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BBEJAEHHUE
IlepBoe ynmoMuHaHuEe O «MHHUMBIX» YHUCIAX KaK O KBaJpPaTHBIX KOPHAX M3
OTPHULATENIBHBIX YUCE OTHOCUTC enle K X VI Beky.
B 1545 romy wuranesHckuii yuenbld Jlxuponamo Kapnano (1501-1576)

oIy0JIMKOBaj paboTy, B KOTOPO#, MBITAICh PCIINUTh YPAaBHEHUE
x3 —12x +16=0,
OH IPHILET K BhIpaKEHUIO +/— 243 . Uepe3 3T0 BhIpakeHHE IPEACTABIISLINCH JCH-

CTBUTEIIbHBIE KOPHU YPABHEHUS: X1 =X =2, X3 =—4.

Takum 06p3,30M, B pa60Te KapI[aHO MHHUMBIC 9HUCJIa ITOABHUJIIMCH KAK IIPOMC-

JKyTOUYHBIE 4JIeHbl B BbluuciieHUsiX. HecomHenHnasa 3acmyra Kapmano cocrosina B

TOM, YTO OH JIOIYCTHII CyIIIECTBOBAHHIE «HECYIIECTBYIOIIEr0O» 4rcia ~/— 1, mocry-
JIMPOBAB MPABUJIO YMHOMXEHUS:

J-1x+-1=-1,
BCE OCTAJILHOE CTaJIO JIE€JIOM TEXHUKH.

OnHako emie TpU CTOJIETHSI MaT€MAaTUKU NPUBBIKAJIA K 3TUM HOBBIM «MHU-
MBIM» YHCJIaM, BPEMsI OT BPEMEHU MbITAsCh COBEPIIEHHO OT HUX M30aBUTHCH, «3a-
KpbITh» uX. Tonpko ¢ XIX Beka, mocie Beixoda B cBeT padotr Kapna dpuapuxa
["aycca (1777-1855), NOCBSILIEHHBIX 10KAa3aTEIbCTBY OCHOBHOM TEOPEMBI alreopsl,
KOMIIIGKCHBIE' UMCIIa COBEPLICHHO HPIKMIINCH B HAyKE.

3ameydaTenbHbIM CBOMCTBOM KOMIUIEKCHBIX YHCEIl SIBUJICS TOT (PaKT, 4TO OC-
HOBHBIE MAaTEMATUYECKUE ONEPALIMU HAJ HUMU HE BBIBOJAT U3 00JACTH KOMILIEKC-
HBIX YMCEJI (TaK Ha3bIBAEMOE CBOWCTBO 3aMKHYTOCTH).

B nmanpneneM n3ydyeHrue KOMIUIEKCHBIX YMCEII CTaJI0 CTPEMUTENIBHO Pa3BU-
BaThCS, YTO MPHUBEJIO K BO3HUKHOBEHHUIO TEOPHH (PYHKIHN KOMIUIEKCHOTO Tepe-
MeHHOTO. OHa npeAcTaBiIsieT cOO0N JTOTUYECKU CTPONHOE M TAPMOHUYECKHU CBSI3-
HO€ 37]aHhe, U 3HAKOMCTBO C OCHOBHBIMH BONPOCAMHU 3TOM TEOpHH, OECCIOPHO,

ABJIACTCA HGO6XOI[I/IMI:IM SJICMCHTOM MAaTCMaTHYICCKOI'O 06pa3013aH1/1;1.

1
complexuc (71aT.) — CBA3b, COUETAHUE.



JlanHoe mocoOue TOCBSIIEHO H3JI0KEHHUIO OCHOB TEOpUH (YHKIHI KOM-
IJIEKCHOTO MEPEMEHHOr0. B HEM M3ywaroTcsi BaKHEWIME MOHSTHS 3TOrO Kypca:
npenesn, Mpou3BOAHAs, UHTErpall OT PYHKIUN KOMIUIEKCHOTO MEPEMEHHOTr0, pa3-
J0XeHUe ITUX QYHKIUI B CTENEHHbIE PAIbI, pa3IUYHbIE OTOOPAKEHUS, OCYIIECT-
BJIsieMble (PYHKIUSMU. BBISICHSAIOTCS OCHOBHBIE CBOMWCTBa U (epeHInpyeMBbIX
(GYHKIIMI KOMIIJIEKCHOTO TEPEMEHHOT0, HAa3bIBAEMBIX AHATUTUYECKUMHU. OTOT
KJlacc (PYHKIIMH HAXOAMTCS B TECHOM CBS3M C pelieHueM ypaBHeHus Jlammaca,
KOTOPOMY MPUBOJATCS MHOTHE 3aJa4d MEXaHUKHU U (PU3UKH.

