBpasys mocaennult umen Jesoff wactd, OyleM HMeTb
t 4 fy
J. pibq,dt = [beqfli;"“ I pidgdt =— J. p,bq; dt
f. fo l!‘l

BCARLCTBHE TOrO, 4TO [oqg,:nno | [M;]“=0. B peayabrare Haxomum

zf 09: b;)bfh ( api—i—q)bp;] at=0. (3)

Kosdduumentst npu dp; B JaeBoH wactH pasencrBa (3) oOpamaorca
B Hyau B cuay coorHowreHu#t (11) n3 § 21, Torna, nockonsKy HHTep-
Bal MHTerpHpOBAHMA f;-—f, TPOM3BOJEH M Bapuauun Og; He3aABMCHMBI,
TO KOI(pUUHEHTH NpPH HUX TaKWe NOMKHH PaBHATHCA HYJMO; MOITOMY
OKOHHaTeNbHO Gyler

. lid oH
qi'-_hﬁ;l;' pj—-———-a_q? i=1, 2 s R (4)

B pesysnsrate Mbl NOMYYHTH KAHOHMYECKYIO CHCTEMY YpaBHeHHH IBuKe-
Hus. OrTciona BbTEKaeT, 4YTO  BHIpaweHMe NpuHUuNa  TaMuiabToHa
B BHAe (2) SKBMBa/JeHTHO KaHOHMYECKOH cHcTeMe ypaBHenH# (4).

2. Kanoundeckne npeoGpazosanus. Kawonuueckumn npeoGpasopa-
HUAMH Ha3LIBAIOTCS Takue Npeo6pasoBaHMA NMepeMEHHBHX ¢ W p, npu Ko-
TOPHX KAHOHHYECKHE YPAaBHeHHA NBHMKEHHS COXPaHalT cBoI dopwMy,
T. €. MePeXONAT TOMHe B KaHOHM4eCKkHe ypaBHeHus, HO BOoOIle ¢ KakoR-To
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npyroft dynkumed amuasToHa H. Bpenem BMecTo nepeMeHHbIX q; H P;
HOBBIE HC3aBUCHMble NMepeMenHule Q; M P, nonaras

szQi(ql’ %a Lk G Q,,‘. pl’ Pas oo pn; t)!
P3=P£(QI’ QQ’ L) 4?,,; pl* pﬂ» LR pu; t)

[1pu sTom npeamonaraercs, uTO cOOTHOWeHHs (5) paspeltMMBl OTHOCH-
TeNnbHO §;, Py, T. €. YTO H3 HHX MOXHO HaHTH

q; :q!(Ql! Qg» seey Q”; Pp Pg. T Pn; f), ) ,
o 0 G e G P Pty | G2 e B

Tak xaxk kaHouuueckas dopma ypasuedufi (4) HeMOCPEACTBEHHO Bhl-
TeKaeT W3 BblpayeHHs MpuUHuMna [amuabToHa (2), TO AAS COXpaHeHus
KaHOHHUeCKOH ¢opMu ypasHenuit mocie mnpeoGpasosanus (5) HeoGxo-
auMo, 4To0bl npuHuMn [aMuAbTOHa B HOBHX mepeMeHHHX Q u P co-
XpaHHIl CBOe BuipameHHe, T, e. yToOn O6blLIO

}(£=1, 2, .vvy 1), (5)

t n
8 | —H+2Piéi)dt=0, (6)
ty

i=1

rie H(Q, P; ) ectb HeKkOTOpan (yHKUWA HOBBIX NepeMeHHHX Q u P,
ABAMIOMIAACS Aas HUX dyHxuueR [amuibrona. Bpems saece npu Bapbu-
POBaHUM CUHTAETCH (PUKCHPOBAHHBIM, KaK H B BuipaweHnd (2).

Herpynuo yGenurbes, 4To cooTHomerHe (6) Oyaer BBINOMHATHCA, eC/N
NoAbIHTErpaibhble Buipasenus B paeexcrsax (2) u (6) Oyayr pasau-
4aThCA HA NPOM3BOJHYIO MO BPeMeHH OT NPOH3BOJLHOM (YHKUHH cTa-
puiXx M HOBHX mepemenunX V' (p, q, P, Q; t), 7. e. ecim Oyner

n n
: 7 s av
—H@g p; )+ Y pgi=—HEQ P, )+ NP —S. (D
i=1 i=1
B camom nene,
£

av
‘[ ?dt == [V]‘=’I — [V].f:fo'

L

[lostomy, kakosa Obl HH Ounna dyHkuua V, Bapuauuws 3TOTO MHTerpana
GyiaeT paBHa Hy/moO, TaK Kak NpH f=={f, u f=1; dynkunua V umeer
$HUKCHPOBAHHBIE 3HAYEHHA U 6[V]S=IG=OIV},=,‘===0. Ho nockonsky
ISl CTAPHLIX TIEpeMEHHHX HMEEeT MEeCTO COOoTHoleHHe (2), TO npy Ha-
nuyuH pasencrsa (7) Gyser BHLINOMHATBCH M cooTHoulenHe (6),

[Tokawem tenepb, uro, 3amaBas GYHKUMIO V' DPOHSBOMBHO, MOMKHO
ONHO3HAYHO Onpene mTb NpeoGpa3oBanua (5). 3aMeTHM NpeABAPUTENLHO,
4TO MOCKOMbKY CTaphie W HOBbe MepeMeHHBE CBA3aHBL COOTHOMIEHH-
ssMp (D), M3 KOTOpPHX, MO CHEJAHHHIM IpeANo/OKeHHAM, J/WOLHe 1Be
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TPYMbl MepeMeHHHX MOTYT OhIThb BhHIpAaWeHb uepe3 NBe Apyrue (Hampu-
Mep, p, Q uepes ¢, P u T. 1.), To pyukuns V, asasiomancs GyHkumue
CTAPEIX M HOBHX MCPEMCHHLIX, MOXET HMeTb OIMH M3 CaAelyiowuX
BHAOB:

Vig. Q8. Vi(p. @ 8. Vi(g. P; #). V(p. P; 0.

PaccmoTpuM cHawana cayuatt, xorma V=V, (g, @; {). YumHowaa obe
yacTy paseHctsa (7) Ha df W onpenensa M3 Hero BeawunHy dV,, no-
TYUNM

¥ PaQ =Y, pidg+H—Fyat=av . @ =
i=1

i=1

n
o\ 9V, Q vy v,
_;{ S0 4Q: + e dg, + 2L Lt (8)
nOCKOHbI{y BCe MNEpeMeHHBle CHHTAKOTCA HE3ABHCHMBLIMH, TO, CpaBHHBAfR

KO9G@QHUHEHTH [MPH OAHHAKOBHIX mMdpdepeHnnanax B npapofl u JeBoH
yacTax pasedcTsa (8), moayumm

oV
Pi=3gt (=12 ... m )
v "
p£=—T'; (=12, ..., n) (9%)
ﬁ:H"“%o (9”;)

dopMyabl (9) RaOT BOBMOXKHOCTR HAHTH BHPaXEeHHA HOBHIX Mepe-
MeHHEX Q B P uepes crapue ¢ W p TpPH KAHOHMYECKOM Tpeobpaso-
BaHHH WJH, APYIHMH CAOBAMM, HalTH TaKOe TOYeuHOE Mpeobpa3oBanue
KOOpAHHAT 2n-MepHoro ¢azoBoro npocrpaHctea (g, p)—(Q, P), npn
KOTOpPOM KAHOHHYECKAs CHCTEMAa ypaBHeHHH

dq; of dp,; _ alt L
ap‘ ?———E (f—]. 2:---. n)
nepexo.cm‘r TaKe B KaHOHquCI{yIO CHUCTEMY
dQ; dPg . oH -
df aP‘ df —-—50—1' (l.—-l, 2,-..,.’?,).

Aro npeobpasopanme, Kak BuAHO 3 dopMmyn (9), 3aBHCHT OT BHI-
6opa npoussonbHoH dyukumn Vi(g, Q; £), KoTOpas HasulBaeTca npous-
godAaueld ghynryuel.

Yro6el HallTH BbIpaXeHus NepeMeHHHX Q H P uwepe3a ¢ H p, HYKHO
cHauana W3 ypasHeHu#t (9”), r. e, ypaBHeHHH

aV,(g, Q; ) =12, ..., n.

Pi=- qi
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onpeneauts Qp Qy ..., Q. B OYHKUHH apryMeHTOB 4y, G .. -, §pi
P Py «.-s P t. Ilocae sToro, noAcrasus HaRneHubie Bbipaxeuus Q
B ypapHenus (9'), T. e. B ypaBHeHHd

PI:_MOBS_;” (izl,gt"'i n)t

onpenensieM W3 wnx Py, P,, ..., P, B QyHKUHH TeX Xe apryMeuTos
g 920 -+ s Gus Py Pov --»s P £ Haxonen, paseuctso (9") mnos-
BoAser HafTé HOBYi0 ¢yHkumio amuabrona /.

3. Jlpyrue dopMbel KanonHueckHX npeoOpasopannii, Haftnem te-
mepb (GOPMYab, ONpelensiOMe KAHOHHYECKHE Npeo6pasoBaHya NpH Apy-
ruX BuAAX npousBoisiiet ¢yHKumM. [lns 9TOro BOCMOMB3YEMCA paseH-
cTBoM (8)

2P dQ— 3 pydg+(H —Hydt =dV,(q. @ 1. (8)
IpeoGpasyem uneH ; p,;dq;, yuutbiBad, uTO
;p; dq;=d§psqf—§qs dp,. (10)

[Moncrapnss Bupamenne (10) B paBencteo (B) M nepesecs monHui#h
auddepenuyai B npasyio yacTb, NOTYUYHM

2P dQ+Xqdp+H—Mat=d[V,@q. Q 0+ 2 pai]

B unene, sakniueHHOM cnpaBa B KBanpaTHHe ckOOKM, GyleMm CUMTaThL
BCe ¢, BBIPAKEHHBIMH uepes p;, Q,; MOCpPelAcTBOM cooTHolueHu# (5), (5')
H BBefeM 0003HaYeHHe

[V: ¢ Q H+ ?.‘. pm] =V,(p. Q 0,

q>(p, Q)

rie V,—Hosad mpomnsponswas ¢ynxuua. Torma Oynem uMeTh
?Ptin+2é’edP£+(H"‘ﬁ)df=dV2(P. Q0,
OTKYIa NyTeM CPaBHeHHA KoIpPHUHEHTOB IPH OAHHAKOBLIX AHddepen-

nManax Mnoay4aiotcs GopMyJH, OnpeAe]dlOHE KaHOHWYecKoe mpeoGpa-
30BaHHEe, 4 HMEHHO

oV v, )
Pf—_—_go Q=—3,
3 1=
s o i (=12 ..., n. (11)
H=H——2

ot
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Ina onpefenedns HOBHIX KOOpAWHAT Q W P u3 Bropo#t rpynns
ypassenut (11) onpexensem Q|g, p, f{ W BCTaBAseM B ypaBuewus nep-
BOR rpymms, OTKyaa omnpeneasem Plg, p, ¢. TlpeoGpasosanus (11)
npenacrapasioT co6ofl HHYIO (OPMY KAHOHMYECKHX NpeoGpa3soBaHHK, OT-
auuHyo ot npeobpasosanus (9).

Ina nonyuenus TpeTbe#t GopMbl KaHOHMUECKHX mpeoGpasoBaHHit Mpe-

obpasyem ; P,dQ,, npenctaBuB ee B BuIe

;P: in=dZ£PfQi-—§Q, dp,. (12)
Toxncraenss Bupaxenne (12) B paBenctso (8), nosayuum
—ZQ:"P:—;FIJQI-Q"(H“'H)WH

=d[Vile @& H—ZQP|=dVy(q. Pi ). (19)

TTpu oTOM ONATH MPENNONONEHO, 4TO B MpaBofl 4acTh Bce Q; BHIpAMEHH
uepes ¢;, P,. CpaBuuBas kod(pdunnenTs npu oXnMHAKOBHIX Auddeper-~
uuanax B paBeHcTBe (13), moayuuM TpeThio GOpMYy KAHOHHYECKHX Npe-
o0pasoBaHuit

v A4
U=—1p* Pi=—7"
i i (=1, 2, ..., n. (14
Tt
= of

Dra ¢opma mowmer ObiTh MonyueHa u3 ¢opmb (11) npocTo#t nepecra-
HOBKOH CT4pDHX M HOBHIX [ePeMeHHLIX M MOSTOMY He SBJAACTCA HOBOM.

Ecan caenaTs npeofpasoBanne [epBOTG M BTOPOro uAeHOB nNeBof
yacth paseHcrsa (8), npeacraBuB MX B BMIe

E‘P: dQ;'—*—*dlZP;Q;——?Q;dP,-: Z‘p,—drhxdgms—izqsdm-

TO, NOACTABIAA . 9TH BHIpaXKeHWd B paBeHCTBO (8), MOAYUMM YeTBEPTYIO
dopMy KaHoHuuecKHX npeobpasopannfl. TToacTaHoBka maeT

—3QdP,+ Rgdp,+H— Hydt =
=d[Vilg. & 9— ZPQ+Z pig]  (15)

OTKyAa MOMy4HM

oV, oV,
QJ‘—='—' ars q;='—"'ap '
_ 5 * ¢=1,2...,n, (16
H=H-2+

roe

Vip. P H=V,(q, @ r)——glP;Q;+§pm.
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npuYeM B TNpaBOR YACTH Bce ¢, M (), CUHTAIOTCA BEIPAWEHHBIMH
yepes p;, P,.

Hrak, B 3aBucuMOCTH OT BhiGopa MpowsBOAswed QYHKUHHA, MH MOy~
yaeM BblIIeyKasaHHeIC 4YeThipe (JOPMEI KAHOHHYECKHX MpPe0OpasoBaHuil.

3. Npumep. Paccmotpum aBMMeHHe MaTepHaibHOH Toyku mox AefcTBHEM
neuTpaibHoii cuapl B naockoctH Oxy (Touka O— uentp cuant). Bepa B kave-
cTBe OGOGHIEHHHIX KOODAMHAT ACKAPTOBH, T. €. NMONAFa% ¢, = X, g, = ¥, HOAY-
YHM BHIPAXEHHA A8 KHHeTHYeCKoll W norteHumaipHoil sHepruf

T=% @4y, V=FFxFy).
Otciona py = mx, py=my u dyHkuma aMuabTona
l P —
H= 5 (st 4 )+ F(VF+ ). (@

Jlna ocymectBieHHS NepPexoAa K HOBHM (NOJAPHLIM) KOODRHHATAM PacCMOTPHM
NpON3ROAALLYI0 YHKINIO

Vsu—(P. VT y2 4 Py arclg é'f)

Toraa uz nepsoit rpynnst ypashenuii (14) naXoimm

V. T oV
Q,=—$:—= A2 y2i=r, Q,a—ﬁ=arctg%=¢, (6)

rie r # ¢ — MoASPHBIE KOOPAHHATHL.
Ha Bropoit rpynnsl ypaBHenu#t (14) noayuum

% x x
px=—?x—s=Pl-;-—P2 %'; Py=-"?}""=Pl%+P2 r_g' (B]

Orciona, ymuomas oGe 4acTH MEPBOrC PaBEHCTBA HA X, a BTOPOTO HA Yy K
CKAANBIBAA TOJyuEeHHble BhIPAWEHHA MOWNEHHO, HaltieM, 3aMeHHB py M py HX
BHAUCHUAMH MX, my:

m (xE y5) = L (b 3 waw mrf = Pyr
oTKyaa
Py = mr, r)

Janee, ymHOxaa ofe YACTH NEpBOro M3 paBeHcTB (B) HA -—y, a BTOPOro Ha x
H CKIanwBas, OyaeM HMeETh

m (xy — yx) =Py
a u3 Bolpamenua ias Q, B paBeHcTBax (6) Haxomum

s x;v —yx x_w} — y.i-
¢= X2 + y2 2 ¥
CrenogaTenbHo, .
Py = mrip. (x)

Pasetictea (6), (r), (1) u AawT 3HaYeHHA HOBAIX KAHOHMYECKHX [EPEeMEHHBbIX
B NOAAPHHX KOOpAHHATAX (cM. npumep B § 21, m. 4).
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IMockoabky mpouspopsimias ¢ynkuns V, B naHHOM cayuae SBHO OT BpeMeHH
He 3aBHMCHT, TO, COriacHO nmocaeaHemy us pasencts (14), = M. [lostomy, noa-

cTaBafd B (opmyay (a) 3HAUEHHS p,, Py H3 paBeHCTB (B), HaigeM QyHKUHIO
TaMuabTOHAa 0AA HOBHX MEpeMEHHLIX B Buie

1 P;
H=§,;;(Pf+-%)+f’(f)- (e)

Bropass H3 HOBHX Koopauuar, T. €. @, ==, oxasarace uuxamiecxoif. Caenosa-
TelXbHO, HMeeM CPasy NEpBui MHTErpan

Py= mr’&) = const.

Kpome toro, nockosbky 1 ABHO OT { He 3aBHCHT, 3IECh EUle HMEeT MecTo
HHTErpaJ 3sepruu (cMm. mpumep B § 21, n. 4).

PaccMoTpeHHEIH npuMep TOKa3bBaeT, KaK NYTEM KaHOHHYeCKoro mpeobpa-
30BaHHA MOWHO CPellH HOBEIX KOODAHHAT MOJAYYHTh UHKAMMECKHe [B cTapelx

KOOPAHHATAX X, ¥, KaK BHAHO M3 BhlpaweHus (a), HW OAHA H3 KOOPAHHAT IHKIH-~
Yyeckoil He sABAAKACH).

90 H. H. Byxroasy



IJIABA CEJBMAS
TEOPUS YJAPA

§ 28. Teopus ynapa marepHanpHol TOUKM

1. OcHopHbie NOHATHA H onpeseaeHdsn, TeopeMa o0 wuaMeHenuw
KONHYECTBA [BMMKEHHMSI MATEPHANBLHON TOYKH MMeeT B AudidbepeHnuanbuoft
dopmMe BUI

d (mv) = F dt. (1)

MMpounterpupyem obe uactH ypaslienns (1) B unreppate ot =0 no
=T, Npeanonaras, 4ro cuad F MomeT OuTe npeiacrabieHa Kak ¢yHK-
[HA BpeMeHH; NOJYUHM

T
mo — mo, = _[ Fdt. (2)
a

Jlepas uwacTh paBenctsa (2) mpencramageT cobo#t mpupaleHVe KOJIHYECTBA
IBuKEHWs, a TpaBag — uMNyAbC CHABl F 32 NpPOMEKYTOK BpeMeHH T.
Bo pcex npeXbUIywuX T/1aBaxX Mbl HMeaH Jeo TOALKO C TaKHMH Cly-
YasMH, KOrAa KOMHYECTBO NBHIKEHUA NOJYYAI0 KOHEeHHOEe NpHpalleHne AHllib
383 KOHeWHBI TIPOMEXYTOK BpPeMeHH; HHBIMM CJIOBAMH, KOJHMYECTBO ABH-
WEHHS] BCerIa TNPeacTaBAsJOCh HenpepLBHOW dyHKuMeH OT BpeMeuH.
CywHocTh ABAEHMA yaapa 3akliouyaercs B TOM, uTO TNpH yadpe NpoHc-
XOAHT KOHeyHOe H3MeHeHHe CKOPOCTH D, a C/IeJOBATENLHO, M KOJHYECTBA
NBMKEHHS MY 33 BecbMa Majbifl NPOMeXYTOK BpeMeHM, [PAKTHYeCKH
u3MepaeMbl THICAUHEIMA H MeHBLIUHMH HOASMH CeKYHIHL.