B pabore mpuBoguTCs 00IBIIOE KOJIWYECTBO MPUMEPOB C pa3zoOpaHHBIMU
pemieHusiMU. B koHIle mocoOusi moMmenieHbl UHAUBUAYaJIbHbIE 3aJaHUsl 10 BCEM
paszenam Kypca.

Jlist 6oniee moapoOHOTO M3YYEHHUSI Kypca Teopur (PYHKIHI KOMIUIEKCHOTO
MIEPEMEHHOT0 aBTOPBI MPEJIaratoT UCIOJIb30BaTh CIEAYIOUIYIO JUTEPATYPY:

1. N.N. IIpuBanos, Beenenue B Teopuro QyHKIUN KOMIUIEKCHOTO MEPEMEHHOTO,
u3n.12, M., «<Haykay, 1977.

2. AT. CgewmnukoB, A.H. Tuxonos, Teopust ¢GpyHKUMIA KOMIUIEKCHOW NEpEMEH-
Hol, M., «Haykay, 1970.

3. AU lloBononkuit, JI.M. JluxtapuukoB, Teopust ananuTudeckux GyHKIuu, Jle-
HUHTrpan, 1988.

ABTOpBI TIIyOOKO MpHU3HATENbHBI CTapiieMy npenojaBarento P.A. Meipku-
HOM 32 OOJIBLIIOE YMCIIO LIEHHBIX COBETOB M 3aMEUYaHUM, YUYTEHHBIX MPU MOATOTOBKE
HACTOSIIIEr0 NOCOOus.

B 3akiroueHue npuBeIEeM HECKOJIBKO BCIIOMOIaTENbHBIX MOHATHI, U3BECT-
HBIX U3 MAaTEMAaTHYECKOr0 aHalln3a, KOTOPbIE MOTPEOYIOTCA B IajJbHEHIIEM.

IIycts paccMaTpuBaeTcss MHOXKECTBO [ TOYEK HA IIJIOCKOCTH.

1. Touka P Ha3bIBaeTCs 6HympeHHell TOUKOW MHOXKECTBA [ , €CIM CYILECTBY-
€T KPYT C LUEHTPOM B TOYKE P , BCE TOYKH KOTOPOTO IIPUHAIIEKAT MHOKECTBY D .

Harpumep, paccmarpuBasi Bce TOUKH, 3aKJIFOUEHHBIE MEXY IBYMs KOHLEH-
TPUYECKUMHU OKPYKHOCTSIMHU (pHC.l), MBI MOITy4ya€M MHOXKECTBO, COCTOSILEE W3

OJJHUX BHYTPCHHHX TOYCK. HpI/ICOGI[I/IHHH K 3TOMY MHOXCCTBY TOYKH, JICKAIIHUC HA



OKPYKHOCTSIX (Ha OJHOM MIU 00€HX), MBI MOJyYHUM, YTO TOYKH OKPYKHOCTH HE

OyyT BHYTPEHHUMHU ISl pACCMAaTPUBAEMOT'0 MHOECTBA (CM. puC.2).
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2. MmuoxectBo D Ha3bIBaeTCs 001acmvio, €CIU BBITIOIHEHBI YCIOBUS:
a) KaXKJas TOYka MHOXKeCTBa [) — BHYTPEHHSIS;
0) mo0ble IBE TOYKH MHOXKECTBA 1) MOXKHO COCIMHUTDH JIOMAHOM, BCE TOUKH
KOTOPOM IpuHajiiexkar D .
Tak Ha pucynke 1 n300pakeHO MHOKECTBO, KOTOPOE SIBISIETCS 001acThiO, a
Ha PUCYHKE 2 — HET.