O6o3Hauan cpegHee B3HauyeHWe yaapHoft cwiwm F B HHTEpBane oyeub
Maoro TpOMeMyTKa BpeMeHH T uepes F*, moiyunM M3 paBeHcrsa (2)
(1o TeopeMe O cpeaHeM B3HAYeHHH)

mo — moy, = F'1, 3)

PapenctBo (3) NOKasLiBaeT, HTO MPH MAaNOM T NPHpAlEHHe KOJHYECTBA

JABHKEHHA 6]{,{[01‘ HMeTb KOHEYHYI0 BeJH4YHHY, TOJBKO B TOM cnyuae,
1

ecan F* ouens BeqMKo (nopsm{a ;), 4T0 neHCTBHTENHO H Habmoldaercs
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Bo BpeMs ynapa. MaMepath ymapHbie cHAB HEMOCPEICTBEHHO HeynoOGHO,
#60 OHH AOCTHralOT OuYeHb OOMBLIMX BEAHYHH X K TOMY XKe BO BpeMs
yadpa He OCTAOTCA MOCTOAHHBIMM. [TOCKO/IbKY mpHpaiueHHe KOAWuecTBa
JABWKEHHA OCTAeTC BeJMYHHOR KOHedHOW, nOCTolbKy, Kak STO caeayet
u3 paseHcts (2) u (3), ropasno ymoOuee Ipu BCEX W3MePEHHSX W pac-
4eTaxX ONMepUpoBaTh He C yNAPHHIMH CHAAMH, A C HX WMnyabcaMd. Byxem
8 nancHeftureM ynapasiff uMnyabc 0003uauath 4yepe3d §, Tak uTo

T
S§= _[ Fdt. )
0

ChenosarenbHo, paseHcTso (2) mepennmercs B BHAe
mo — moy=S§. (5)

B wnanaraeMo#t Hinxe oOuleHl Teopnu ynapa Bpema yfapa T CUMTaercd
BenHynHOR GecKOHeuHo Manoft.

Cuam F, xoTOpme, HeHcTBys B TeueHHe OECKOHEUHO Manoro mpo-
MeXYTKA BpeMeHH T, cOOOLIAIOT TOYKe KOHEUHOE H3MeHeHHWe CKOPOCTH,
Gynem HasuiBaTb ydapusimu cuiamy. B nancHeftuiem 6yneM oTaMYarh
yIapHble CHAbl OT KOHeUHBIX CHA, Ae#cTBHEM KOTOPHIX 3a BpeMs y@apa Tt
MOXHO NpeHeGperats. B camom nene, u3 papeucTBa (3) BHAHO, 4TO mp#
KoHeuHOft BenmunHe F* mpaBas dacTh Oyler OGecKOHe4HO Manao# Benmun-
HOMt mopAlka T, 4 ClelOBaTeNbHO, H JeBas Y4CTb, T. €. MpHpalleHue
KONHYECTBA JNBWMEHHS, Bbi3bIBAeMOe KOHeUHWMH CHIaMu F, Oyzer rtaxme
GecKOHeUHO Mano.

2. Nepememenus Toukd 3a spemsa yaapa. [Jokanmewm, uto mepeme-
uleHwe TOYKH 3a BpeMa ynapa Oyaer GeCkoHeuHO Mano. 3aMeTuB, 4TO

dr
Q—E—.
rfle r ecTb paauyc-BeKTOp, OlNpelensioinil MOJOKEHHEe paccMaTprBaeMoi
TOUYKM OTHOCHTENbHO HEKOTOPOH CHCTeMbl OTCYeTa, yMHowuM obe dactu
paseHcTBa (D) HAa df W NPOMHTErpHpyeM B HHTepBaje OT Hyad IO T;
N0y 4HM

T
r=rot 05T+ _fsat,
(]
otkyna
arsr—-ro=oor+%s‘r.

3ueck S* ecTb cpenHee 3HaueHWe YIAPHOFO MMIYAbca 3a BpeMs T. Yuu-
TEIBAaA, YTO ¥y M 8§ CyTh BeAHUHHB KOHEuHHie, 4 T GecKOHeuHO Mano,
MpUXONHM K BLIBOLY, 4YTO 3a BpeMfl ylapa nepeMelneHne Ar TOUYKH TaKiKe
GeckoHedHO Malio.

20*
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3. OcHoBHOe ypaBHeHHe TeOpHH yaapa (TteopeMa 06 H3MeHeHHH
KOJIH4eCTBA ABHKEHHA TOYKH NpH yaape)., OGosHauuM npupaiueHue
KOJIHYeCTBA IABHKEHHS MY — MV, KOTOpPOE MoMeT OHTL HA3BAHO <«IIPH-
ofpeTeHHBM KOJMYECTBOM NBMIKeHWA», uvepes Am®; TOria W3 paBeH-
crBa (B) nakineM

Amo=S§. (6)

AroT pesynbTAT MOXKHO CHOPMYIHPOBATE TAK: KOAUHECMBO JBUNCEHUS,
npuoGpemenHoe MOUKON 3a 8peMs yoapa, PABHO YOAPHOMY UMIYABCY.
Tak kax B Teopuu ylapa MH OTKA3a/JHCb OT PACCMOTPEHUA YCKope-
HuHl, KOTOpBIC BeCbMa BeJHKM, M MOCKOJbKY Mbl MOWeM npeHeOperarhb
NepeMelleHHAMH Npu yaape (cMm. M. 3), mNocToAbKy ypaBHeHue (6), auna-
noruydoe ypasHeHWio Heiorona mw =F, sBasercs OCHOBHBIM ypaBHe-
HHeM TEOpHM yAapa, ¢ NOMOWBI KOTOPOTO MOXKHO Cpasy OlpeleiHThb
HCKOMOC M3MeHeHHe CKOpPOCTH TOYKH MO 334aHHOMY YIAPHOMY uMNynabcy,
waM  HaoGopoT. 3aMeTHM, 4TO 3TO YpaBHEHHE SBJAACTCH KOHEYHLIM,
a4 He aM¢pdepeHNHANbHBIM yPABHEHMEM; TIOSTOMY 3alayH TeOopHH yaapa
TOYKH H CHCTEeMBl MaTepHaJbHEIX TOUEK B MeXaHHKe CBOAATCSH 06b4HO
K pellleHWI0 CHCTeMbl KOHeYHHX ypaBHeHMH.

4. Teopema 06 H3MeHEHUH MOMEHTA KOJHYECTBA ABHKEHHA TOYKH
npH yaape. YMHOXHB o0e yacTH paBeHcTBa (6) BEeKTOpPHO cJ/epa Ha
panuyc-gexTop r, noayunM r X A (mo)=r X § nm

A(r X mo)=r XS, (7)
NOTOMY 4Te

r X A(mo)=A(r X mv) — (Ar X mo) = A (r X mv),

H6O C TOUHOCTBIO IO Y/IeHOB MepBoft cremeHn ManocTH Ar =0 (cum. 1. 2).
Cnenona’renhuo. npupameHe 3a BpeMda ylapa MOMeHTa KOJHyecTBad OBH-
MEHHA TOYKM OTHOCHTENBHO HEeKOTOPOTO UeHTPa PaBHO MOMEHTY ynap-
HOPO WMIyJAbCa OTHOCHTEIbHO TOrO e LEHTpA.

5. Npunuun ManamGepa. ITepenoca B ypapnenun (5) Bce daeHbl
B OZHY CTOPOHY, NOJYYHM

8§+ (moy,—mov)=0, (8)

HJ/TH

S+ (—Amv)=0. 8"

Buipamenne B pyrabXx cuobrax B ABYX NOCReIHMX (HOPMYJIaxX Npeacra-
BAfeT COGON «NOTePAHHOE KOJHYECTBO JBUMEHHHA», KOTOPOE MONKHO
TaK)Xe Ha3BaTb <«YIapHBIM UMIIYJALCOM CHAbl HHEDUHH». Ecan, KpoMme
TOr0, Ha TOUYKY HAJOMXEHbl CBA3W, TO HeoBX0aHMO yuecTh eule ynapHue
uMnyaecH peaknuft. Takum obpasoM, noaydum

§% 4 SV 4 (— Amo) =0, ©

rie 8% u 8V — COOTBETCTBEHHO YNApHHE UMITyJIbCh AKTHBHBIX Y13dpHBIX
cua M yaapHmX peaxuuBt ceaset. Tawkum o6pasom, 3a Bpema yrxapa
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AKTHMBHBIE W [MaCCHBHEIE YA4apHble HMAyAbCH, NeACTBylOLIME HA TOUKY,
MOTyT OHTb ypaBHOBElueHb YAAPHHIM HMIYJALCOM CH/BL HHepunu—Amo.
Ao ectb popmyanposka npunHumna JanamGepa B TeOpHH YAapa TOUKH.

6. Ynpyruii H HeynpyrHii yraps! TOYKH O HENOABHKHYIO MOBEpX-
nocTh. KoapduumeHnT BoccTaHoBaeHwsa. PaccMorpum ciayéaft, xoraa
TOYKA MACCH M, ABHKYINASCS CO CKOPOCTBIO U, BCTpeudeT HA CBOEM MYTH
HEeMONBHKHYIO TOBepxHocTe (puc. 92).
Bnaronaps  MIHOBEHHOMY — HAJIO0KEeHHIO
CBsI3K, 4YTO CO3J4eT yXapHEI HMIIYJbC
PeAKIHH, TOYKA HCIBITBIBAET YAAP W MTHO-
BEHHO W3MEHfeT CBOX CKOPOCTh.

Q603HaYuM CKOPOCTh TOUKH B KOHLE
ynapa uepes ©v'. Ha ocHoBaHun ypasue-
uns (6) noayuum

mo' —mo=S". (10)
Pa3noxuM cKOpOCTH © W ?' 1O Hampas- .
NeHHsAM HOpMaad M KacaredbHOR K no- Puc. 92

BepXHOCTH B Touke ymapa A (Gepem

Y KacaTeJbHy0 K MNOBEPXHOCTH, KOTOpas JIEXHT B OOHOH MAOCKOCTH
C BEKTOPOM P M HopMajbw). Toraa

”:wn_'_vt’ vfh_ﬁg:;“i"w;'

Byaem mnpeanosarare CBA3L WLeanbHOW, CJeloBaTeNbHO, yaapublii
MMOyAbC peaKkuuH 6Y.II.BT HanpaBjieH MO HOPMAJH, W MOITOMY COCTABAAID -
nmag CKOpPOCTH MO HANpaBleHH' KacarellbHOM K MOBepXHOCTH He H3Me-
HMTCA 33 BpeMs yxapa, TaKk uro

v, =0 (11y

B camoM fene, Npoektupys obe uacru papencrBa (10) Ha Hanpas/enne
KacaTenbHOH T, TNMOJYuHM

! —
mv, — mu = 0,

OTKYl4 CheflyeT chnpapeinusocTth pasexcrsa (11).

PaccMorpuM TPH BO3MOXHBIX Cayuas ynapa:

1) 9, ==0. Dror cayya#t HasLIBAIOT aOCOMOTHO HEYMPYTHM YNapOM
TOYKH O CBHASb, M CaMy CBA3b HA3LIBAIOT a6COMOTHO Heynpyro#l. 3mech
NPOUCXOIUT NOJAHAS NMOTEepd HOpMaabHOH CocTaBAdIOIEH CKOPOCTH.

2) 0, ==—9,. OroT C/y4alt HasEBAIOT abCOMOTHO YHPYrHM yIapom
TOYKM O CBfigb M CaMy CBA3b — abcomoTHO ympyroft, 3iech HOpMadbHas
COCTaBIAIAA CKOPOCTH HE H3MEHACTCH NO YUCMEHHON BEHYHMHE, 3 TOJABKOs
MeHsieT CBO@ HATpaBACHHe HAa IPOTHBOMNOICKHOE,
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3 0;:—~kvn, rae 0 <k <1. Dror cayualt Ha3LBAIOT HecoBep-
HIEHHO YNPYrHM YIAPOM H CaMy CBSi3b — HeCOBepHIeHHO ynpyro#t. 3nech
HMeeT MecTO u3MeHeHHe (YacTHUHA# noOTepd) HOpManbHOR cocrapaswied
CKOpOCTH MO 4uCIeHHOH BeAnuHHe.

Bce 91u Tpu cayuas MoxHO OOBbeIHHMTb OINHHM DPaBeHCTBOM

’
v, =—ko,

rae nas l-ro cayuas k=0, n1a 2-ro cayuadn k=1 u a1 3-ro
0 < k<1, tak uro BooGue
0, =—ko, OLeLD, (12)
BenuuuHa k, paBHas OTHOIIGHHIO MOZNyje#t HOPMalNbHHX COCTAaBAMO-
KX CKODOCTH TOYKM B KOHLE W B Haua/je ylnapa, HOCHT Ha3BaHuwe kKoad-
¢uuneHTa BOCCTAHOB/eHHA (kKOo3ddHuUMenTa ynapa) u XapakTepHayeT MpH-
pony (ymnpyrocts, MJACTHYHOCTH) YAAPAIOWHX Ted. 3Hauue 9TOro Kosd-
¢unnenta, sseaekHoro HpioTOHOM, HeOOXOIHMO AN HCCAeNOBAHNA ABneHuHH
ylapa.
O603Hauas uepe3 o W P yrael, oOpasoBaHHBle HOPMATBIO ¢ © U 7',
T. €. yrapl nalzedust M OTpaxceHua (cM. puc. 92), noayuum

tga="1%, tgp="%,
v-‘! n
Orcona, coranacHo pasedcrsy (12), naftmew

’
8% Y =k, (13)

tgp Un
T. ©. K03dpPunMeHT BOCCTAHOBAEHHA ecTh OTHONIeHMe TaHreHca yraa ma-
LeHMst K TaHreHCy yraa orpawmedna. Ilpu abcomoTHO HeynpyroM ynape

AOAYYHM ﬂ:-’i. npx abcoMOTHO ynpyroM yaape iga==1igp, a=p u

NIpH HecOBepHIEHHO ynpyroM yaape tgo < tgf, a <p.

7. OnuiTHoe onpegeenne KosduuHenTa BoccTaHOBACHAA. YIpy-
rHff wWwapuk, nagaoumit cBOGOLHO HA YNPYryid rOPH3OHTANBHYIO HEMoaA-
BHKHYI0 [JIOCKOCTb € BHICOTH /2, YIADWBIIHCL O TUIOCKOCTb, IOACKOYHT
3areM Han He#t Ha Hekoropyio Buicory h'. Hwmes stu sanuse (B u '),
nerko Ha#TH B3HauyeHWe R, COOTBETCTBYIOLIeE MATepHAaNy YA4paIolIAXCH
ten, Cornacuo dopmynam Tanunea umeem (ocTasnias AR ckopocTe# 0603-
HaueHHA TIPENBINYULEro MYyHKTA)

v=\2gk, o =V 2gh";

—£yE

B umealbHOM cayude aGCOMOTHO YNPYTHX ‘Ted ROAyuwM k' =h, a A1a
abconioTHO Heynpyroro Tena A’ ==0; A4 HecOBepuUICHHO YNPYrux Ten

TOorna
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Ten 0 << h' < h. Hanpumep, cpennne 3sHaueHns KooddpuumeHra & npn
5
v~ 3 m/ceK TAKOBH: LI CTAMM # OpOOKM k=5, a8 CIOHOBOH

KOCTH k=%. IAs  CTeKnma k:}—g. g Hgepesa k:%. 3uavenne

CKOPOCTH ¥, NPW KOTOPOH NPOHCXOAMA yaap, HeOOXOIHMO yKasarh, ubo
BOOGIe BelHYnHA KOd(dHUMeHTa £ TaKKe 3aBMCHT OT v.

8. HsmeHeHHe KHHETHYECKOH 9HepraW TOYKH NpH yaape (Teo-
pema Kapno), JokaxeMm TeopeMy Kapuo, nospongioulyio OnpenenuTs
H3MeHeHHe KMHEeTHUeCKOH SHepruH B TeX CAyyasX, KOIAA TOYKA UCHBITH -
BaeT ymap Omaronaps TOMY, YTO Ha Hee MTHOBEHHO HAKJMANBIBAETCH HJIH
C Hee MTHOBEHHO CHUMAeTcsi abCOLIOMHO Heynpyzas uieanbHas CBf3b,
910 3HauMT, YTO CBs3b, HAJMOMEHHas BO BpeMs ynapa, Oyrer nmpomo.-
MaThb CYMeECTBOBATL H MOcC/e yaapa, 4 CBa3b, CHATAS BO BpeMs ynapa,
OyaeT OTCYTCTBOBATH M [IOCAe ynapa. Tak, HanpHMep, B 3ajave, pac-
cMorpeHHOR B nm. 6, MBI HMeAH, 4TO NpH abBCOMOTHO HeyNMpyro# ceasm
HOPMA/bHAS COCTABASIOIIAS CKOPOCTM TOYKH MOcAe yaapa Owmna paeHa
HYAO, T. €. TOYKa MOC/Ae ynapa NpONOXKada CBOe IBHMeHHEe COTAACHO
€O CBA3bI0, VHBIMM C/I0BaMM, NOK43biBaeMasi TeOpeMa OTHOCHTCH K Cyuaio
a6CcoMoTHO Heympyroro yaapa,

YkasaHHble ABAa CAYUad OTAHUAIOTCA OAMH OT APYTOro, HO Aas OGOHX
ciyvaep Oymer cnpapenausa ¢opmyna (10):

mo — mo =S, (10)

I-i cayuaii: MzHOoBeHHOe HaA0dCeHue C8a3eli. YmuowuM o6e uactu

pasencrea (10) CkaAgpHO HA CKOPOCTH @' TOYKM B KOHIE yHapa; MOAYuHM
mv'? —mo. .o =8".0.

Tax kax nepemelredde TOYKH [OCJe yhaapa cOTJacHO €O CBA3AMH, Hano-
WeHHBIMH BO BpeMs ylapa, H CBA3H HieadbHHl, TO CKANAPHOE IPOH3Be-
nenne SV .2 paBHo Hymo. [TosToMy nO cokpaileHWM HA m W3 Npeabay-
ueft dopMynnl HaliaeM Takoe BCIOMOTaTenbHOe COOTHOINEHHE:
2
v —wv-9'=0. (15)

Onpenemm Tenepb HCKOMoe W3aMeHeHHe KHHeTHYECKON SHepruH rnpr
MrHOBeHHOM HaNOMeHUH CBs3el HA JABHKYLIYIOCA TOYKY; OHO pPaBHO

mv®  m?  m (v — o),

(16)

PasHocTb KBALpAaTOB, BXOAIUIMX B NMpaRylo Yacrk paseHcTBa (16), MoxHo
npeo6pasosarTh, BHUTH M3 Hee YIBOGHHYIO /EBYIO 4acTh paBeHcTBa (15),
PABHYIO HYJIO; NMONYUuM
Ve =0 — 207 £ 20 . 0 = — (07— 20. 0 )=
=—(7"— 1),
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Torna
muv? my'?
e 2
D10T pe3yabTaT MOKHO CHOPMYAMPOBATH TAK: KuHemU4ecKas SHepzuf,
ROMEPANHASL MOUKOH NPy MIZHOBEHHOM HAAONEHUU HA Hee alCo-
AOMHO  Heynpy20ll C8A3u, pasna KuHemu4ecxkol SHepzuu, KOMopyio
umera 6w mouxa, Osuzasch ¢ ROMEPANHOE CKOPOCMBIO, NPH STOM
104, «MOTepsiHHOK CKOPOCTBIO®» MONPA3yMeBAeTcs PasHOCTb ¥ —7',
2-ii caywal: M2HO8ennoe cnamue ceased. YMuowuM ob6e uyacTH
pabercTha (10) ckanaspHO HA CKOpOCTh © TOUKM B Hayane ynapa; Mojy-
uuM BMecTo paseHcTBa (15) Takoe BcnoMoraTeabHOE COOTHOIIEHHE

v .0 —v2=0, (18)

=%(o_g')2. (17

TaK Kak renepb oOpamaerca B HyAb CKalfpHOE NMpPOHM3BeLeHHe sV. o,
NOTOMY 4rQ €O CBA3AMH COTVIACHO NepeMelieHWe TOYKH He mocie yaapa,
HOTIA CBASH OKA3LIBAIOTCH CHATBLIMH, a nNepeMelleHWe mo yrapa. Pas-
HOCTE KBanparoB ckopocreft B dopmyne (16) mpeobpasyerca Takum xe
-00pasom:

V=t 2 —0p’ . 0+ 200 =1v2—20.0 4+ v’ =(v —o)
Iloatomy

— )2, (19)

4TO MOKHO CQOPMYANPOBATh TAK: KUHEMUHECKAST SHep2Us, npuobpe-
MEHKAA MOUKOl NPy M2HOBEHHOM CHREmMuu csfzel, pasia mold Kune-
munecoli sHepauu, KOMoOpYo userd Gu mouxa, 08uzaACL € NPUOG-
PEeMennoi cropocmsio.

§ 29. Teopus ynapa CHCTeMbl MAaTepHAJbHBIX TOYeK

l. Teopema 06 H3MeHEHHH KOJNHYECTBA ABHKEHHA CHCTeMBl NpH
ynape. PasnenuM Bce yjapHble HMIYAbCH, AeRCTBYIOLLIHE HAa CHCTEMY,
{OCTOFIIJ.LYIO us N MaTepHa/JbHBIX TOHEK, HAa BHYTpeHHHE M BHEIIHHE MO
“TeM e coolpameHusM, KakMe OblM npHBeneHH B CAyyae [MOIpasiene-
Hud OOLIKHOBEHHHX CHJ; TOTJ3, COrACHO paBeHcry (6), 4aa Kamaoh
“TOYKH ¢ Maccoit m, Gyner cupaBen/MBO PaBeHCTBO

A (myo,) = S5+ S5, (1

tne S5 u S, cyrb BuemmHpme § BHYTpeHHHE yAADHBIE MMMYIbCH, Heft-
CTBYIOIMe HA TOUKY ¢ macco#t m,. CocrauB monoGubie ypaBHeHWs ana
BCEX TOUEK CHCTEMbl W CAOKHB HX, TOAYUHM

P A(myy) =28, + X S,
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HH

i
QQEQZ myoy == 2 83 ‘+‘2 S
v v ¥
e vepes Q== | m,0, Mb OGO3HAYHAH KOJHYECTBO NBMIKEHHS CHCTEMEI.
v

i
3ameuas, uro0 Xy Sy==0 Ha OCHOBaHHM TpeThero 3akoHa HbioToHa, mpu-
b

XOOUM K TAKOMY peayabrary:
AQ = MAv, = S5, (2)
v

T. €. KOMMuecTBO IBHIKEHHS, npuobpereHHoe cucTeMol 3a BpeMs ynapa,.
PA4BHO CYMMe BCeX BHEHIHHX YHapHHX HMIIYJIbCOB, TIPHJIOMEHHBIX K CH-
cTeMe.

Eciu Ha cucTeMy BHelIHpe ylapHbie WMIYJALCH He aelcTByIOT, TO
KOJNMYECTBO JBHWEHHS CHCTeMbl € # CKOPOCTh LeHTpA MacCe o, Mpu
yaape He H3MeHAIOTCH.

2. Teopema 06 H3MeHeHHH KHHETHYECKOT0 MOMEHTA CHCTEMH
npH ypape, YMHoxuM o6e uactm pasencrsa (1) BekropHO c/eBa Ha
panuyc-BeKTOp £, TOUKH C Maccoi m,, npoBeleHHBIH M3 HeKOTOpOro
nesrpa O, W NpocyMMHpYeM STO pPaBeHCTBO MO HHIEKCY V I BCeX
TOUYECK CHCTEMBI; IIOII)“!HM

g 7y X A (my®y)] = 2‘. (ry X S$)+§ (rv % 89). 3)

Ha ocHoBanun paccywaenuft, uaiomeHHnx B § 28 1. 4, neByw wacto
paBeHcTBa (3) MOKHO npeo6pasoBaTe K BHAY

2iry X A(mp =2 (r, X mo,);

v v
KpOMe TOro, BTopas CyMMa B npaBofi yacTu paBeHcTBa (3) paeHa Hymo,
KOO /18 Kaxaorc BHYTPECHHErO YNApHOTO MMNy/bca HAHAETCA DAaBHEIR M

NPOTHBOMNOJOMHO HAMpasJeHHBIR HMNYJALC; NMOITOMY BMeCTO paBeHCTBa (3)
OyneM uMeTh crefylouiee:

Az(rv K myvy) = Z(rv X S:)-
v v

MITH

AGo = Y momo (%), 4y

v
rue G,= > (r,X m,0,) ecrb KHHeTHYECKHH MOMEHT CHCTEMbl OTHOCM-
v
TeabHO HeKoTOporo BuGpantoro uenrpa O, a X momo (8Y)== N (r, X S5}
v v

eCTe CyMMa MOMEHTOB OTHOCHTE/IBHO TOIMNO0 MXE LEHTPAa BCeX BHEIUIHUX
ynapHbX uMmnyiascoB. Takum o6pasom, ypaBHenne (4) Moxuo cdopmy-
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AMpOBATh TAK: U3MEHEHUE 3G BPeMS YOAPQ KUHEMUHECKO20 MOMEHMA
cucmensl, 83AMO20 OMHOCUMEABRO HEKOMOPOO UeHmpa, pPAaABHO
cyMMe MOMERMOB, B3AMBX OMHOCUMEABHO MO0 HCE KeHmMpa, 8Cex
BHEUHUX YOAPHBLX UMNYABCOB.

3aMeTHM, 4TO MOCKOJbKY INepeMeleHHMH TOYeK CHCTEeMBl 3a BPeMs
yaapa Mue npeselperaeM, TO NOKa3aHHaA TeopeMa CnpaBed/iHBA OTHOCH=
TenbHO moGoro uedrpa O, CBA3aHHOrO WM He CBA3AHHOTO C CHUCTeMOH,
H, B 4ACTHOCTH, OTHOCHTEJLHO [EHTpPa MAaCcC CHCTEMBHl.

3. HameHeHHE KWHETHYECKOH 9HEpTHH cHCTeMbl OpH yaape (Teo-
pema Kapuo). Moxawmem rteopeMy KapHo nna cucrembl, mpeamoJaras,
kak H B § 28, n. 8, 4r0 ynap npoMCXOmDMT MAM OT MIHOBEHHOrO Hano-
WeHHsl, WIH OT MCHOBEHHOTO CHATHA aOCOMIOTHO HEYMPYrHX HIEaNbHHX
cpAseft. B 006oux caywasx nAs KawIoH TOYKH CHCTeMbl C Maccoit m,
Gyner cnpasenaupa dopmyna (10) § 28, 1. e.

' N
myoy — myoy, =8y, (5)
Tle D, H D, CyTh CKODOCTH COOTBETCTBYIOWEH TOUKH B Hauaje K B KOHUe

ylapa, a S’:—yﬁapﬂuﬂ HMIyJabC peakuuil, NMpHAOMEHHHIX K 3TOH e
TOYKE,

HaftnemM WaMeHeHHe KHHETHUeCKOH SHeprdH B CAGAYOIIHX JABYX
cnyuaax:

I-4 cayuali: c8sg3u M2HOBEHHO HaaazaomcA. YMHOMas obe dacTH
papencrsa (5) Ha ©, W TNPOU3BENA CYMMUPOBAHHE MO WHIEKCY V AR
8ceX TOUeK CHCTEMBbl, TOMYUHM

f2 r
g mo. — g m,o,-v, =0, (6)
60 >y - sN=0 (cM. § 28, n. 8). Ismenenuwe KHHeTHUeCKOR 9Hep-
v

run T’ —7T 3a Bpemst ynmapa Oyner
1 ; 1
T — TE? 2 mvg‘f -7 2 mvﬂi. (7)
v v

Tax Kak BblpaweHHe, cTosiuee B AesoRt uactn Gopmyias (6), paBHo Hynio,
TO er0 MOMHO BHUYeCTb H3 MpaBo#t yacTH paBeHcTsa (7); Toraa, npu-
Beng moAoGHbIE YleHH!, Haimem

T —T=—3 Y m,(o,—v). ®
v

Tak Kak TpaBad 4acTb pasencrsa (8) orpuuarenbha, TO 0TCiOAa Cre-
Zyer, YTO KHHETHYecKas SHeprus T’ nocae yiapa MeHbIIE KHHETHUeCKOH
sueprun T 10 ynapa. B pesyabTaTe u3 pasencrsa (8) Haxomum

T—T =¥, 5m,(@,—v,p ©
v
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T. . KUHemuueckas uepaufl, NOMEPAHRAA CUCMEe MOl npU M2HOBeH-
HOM HQA0JCEHUU HA Hee AOGCOANMHO HEYNpYux cgAszeldl, pasna mol
KuHemuayeckoll sHepzul, KOmMoOpywo umera Oo cucmema, ecau 6w ee
mouky O0gu2AAUCH ¢ NOMEPAHKBMUE CKOPOCMAMU.

2.4 cayuad: m2HO8enHOe cuAmue cenzeli. B aToM cnyude Mbl Oynem
yMHOXaTh 0Ge 4acTH paBeHCTBa (5) CKA/AApPHO He HA BEKTOP *v;, a Ha

BEKTOp Dy, W60 Temeph X ¥y-Sy =0 (cM. § 28, n. 8); nposens
v

3aTEM TaKHMe Xe PACCYWACHHA, KaK W B IpENBNyleM caydae, NMOJy4UM
cleayouee BHpaweHHe A H3MeHeHHs KWHETHYECKOH SHepruH CHCTeMEB
npu ynape:

U '
T —T =Y, 5m, (2, — ) (10)
v
Tpasan uyacte dopmyan (10) nonoxmurenvHa, cnenosatenvHo, 7" > T, n
Ml IIPHXOAMM K TaKOMY BHIBOLY: KUuHemuueckas sHepzus, npuobpe-
mennas cucmemold npu 8He3IANHOM CHAMUU c8A3ell, pasna mol Kine-
mu4eckoll swepaull, KOMOPYIO UMelq Obi CUCMeEME, eCAU Ob ee mouku
08U2@AUCE ¢ NOMEPAHHBMU CKOPOCMAMU,

B kauecrBe WATIOCTpaUMu AAA 9TOrO BTOPOrO Cayuas MOMHO MpH-
BeCTH #ABJIeHHe B3phiBa TPaHATRI; MOMHO YTBepWNaTb, 4YTO HABJIEHHID
B3phIBA CONMYTCTBYET yBeluYeHHe KHHeTHYeCKOH sHepruml).

4. Npuunun Manambepa, Pasnenss ynapubie HMMnyabcel, aefiCTBYIO-
U{He Ha KAMAYK TOUKY CHCTEMB C MacCOf M., Ha AKTHUBHBIE M MACCHB-
HLIE, MOAY4YMM, COrJacHO dopmyne (9), crelyiwouee:

Sg_!_sc".}.(.-.ﬁmvw\,):() v=1, 2, ..., N), (11)

T. €. BO BPeMf ylapa aKTHBHBIE U TIACCHBHHIE YIapHHE MMILY/IbCH, Hefi-
CTBYIOIUME HA CHCTEMY MAaTepHadbHBIX TO4YEK, MOr'yr OblTh ypaBHOBEIIEHDB!
MHEPUMOHHBIMH YINAPHHMH HMIYJIbCaAMH. 3TO NONOMeHHe MNpencTaBiasser
cobo#t npuHumn Janambepa IAs CHCTEMH B TEOPHH yaapa.

5. Ypapnenne JHanamGepa — Jlarpauwxa B TE€OpHH YRapa. YMHO-
MMM CkafapHO oOe uacth paBeHctBa (11) Ha BupryanbHOe mepemeuie-
Hue Or, W NMPOCYMMMpyeM MO HMHIeKCY V LA BCeX TOYEK CHCTeMbl, IpH-
HHMasi BO BHUMaHHe, UYTO AN HAeadbHBIX CBfA3eh

gs{," . bry = 0.
TMonyunm
(8% — Amyw,) - dry =0. (12)
-
Wrak, cyMMa sneMeHTapHBLIX paBoT AKTHBHLIX YAAPHBIX HMIyAbCOB M

YHAPHHIX MMTYALCOB CHI HHePUWH PaBHA HYMO NPH BCAKOM BHPTYaik-
HOM MefeMeleHHH CHCTeMB.

1) Cm. rakwe «Eecegn 0 Mexamnke» B. JI. Kupnuuésa.
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5. Ypasnenusn Jlarpamka 2-ro poaa aas yaapa. [loawsysch cum-
BOAHKO#M, orosopenso#t 8 § 1, m. 3, BupasuMm ypapHeHHe Jlanambepa —
Jlarpamxa (12) yepes npoeKuMH BCeX BeKTOPHBIX BeJHUHH HA OCH KOOp-
aunar. [Tonyuum

v% S,y —Am x)dx, =0, (13)

rae N ectb uuci0 TOueK cucrembl. Ilycrb Ha CMCTeMy HaNOXKEHH TOJO-
HOMHbIE CB3M BHAA

Su(x; H)=0 (r=1, 2, ..., k),

H NyCTb 9TH CBA3H HMEIOT MeCTO KaK 10, TaK H MOc/ae yaapa; Toriaa
YHCJO He3aBHCHMBMX KOOPAMHAT cucreMH Oynrer 3N — k=n. Buipaaum
KOODAHHATH TOYEK CHCTeMbl X B QYHKUMAX A HE3aBUCHUMBIX [MepeMeH-
HBIX Gy, o, -+, §, KOTOPHE OyayT 0600mEHHBIMM KOOPAMHATAMH CH-
CTEMBbI; TOrAA

xlql’ Qs v ovs Gps t:

ITpeobpasyem ypaehenne (13) x 9TMM KoopaHHatam. Mmeem

dx v = axv

i=1

('JqI (v=1, 2, ..., 3N);

NOACTABAAA 9TH BbipaweHns B ypasHenue (13), MoMyuuM, MeHAd MOPAIOK
CYMMHDOBAHA!

n N
2‘(2 vW AE my va )b‘;t—o (14)

Ho
aN

dx
Y Se G =Pi. (15)

v=1

rae P; ectb o6o6uieHHbfl ynapHulél WMOy/abc, OTHeCeHHHIR K KOOpAH-
Hare g,; nanee, tak waxk [cM. § 8, n. 1, ypasnenue (6)]

dxy _ Oxy
0g; oq;
TO
i & T
g s Oxy
) m,,x\.——__E mx, 22 = (16)
“:‘, og; Ogq

rae T ecTb KUHETH4eCKad SHEPrHs CHCIEMbI,
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[Toncrasnas Beipamenns (15) u (16) B ypasHenne (14), nomyumm
n

D (Pi—85-)ea=0. an

i=1

Tak kax Bapuauuut Og He3aBHCHMBI, TO H3 ypasHeHua (17) umeem

AL p, =12 ..., 0. (18)
9q;

Ypasuenna (18) mnpeacrasasior cobott ypasuenus Jlazpanxca 2-z0
poda O0asm ydapa W BHPANKAWT TO OOCTOATENLCTBO, 4HTO 33 BPeMd
yaapa KOHedYHbie npupauleHus oCOOLIEHHBIX HMIYAbCOB PAaBHLL COOTBET-
CTBYIOLUMM OGOOLIEHHBIM yAAPHBIM HMITY/IbCAM,

3aMeTum, 4TO ypapHenus (18), Kak W BCe MOJydYeHHBIe paHee Ypap-
HeHMst paccMarTpHBacMoft TeopHu ynapa, ABAAIOTCH anreOpaHyeCKHMH, a He
anddepeHunanbHpiMi. CocTaBAfOTCA OHM, Kak oObuHble ypapHenus Jlar-
pamxka; mpu 9TOM 0000IEeHHbe yAapHLIE UMIYALCH P; MOMHO HAXOLMTH
TaK We, Kak W oO6oGuienHbie cHAbl Q;, T. e. BHUACHAS /IEMEHTAPHYIO
«paboTy» - yIapHHIX MMNYIbCOB HA BUPTYA/bHBIX MepeMelleHHAX CHCTeMbl
H Ompenenss B NOJAYYeHHOM BhIpaXeHHH KOO(EPHUMEHTH NPH BAPHALUAX
COOTBETCTBYIOLUMX 0B0OWIEHHBIX KOOPANHAT.

Ipocro#t mpumep Takoro pacyera gam Huxe B § 30, m. 2.

§ 380. Teopus ymapa TBepablx Ten

1. HameHeHHe npH ypape yrjaopoli CKOpoCcTH TBepaoro TeJa,
HMewero HemoaABHXHY0 TouKy. [IycTe MMeeM TBepioe Te/0, OaHa
tTouka O koroporo 3akpeniena HenoldsuimHO. TIpumeM touxy O 3a Hauamo
oceli KOOpPAMHAT, KOTOpHE HANpasuM BLOJb TMABHHIX Ocefl MHepUMH Teaa
H BOCHOJb3yeMCA TeopeMoH 06 H3MEHEHHH KHHETHYEeCKOro MOMeHTa
cucrems! B dopme (4) § 29. Torna, ucnonwpsys dbopMyanl LAS NpoeKunf
KHHETHUYECKOrg MOMeHTa GO HA IJIaBHBIE OCH HHepIHH Te/d OTHOCHTEALHO
ueHrpa O [cM. § 15, n. 1, dopmynn (3)], TMoayuuM u3 paBeHcrsa (4)
§ 29 cnenywine ypaBHeHHS:

A(py— po)= 2 mom, S,
B(gr—gp= X mom, &%, m
C(ry— rp)= 2, mom, §3,
v
rae A, B, C cyrhb raasupie MOMEHTH WHEPUMH; Py, §1, F1 B Do, o
I — NPOEKIUMH MIHOBeHHO#t YrioBOH CKOPOCTH ® B KOHIE H B Hauyade

ylAapa; B MpaBHiX 4acTAX ypasHeHu@ (1) CTOAT MOMEHTHI OTHOCHTENLHO
OCel KOOpIHHAT YHAPHbIX MMIYJIbCOB 3KTHBHBIX CHMJI, AeHCTBYIOLMX Ha
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TBepnOe Ten0. B 9t ypaBueHms me BXOIAT MOMEHTH HMIIYABCOB ynap-
HBIX peakunft, 160 9TH yAapHHIe HMIYAbCH NMPHAOKEHbl K Hauany Koop-
IHHAT, a IIOTOMY HX MOMEHTH OTHOCHTelbHO Oceft obpawaioTcs B Hyan.

2. Hamenenne npu ypape YriaoBoll CKOPOCTH TBEpAaoro Tenja,
BpaIiaomerocs BOKPYT HenoABHxHOHK ocH, Ecau TBepaoe Teno umeer
HENOIBHXHYIO OCb, KOTODYIO IIpHMeM, HATPHUMEP, 33 OCb 2, W YI/OBas
CKODOCTb €ro BpallieHH B Hauane ylapa ecTb @, 4 B KoHUe ylapa @,
TO n3 pasedcrea (1) moayuum

J, (@, — @) = X} mom, §5, (2)

rie J, ecTb MOMEHT WHEpUWM TBEPAOrO Tela OTHOCHTENTLHO OCH Bpaule-
HHfl, a4 cnpaBa CTOHT CyMMA MOMeHTOB YVIADHHIX HMIY/bCOB AKTHRHHIX
CHJ/l OTHOCHTENLHO TOH We OCH. MOMEHTH YNapHBIX MMIYJAbCOB peakuuth
OCH B paBeHCTBO (2) lie BXOAAT, TAK KAk 9TH MOMEHTH pAaBHH HYJIO,

TTokaxeM, Kak 9TOT e Ppe3yaAbTaT MOMHO HOAYYHTD C MHOMOLLbIG
ypapuenufl Jlarpanma (18) § 29. Cesiaw, HajqOMeHHHE HA TBeploe TeJO,
Bpallaloiieecs BOKPYr HEMONBMWHOW OCH, IpM yAape COXPAHAIOTCH,
C1e10BATENbHO, YKa3aHHble ypaBHEHHS 31ech npuMeHuMul. Teao uwMeer
OaHy cTenedb cBoGoan n 32 OOOOIEHHYI0 KOOPIMHATY MOWKHO NPHHATH
yron nopopora ¢. Torna ypasHeuuwe JlarpaHwma HMeeT BHA

aT
i Py (3>
Boiunenan Beanuuny T M ee NPOUSBOIHYIO, MOJYUMM

{ pus T - T
T =g L% .%;.: 0= J,0; A%-::Jz(wl—-o)o).

Jlanee, BLIUMCASA SAeMEHTAPHYIO «paloTy» TPHIOKEHHEIX HMIYAbCOB S5,
GyreM nMmeTh

A% = [2 mom, Sﬁ] d¢, orkyna Py= 3 mom, S\,
v v

IMoncrapnas Bce HalmeHHble BEAMYHHBI B paBeHCTBO (3), NMpuLeM K ypae-
nenuio (2).