3. Touka Q Ha3bIBaeTCs GHeuwHelli TOUKOW obiactu D, €Clii CyIIeCTBYET
KpYT C LIEHTPOM B Touke (J , BCE TOUKH, KOTOPOro He npuHamiexar D (cum. puc.l)
OTMeTHM, YTO HE BCErjia CYIIECTBYIOT BHEIIHHME TOYKM obOsiacTu. Tak, Ha-
TIpUMep, COBOKYITHOCTh BCEX TOUEK ILIOCKOCTH, He JeXalux Ha otpeske [—1;1]

ocHu a6CHI/ICC, npcacCTaBJACT 06J'IaCTI>, HC UMCIOIIYIO BHCINHUX TOYCK.

4. Touka M wHa3bIBaeTCs epanuyHoll TOYKOU obnactu D, eciu B J000M,

I MTTITIT CKOJIb YI‘OI[HO MaJIOM prre C HeHTpOM B TOYKC
rdl h} -~
/ ,\
F( i| (‘M M copepxarcs Kak TOYKH, MPUHAJICKAIINAE 00-
/ —
\ o
! ‘ jgactd D, Tak ¥ HE NMPUHAJIEkKAIUE ITOU obJac-
\ |
l
\ / TH (CM. puc.3).
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5. CoOBOKYITHOCTb BCE€X IPAaHUYHBIX TOUEK 00JIACTU HA3BIBAIOT €€ epaHuyel.



[IpocTeiimuM npuMepoM TpaHUIBI 00JIACTH, OYEBUIHO, SBISETCS KpPUBasi.
Opnako, rpaHuIa 00JaCTH MOKET COCTOATh U U3 IUCKPETHOIO MHOXKECTBA TOUYEK.
Hampumep, Bcs INIOCKOCTh ¢ BbIkonoToil Toukoir O(0;0) sBnsercs obna-
CTBIO C TPAHULIEH, COCTOSAIIECH U3 3TOU TOUKHU.
6. MHuoxecTBO, cocTosiiee u3 obmactu D U €e TpaHUllbl, HA3BIBACTCS
3amKkHymoti 061macTeIo 1 0003Ha4aeTcsa D .
7. Ob6nactb, obnmagaroniasi CBOMCTBOM: KaKyl Obl 3aMKHYTYIO HEIPEpPHIB-
HYI0 KPHUBYIO, JIEXKAIYI0 B 3TON 00JacTH, MbI
HE B3SJIM, MHOXXECTBO TOYCK, OTPAaHUYCHHBIX
ATOW KPUBOH, TAK)KE MPUHAICKHUT JaHHOU 00-

JIACTH, HA3BIBAETCS 00HOCE:3HOU (CM. puc.4).

Puc. 4

8. OOmactu, He 00JaJAIOIIME PTHM CBOMCTBOM, HA3bIBAIOMCA MHO2OCES3-

Hoimu (CM. puc.S).

JIBycBsi3Has 001acTh TpexcBs3Has 001acTh
Puc. 5

9. Ecnu o6nacte D 1ENUKOM JIKUT BHYTPH HEKOTOPOTO KPyra KOHEUHOTO
paauyca, TO OHa Ha3bIBAETCA 02paHuyeHHolu. B IpOTUBHOM cilydae - HeoepaHuyeH-

HOII.



I'/TABA 1. KommjiekcHbIe YUCJIA U JIeliCTBUS ¢ HUMH
§1. OnpenesieHue KOMILIEKCHOTO YHucIa. AprudMeTnieckne aeicTBUS
¢ KOMILJIEKCHBIMH YHCJIaMH
Onpenenenune 1. Komniexchuvim uuciom z Ha3bIBAETCA COCTABHAsI BEIUYU-
Ha BUJIa
z=x+1iy,

rane x, y - HeﬁCTBHTeHBHBIe quciia, CMUMBOJI [ - TaK Ha3bIBac€Masi MHUMas €IUHU-

.2
1a, At KoToporo i- =—1.
HazoBem uncno x - odeticmseumenvHoli WIN 8eUleCMBEHHOU 4ACMbl0 KOM-

IUIEKCHOT'O YMCJIA Z , YUCIIO Y - MHUMOU YaACmblo, 1 0003HAUNM:
x=Rez; y=Imz.
Eciun muaumas gacte Y = 0, kommuiekcusle yncna z =x +1i-0=Xx sBsror-

CA BCIICCTBCHHBIMH, CJIICJOBATCIIBHO, MHOXXCCTBO BCCX BCIICCTBCHHBLIX YHMCCI AB-

JIACTCA IIOAMHOXCCTBOM MHOXKCCTBAa KOMIIJIICKCHBIX YHMCCII. HpI/I X = O, y * 0 I10-
JIyHJaroTCs 4rcJia BUJia z = ly , KOTOPBIC HA3bIBAXOTCA YMCTO MHUMbBIMU.