3. JeficTBHe ymapa Ha TBepaoe Tejo, Bpaulawomeecs BOKPYr
HenoapuuHolf ocu. Uentp ypmapa. Ilycte TBeproe Teno Momer Bpa-
WAThCA BOKPYT HEMOABHMHON OCH, KOTOPYIO NpHMeM 3a OCb Z NpaMo-
yromeHo#t cucremst Oxyz, ceazanHoft ¢ TenoM. [lonomxenme Hauana
ABYX Lpyrux oceff OCTaBHM MOKa npou3BoabubiM. Ecian Ha 9ro Teeproe
TeJ0 NOAeHCTBOBAN YAApHHMH MMNYJAbC AKTHBHBIX CHA §, TO OH BLI3OBET
yoapHhe WMOyAbch peakuu#l, NpoXoAfwMx uepes ocb. Tak Kak sroT
cayualt IBHXeHHS MOMHO PACcCMaTpHBaThb KAK IBHKEHHE TBEPIOIO Tela,
HMEIOLIEro [Be HEMOABHKHBIE TOYKH A M B, 10 yrapHble HMIIYJIbCHE
peakuuit OcH MOKHO CBECTH K ABYM MMTYJbcaM S, M Sy, NPHIOKCHHBIM
B Toukax A ®u B, newawux wa ocu (puc. 93). Bocmoabayemca Teope-
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MaMH 00 W3MeHEHHH KOJHYeCTBAa ABHXEHHA M KHHETHYECKOro MOMeHTa,
shiBeseHHBIMH B § 29, nn. 1 u 2. OG603HAUHM NpOEKUMH VIAPHHIX HM-
nyancoB peakiuit 8§, u Sp ueped Sy, Say Saz Spy Spy. S a Npu-
pallleHHe YrioBOo# CKOPOCTH Tena 3a BpeMs yaapa oGosHaunM uepes Aw.

Teopembl 06 u3MeHEHHM KOAMUECTBA MABHMEHHA H KHHeTHUECKOro
MOMEHTa NanyT ypaBHeHHs

AQ=S8-+S,+ S, (4) f
AG == mom, S+ mom, § 4 4 mom, 8.

(3

Tak kak 9 =m X r, TO
AQ=A Dimpo,=A D (moXr)=
¥ v
=A(m>(2mvrv)=
v
=A@ X Mro)=Ao X Mr,=
i J k

=| 0 0 Aw Puc. 93.
Mx, My, Mz,

3nece M ectb Macca Tena, a re(Xe, Yo, o) — PamHyc-BeKTOp
uenrpa Macc C; papenctso A (o X Mr.) =Aa X Mr. caenyer us Toro,
470 npu ynape BeanunHa AMpr, GeCKOHEUHO Mana U €0 MOXHO Tipene-
Opeus (cm. § 28, m. 2).

Tak kak G = o (J), TO KOHeuHOE MPHpALICHHE KHHETHUECKOrO MOMENTA
pasio AG=Aa (J). Torza u3 dopmyn (1) § 15, n. 1, yuursiBad, uro
B JanHoM chayuae p=g=0, r =, crenyer:

AG,=ApJ,, —AgJ,,—Ar),,=— Ao J,,,
AG, = —ApJ,,+Aq)y, —Ard,, = —Ao J,,,

ﬁGs = — ﬁp-f,, — quz}l + ‘Ar‘lzz T + &wjzz-

Torna, npoexTupyd 06e 4dactd ypapHeHutt (4) ¥ (5) Ha ocu KOOpAHHAT,

NONYUHM:
AQy=—Ao My, =8,+S,,+ Sz
AQy=—4Ao Mx, =8, S, + Sz, (6)
AQ, = 0 =8, 4+ S, + Sz
AG,=—AwJ,,=mom, S+ mom, §,+ mom,S,,
AGy =-— Ao J,, = mom, § + mom, § , 4 mom, §p, ™)

AG, =+ Ao J,,=mom, §.

—
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Vs ypasuenut (6) u (7) moxHO ompenemnts Aw, S,., Sp,.. S,y Spy
u cymmy S, +Sp,.

Hatinem ycnoBus, mpu KOTOPHX YyAapHEE HMIYALCH peaknu#t He
BOSHMKAIOT W/H, HHAYe TOBOPA, yAap He nepedaercs Ha ock, Ilas Toro
B ypasHeHuaX (6) m (7) HaZO NMONOKUTH

Spax="Say=S4,=Sp,=8py=8p,=0.
Toraa ypaeuenus (6) u (7) nepefayr B caenywuue:
— Aw Myc == S.r’
Ao Mx,=S,, (8)
0=3S,
—AwJ,, =mom,§,
— Ao Jy, =mom, §, 9
Aw J,, = mom, §.
Tperbe U3 ypapHenu#l (8) mokasuiBaer, uTO NPHIOKEHHBIH YINAPHLIH HM-
nyibc § noameH GoiTe NMepleHIHKyJIApeH K ocd ppawenus Oz,

[Monwsysch nponaponioM B BuOOpe HAauana M OCTA/NbLHBIX Ocell Mox-
BHXHOH cHCTeMhl, BnOepeM Hauano B Takofl Touke ocH 2, 4yrolh KOOp-
AuHAaTHas Iaockocrb Oxy mpouwina 4epes uMiyasc §, a OCb X HAMDABHM
napaniensio § (puc. 94). Toraa S, == 0.
OGosHauuM KOOPIHHATY TOUYKH Mepece-
YeHHA JMHME  JeftcTBMA MMnyabca S
C OCbl0 ¥y dYepea m; roraa ypasnenns (8)
H {9) npuMyT BUL

4

F —p , — Ao My,=S§,,
Ao Mx=0,
s 0=% 1
» —AoJ,, =0,
Puc. 94. — A0y, =0,
M‘ln ='_nSx‘

(8 mocaelHeM ypaBHEHHM 3HAK MMIIYC CTOMT MOTOMY, 4TO TPH TOJO-
KUTeAbHON mpoexuun S, HMmynbc § Bpauger TeJo MO XOLy 4YacoBoft
CTPENKM, T. €. NPH IPHHATOM NPABOM HANpPABAEHUM BPALICHUS MH3MeHe-
une Aw B AaHHoM ciaydae OyaeT oTpHmaresasLHo).

Wa sroporo ypasHeHua cucreMsl (10) cnenyer, uro wedtp macc C
Tela LOJMeH Haxoaurbcs B BMOpanHofl miaockocrty Oyz. CnexosarennHo,
NPUAOKeHHBI! yAAPHEA HMIyAbC 8 J10/KeH ObITL NepNeHiHKYIpen
K IJOCKOCTH, TIPOXOAdmeH uepes OCb BPALEHHs W LEHTP Macc Te a.
Yenoens J,, =Jy,==0 nokassiBaior, 410 0Ch BpallleHNs Z A0MKHA ObiTh

raasHo#t OCbLI0 WHEpUMH TBEpPAOIO Tejla ANA TOYKH 0.
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Ieppoe n3 ypasnennit (10) naet saBucuMOCTb MEXIY TMPOEKOHeHd ynap-
HOrO HMMTyJbCa AKTMBHEIX Cul § Ha ochb X W NMpHpALIEHHEM YrloBoH
CKOPOCTH, & MMEHHO

Sx _ — ﬂ(ﬂM}'C.

IMoncraass Buipawenne S, B mocaenHee ua ypapiewn# (10), noayuum
nAeMy. = Ao /,,.

Orciona uMeeM paccrosiie JWHUH JeHCTBUS YIAPHOTO MMMY/bCa OT OCH
BpallleHNs:

jz:
"l"‘—‘";dy—c- (11

Hrak, ecan TBepioe Teno BpalllaeTcd BOKPYT HeNMOABHMHOR ocH, TO
LA TOro, 4ToGH yIApHBIH HMNYALC, NMOAGHCTBOBABIUHH HA TeJo, He Mepe-
JaBaacsl Ha OCh BpauieHus, HeOOXOAHMO BHMOJHEHHE CIEAYIOINX YCAOBHH:

1) Ocb Bpawenns foakHa ObITb T'AaBHOH OCBI0 WHEPUMM Te’a Iad
oaHo# n3 ceoux touek O (rAaBHasi Touka).

2) Tlpnnowenus!t yaapan#t MMmy/abC (TMPOH3BOJBHBIE TO BenHuHHe)
IO/MKEH JIeXaTh B MAOCKOCTH, NepNeHAHKYAAPHOH K OCH BpallleHHs M
npoxonfued uepes raasuywo touxy O.

3) Ynapuefl uMmnyabc no/mken ObTb MepNeHAMKYAApeH K MJOCKOCTH,
npoxopfillieit yepes NEHTP MAcC W OCh BpaLUeHUA.

4) Touka mepecedenns P auHMH nelicTBHS YRapHOro MMUyAbca ¢ 5ToH
(ynomanyTo#t B yCn0BHM 3) TMAOCKOCTHLIO NOMKHA HAXOAMTHCA C TOH IKe
CTOPOHH OT OCH BpalieHus, 4To M ueHtp Macc C, M OTCTOATH OT OCH
BPAallleHH HAa PACCTOAHWMM 1), KoTopoe onpenensercs ¢opmyaoft (11),
Onpeneaendas TakuMm o6pasom Touka P HasblBaeTCA Hesmpom ydapa
OTHOCHTE/IBHO OCH Z.

dopmyaa (11) umeer Taxo# ke Bua, kak W Gopmyna nna MPHBEJeH-
HOH NAHHBI QHEHYECKOTO MaATHHKA, KOTOPLIH MOAyuHTCHA, €CAH OCh Bpa-
UIeHHA 2 caenaTh TCOpH3OHTaAeHOW. OTcCloma chenyeT, 4YTO UEHTp yiapa
Momer Okt HaWueH mocTpoenwiem [ofirerca AnA HAXOWIEHHS OCH Kada-
wusa. B camom dene, 0603HaumM uyepes J. MOMEHT MHEDUMH T€Na OTHOCH-
TeABHO OCH, TMapajlienbHOH 2 W mpoxoasied depes uewtp macc C; rtoraa
1o teopeme [iofirenca

‘,zz_“':"’c_‘—My?:: M£2C+ My%."

rae JC ecTh paiHyC HHEpUMH OTHOCHTE/NbHO OCH, NpoXoafllled uepes
HEHTP MacC, U MB NOAYVYHM

g Mfgc+ Myzc f'%-
= == —_— — It
=My, Mya e Fyei
OTCi0.14
M — ¥¢) ye=le:

21 H. H. Byxroaen
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W TOCTpOeHHe MOXHO BBIMOAHHTb, OCHOBBIBAACH HA CBOWCTBE BHICOTHI
B NpAMOYrOJAbHOM Tpeyrodsuike (puc.°95). Onpexeaus ans ocH 2z raas-
Hyo Touky O, npoBOIMM B MAOCKOCTH, TpoXoisiieH uepes uentp Macc C,
ocb y, mephewankyaspuyio k ocn 2. Yepes C mposomnum och Cz',
napaanenbhyio Z, m 0T To4kH D mepeceuenus C2' ¢ oclo ¥ OTKAalbI-
BaeM oTpe3ok DK ==i,, T. e. paBublfi paiuycy HHepumu Tena OTHOCH-

) tensio oci C2’. Coennusem touky O ¢ K
F z H nposoiuM B ToYKe K mpamyio KP | OK
[0 TiepeceyeHHs C OCbi0 ¥ B TOouke P, KO-

et M {7 Topas ¥ GyleT UEHTPOM yiapa Tena OTHO-
CHTeNBHO OCH 2.
X B vacTHOM cayuae, eciu uUeHTP Mace

HaXOAKTCA HA OCH BpallleHHd, T. €. Xo==
b =y.=0, dopmyna (11) naer nN==o0,
1 T. €. HEHTPa yhapa HeT Ha KOHEYHOM pac-
[ij D P CTOAHHM OT OCH, MO3TOMY BCe ylaphu, defi-
CTBYlOlMe HA Teno, OyLyT nepelaBaThes
Ha ocb BpaueHns. Tax xax B 3TOM cayuae
Puc. 95. neBne vacTH ypaBHenu#t (6) obpamaioTtcs
B HyMb, TO ylapHoit uMmnyasc § Bw3oBeT
paBHLIf M TIPOTHBOTONOXHHIA eMy CYMMapHelA uMOyJAbC peakuni
S,-+ 85 T e. yIap MOJHOCTbIO TePERAeTCs HA OCb. DTO HMeeT Mecto
I8 ypaBHOBelleHHHX Bpauaommxcs feTaned mammu. Bce ynapsl mepe-
JAKTCAd MOAHOCTHIO HA ONOPH H Aeit-
CTBYIOT HAa HHX paspylUdTeNbHO.

4, TNpamoil ueHTpaabHbiii yjap
asyx tea (ynap wapos). Paccmor-
pHUM yIap IBYX IBHKYLUMXCA NOCTY-
NaTeAbHO TBEPABIX Tel TpH CAelyio-
WHX ycaoBuax (puc. 96): a) uenTpwl

Puc. 96 mace C; n C, Tea newar ua OGweh

- HOPMATH 7 K MOBEPXHOCTAM Ten B TO~

yke yaapa (Tako#i ysap Hasbnaercs

LeHTpanbHBIM; B YACTHOCTH, UEHTPaibHhIM Bcerza OyleT ymap AByX

mobux wapoB); 6) ckOpPOCTH UEHTPOB MacC Ten B Hayane ymapa Hampa-

BAEGHH MapaiienbHo o6uwed HOPMaAH K NMOBEPXHOCTAM Tel B TOUYKe yiapa
(rako#t ynap HasblBaeTCA NPAMBIM).

BuiGepem na HopManu Cyn monowurenbHoe Hanpaenedne ot Cy k C,
1 0603HAUMM uepes v; U T, TMPOeKUHWH Ha HOpMalb H CKOpOCTEH neHT-
pOB Macc Tel B Hauane ynapa, a uepes Uy, ¥, — IPOEKUMH TeX e CKO-
pocreft B kouue ynapa. Maccet Ten nycte Gynyr M; u M, a xosddu-
uneHt poccranosnenus k. 3uas M;, My, vy, v, u k, uafinem v/, v, u
AeficTBylOmui Ha Tena NpH yAape ylapHmft mMnyasc S,

Ecnn paccMaTpuBath 00a Tena KaK ONHY MEXaHHUYECKYIO CHCTeMy, TO
MOCKO/MbKY BHEIIHWe yXapHbie MMNYAbCH HA STy CHCTeMy He IeHCTRYWOT,

L =

Lo !
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KOZMYECTBO ABHMKEHHS B KOHUE Y1apa LOMKHO PABHATHCS KOJNMYECTBY IBH-
Kenns B Havane ynapa. Orciona uMeeM

Mo, -I-—Mvar2 Mo, 4 My, (12)

Bropoe ypasienie laeT BHpaxeHHe LA kO3¢dHUMeHTA BOCCTAHOB/IEHHA,
KoTopufi OyneT paBeH MOAYANI0 OTHOIIEHHS pa3nocTelt ckopocTeft Ten
B KOHUE M B Hauaide yiapa, T. €.

r r r r
|vi— | .
(v, —ug| v —v "

k= (13)
TMocneann#t peayabrar caeayer u3 TOro, YTO IO ylapa IOMKHO OubiTh
v; > U, (MHaue ylap He NpoM30MIeT), a mocle yrapa Oyler v, > v;
B CHIy HeMmpOHUUAEMOCTH Teil.

Pewas cucremy ypasuenntt (12), (13), Haizem HCKOMbiE CKOPOCTH
B KOHUE ylapa ¥, H U,

Ynapuei#t uMayaec, AefiCTBYIOLIME Ha COYAApAOLIHECS TeMa, MOXKHO
Hal#TH, COCTAaBHB I/Af ONHOrO M3 TeJN, HanpuMep IA% NepBOro, ypaBsHe-
#ue (2) § 29 B npoekuwn Ha wopManab n. Ilonyunm, YYHTHIBAA BaKOH
paBeHcTBa nelcTBUA H NMPOTHBOLEHCTBHA,

S, =M (vj—mv) S,=—3§,, 149

rae S; u Sy— nmpoeKuMH HMNyJAsCOB HA HOPMATL A.

PaccmoTpuM IIBa 4acTHBIX CAyvas:

1) A6coniorno Heynpyruft yrap (k=0). B srom cayuae
#3 ypasuenn#t (12), (13), (14) naxoxum

’ r M M 2
ﬂl=v2=—_ﬁ:ifwiv_’ !
MM, (15)
Sy=—5= M, 3 M, (v —1y). ]

Tena mocne ylapa IBHKYTCH B BTOM Ciyuae C OXHOH u Tolt we
CKOpPOCTLIO 2.

2) Ab6conwrtHo ynpyrn#t ynap (kR=1). B sroM cayuae
ypaBHenus (12), (13), (14) nawor

v =, — g @ — .
QM.
=, +M ('Ul""ﬂ'z) (16)
2M M,

32=“Su=m(ﬁz—ﬂz)-

HurepecHo OTMeTHTH, 4TO Npu alCOMOTHO YNPYroM yiape yaapHbift
HMIyAbC BABoe Qonblue, 4eM NpH a0COMOTHO HeYNpyrom,

20*
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B uacriom cayuae, xoria M;=M,, n3 ypasueun#t (16) Haxonum
v, =10, U,=v;, T. e Tela ONHHAKOROH MacCH TnpH abcomoTHo ypy-
roM ylape o6MEeHHBAIOTCH CKOPOCTAMH.

[Mpu peumenun 3ToR 3agaum, Kak M MPeJBILYI(HX, Mbl HE HCCAeRO-
Baan nedopmaunit, BOSHHKAKIHX B MeCTe YAapa Tes, a ynpyrie csoficTBa
Tea NpH yAape XapakTepHsoBadH ONHHM 3MIHPHUECKUM KoddduuueHToM &,
YTo CYUIECTBEHHO YIpPOWAeT BCe HCC/eloBaHue.

Paccmorpenne yrapa TBepibiXx Tel € yyeTom MX dedopMauuft okasbi-
BaeTca 3amauveft ropaspo Gonee caowuofl. Pewenne ee ans caygas co-
yoapeuust ABYX ynpyrux ten navo I'. Tepuewm.

5. Npumepsl 1). Battucmuseckuil Magmuuk. Jlag onpeleneHUs CKOPOCTH
NyAd HAH apTHAAEPHECKOro cHapana MOXKHO MO/b30BATHCA BaNANCTHYECKHUM MaAT-
Hukom (Robin, 1742 1), xoropuﬁ npefcraeaser coboi noasemreHnsl# Ha ropu3IoH-
TaJAbHOM OCH ANIMK, HAMOJHEHHBH MATKHM, HO BA3KHM
BEUeCTBOM (HanpuMep, NecKOM HAH rAnHOH), norao-
DAONHM IHEPrHI0 [OMAAKIero B HEero chapaia
(puc. 97). Ilycts cuapag ¢ Macco m JeTHT CO
CKOPOCTbEO © M TNonajaeT B TOYKy A, mocie uero
MAaATHHK BCASICTBHES yﬂapa OTKJAOHACTCH HA yroda «.
Ecan paccmaTtpuBaTe CHapsl M ManTHUK Kak OZHY
MexXaHuYecKyw cHCTeMy, TO NeHCTBYIOUHMH Ha HEe
BHEWHMMH YAapHBIMH HMIyAbcaMu OYIZyT TOJbKO
yrapunle peakuun ocd O, MOMEHT KOTODPBIX OTHO-
cuTeJbHO 3TOH oOcu pasen Hyaw. CiemoBareabHo,
KHHETHYECKHH MOMEHT CHCTEMB OTHOCHTEJbHO
TOH e OCH 33 BpeMs yAapa He W3MEHHeTcs, T. €.

mva = (J, + ma?) o, (a)

Flie @ ecTh Yri0Bas CKOPOCTh MAdsTHHKA B KOHlUe
yAapa, a J, — MOMEHT HHEPHUH MAaATHHKA OTHOCH-
TeapHo ocu O. M3 ypaBrenua (a) uMeeM

o= ot mat o (6)

ma

Jan ompenehenHa @ BOCHOAb3YyeMcd TeopeMoit 06
H3MEeHEHHN KHHeTHuecKoi sneprun. OGo3nauus Mac-
cy MafATHHKA wepe3s M u paccTOfHHE ero eHTpa
amecTn 10 ocu O depes [, nmoayuum

Puc. 98.

—}2- (Jo+ma?)od = g (MI+ma) (1 —cosa); (8)

W3 ypaBHeHHsl (B) NO YLy OTKAOHeHWA MAATHMKA ¢ ONpeje/AeM @, a 3aTeM H3
ypaesenHs (6) HaXoamM CKOPOCTb U,

2) Bresanuoe 3axpenaenue. HenamenseMmas MatepHanbuas naockas gurypa
ABHKETCA B CBOEH TOCKOCTH; CKOpOCTh IeHTpa Macc C paBHa 0, yriaosas CKo-
POCTH BpAIIEHHA OTHOCHTENbHO LEHTPa Macc paBHa @. BmesanHo sakpenisieM
Touky A nuocko#f ¢uryps; HalTH YrAOBYIO CKOPOCTh GHrypel H NMIYABCHBHYIO
peakiMio B Touke A (puc. 98).

BoabMeM Hawaao KOOpAHHAT B TOuKe A M OCH KOOPAHIAT HAMpaBHM Tak,
410 oChb X OyAer HapaaxeJbHa CKOPOCTH ®. IlycTs nocae yaapa (1. €. mocChe
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3akpennenun touku A) yraosas ckopocts ¢urypst 6yzer o,; Toraa

Jo(@—o)y=mom, S, =—xS, +y§,, (a)
Tae SA €CThb HMOyAbCHBHAA PEAKUUA B Touke A, a x, y — KoopauHaTet Touku C.
¥Yaapuniii umnyasc § 4 OMpeNeJHM U3 TOro cooGpaxceHus, uTo

§,=08Q
rie Q ectb KOAHYecTBO ABHWEHHA (PUPYPH, paBHOe, KAk H3BECTHO, KOAHYECTBY
IBMeHHA LEATPA Macc, B KOTOPOM cOCpPejAoTOYeHa Macca BCelf CHCTEMH, T, €.
AQ=M Ao..

Tak kax mocae ynapa v, = X AC, a 10 ynapa 7, =9, 10

Ao, = X AC—1;
orclona
SM= M (— yo, —v), SM== Mxw,.
[loacraBana sTH BHPadeHHd B ypaBHeHue (a), NOAYYHM
Jo (0, — @) = — Mo, (x? 4 y*) — Muy,
OTKy 113
Jcco—ny J o0 — Muy

NEFMEEA T T,




FNTABA BOCBMAf
PASMEPHOCTb H TEOPHSl NOAOBHSA

§ 31. HamepenHe H pasMepHOCTh MeXaHHYECKHX BeJHYHH

1. Hamepenne, Peayabrar cpaBxenns kakol-nuGo Beanunnsl ¢ Apyro#,
et omHopomno# M ApHMHATOH 3a eXWHHIY CPaBHEeHHsA, BRIpAMEHHBIH unc-
/10M, HA3bIBAETCH H3MEepeHHeM S5TOH BeMMYMHBI; BeNMYHHA, TPHUHATas 33
eIMHULY CPABHEHWs, Ha3blBaeTCAd eqHHHue# MepH, a 4HC/I0, TOAYYHB-
weeca OT H3MEPeHHA, — YHUCJeHHBIM 3HaYeHHeM HSMBPEHHO“ BEAHYHHDI.
OO6o3nauas namepeMylo BeTHUHKHY CHMBOIOM Q, eIHHHUY Meps — depe3 ¢
H uUHCAEHHOE 3HAYeHHe BeMHuUMHBI Q uYepes %, HMeeM

Q=wng umm n=-9-.
q
Takum o0pa3zoM, 4YHCAeHHOE 3HAYEHWE KAKOW-AHOG0 BeAHYMHBl eCTh OT-
BJeyeHHOe YUCAO, BHIpdmdwoee OTHOLICHHE 9TOH BEAHYMHE K Bﬂﬁpau-
Holt exnunue mepw. Ecam 3a eAuwHny Mepbl B3ATH APYryKw Beawuuny g’,
MpuueM ¢’ == ng, TO YHCAEHHOEe 3HAYEHHE BeJANUHHE Q CTaHET, OYEBHAHO,
WHBIM H PaBHBIM
r_Q

H =-—=.

q
an 9TOM, KaK Jerko BHIEeTh, BeJHYHHDL ®' U ¥ CBA3AHE COOTHOWIEHHEM

r A
b 7-:-;;. (l)

CrnenoBarenbHo, HOBOE YHC/IEHHOE 3HAYEHHE pABHO TpeHeMy, pasieneH-
HOMY HA YMCNO, PaBHOE OTHOIMEHHIO HOBOW eAMHMUBL Mepbl K mpexHef,

2, Epusunsl mepe. Ilas kanmaoft ¢hHU3HyeckOR BeMUMHBI 33 ELHHHILY
Mephl MOKeT OblTh TIpHHATA MoBast oanopoaHas ef BeAMYMHA, HO BBULY
TOro, YTO MeWly Ppa3anuHBIMU GHBHUECKHMH BEAWYHHAMH CYUIECTBYIOT
COOTHOLWIEHNA, }’CTSHSB."[HB&CMHE CIJHSH'-IGCKHMH 3aK0OHAMH HJIH CAMHM onpe=-
neneHHeM STHX BeAMUMH, AOCTATOYHO YCTAHOBHTH EIHHHUIbLI MEPH TOMBKO
AN TAKMX BeAHYHH, KOTOpbie fABIAIOTCH Mexly CoO0H He3aBHCUMBIMH,
T. e. He ceaAsaHbl Mexay co0off kakum-anbo CcOOTHOLIEHHEM; TOTAA
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CIUHANB MEpul aJis QCTANbHBIX BLAMYNUH QNPERENATCA UYeped eAMBUUL MEPH
STHX He3ABHCUMBIX BEJWYHH, KOTOPbIE HABKBAIOTCA OCHOBHBIMU ENUHH-
uamu. JeflcTBUTENbHO, MYCTh Kakag-iHOO BeaHunHa X 3aBHCHT OT APYTHX

peanune Q, R, S, ...; Torma oxa OyAeT nmpomopuuoHanbHa TPOH3Bene-
HMI0 pa3iHYHBIX CTemeHe STUX Beanuunl), T. e,
X = kQ°R®SY ..., (2)

rae k — ko3ddunuext nponopuronamstoctd. Ho tak kak Q =ngq, R =or,
S=o0s, rie %, 0. O, ... CyTb UUC/AEHHBIE 3HAUEHUA, §, 7, S, ... —

eaunnubl Mepol g Benwuud Q, R, S, ..., TO
X = (nopfa¥ _..) kqorisy ... 3)
Tlonaras & ==1, moayumm, uTO uyHCAECHHOE 3HadeHHe BeqauuuuHel X, T. e,
Z, Gyler [ =n%foY ..., a eaunnua mepbl aag X, T. e. X, ONpelenntTcd
PAaBeHCTBOM
X =q%Ps¥ ... 4)

u Gyler, C1enoBaTeNbHO, BBIPAKATLCA Yepesd CAMHMUB Mepbl A/ Beau-
wH Q, R, S, .. .. B Gonee obwem caydae 3aBucimocts X oT Q, R, S, ...
Momer OGHTb BbipadeHa B BHAe MHOrOYAeHa, MNpelcTaBaswinero coGo#t
CyMMy YleHOB THRA (2), npHuyeMm, OYeBHIHO, eIMHHUUA MepHl KAXKIOrO
yleHa AoMKHA OHITH Ta e, 4TO M IAA BeauunHe X, T. €. 3TOT MHOrO-
yaeH NOMMeH ObiTb OZHOPOJHLIM OTHOCHTEABHO OCHOBHBIX eRHHWIL

3. MexannyeckHe BeNRUARH, B MexaHuke BCTpewaloTCs BEJMYHHEI
Tpex BHIOB: TeOMeTPHYEeCKHEe, KMHEMATHUYeCKMe W AMHAMHUeCKHe (MaH
KHHEeTHYeCKHE).

TFeomempuneckor BeaMunHON HA3LIBAETCA BEAMYHHA, MPOMOPUHOHANL-
Has TIPOM3BEJEHMIO HECKONbKHX AAMH, T. €. BeandHHa BHAA

Q==kLL, ... L, ()
Ecau sa eIMuu|y aauHb BuOpate anuny I, To Oyer
L=kl Ly=hl, ..., L,=A

Torja, moaarag k=1, moayunm

Q=229 ... A% (6)
OTcioga BHIHO, YTO €IMHHUEH Mephl AAs Beanuunu Q, Oymer
gy =1 (7

Takum 006pasom, AA TeOMETPHUYeCKHX BeMHYHH OCHOBHOM eANHMUCH
qBnseTcd eIMHHuNA IAMHBL [, BCe e OCTAAbHHE BLIpamaloTcea uepes [ W

n CnpaBeAnuBOCTh 3TOTO YTBEPHACHHA MONKHO A0Ka3aTh, HCXOAA H3 TOrO
(u3nteCcKOro yCJ0BHMA, UTO OTHOMIEHHE noBunx ABYX uMcCiAedHBIX 3WaveHuit gau-
HO#t MPOH3BOAHOH BEJHUUHB HE NOJKHO 3aBHCETH OT BLI6opa OCHOBHBIX efHHMY
MEpHI.
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umeior Bux ", T. e. GylAyT npoussodnbi M eIMHHUAMH; CIEXOBATEIbHO,
YCTAHOBHE ENMHULY AAHHBI, MBI TeM CaMmbiM YCTaHABAMBAEM €JHHULES
A7 BCeX reoMeTpHUECKMX Beauuyun. ToT (akr, uTO eauHWua Mepsl Ias
BeAHunHbl () ONperenseTcs yepe3 eAMHHLY Mepbl OCHOBHOfl BemuuyHHbol L
(nmihe) dopmyaoft (7), shipaxaercsd, COraacHo 0003HAYEHWIO, BBeneH-
HoMy Maxcseanom, cumBoJOM

[Ql=1L" (8)

Buipaxenne B npaBolt uact (8) Ha3bIBAETCH Pa3MEPHOCMB/0 BEMUUUHBL Qy,
a camas d¢opmyna (8)-—dbopayarol pasmeprnocmul). dopuyas pas-
MEPHOCTH JIA FeOMETPHYECKHX BeNWYHH OYAYT MMeThb BHI:

[maomans] = L2,

{oBbem] = L3,

[cTatuuecknit momeHT AANHH]= L2,

[cTaTnyeckn#t MoMenT maowanu) = L3,

[cratuueckut Moment ofbema]= L1,

[MOMEHT HHEpUMH AAMHbI] == L3,

[MOMeHT. HHepuMi Maomwanu] = L*,

[MOMeHT wHepuMH obbema] = L5,

Kunemamuuecxod seanurHodt HasbiBaeTCsl BeJMYHHA, KOTOpaa 3aBUCHT,
KpOM¢ TeOMETPMUYECKHX BeAHYMH, elle OT BPEMEHM, T. €. HMeeT BuI

Q, = kLT, (9

rie k£ ectb Ko3dbulIHeHT NpoMOpUMOHANbHOCTH, L — nauna, T — Bpems,
0 H f— geicTBHTenbHEIE (B 3amaYax MeXaHWKH OOLIYHO Iledbie) 4YHCHA;
B YacTHOM Clyyae o MoxeT paBuATbed Hymo. Ilonaras, no mpeamayuiemy,
k==1, L=Al, T=t, rae | u ¢t cytb BbOpaHHble CAUHHUb LAHHH H
BpEMEHH, H TpHHUMas BO BHMMaHHe, YTO B KNAaCCHYeCKOH MeXaHMKe
IAHHA W BpeMs CUMTAIOTCH Mewady cOO0OH HE3aBHCHMBIMH, MBlL MOMeEM
MPHHATE €0MHUILL !l n ¢t 3a OCHOBHHE U nojyunm Aaad KHHeMaTH4YecKo#
BEJHYHHE BBbIpaMeHHe

Q, = A"PrP, (10)

CllefoBATENbHO, LM KHHEMATHUECKOH BeMMYMHBL eanuuuelt Meps Oyzer
q2=£“tﬂ, a ¢opMyna pasMEpHOCTH MMeeT BHJI

Q] = L°T% (11

!y B dbopMynax pasMepHOCTH NPHHATO CHMBOJM TIPOM3BOXHGH (BTOPHUHOMH)
BeMHUMHBE 3aKAOMATh B KBagpaTHble CKOOKH, @ IAf OCHOBHBIX BeXHYMH ckOGOK
He CTaBHTb, Nonaras [L] =L.
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B 4YACTHOCTH
[cxopoets] == LT,
[yckopenne] = LT ™%,
[yrnoBas ckopocts] ==T "',
[yrnoBoe yckopenne] =T,
[MOMEHT CKOpPOCTH MAM CeKTOpHAR cuopocral:L?T_l.
[MOMEHT YCKOpeHHA HAH CEKTOpHOe ycxopeﬂue]:LmT_?.

Ecan Mexanuyeckash BEAHYMHA (IOMHMO TeOMETPHYECKHX M KHHEMATH-
YeCKHX BeJHYMH 3aBHCHT OT MACCH, TO OHA HOCHT HA3BAHHWE CUHAMU-
yecKkoli (MMM Kuxemuweckoli) W HMeeT BHIL

Qs = kLT’ M", (12)
rie k ectb kKosdduuuenT nponopuronansHoctH, L — nauua, T — Bpems,
M — macca, a, B, y— nelicTBHTeIbHBIE YHCAA, NPHYEM B YaCTHOM Cay-
yae o0 H § Moryr pasHsarbcs Hymo. [lonaras, wak M padblie, k=1,
L=W, T=1t, M=pum, rae I, £, m cyrb Bulpaunble eIUHULbH
JJTHHBI, BpEMEHU M MacCHl, H NPHHHMAas BO BHHMaHHe, YTO B KJIACCHYECKOH
MeXaHHKE MeXIy NMMHOoH, BpemeneM H Maccof He CyUIecTBYeT HMKaAKMX
8aBUCHMOCTER (KaK, HAPUMED, 3TO HMEET MECTO B pelaTHBHOH MeXaHuKe),
MBI MOMeM NPHHATb eNMHHUB [, £, m 3a OCHOBHBE; TOTIA AMHAMHYecKas
Beanunna Q mpuMer BUL

Q= A"Pp 1% mY. (13)

Taxkum OGPSSOM. ong BCeX JHHAMWYECKHMX BeAHYHH CIHHHIBI MEpbI

BHIPABATCA B OCHOBHBIX eIMHHUAX [, £, m B Buge gy==1£m", a obuwas

dopmyna pasmMepHOCTH NS 3THX BeaHunH Oyxer
— jerBagy

Qs =LT"M". (14)

Ecan, B wacrHoctH, y=20, To BeanuuHa @, OyzeT KMHeMATHuYeCKOH,

aecm y==0 u P==0, To reoMerpHyeckol; ecau xe a=f=y=0,
TO BeJHYHHA €y HA3BIBAETCA 6E3pA3IMEPHOE WIH OMBALHEHHOU.

$opMybl pA3MePHOCTH AMA PABAHYHBIX AMHAMHYECKUX (KHHETHYECKHMX)
BEMYMH BBIPA3ATCA clelyiownm oBpasom:

{cnna] = MLT ™2,
[Moment crasi] = MLT™2,
[pabota, sueprus] == ML*T ™2,
[MomnocTs] == ML*T 2,
[kOnHueCTBO LBMielMs, MMnyabc] == MLT™',
[MoMeHT KomudecTBa IBwmenns] = ML'T™',
[netticreye mo Tamuabtony u Jlarpanwy] == MLT™,
[mpunyskaenne mo Tayccy, Jw]=MLT™,
[MomenT unepunn] = ML2,
[naoTHOCTS] == ML™3,
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4, Mepexoa OT OAHRX €ANHKI MepH K APYTHM AJS OJHOH H TOH WKe
cucrembl, Ma ¢opmyaw (13) cneayer, 4To ecau 3a OCHOBHBbiE €NHHHIBI
Mephl NPHHATL Kakue-1n00 eXMHMUB AMMHB, BPeMEHH M MaccH [, ¢, m,
TO elMHHUA Mepul JioGo#f Mexauuuecko#t BemmunHe Q Oyler MMeTh BHIL

q:-——latsm"’.
a4 cama Be€AWYyHHA TIPEICTABHTCA B BHAE
Q =x»"m", (15)

rae ® Oyler unC/JeHHBIM 3HAUEHMEM BeJHYHHM Q.

CoBOKYMHOCTb BeNHYHH, elHHHLb KOTOPHX MPHHHMAIOTCS 32 OCHOB-
Hble, HA3bIBAETCA CuCAEeMO OCHOBHBHIX eIHHHL CAMH e eIHHMIHL OCHOB-
HBIX Beanuun MoryT Owbith BeiOpanm mpouassonbHo. [Tycrs kaxaa-uubyab
MeXaHuuecKas BeqHYMHA @ BbIPAWAETCs B HEKOTOPBIX €IHHHLAX CHCTEMb
(I, t, m) dopmynont (15); BosbMeMm Jpyrue elmHuusl TOH Ke CHCTeMBI:

l t
V i t! S ! —— v
ny’ ng ' Ry (18
toraa, noxcrasasa B ¢opmyny (15) Bupawenns [, m, { B HOBBIX elu-
uiuax w3 (16), nonyunym Beipaxenwe @ B enmnmuax U, £/, m’, a umeuno

Q=nngnbny I'*t® m"; (17)

TAKUM 06PA3OM, UMCNCHHOE 3HAYeHHe BeamunHbl Q B eaunuuax (I, ¢, m")
Gyner
= A Y
w =wnninlny.

Yucao nfnfnY, Ha KoTOpOE HYKHO YMHOMKMTH YHCACHHOE 3HAUEHHE
KaKo#-mG0 BenuuMHbI, BHIPAXEHHOH B IIEKOTOPHX OCHOBHBIX EIMHMUAX,
AAs TOro 4ToOH MONYYHTh YMCACHHOE 3HAYEHME TOH e BENHUHHBI, Bhipa-
KEHHOM B APYrHX eAMHHUAX TOW We CHCTeMBl, Ha3BIBAeTCHA Koaggbuyued-
mos nepexooa.

5. Teopema onropoarocTH. TlycTh Kakasa-HUGYIb MEXaHHYECKas BegH-
yuHa @ 3aBuCHT OT psAga Apyrux Beamumn R, R, R;, ..., xotophe
BHIpAXeHH B eauHHUAxX cuctemsl (I, £, m); Toraa sra meauuuna @ Oyner
3aBHCETH OT HekoTOporo uucaa aauu Ly, Ly, Ly, ..., Bpemen T, Ty, T, ...
n mace M, M,, M, ..., npuueM

L=l I=12,...,0) T;=r1t (F==1; 2Py
Mp=pem  (k=1,2, ..., Y
rie A, Tj, Wy CYTb YHCNEHHbe 3HAUEHMs STUX BeauunH. Yucnenoe 3na-

yende % Beauunnbl Q Oyger dyHxumes Ay, Ay, Ag, -.., Ty Ty Tp. -
Ky Ko, Mgy »0oy T. B

R f(hy, oo o003 Ty Ty voes By, Ugo oo )e (18)
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Bosbmem BMecro eamuun Mepnl (I, £, m) Apyrue eaunuusl TOH Ke CH-
cremnl (I, ¢/, m’), npudeM
[;_____! o= t 7 m,

= _—, m =—7;

n’ ny My

TOraa npH HOBHIX exunnuax (!, t’, m’) GyzeM umers
Ay=nh, -r;-——-nt'cj. Pe==1,_1, (19)
n = (n? nf ny,) . (20)

[Mockoabky ypasHenue (18) noawHo HMeTh MeCTO NpH MOGLIX eAHHHUAX
Mephl (KOHe4YHO, B Tpelelax OTHOR M TOR e CHCTeMbl) WM, IPYTHMH
chosami, ypashenue (18) pomwno OwTe KOBapHAHTHO TPH nepexole OT
OIHWX eNHHHI MEpH K Apyram, T0 B eiunuuax U, ¢/, m’

A (T O 1 < O A A 2D
WM, MPUHMMas Bo BuuMauue (19) u (20),
il ny w=f(nh, nd, ... 0T, 0T, s 0, e (22)

Tak kak pasedcTBO (22) HMeeT MeCTO NMpPH KAKHX YFOMHO Ny, 7, Hpy,
TO OHO KOMKHO OHTH OAHOPOAHO OTHOCHTEABHO A, T; H Wy, T. €. BCAKOE
ypaBHeHue MeXaHWku A0MKHO 06nanaTe TPOHHOH ONHOPOAHOCTBIO OTHO-
CHTeNbHO YHCNEHHBIX B8HAYEHHW OCHOBHHLIX BeJHYHH naHHOR CcHCTeMmbl;
B 3TOM M COCTOHT TeopeMa 06 OIHODOLHOCTH.