Tak xak 11000€ KOMILJIGKCHOE YHCIIO OJHO3HAYHO OIPCACICTCA 3adaHUCM

YHOpHHOHGHHOﬁ IMapbl 9YUCCJII ()C,y), TO KOMIIJICKCHBIM YUCJIOM MOKHO HA3BATb 3TY

YHOPSIOYCHHYIO TTapy. MHOXECTBO BEIIECTBEHHBIX YMCEN TOT/Aa OyIeT 3a/1aBaTh-

Cs ImapamMu BUaa ()C ,O), MHOKCCTBO YMCTO MHUMBIX YHUCCI ITIapaMu B 1A (O,y)

[Ipu ycTaHOBIEHUM OCHOBHBIX apU(PMETHYECKUX ONepalril HajJ KOMILIEKC-
HBIMHM YHUCJIaMHU MOTpedyeM, 4ToObl OHM YAOBJIETBOPSUIM aKCMOMaM apu(PMETHKU
BELLECTBEHHBIX (IEHCTBUTEIBHBIX) YHCEN, TOrJa KOMIUIEKCHBIE yuciaa OyayT
MMETh YHUBEPCAIbHOE IPUMEHEHHE B BOIIPOCAX MATEMAaTUYECKOI O aHAJIN3A.

1). bBynem cuuraTh, 4YTO JBa KOMIUIEKCHBIX YUCNIA zZ; =X, +iy; U Z, =X, +10),

PaBHBI TOT/Ia ¥ TOJBKO TOT/Ia, KOT/Ia paBHBI UX BEIISCTBCHHBIC M MHUMBIC Yac-
TH, TO €CTb
Z1=Zy &2 Xy=Xy, V1 =),

2). CnoxeHue 4ucen z; U z, ONPEACINM PABEHCTBOM



zZ,+z, :(X1 +x2)+i(y1 +y2)-
JI71d clnoskeHust UMEIOT MECTO:
a) KOMMYTaTHBHOCTb
Z,+2,=2,+2;
0) acCOIMaTUBHOCTH
(z,+2))+2y =2, + (2, +25);
B) z + 0=z ans moboro z .
3). BeunTaHHMe omnpeaeauM Kak JIeHCTBHE, 0OpaTHOE CIIOXKEHHUI0. DTO O3HAYaerT,

YTO Pa3HOCTBIO JIByX KOMILJIEKCHBIX YHCEI Z; U Z, HA30BEM TaKOE€ YHUCIO Z
(z =z4 —z,), KOTOPOE yJIOBJIETBOPSIET PABEHCTBY:
Z+zy=12.
Takum oOpazom,
2174 :(xl _x2)+i(y1 _yz)-
4). YMHOXEHME YHCel Z, U Z, ONPEAEIUM PaBeHCTBOM
21724 =(x1x2 —y1y2)+i(x1y2 +x2y1).
JIns yMHOXKEHUS UMEIOT MECTO:
a) KOMMYTaTUBHOCTb
2172y = 2y 2y,
0) acCCOIMaTUBHOCTH
(Z1 'Zz)'Z3 = ’(Zz ’Za);
B) TUCTPUOYTHUBHOCTH
Z (Zz +Zs):Z122 T 24235
r) 1-z =z nns moboro z.
Omnpenenenue 2. Unucno z =x —iy HA3BIBACTCA CONPAINCEHHbIM K YHCTY
z=x+1iy.
3ameuanue 1. J[ns KOMIUIEKCHO COTPSDKEHHBIX YHMCENT UMEIOT MECTO COOT-

HOIICHUA

z+z =2x; z—zZ =1i2y;
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zz_:(x +iy)(x —iy):x2 +y2.
3ameuanue 2. KoMIUIEKCHBIE Yncia HE 00JIaJat0T CBOWCTBOM YHOPSI0YEH-
HOCTH.
5). Jlenenue omnpenenuM, Kak JIeMcTBUE 0OpaTHOE K YMHOXKEHHUIO. DTO O3HAYAET,

4TO UIA ABYX YHUCET Z; U Z,, Z, # 0 , CYHICCTBYCT U IIpU TOM TOJIBKO OJJHO YHC-

z
1m0 z (z =-1), ynoBierBopsioiiee paBeHCTRY:
z
2

Z+Z,=2.