6. CHcTeMB! OCHOBHBIX €AMHHI, [0 CHX NMOP Mbl MPHHMMAIHU 32 OCHOB-
Hble E€MHHWIB CHCTEMH €IHHWUOB IJHHLI, BpeMeHH M MACChl; TaKyl CH-
CTEMY €AMHWL HA3HWBAIOT abcoawomuoli. TepMun «abcoOMOTHLIR» B TaHHOM
cy4ae MMeeT HCTOPHYECKOE BHaueHHe ¥ oTpaxaer coboff To obcros-
TeAbCTBO, 4TO B Konue 18-ro crosmetus (Bo Bpems Koupenra) dpanuys-
ckue (PUSHKK CTPEMMANCH A ITHX BENHYWH YCTAHOBHTb TAKYID CHCTeMY
Mep, KoTopan Ounna 6bl HeaaBMCHMA OT BCAKOTO POIA CAyYaHHBIX MPHYHH,
BAHAKOUIMX HA H3MEHEHUe 3TaNoHOB, HO, KdK H3BECTHO, TAKafd MOMBITKA
OKa3ajach HEyJauHOH, H B HACTOAllEe BpeMA «a0COMOTHHIMH» eAMHHIAMH
IMMHB M MAacChl HA3bIBAIOTCA Te, KOTOPHIE ONpenensioTCs COOTBeTCTBYIO-
UIMMH STaNOHAMH STHX Mep, xpadswpmucs B Mexaynapoaxo#t Tlanate
mep u secoB B Ceepe (®panuns).

AGcomoTHas CHCTeMa OCHOBHBIX elMnuu BnepBuie Oblna nmpeanoxena
FayccoM; ocHOBHBIMM enuHuuamu Mepel aad 3To# cucremsl OulAN npH-
HATH: I8 AauHel — 1 ca, nns BpeMenn — 1 cex u Ana Maccm — 1 2
(Macca). Tawas aGcomornas cucreMa nocut Hassanne CGS (1. e. cauru-
MeTp — rpamMM — cekynna), B cucreme CGS exnmuuua cuant Gyzet mpous-
BoaHoH enniHue, a meHno 1 quna—=1 cu cex=2 2 (cm. 4. I, § 14, n. 3).
B mnacrosiiiee BpeMs TPHHATAa JApyras aHanOrM4nas CHCTeMa OCHOBHBIX
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eannun — cuctema CH, B kortopo#t exnuuaMu ABASIOTCA 18 LAHHBL — 1 e,
a8 BpemeHH — | cex W aas Maccw — 1 xz (Macca). EnuHunpedr cuan
B 3TOH cHCTeMme ABAAeTCH CHAa, coobuiawmas macce B 1 x2 yckopenue
B | mfcex?; Takas equnuua Haswmpaerca 1 ssmomon (1 w=1 wrzm/cex?).
Kpome alconioTHOf MOMHO MOCTPOMTH pasauuHble JLPYTHE CHCTeMH
OCHOBHBIX €IHHHL, BHGHpAas B KauecTBe OCHOBHBIX €JIHHHL €XHHHUB MEpHl
A9 TPexX Kakux-ambo Hesasucumbix Mewny €o00# MeXaHHYECKMX BENMUMH,
Haiftnem yciosne, HeoOXomyMoe U JOCTATOYHOE A% Toro, 4ToOW TpH
MeXaHHdYeCKHe BenHuunbt (y, Q,, @y Oblam meway coGo#t HesaBHCHMHL.
Iycrs pasmepHocTd 9THX Bemiuud B abcomoTHOM cucteMe OynyT

[QI] o LGITBIM“,
[Q)] = L*TPM™, (23)
(Qq] = LTPM™, |
Torna eaununsl Mepsl gy, gy, §3 A8 9THX BeJHUYHH BHIPA3ATCA vepes [, f, m
B BHIe
g =n, Pltﬁim?ll
@y = ny P m™, (24)
gy == ny [P m™,
Tie #;, fg, My-——UACACHHBIE KOS(QDHUHEHTH, KOTOPHE COOTBRTCTBYIOIHM
BHOODOM @y, §y, 3 MOMHO BCErAa cIenaTh paBHbIMM ejunHue, Ecan
BeMUuNHBL Q, Qp, @3, @ CNCLOBATENLHO, H EAMHHILH HX H3MEPEHHS gy, ¢, §3
Mewly coBoft HeaaBHCHMBI, TO M3 ypaBHeHHH cucTeMul (24) MOWHO ofpe-

nemutsh I, £, m KaKk QYHKUMH ¢y, o, §3; AN STOCO HYKHO, 4TOOH COOT-
BeTCTByIOWMA onperemntens fAxkoOn Oui oTAHYeH OT Hyad, T. €. 4ToOn!

(Ilfa'_ltﬁlmvl. ﬂllﬂ:tﬁl'lm‘\h, v,!“‘tﬁ‘m“_l
a‘;‘};‘- 3’2":;) = aziﬂ:—ltﬂem\’:. ﬂlﬂtﬂz—lm\’e’ vzzuatﬁxm_‘h—l + 0.
aalas = lfB"m“‘, Balﬂatﬁa = 1m?a' ,Valustﬂom\’a-l
¥mHoxas cronbubl onpelefuTens nocleloBaTeldsHO Ha [, £, m, T. e.
BeChb OTpelleiutels Ha (fm, W Jenq CTPOKH ONpENEAHTENs MOC/Aef0Ba-
renbno Ha IMPmY, PPV Py 1 e, Becs onpezenntens wa
(ot 0atOs ButBatBs ikt Y o nvauM yenoBue He3aBHCHMOCTH Bemuumi Q,
Q,, Q; B BHIE

o b W
g By Vo |#F 0. (25)
a B3 V3

Hrtak, ana Toro uroOw TpPH MeXaHHYECKHE BelaHuHun Q) Q; u Q
6nm Mexay coBolt He3aBHCHMB, HeOOXOIMMO M LOCTATOMHO, 4TOOHI
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onpefeniTeab, COCTAaBAeHHBIH N3 MokasaTenefl pasMepHOCTH 3THX BeJHYHH,
Obl OTAHYEH OT HyAd (NMpHYeM pasMEPHOCTL MOMKET CYMTATbCA OTHOCH-
TenbHo MOGOM CHCTeMBl OCHOBHBIX @AHHMLL).

7. Mepexoa ot onHOH cHCTEMBl OCHOBHMX EAHHHN K APYroi.
ITycTs B cHCTeMe OCHOBHBIX enuHuu [, £, m eanHuueH Mepbl kako#-11Go
BennunHbl R aBasierca

r=1t"n’, (26)
Yro6bl HAUTH eIMHMUY Mepbl (WA pasMepHOCTb) TOH Xe BeauuHHbl R
B KAKHMX-TO APYrMX OCHOBHHIX eIMHWUAX §q, §p 3 HYWKHO M3 ypas-
HeHHH cHcTeMu (24) BuipasuTh eIWHWusl [, £, M B HOBHX OCHOBHLIX
eINHNUAX ¢y, ¢y, G M MOICTABUTH 3T 3HaueHus B paBeHCTBO (26).
Honyctum, utro, paspewas cHcTemy (24), mbl noayuaem
=V, qfl qm g,
t=\;2 q%z q%‘l: q&x’
m=v, 4p 93" g5

IToacraBass sTH 3Havedus B (26), HallmeM, 4ro elWHWueH# Mephl Bean-
uyunbl R B HOBOM CHCTEME OCHOBHBIX eIHHHL Oyner

r'=v qg§|+b§a+c§- qgn.+bm+cm q§§l+bCz+¢‘§1, @27

[lpu sTom Hagaewauwum BeIGOPOM eIHHMU MOXHO BCerja clenaTs v=1.

B kauecTBe npuMepa BO3bMeM 33 CHCTEMY OCHOBHBIX eIMHUL eau-
HALB JJIMHBI, BpeMeHM W cuawl, T. e, [, £, f. Bolpamenns 3Tnx HOBHX
OCHOBIIBIX eNuHull Yepes eauHuuw I, £, m Gynyr

| = If'm®,
t = [%mO, (28)
f=1t""m.

Takast cucrema ynorpeGasgercs C€TOAb #e 4acto, Kak u aGcomoTuas,
W HA3LIBAETCA mexXHudeckod v npaxmudecxol (cm. u. [, § 14, n. 3).
OcnoBHble €IMHHIE ITOH CHCTeMbl HE3ABUCHMBI, TAK KAaK

1 0 0
0 1 0|=1=0.
1 — 2 1

Paspewass ypasnenus (28) ortHocuTensuo I, £, m, mnonyuaem Ans
nepexoaa Ot aGcomoTHOR CHCTeMBl K TeXHHUYECKOH COOTHOUIEHWS

l==1, t=t¢t m=fr1"' (29)
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Takum o6paaom, Hampumep, eciH exuHHueft Mepwt sHepruu E s aGco-
nmoTHOH cucTeMe {, f, m aBiAercs

e = lgt- gm. (30)
TO B TeXHHueCKOR cucTeMe [, £, f aroft enunuuelt Oyier
e = =1y, (31)

PaccmorpuM temepb Ipyrofi npumep. BoabMem 3a ocHOBHbie exmn-
HHUbl eAUHHUB CKODOCTH, YCKOpeHHs u cuabl ¢, w, f. Buipamenna stux
e1MHNUL 4epe3 elMHHUB !, £, m MMelT BHA

v=It"'m", w=utn", f=Ut"m. (32)
Tak kak .
1 — 10
1 — 2 0|0,
1 — 21

TO 5TH BeAHUYHHbl HE3ABUCHMH, a C/lelOBaTenbHO, TaKad CHCTeMa OCHOB-
HBIX eIHHWU BO3MOWHA. POpMyAH [lepexosa OT eauHHl H3MepeHHR
B abcomoTHO# CcuCTemMe K eIMHUUAM H3MepeHus B cucreme o, @, f
HatayTca u3 ypasxenuit (32) B Bule

o2
_—— =

e, . m=2L, (33)

w

§|e

Ioncrasnasd, Hampusep, 3TH SsHauenud B papenctso (30), HaHgem, uro
envuHUedt WamMepeHHs IHEPrHu B cucreme v, w, f Oyzer

v‘m!f mﬁ%_ lfa

e” =
wivin

8. Meton HyaeBmiX pasmepHocTeil, MeTon HyNeBHX paamepHocTei
OCHOBaH Ha TeopeMe OAHopomHoCcTH (M. 5) H MONeT ¢ GOABLIAM yCnexoM
NpUMEHATLCA A7 OMpPene/]eHns XapaKTepa 3aBHCHMOCTH Kako#t-auGo dwuau-
yeckolt BenHUHHBl OT IPYrHX BeanunH, ee obycmommupaioumx. [Tocpen-
CTBOM 3TOrO METOJA MOXHO YACTHYHO, 3 B HEKOTOPHIX CAyYasX H BNOJHE,
yCTAHOBHTbL 3aKOH, A4IOLIMA CBA3L MeWAy BeJHYHMHAMH C TOYHOCTBIO O
GeapasMepuoro (OTBJIeyeHHOro) ko3ddulHeHTa, KOTOPHHA MONKeT OHTD
ompeneneH WM TeOPeTHYSCKHM, WM SKCMePHMeHTAJbHBIM NyTeM.

[IycTe HexoTopas BeMHYHMHA Q 3aBHMCHT OT pAla IPYTHX BEeMHYHH Qj,
Qy, ..., Q, 1 HeKOTOPHX Ge3apasMepHBIX BEMHUUH %y, Mg, +.., H TYCTb
eavHMHLbl MEPHl 1A STHX BEMHUMH OYAYT COOTBETCTBEHHO § H Gy, o, - ..+ pi
TOraa efMHULA Mepbl ¢ OYAeT 3aBHCETb OT Gy, Jgu «v-s Gy HH How o0, T. €4

g=F(qr 9 G <o Qui Hp %o 0 o) (34)

BhiepeM 13 BeawuMH gy, G, ..., §, TPH Kakue-mbO He3aBHCHMbIE
Meway CoGOH BeqHuNMHH, yAOBAeTBOpAlOwHe ycnoswo (25), uanpu-
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MEp ¢y, ¢y, g3, M NpHUMEM HX 83 OCHOBHHE eJHHHMLE HOBOH CHCTEMBI;
TOrIa OCTAJbHHIE BeMHYMHH ¢, §4, §50 - .., §, OYAYT TPOH3BOAHBIMH
B 9TOH HOBOH CHCTEME €AMHMIL H BBIPABATCA 4Yepe3 OCHOBHHE elu-
HHUB ¢, @9 3. [IyCTb pasMepHOCTb BenHuHHbI Q B HOBOH cucTeMe

Gyner
Q) =0 & Q¥

Tpuunman BO BHHMAHMe, wTO ypaBHeHue (34) momxHo oGaafaTe TpoitHoH
OIHOPOZHOCTBI0O OTHOCHTENbHO @i ¢ §3 (0. 5) m 3aMenss 8 (34)
g1 90 -+ +» q, OTHOUEHMAMH OSTHX BeIMUYHH K WX elHHHUAM MEpbl
B HOBOR cHCTeMe ¢y, ¢, g3, OyAem umeTb

=qlglqyF(L, L, 1, Gy Gy v G5 %y %y 02 ), (35)

rie a;l oGosHayaeT Ge3pasMepHyl) BeNHYHHY, PpaBHYI0 OTHOLIEHWW ¢
K ee eIMHMlE Mepbl, BhipaxeHHOH uepes g, ¢, §, TNPHUEM, OYeBHIHO,
L] Q el

G=g=q=1,

TakuM myTeM, BeAHYMHA § (Man Q) MOmeT OHTL MpeacTaBiacHA B BHIe
NpOU3BeleHHS HEKOTOPHX CTeneHed BEAMUHH Gy, §, Gy (MM Qp, Qy Q)
Ha OespasmepHuft koadduunent F, saBucawuit or Oe3pasMepHbIX apry-
MenToB, Gnarolaps yemy cTPyKTypa LaHHofl BenHuNHLI CTaHOBHTCA Gosee
omnpeneneHHOH.

3JTOT METORX TOYHO TAK Ke npuMeHaeTcs H B TOM Cayuae, KOrjua
B psale BeMMUMH Gy, G5, ..., §,; HMEIOTCA TOABKO ABe, Mewdy coboft
HE3aBHCHMBE, WIH jaye OHA, KOTOpbie MOXKHO BHOpaTh 3a OCHOBHHIE
H Yepe3d HUX BLIPASHTL BCE OCTANBHLIC.

9. lpumepsl. 1) Mamenmamusecwuii masmuux. Tleproa xoneba-
HHUfl MaTeMaTHYeCKOTO MAATHHKA MOXET 3aBHCETh TOMBKO OT €ro AJHHLI [,
MAacChl M1, YCKODEHHS CHABlI TAMECTH £ H HaYalbHOTO Yraa OTKJIOHEe-
HHS @, T. €.

Ty=f( m, g )

3nech @, — Beanuuna OeapasmepHas, a PasMEPHOCTH OCTA/bHBIX BeMHUHH
B a6comoTHo#t cucreme L, T, M Gynryr

=L, [m}=M, |[gl=LT

DTH BeNMUMHBI, KAK JeFKO BUIeTh, YIOBJAETBOPAIOT ycaosuio (25)
M, CNejoBaTeJbHO, MexAy coOoft HesaBucumsl, BosbmeM 3a ocHOBHbe
eIHnup  HoBOH cuctemm [, m, g. Tak kak pasmepHocts T, B CH-
creme L, T, M ecms

[Tn] =T,

TO B cucreme [, m, g pasMmepsocts T, Gyner

—

[T =g 3=y &,

I
4
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C/lelloBaTeNbHO,

TM—]/-EF(I, LLg) wm Tu=F@7} 4

rae F(q,) ectb Gespasmepuulfi koddduunenT, KOTOPHH 3aBHCHT OT @, H,
kak wuasectho (cM. 4. I, § 38, m. 5), paeen 4K. Idna manwx koaeba-
Hult, yuurbiBas H3 cooOpaweHuit cumMeTpuH, uTo F(— @) = F (g,).
T. €. yT0 F (Qp) — QYHKUMA 4eTHAA W CUNTAdA €e MPH 3ITOM peryaspuof,

MOMHO NOAOXHUTH
F (@) = a2+ voi+- - .-

[Tpenebperas agecy uieHamu ¢ @2 u Buwe, moayunM F (¢,) =&~ a = const;
Kak W3BECTHO, W3 pelUeHHs COOTBeTCTByIOLIe# 3alaun a= 2m.

2) lsudxcenue 8A3K0H Hcudnocmu & mpybe Kpyza0zo Cederus.
Tlpu ammwmeHnn BASKOM MMAKOCTH B Hel BO3NHKAIOT CHAB «BHYTPEHHEro
TpeHus», T. e. CHJbI, l'IpOTHBOI[EFICTByIULLI.He OTHOCHTE/ILHOMY mepeMe-
WeHHI0 cMexHbIX cioeB. EcaM B3siTh B KHAKOCTH IBA COCeRXHHX cnos,
TO 3Ta CHAa, OTHeCeHHAd K elHHHUE MIoLANH, 6}’1[81‘, KaK TOKasbiBaeT
OMLIT, MNPONOPUHOHANbHA PA3HOCTH dv CKOpOCTel YACTHIL IKHJIKOCTH
B COCeNHMX C/OAX, OTHECEHHOM K paccTOAHUIO dn Mexay CJoAMH, T, €.

dy
t::ll:a;.

KostduunenT nponopusoHaabHOCTH |, 3aBHCALMHA OT TPUPOLH U COCTOA~
HHUA HHUIKOCTH, HA3bIBACTCA KO3dduuuenmom sasxocmu. Pa3MepHOCTb [
B abcomoTuo# cucreme LT M onpegemutcs u3 ypasHenus
-1

—L—2 LT

OTKYNA
P
w=c'r M.

Ilns muakocTH, Tekylleft no ropusonTtajgbHo#t Tpybe Kpyrioro ceve-
HWA, BefnuuHa JaBAeHWA p B KaKOM-HUOYIb ceveHum TPyOul 3aBUCHUT
or anamerpa Tpybu D, cpegnelt cxopoctu V, MaoTHocTH MUAKOCTH O
N KO3(pduuneHTa BA3KOCTH WU, T. €,

p=f(D,V,p W
PasmepHoctn 5Tux Beanmund B abcomornolt cucreme LTM Gyayr
(D=L, [V]=LT"", [pl=L"*M, [p|=L""'T7’M.
BoiGepem 3a ocHoBhble exMmuubl Beqwunmnbnl D, V, p, xoropwle, Kax

NMerko BuleTb, Memay CcoOOH HezaBMCHMH, TaK KaKk YIOBJACTROPSANOT
ycaosuio (25). Pasmepuoctn p n p B cucreme (D, V, p) Oyayt

(u} =DVp, {p]=pV3
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No3TOMY

p=oV?F (L. 1, L o).

F ecrb Geapasmepunift koshduument, sasuctiuit or Geapasmepno# (oT-

BJeteHHO)) BeTHUHHbI
" 1

DVp R”
Vo

D
OreieyenHast BeanunHa R == HaspiBaeTcs 4HcaoM Pelinoabaca.

A10o uncno wurpaer Oonbllyld ponb TPH H3YYeHHH JAMHAMHKM BH3KOH
KHIKOCTH.

3) Conpomugaenue nparmoyzoabuol naacmunru. Toukas npamo-
yroJbHad MAacTHHKA, ABWraaChk B WMHIKOCTH MOCTYNarelbHo, HCNbIThiBAET
CO CTOpPOHHE WMAKOCTH compoTHBiexne. Cuna comporusaenus W aaBucur
OT pa3MepoB TAACTHHKM a u b, ee ckopoctu v, yraa § Memay mao-
CKOCTbIO IJJACTHHKH W HANpaBACHUEM e€ HOCT}’T{&TE.’IBHOﬁ CKOPOCTH, AABAae-
HHA KHAKOCTH P, MAOTHOCTH P M K03dhdHUMEeHTA BAIKOCTH WU, T. €.

W=7Ff(a, b 6, v p,p, 0.
BumecTo pasmepoB mAacTHHKM 4 M b BBeleM HOBbIE BeJMUHHDI
a
¢ ==ab, =7
Torna
W=f (o, v,p, p. 1 & 0
Pasmeproctn Bcex 3THX BeanunH B cucreme LTM Oyayr

[o] = 2°, [l =LT™, [pl=L"M, [pl=L""T"M,
m=L""77'M, (=1, 0] =1, W] =LT"M.

BriGepeM 3a ocHoBHbBle eaMHHOH BeMU4YHHL O, P, U, KOTOPble ya0-
BNETBOPAIOT YCA0BHIO (25) W, cneaoBarensHo, Mexny coBo# HE3aBMCHMB;

TOrAa pPasMepHOCTH MNpeibilylHX BEeIMYMH B HOBOH cucreme o, p, v
BLIPa3ATCH TaK:

{W)=o0pt®, (p}=pv®, [n]=0%vp; {k}=(0}=1,
OTCo1a :

2 a2
W=ocpo?F\1,1,1, £ 2% 9},
P "
Beanunsa F ectb GeapasmepHni#t xo03dpdunment, 3asucAmu#f ot Oespas-
MEpHBIX apryMeHTOB
1

0 k=%, M=_2 PO

22 H. H. Byxrossn,
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o

— (TaK Haael-
]/.E
]

BaeMoe YHUCJIO0 Maxa) €CTb OTHOLIEHHWE MOCTyMaTe bHOH CKOPOCTH nna=-

Bennunna k ecTb yanHdenne nnactHHkn, M=

CTHHKH K BeJIHUHHe 1/% , PaBHOH CKODOCTH pPacnpoCcTpaHeHHs 3ByKa

B Tol cpele, B KOTOpOR IBIDKETCS NAAaCTHHKA; R ecTb uwucno Peit-
HOJbICA, BCTpeuaBlueeca B NpepbinylueM nphmepe.
Takum oOpasoM, cOMpOTHBIeHHe NAACTHHKM BuIpamaeTcs (opmynoh

W=F (M, R, k, B)cpr

Bra dopmyna nepsouayansno Guina nasa HeuoTOnoM, KoTophi#t mpeamo-
naran xo3dduuneHT F nOCTOAHHBIM.

§ 32. Teopus nMooGHA MEXaHRYECKHX CHCTEM

1. Teopua moxolua MexaHMYeCKHX CHCTEM BO3HHKJA H3 TPAKTHYe-
CKOTO BOMPOCa O CpaBHeHWH yciopM#t paloThl JBYX TeOMETPHYECKH Mo~
no6ubix coopyxennit, IlepsoHayanbubie MCCAEROBaHHA B 3TOM HAmpaBsie-
HMM npunaanexar [anuneio, xoropui#t B cBoux 3HamenuThix «Discotsi» 1}
CTaBHT BONpoC O TOM, 4YTO BeCbMa 4acro MOAe b MAlIHHB paﬁo-raer
WHAYe, YeM OPHIHH2J, W HAXOLHT NPHYHHY 9TOTO OGCTOATENbCTBA B Pas-
JMYHH BOSHHKAIOWIMX BO BpPEMA JBINKEHHA cofporHBaeHnfl. OcHoBHas
TeOpeMa O MexawHyeCcKOM noloOum nana HbioTonoM.B ero «Maremati-
4eCKUX MPHHUMNAX HaTypaiabHol dmnocoduu» (xuura II, ormen 1, mpen-
nowenne 22), rie Ha OCHOBAHMH TOR TeopeMn! BHIBOOMTCH 3aKOH Co-
MPOTHBCHHA KHIKOCTH IBMMKYIUHMCA B Hefl Tenam,

[lousaTHe «MexaHuueckKoe no.noﬁne» ropasio CcAoXHee, ueM TMOoHATHE
«reoMeTpHYeCKOe MoAOGHE», MOTOMY YTO 31eChb TIPUXORHTCS Y4YHTHIBATH
He TOJIbKO OTHOUEHWe COOTBETCTBEHHBIX JIHHEHHHIX pasmepoB, HO H
IPYTHX BeJAWMHH, KHHEeMATHYeCKMX H LMHAMMUYECKHX, O0YyCAOBAMBAIOLIMX
ABHXEHHe CpaBHMBAEMbIX MeXaHHYECKHUX CHCTEM, I'IOSTOMY ana  TOro,
yroObl JBe reOMETPHYECKH MOLOGHBIE MeXaHWYeCKHe CUCTeMbl (HampuMep,
OpWIHHAA W Mofeab Kakoro-aunbo coopywenus) Owiam MonoOHE MeXaHH-
YecKH, HeoOXO0IMMO BBECTH elle psal JOMOMHUTENbHLX YCAOBHH.

2, I'eomeTpHueckoe H mMaTepHaJbHoe nogobue, e cucremsl TO-

yek Ay, A2, ..., Ay H A;, A ..., A:, HA3LIBAIOTCH 2e0Mempudecku
nodoBHuMi, €cN MeXILy TOYKAMM STHX CHCTeM MOMKHO YCTaHOBHTH
B3AUMHO OAHO3HAYHOE COOTBETCTBHE TaK, 4TOOB COOTBeTCTBeHHHlE OT-
pesKH HAXOIWJIHCh B MOCTOSHHOM OTHOIIeHHH, T. €. uToBm ObL1O

Ade 0 k=12 ..., 0
A4,

1) Ectb pyccknit nepesox: Fannneo 'anuned, Becenxn u matematnue-
cKkHe JoKasaTenaectsa, I'TTH, M. —J1., 1934
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U3 sToro onpeleneHHs ChAenyer, 4TO Yrib MeWIY COOTBETCTBEHHBIMH
OTpesKaMH paBsHel, 4TO Kakaf-jauGo durypa, cocraslleHHas u3 TOYeK
nepsoi cHcTeMbl, MOLO6HAa reomeTpuueckH durype, cocTaBleHHOR H3
COOTBETCTBEHHHLIX TOUYER BTOPO# CHCTeMbl, YTO OTHOUIGHHE COOTBETCTBEH-
HbIX maomanet ectb A2, a cooTBercTBeHunlX oObemoB A3 um T. &,

Ecnn Toukm Ay, As ..., Ap H A{, Ag ovy An IBYX reoMerTpH-
YeCkH MOJOOHBIX CHCTeM cHaOmeHHl MaccaMu (T. e. OyayT MaTepHalbHEIMH
TOYKAMH) H €C/MH MACCH COOTBETCTBEHHBIX TOYEK My, Mg, +.., M, H
my, my, ..., m HAXOLATCA B NMOCTOAHHOM OTHOMWEHWH, T. €.

B—p @=1,2 ..., 0,
2y
TO TaKHe CHCTeMLI MATepHAbHBIX TOYEK HA3BIBATCH MAMEPUALLHO
nodo6reisu. TlpocTeflluMM npUMEpOM MaTepHaZbHO TNOROGHEIX CHCTEM
ABAAIOTCA OPHrHHAl M MoJeib KAaKOTO-AHGO COOpYyMeHHA, B KOTOpHX
COOTBETCTBEHHBIE d9ACTH CIeAaHh M3 OZHOTO H TOrO e MaTepuala
(B atoM cayvyae p==1).

3. Kunemarnyeckoe nozoOue. [eomerpuyeckoe nojobue AByX CH-
crem Touek (S) W (S') MONKHO YCTAHOBMTL, CpPaBHHBAA KOHQPHUIY paumio
cucremsl (S) B Kakofl-1H60 MomeHT £ ¢ KoHdurypaumefi cuctemb (S7)
B apyro# moment f’ (B yactHocTH, f==£’); 3TM MomeHTH OyldeM Ha3bi-
BATE COOMBEMCMBEHHBIME MoMenmamu. Ecin B yacTHOM cayuyae CH-
crembl (S) u (S') OGyayr HeusmeuseMbiMM, TO reoMeTpHYeckoe mozobue
STUX CUCTeM, YCTAHOBNEHHOE 1A COOTBeTCTBeHHHX MOMeHTOB f u &
(B uyacTHOCTH, ANA OAHOrO MOMeHTa), OyleT COXpaHSTbCS BCE BpEMA,
T. €. reoMeTpuueckoe mnololve IBYX HEeU3MeHSECMBIX CHCTEM He Hapy-
waerca. Ho TeM He MeHee IBE reoMeTpHYeCKH MOJLOGHHIE HeH3MeHseMble
CUCTEMBbl MOTYT JABHMFATHCA OTHOCHTENbHO HeKoTOpOH CHCTeMBl OTCueTa
COBepUICHHO PAa3/JMYHO, C PA3NHYHBIMH CKODOCTHMHM M YCKOpEHHAMH CO-
OTBETCTBEHHBIX TOYEK, KOTOpBIe MOryT ONHCHIBATH NMPOH3BOJIbHBIE TpaeK-
TopuH; OTCI0OdAa CAeLyeT, 4TO HAIMYME TeOMeTPHYECKOro nomobus nas
NoCAe10BATENbHOCTH COOTBETCTBEHHBIX MOMEHTOE elle HeAOCTATOMHO IS
Toro, 4roGul CHCTEeMbl ToueK Guiil MOLOGHBI KMHEMATHYECKH, T. €. 4TOOH
OQHa CHCTEMAa B yBeMHYEHHOM HJIH YMEHbIIEHHOM BHIE KOMHpoBajaa ABH-
WeHHe ILpyro#t cucreMsl.

II,JIS[ onpelenenus KHHEMATHYeCKOro ﬂOJlO'ﬁI‘iﬂ ABYX TOYCYHBIX CHCTEM
(S) u (S") Gynem paccmatpuBaTh ABHXeHHe cucTeMbl (S) OTHOCHTENLHO
cucreMbl oTcdeTa O H IBumenne (S°) 0THOCHTeNbHO ciCTembl Otcuera O,
npuueM cHcTembl orcuetra O U O HenoaBMmHbI OTHOCHTEAbHO OCHOBHOH
cucreMbl oTcuera Q; rorma (S) Bmecre ¢ O, Tak we kak (S87) ¢ O,
GynyT npeACTaBaaTh cofoff Gurypel, HM3MeHslOIHECA C TedeHHeM Bpe-
MeHd, KOTOPBIE MOMXHO CYMTATL HOBLIMU TOueuHbIMH cHcremamu (OS)
u (0'S".

Ecnu MOXHO YCTAHOBHTb HeNpepHIBHYIO MOCASROBATE/NLHOCTh COOT-
BETCTBEHHbIX MOMEHTOB ¢ W £/ (CumTaeMHX OT ONHOTO M TOrQ Xe

22!‘
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HauwalbHOTO MOMenTa), 1as KOTOpux cucteMsl (OS) u (O'S’) Gynyr reo-
MeTpHYeCKH NOxoGHB C MOCTOAHHBIM, He 3aBHCAILHM OT BpPEMEHH OTHO-
WeHneM MOLoGug A, mpuyeM COOTBETCTBEHHBIE MOMEHTHI CBA3AHBI MEXILy
cobolt cooTHoumeHneM

f=1t’, (1)

FAe T MOCTOSHHO, TO ABMWywiecs cucremsl (S) n (S’) uaswmBawTcs Ku-
HeMAMULecKu nodobHumi.

ITpumewanue, Ecan cooTBeTCTBEHHHME MOMEHTH f H #/ CUHTAKTCA OT pa3-
AHIHBX HAaUa/JbHeiX MOMEHTOB #; H t('), 10 cooTHomeHHe (1) HMmeeT BuA

t—ty=1(t'—1y). (1)

W3 onpenenenns kunemaTuueckoro nozobus asyx cucrem (S) n (S)
BLITEKAWT ClegcTpuA:

1) Tpaekropuu cooTBeTcTBEHHBIX TOUEK NBYX KMHEMATHYECKH MOA006-
HBEIX CHCTEM FeomeTpudeckn nojo0HB C OTHOLIeHHEM MOL06GMS A, PABHbIM
OTHOLUEHUIO TeoMeTpHYECKOrO noxobus ABHKYIIHUXCA CHUCTeM B COOTBeT-
CTBEHHBIE MOMEHTHI BPEMEHH.

HeiictBuTeanio, nycrs koopanHath Kako#-mbo Toukn A, cuctemsl (S)
OTHOCHTENLHO cucrembl otcyera O B momedT ¢ OyiyT x;, v, 2;. 8 KO-

!
OpIHHATHL CoOTBEeTCTBeHHOH TOYKHM A; KHHeMaTudecku noaobuo#t cH-
I
CTeMbl SS) OTHOCHTENBHO cucTeMsl OTcueta O B COOTBeTCTBEHHbIl MO-
Ment &' Gyayr x;, y,, zj; Toraa, Tak kak cuctrems (OS) u (O'S")
B COOTBETCTBeHHble MOMEHTH BPEMEHH, COTJACHO OmpeneneHuio, reome-
TPUYECKA TOn06HbI, Oylem HMeTh

X, (O =Ax[(t). y,(O=Ay;(t), =z, ()=2nrz[(t)) (2
(=12 ..., 1

119 AByX J0O6mX coOoTBeTCTBeHHbIX MoMeHTOB £ u t/, ChenosatennHo,
TPAEKTOPHUU CooTBETCTBeHHBIX TOUeK A u A’ OylyT reoMeTpHyeckH No-
1006ub. Otclona cienyer, uTo ¢Urypa, CoCTOAmAR W3 COBOKYMHOCTH
TPaeKTOpul Touex cncremut (S), Gyaer nomobHa reomeTpuuecku urype,
cocrosmefl M3 TpaekTopuit COOTBETCTBEHHBIX TOYek cucrembl (S7).

2) B cooTercTBeHnble MOMEHTH BpPEMEHH MOLYAM CKOPOCTEHR COOT-
BETCTBEHHBIX TO4eK JBYX KMHEMATHUeCkH momobubix cucrem (S) u (§)
HaXOUATCA B mOCTOAHHOM OTHoluenmn At~!l, a MOOYAH YCKOpeHUH —
B TIOCTOAHHOM OTHoWEHHH AT™2, mpHYeM CHCTEMbl BEKTOpPOB CKopocTefl
W yCKODeHHH# 9THX Touexk Aif PASAHYHBIX MOMEHTOB BpEMEHH NpelCTa-
BARIOT COOOH reomerpryeckd monoGubie QUIYpPHl (KOHEWHO, OPH OAMHA-
KOBBIX MAacliTaGax MOCTPOEHHA).

B arom nerko yOeanrsca, anddepesunpys pasencrsa (2) oauH M 1Ba
pasa no ! W npunumad Bo BHMMAHHE, UTO HA OcHoBauuH (1)

dt = tdt’. 3
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Hmeem

dx, dx; dt’ _, dx L,

= 'Ht_’?:;ﬁ 1-&-?, wm v, =Atw;, # T. L (4)
d*x, d'x; dt’ d*x' )
F:}, -1 = -;It_=7w 2 -‘}-t-;z—, HIH ‘wu——_kT 2‘1&'“., uT. & (B)

(=1, 2, ..., n).

M3 pasencts (4) u (5) BHAHO, YTO TPOCKUHH CKOPOCTH M YCKOpEHHST
COOTBETCTBEHHBIX TOYEK HAa KOOpAMHATHLIE ocw cucreM O m O' B coor-
BETCTBEHHBIE MOMEHTH HAXOAATCH B NOCTOAHHOM OTHOLIEHHM, a OTCIoAa.
HEnoCpelCcTBeHO CAeAyeT, 4YTO W MOAYyAM CKOpocted M yCKOpeHufi Ha-
XondTrcs B TOM e OTHOWEHHHM, a BEKTOPH CKOpOCTeHl H yckopenuit:
ONMHAKOBO OPHEHTHPOBAHE OTHOCHTENBLHO COOTBETCTBEHHEIX TPAEKTOPHH.

4, MexanHyeckoe (mam aunamuueckoe) mnopobue. Ecau nse cu-
crembl (S) n (S8') nomoOHL KMHEMATHYECKM H MaTepHa/lbHO, TO TaKHe
CHCTEMBl HA3LIBAOTCH Mexanuwecku nodobueiimu, Jlng MeXxaHuueckw no-
NOOHLIX CHCTEM, BCJEACTBHE HX KHHEMaTHYECKOro "0.![06“5[, HMEEM ans
COOTBeTCTBEHHBIX 4YacTHU W MOMeHTOB

=M (i=1,2,..., n), (6)
a BCNeICTBME MaTepHaNbLHOrO nounobus
m, = pm; G==1; 2, v.y, a): 7y

Tlepemuoxan papencrsa (6) u (7) ¢ ONMHAKOBHIMH HHIeKCamu, NO-
AYUUM
maw, = AT - mjw, ¢=1L1 2, ..., n). (8)

IpusuMas BO BHHMaHHe, 4TO
mw,=F, mw =F, (=12 ..., m, (9)

rae F, w F; cyTs MOLyan cua, IEACTBYOMHMX B COOTBETCTBEHHbIE MO-

MeHTH Ha COOTBET(TBEHHLIE HAaCTHUBI ABYX MeXaHWYecCKH NoAOOHBIX CH~
cTeM, Haxonum u3 (8)

F,=@F, (=1,2 ..., n) (10y.
THe
P=AT" (11y

ecTh MNOCTOsHAOe wHcno. Mrak, B MeXaHwyecku mnOJXOGHHIX CHCTEMAX
B COOTBETCTBEHHbLIE MOMEHTH BPEMEHHW COOTBETCTBEHHBIE ANMHBI, MOIYJIH
COOTBETCTBEHHBIX CKOPOCTEH, YCKODEHWH M CHJ1 HAXOUATCH B MOCTOSHHHIX
OTHOINGHHAX, PABHHIX A, AT™Y, Av~2, AT™2u; KpoMe TOro, BeKTOPH CHA,
TaK e KAk W YCKOpeHUH, OAMHAKOBO OPHEHTHPOBaHH,
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5. Teopema Hbiorona. ITycts cuctema (S) u cucrema (S”) ynosne-
TBOPAIOT CAEAYIOLMM yCAOBHAM: [) B COOTBETCTBeHHLIE HAYAJAbHEE MO-
MeHTH £, B £, cucrema (S) marepuanbio monoGra cucreme (S8’); 2) 8 ot
HAYaNbHbIE MOMEHTH CKOPOCTH COOTBETCTBEHHBIX TOuek cucTeM (S) u (S7)
HMEIOT TNPOMOPUMOHAABHEE MOAY/AH MW MNOLOBGHO pACMOMOMEHH, T. e.
MycTh A1 COOTBETCTBEHHLIX HAYANBHHIX MOMEHTOB £, H £

r

= At ., ﬂw=lt“‘v,y,.
(=1, 2 ..., n)

v v, =M"lv}, (12)

ix

m, == um;, (t==1, 2, ..., n), (13)

M NyCTb, HAKOHeW, 3) CHAH, AGHCTBYIOUIME HA COOTBETCTBEHHHIE TOUKH
cicreM (S) m (S’) B COOTBETCTBEHHBIE MOMEHTH JBHKEHWS STHX CHCTeM £
M £/, HMEIOT WPOMOPUMOHANbHEE MOLYAH € TOCTOAHHEIM OTHOLUEHHEM
@==AT"?\ ¥ MONOGHO PACTIONONKEHBI, T. €. MyCTh

F, =M"%F . F = M"?uF;yr; F,=Mk"WF;  (14)
(=1, 2, ..., n),

npHyeM
t— by =(t' —£&). (15)

[Ipn coGawoaeHnH yKasanHuX TpeX ycaosuH cucremst (S) n (S') mexa-
HHYECKH TMONOGHDI.

IeficrBuTenbHo, M3 ycnoBus 3) HMeeM, nens paBedctsa (14) no-
ynenHo Ha pameHcTBo (13):

W, =AM"2w,, wur L (=12, ..., n) (16)
UIH
d%e d’x;
ﬁ‘-=m-2-@7‘ wroa (=12 ..., n). (16%)

Vmnoxas paseuctso (16") na d¢ = vdf’ m uurerpupys, noayuum

dx; dx;

——— =1 e = PR 2

= AT il +a, wurT I (i=1, 2, . n) (17)
[IpuHNMas BO BHHMAHWE, YTO AN HAYANLHLIX MOMEHTOB fy W ¢’ mMeioT
MecTo paBeHcTBa (12), noayuuM, uTO BCe TMOCTOAHHbIE HHTErpHPOBAHUS
pasub Hymo. [Hanee, ymnoxas pasencrsa (17) wa dfé =tdt’ n wnre-
IpHpY9 elle pas, MONy4HM

x,O="hrx; ) y,O=M{) 2z,(O)=rz;(t) (18)
(l=l, 2, ..., n)
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TNpHYEM MOCTOSHHBIE WHTErPUPOBAHMA, B CHay ycaosus 1), obpaumanrcs
B Hyns. Ha ocnoBanuu pasencrs (18) sakmouaeM, uro cucremu (S)
H (S’) mexanuueckd NOmOOGHL (CM. f. 4), 4TO M TpeGoBanOCH HOKA3ATS.
6. KoBapHaHTHOCTE YypaBHeHHil ABukenus, CsoHcTBa MeXaHHyecKH

nopoGHHX cUCTEM, KOoTopbie naer TeopeMa HeloTona, MoMHO nerxo mo-
NYYHUTH, HCXOLs H3 cooGpameuun O pasMEpHOCTH MeXaHHYeCKWUX BENHYHH.
H3specTno, 4ro mnoanas cucreMa ypaBHeHMH, ONMpexensOUMX [ABHKEHME
Mexanndyeckol cucreMu (S) nox mefcTBMeM NAHHOW CHCTEMH CHJ, MOXeT
6biTh monydyeHa kak cneacrsve ypasHenus JlanamGepa — Jlarpanmxa, ko-
TOPOe MHHAYe HA3LIBAETCH CUMBOJMYCCKHM ypaBHeHHeM JHHAMMKM (CM.
§ 5 n. 5u §§ 7 n 8); sTo ypaBHeHHe uMeeT BMA

3N

Y (xy—m, "dj;")ox =0. (19)

y=1
HMaMenum nunefinbie pasMmephl cucreMnl (S) B A pas; Bpems, B TeueHue
KOTOPOrO CHCTeMa MEepexoNUT U3 ONHOrO MOJONEHHS B APYroe — B T pas;
MacChl TOYEK CHCTEMBI—B [ pas B CHIHL, IlﬂﬁCTB}"!OUJ,HE H3 TOYKH CH-
cTeMbl, — B (= AT~?u pa3, T. e. caenaeM npeoGpa3oBaHue

=hix, t=nut', m =pm,, X =it-X (20)
v=1, 2, .... 3N).
ITocae npeoGpasosanus (20) u3 cucremst (S) nonyunrcs Hosas cucreMa (S”),

koropas OyneT Mexanuyecku noapobna cucreMe (S).
Tax kKak Ha ocHoBaHHH (20)

dx dx’ dt’

Gt f i S e
bx =Adx', =L =AM~ d:'

2

ax Mldx’ dt’ _M,_zd%r?'

dt: tr dt a:tz

to ypasuennc (19) nepefiner B ypasHeHue
3N "
I d x L

) ("‘ v )"ixv =0, (19

v=1

T. &. B ypaeneuue [JlanamGepa— Jlarpamxa, a cnenoBaTenbHO, H Bce
BLIBOLMMLIE H3 HEro YpaBHeHHd NBMmeHus OYLYT K08apuanmMHb OTHOCH-
TeabHo npeoGpasopanus (20).

OTciona BBITEKAeT BECbMA BAMHOE C/ENCTBHe: IABHMEHHS ABYX MeXa-
HHYECKH MOAOGHHIX CHCTEM OMMCHIBAIOTCA OIHHMMH M TeMH Xe yPaBHEHHAMH,
Npu¥eM NapaMeTpel 9TMX ypashewufl mpeoOpaayiorcd no gopmynam (20);
KHHEMATHYECKHE M NHHaMHYeCKHe BEJHYHHE, XaPAKTEDH3YIOWHE HBHME-
HHS MeXaHHYECKM nOZOGHBIX CUCTEM, TIPH Mepexone OT OfHOM CHCTeMHh
K IApyro#f, mnoayuaiotcs TeM ke mnpeoOpasosanueM (20), koTopoe, Kai.
Mbl BHACAH B M. 4, MOXKHO CUMTAaTh ONpeleJeHUeM MeXaHHYeCKOro noaobus..
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7. lipeoGpasopanne MexaHHYyeckKHX Beauwyun, B § 31 Omno ycra-
HOBJIEHO, YTO XapaKTep 3aBUCHMOCTH Kako#-anb0 MeXaHHUYeCKON BeHUMHBI
OT OCHOBHBEIX €IMHMI{ OMpPENeAAeTCH Pa3MepPHOCTLIO 3TOH BeauunHel. Ilycrs
MeKOTOpas MeXaHuyeckas BeNMUMHA 1A% cucTeMsl (S) uMeer B aGcomor-
HOH cHCTEMe BHI

Q= ql**m"; 1)
PasMepHOCTb 3TOH BelUuMHBL, OYEBUAHO, Gyner
Q= LT M. (22)

Yrobbl MOJAYYHTb 3HaueHHe TOH e Beauuubt aag cucremn (S'), Mexa-
HUueCkH nono6uot cucreme (S), HymHo caenars npeoOpasosanue (20},
T. €. 3aMeHHUTD

I—>Ail, t—1t, m—pm; (23)

Toraa aas cucreMs (S') penuunna Q Gyner HMeTh 3Hayenue
Q' = gA* PN PmY,
CJIeI0BATEABHO, YMCMEHHOe 3Hauende Beluuunnl Q ans cucreMut (S')
Byuer
" a
q = qr"ut. (24)

bopMyna (24) no cpoemy Buny noxowa na dopmyay (17) § 31, no,
KOHEYHO, MMeeT COBCeM APYrofl CMHC/, TaK KaK 37eCb eIMHHMIB Mephl
He wM3MensioTcA; omHako wncno A%tPpY, Ha KoTOpoe HyMHO YMHOXHMTS
YHCTEHHO® 3HaueHMe § HJA Mepexoma Kk cucreMe (S7), coBmamaer ¢ x03d-
pUUMEHTOM Nepexona, Onaromaps 4eMy MOWHO YCTAHOBUTb BHITEKAIOLIES
M3 9TOrO OGCTOATENLCTBA OYeBULHOE TIPABUIIO.

8, Ilpumepu. 1) [lpasmoruneinwid ocyuaramop. IlycTh Touxa
'MacCHl 1 JIBHMETCA NpaAMOJuHeiHO mnoA NeHCTBHEM CHAW, TPUTATHBAW-
anelt ee K HENOABWKHOMY LEHTPY MPONOPUHOHANLHO PACCTOAHMIO (TPAMO=
auHeHHBAl OcunanaTop). YpaBHeune HNBWKEHHS TOUKH Oyner

2
m -‘—I—f—z—-— kx,
dt
tac R ectb KBasuynpyras mocrosunas, OOulee peuresHe STOro ypasHe-
#18 HMeeT BHI

x = asin(of 4-¢),
rne o= l/ % ecTb KpYropas 4acrora konebanus TOUKH.
Jlns mexannveckn nonobGuoft cucreMbl OylLeM HMeTh
, d%x’

e Bx' u x'=asin(o't'+e)
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(@ 1 e-—npon3poibnbie NocTodsHHue), Tak Kak

cuaa -2 _1
= ————==T1 M, ol=T ",
lkl ANHHa [ ]
T0
=12k o =1"lo.
Yrofbl MeXaHWUYeCKH NONOOHHEIR OCUMAAATOP MM/ Ty We YacTOTY, HYMHHO,
4yToOnl Obin0 T==1, 2 cAenroBaTenbHO,

R = pk.

2) Lenmpaavnoe dsuzcenue. TlycTh TOYKA MACCHl mi JBHIETCH MO
neficTBHeM LeHTpanabHOl cuanl F =— fmMr”, npurarupawouled ee K He-
noasmmHOR Touke ¢ Maccoft M nponopunoHaneno n-f CTeneHu paccTos-
Hus; f ecTb rpasMTalMOHHaf NOCTOSHHAA, [l MEXaHHUYECKH NMONOGHOM
cucreMel OyneM nMetb

t
F, — fm’M’r" ]
OTKyna
AT = p2pn,
W2 nocnenHero ypaBHeHHS HMeeM
2 I-n -1
T=A""n" (25)

Ecan wmacchl NpUTAruBaKOIlero LenTpa u anTFIl"HBaeMOﬂ TOYKH B OGCHJE
CHCTEMaX ONMHAKOBH, TO M==1 u

C=A""
B cnyyae HBIOTOHMAHCKOTO TIPUTAMEHUS A ==—2 H
=A%

T. e. nonydaem 3-# 3axon Kenaepal).

I HLIOTOHHAHCKOrO 3aKoHa npHTsKenus Gopmyna (25) npuoGpe-
Taer BHI

 Jp— h?» . ’
P2 (25')

B
no3TOMy, ecan OBl NMJOTHOCTH TeN CONHEYHOH CHCTEMB OCTaNMCh Mpex-
HAMH, HO WX pa3Mephl, TaK e KaK ¥ B3aHMHbIE PACCTOSHHMA, HAMEHUINHCD-
B A pas, TO, TaK KaK Npu 9THX YCAOBHAX WU ==A3, Mb umenn O, yro

e

T. ¢. ppeMena obpauienust ocTanuch OB MPEXHUMA.

) las coaneunoit cucreMb B8TOT 3aKOH CHPABEANMB NPHOAMMENHO, ecamw
npene6peub pa3jxIHeM B Maccax mAaHeT, Maakix Mo cpaBHeHnw ¢ maccolt Connna
(em, u. 1, § 37, n. 8),
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9., Moaean, Ilng wuayuyenus paGoTe Kakoro-aHGo MpPOEKTHPYEMOro
COOpYXeHHs BeCcbMa HaCTO MNOML3YIOTCA H3YueHHEM €ero Molei, T. e.
CTPOST 9TO COOpDYHKEHHe B YyMeHbIleHHOM Maciutale M3 TeX e CaMBIX
MaTEpHA/IOB, MOAYYad TaxkuM O0GpasoM CHCTeMY, MATEPUANLHO TOROBHYO
MIPOEKTHPYEMOMY COODYMHEHHIO, M SKCIEePHMEHTaNbHO, MyTeM HaMepeHus,
onpenensiior BCe TpedyeMbe BENMUMHBEI, A W3 HHUX, TNOJb3Ysch METONAMH
TeOpHH NMOZOOHSA, HAXONAT COOTBETCTBYWIIHE BeIUUMHBL IS STOTO COOpY-
JEHUd B HATYpa/lbHBX pasMepax.

[Ipi yuyere cua, AefCTBYIOLUIMX HA pasjHuHbIE YACTH COOPYMHEHHS,
HYXHO Mpexe Bcero NMPUHATL BO BHMMAaHHWe Beca ero COCTaBHBIX yacTef,
"KOTOpHE B C1y4ae MaTepHalbHOrO MONOOUS H3MEeHSIOTCH MPONOPUHOHALHO
xybaM nHHeHHHIX pa3MepoB; TMOITOMY BECa COOTBETCTBeHHHIX fAerasefl
ABYX MarTepualbHO TOJOOHMX COOpPYIKEeHMH, TAK e Kak H HX MaccH,
uMeoT orHourenre A3, CnenoBaTenbHO, IAs OCYUIECTBAEHHS MeXaHHue-
.cKoro mopobus 1eo6XoanmMo, yTolH M COOTBETCTBEHHBIE CHIE, AeHCTBYiO-
mpe Ha JLeralH, HAXOINMAMCL B TOM e oruowenud. Ho aro He Bcerna
moxeT ObiTh XOCTHPHYTO, TaK KaK HEKOTOpHle CWAbl (HATPHMEp, CHMH
COMPOTHBJEHHS, DA3/IMYHbLIe BHIbl TPEHHS W Mp.) MBMEHRAIOTCA YIPH flepe-
X0jAe OT ONHOW CHCTeMH K JApYro, MexaHHveckW mOmOOHOM, B MHOM
oTHomieHun. B 3TOM cayuae TNpH NOCTPOEHWM MONENH A COXPaHEeHHA
MeXaHHYeCKOro noxobus NMpHXOIMTCA MOKepPTBOBATH MAaTePHANLHLHIM MO0~
6ueM u mnonOHpaTe COOTBETCTBYKIMM 06GpasoM MarepHans jeranefl H
ycaoBus HX paboTH.

B manbuefiiem OyneM npeanoaararts npocrefwn# cayvafh, korma sce
.COOTBETCTBEHHBIC CH/bI, TAK e KaK M Becd, HAXOASTCS B OTHOWIEHHM A3,
‘Torza GyneM HMeTb .

n=2% At fu=2»% otkyma t=AZ.

[lpn 3TOM NpPEANONONKeHHW, Ha OCHOBaHMH dopMyas (24) n. 7 ans
-onpeneneHus Kakofi-n1MG0 BeNHUHHBL @ TPOEKTHPYEMOrO COOpPYMKeHus,
HYMXHO COOTBETCTBYIOILYI0 BeNHUHHY ¢, HaHleHHYIO A8 MOIEIH, YMHO-
JKMTb HA TIepeXoAHHl Ko3dduLMeHT

a +% +3y

8
ATy =A% =2 :
CNeJ0BATENLHO,
n+%+3\!

Q=»% q. (26)

<dopmyna (26) BupaxaeT cobofi Tak iassipaemoe «mpasuno Hbiorona».

10. Tpumepst, 1) Cmamudeckue coopysicenys. B crarnuecknx co-
OpyieHusX (HAnpuMep, MOCThl, GepMbl, Kpanu) AeHCTBYIOUHMH CHAGMH
-OGL[I{HOBEHHO ABNAKTCA CHAB TAXECTH, J.'I.EHCTB}'IOLLII‘IE Ha Tena, HOTOpHe
STH COOpDYMeHHA TOLLEPHUBAIOT, CJAEAOBATEILHO, HMEIT MeCTo yciao-
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Bus n. 9. ITycTh nanpsiKeHue B pas/HYHBIX HAacTAX COOpPYMEMHS BHIpa-
WAeTCHd BETHYHHOR O, TpHueM
CHAa —1pn—2
0] =—22__— 1777,
naolanb

cnenoBarenbto, o=—1, p=-—2, y=1,

IMoncragngs 3TH 3HavyeHus B paBeHCTBO (26), GydeM HMETh COOTHO-
WeHHE MEXLy HanpsXeHHAMH B MaTepHANbHO TMOMOOGHBIX COOPYHEHHAX
B Buae

¥ = Ao.

Orciora BHITEKAET TMONOKEHHE NOBOABHO OOLIEro XapakTepa, YTO MOIENb
lpouyHee CBOEFO OPHIHHANA (KOHEYHO, MPH HANMYHM MATEPUANLHOrO MOLO-
6Wa ¥ NMPH YCIAOBHHM, YTO MOAeNb MEHbIIE OpHrHHAana).

2) Hdsuzameau. Ina nByX MaTepHanbHO MOZOGHEIX H MeXaHHUECKH
nogoOHEIX ABUraTelel BHYTPeHHEro cropanust (Wi¥ NMapoOBLIX MALIKH) CKO-
pPOCTH COOTBETCTBEHHBIX YACTEH AOMKHLI HAXOAWTLCA B OTHOLIEHMH AT~I,

1)
HO TAK KAK NMpH HAWMX YCAoBHAX T==A", T0 310 OTHOWeHHE ROMKHO:

6urth paBio V4. Hrtak, COOTBeTCTBeHHHE CKODOCTH ABYX MeXaHHYECKH
nogo6HLIX ABUraTeneft MPONOPUHOHANbHE KBALPATHBIM KOPHSAM H3 OTHO-
IleHHst WX JAHHERHLIX pasmepoB. [Ipi 3TOM HeOOXOAHMO 3aMeTHTb, TO
NS OCYUIECTB/IEHUS MeXaHWyecKoro nogoOHs pRapieHHs B NMAHHAPAX
9THX NBHrarefneft He MOryt OHTh NpOH3BOALHBIMH. Tak kak pasnenue pr
HMeeT pasMepHOCTh

cuna

=15n=2
—— = 7T M,
naomanb

[pl=
T. €. TaKyl0 e, KAK HampsKeHue, TO mepexoanuit KosdduuMent, Ha
ocHoBauK pasencrsa (26), pasen A, a caenopaTenbHo,

P=1p,

T. €. JA3BJCHMA B UMJAHHIADPAX MEXAHHYECKH MONOGHBIX ABHTaTeNeH LONKHLE
6uTh NPONOPUHOHANBHEL HX JAHHEHHHM pasmepaM. OTHOUIEHHE MOLIHO-
CTel ABHrarefeit MONAy4HTCH, e€cad, TPHHHMAas BO BHMMaHWE PasdMEPHOCTHL
MOUIHOCTH

[e] = %?5— =L’T7Mm,

noacrasuM B pasenctso (26) a=2, p=—3, y=1; noayuum
E = )"e,

TpaKTHYeCKH WHTEPEeCHO CpaBHUTL paboTy IBYX MAaTEPHANLHO Mopob-
HBIX JBUraTeneft npu pasanyHOM OTHOLIEHHM JaBAeHH{t B WX UMAHHAPAX.
Iinsi 9TOrO Mbl JOJKHBI OTKA3aThCH OT YCAOBHS, HTO COOTBETCTBEHHHIE
CHAL B JBHraTeNsX NpOTIOPUMOHAALHE A%, TaK Kak B 9TOM Ciyyae HaH-
Gonee CywecTnenHoll cunofl GyleT cuia AaBNeHHA HA TIOpUIeHb, KOTOpPAs:
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paBlia NpOU3BEREHUI0 IdBNCHHS HA NJOWANL NOpUIHA H GydeT mpomopumo-
HaabHa fAZ, rAe M eCTb OTHOWIEHHE MAABJeHWH; OCTANbHHIMH CHIAMH
(cunamu TAKECTH W BpPEAHLIMM COTIPOTHB/IeHUsMM) OynaeM Tpenebperarb,
TAK KaK B HelOABHXKHBEIX IBHraTe]fX Beca OTA&JbHBIX YacTeH A0CTATOYHO
YpaBHOBeWleHB! W TipeANonaraeTcs xopouas cMaska. Jasg MexaHHueckoro
nono6us Heo6xoauMo (cM. 1. 4), 4TO6H COOTBETCTBEHHHIE CHABI HAXO-
OHIHCh B OTHONIGHHH AT™2W, T. e. uTOGH

J'l:7l;2= ?LT-%I
NpHUYeM BCHeACTBME MarepHaasHoro nomobus p = A3. Ocriona
— 132
A=A"2= (A7),

T. €. COOTBETCTBeHHbE CKOPOCTH {cM. M. 3) OyayT NMpONOpPUHOHANbLHLL
KBANpaTHLIM KOpHAM H3 naBienn#t. Ecnm jpasnenus B uMAMHApPaX O0GOMX
apurarenefl OAMHAKOBHL, T. €. M==1, TO JAHHeHHblE CKOPOCTH PABHEHL.
Ipu m==1 oTHOWeHHE YTIAOBHIX CKOPOCTeHl, MJIM, 4TO TO IHKE, YHCed

-1 -1
060pOTOB B MUHYTY, PaBHO T ==3", W00 T=A; OTHOLICHHe MO~
Hocre#t Gyaer

A=A 3=

3) Conpomusrenue Osumxcenuro cydos. Cyna npn CBOeM IBHKCHHH
o BOAE HCNHITHBAIT CONMPOTHBACHHE IBHMEHHIO, KOTOpDOe npH }'TIOTPEG-
JACMBIX CKOPOCTAX MOXMHO CYMTATh NPONOPUHOHANLHEIM KBagpaTy CKO-
pocThH. Tak kak COHpOTHBJ’[BHI‘IB ABHMMEHHIO CYAHA MPONOPUHOHAIBHO NMJIO-
HAaIy MuUIeneBOro Ce4deHU H KBaipary CKOPOCTH, TO COI‘IPOTRBJIEHH!?I
ABYX MaTepHa/bHO MOAOGHBIX CYI0B TIPOMOPUMOHANbHBI

A2 (AT =8

(3mecy npuusT B8O BuMManWe yciomus m. 9 M To, 4O T==A%); cae-
JOBATENLHO, CHAH COTMPOTHBJEHHS TAKKe YIOBJACTBOPSIOT YCAOBHAM m. 9,
a4 MO3ITOMYy MOWHO moJb3oBaThcd dopMynoft (26). Tak kak orHourenue
CKOpOCTEH ABYX MeXaHW4eCKH MonoOHEIX cHcTem pasio At~!, a mpu ycao-
puax m. 9 t==A", 10 OTHOmIeHHe CKOPOCTeH ABYX MATEPHANBHO M0ZO0G-

HBIX CymoB Oyler paBHO A, Orciona sHTeKaeT Tak Ha3LBacMOe npa-
suno $pyna: ecan xKakoe-nu60 CyIHO nNpH CKOPOCTH ¥ MMeeT CONPOTH-
Brenme R, TO CyIno, MarepHanbio mnosodhoe, npu ckopocru v )/ A
Gyzer wMeTh comporthBienue RAS, rae A ecte oTHOWEHMEe NHHeHHBIX
pasMepos,
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