JI1s1 HaXO0KIE€HHUS] YaCTHOTO KOMIUIEKCHBIX YHMCEN UCTIOJIb3YETCS CIAEAY 0NN

pHeM:

Z X iy (x1 +iy1)(x2 _iyz)_xlxz V1) +l-x2y1 — X
= o . o\ 2 2 2 2 -

Z, Xty (xz‘Hyz)(xz_lyz) Xy TV Xy TV

Mpumep 1. Haiitu 3nauenue Boipaxkenns (z, +2z,)-z,,
ecim z, =2+3i,z,=3+2i,z,=5-2i.

Pemenue. 2z, =6 +4i,
z,+22,=(2+6)+(3+4)i=8+7i,
(z, +22,) 2z, =(8+7i)(5-2i)=(40 +14) + (- 16 + 35)i =54 + 19i .

OrBet. 54 +19i.

Z1(Zz +Z3)

b

IIpumep 2. Halitn 3HaueHUE BBIPAKEHUS
z
2

rne z, =4+5i,z,=1+i,z,=7-9i.

Pemenue. z, +z, =(1+i)+(7-9i)=(7+1)+(1-9)i =8 -8i,
z,(z, +2,)=(4+5i)- (8 —8i)=(32+40) +i(- 32 + 40)=72 + 8,
2z, +z,) 72+8i (72+8i)1-i) (72+8)+i(—72+8)

z, 1+i  (1+i)1-i) 1+1
80— 64i

=40-32i.

OtrBerT. 40 -32;.

11



§2. 'eomeTpuveckasi HHTEPNPeETANUA KOMILUIEKCHOI0 YHMCJIa

Tak kak m1000€ KOMIUIEKCHOE YHCIIO Z =X +I) MOXHO OIPEIENINTh, KaK
YIIOPAIOYEHHYIO Tapy 4yMced (x,)), TO €ero M300pakaroT TOYKOM Ha KOOpIMHAT-

HOM IIJIOCKOCTH C COOTBCTCTBYIOIIMMH KOOPpAWHATAMU. HpI/I 3TOM och Ox 6y,Z[eM

HA3BIBATh OelicmeumenvHol ocvio, a ocb Oy - muumou (cMm. puc.l), a KOOpaUHAT-

HYIO IINTOCKOCTDb — KOMNJIEKCHOU NJIOCKOCMbIO.

Y Y
(x,y)
Yr——""7- T Yr——"""- |
| r |
| |
| |
| |
| \@ |
0 X X 0 X X
Puc. 1 Puc. 2

Uucna, umzoOpaxkaemble TO4YKamMu ocu Ox , SBISIOTCS BEIIECTBEHHBIMU

(y = O), a yucnia, uzoopaxxkaemble TOUkaMu ocu Oy SBISAIOTCS YUCTO MHUMBIMU

(x =0).

YrhopsimodeHHas mapa 4Yucell OINpeeseT Ha KOOPAMHATHOM IJIOCKOCTH
€JIMHCTBEHHBIM 00pa3oM pajiiyc-BeKTop, uMeromuii Hauano B Touke (0,0), a ko-
Hell B Touke (x,y). TI03TOMy KOMIUIEKCHOE YMCIO MOYKHO IIPEICTABHTH B BHJIE
paauyc-BekTopa Touku (x,y). JIIMHY pajuyc-BEKTOpa Ha3bIBAIOT MOOYIeM KOM-
IJIEKCHOTO Yucia

r=|z|:1/x2 +y7;
yToJl, KOTOPBIH BEKTOP 00pa3yeT C MOJOKUTEIbHBIM HampaBieHueM ocu Ox - ap-
2YyMeHmoM KOMILUIEKCHOro uucia. ApryMmeHT uucia 0 He ompeaesneH. ApryMeHT
uycna z=(x,y) ompejensercs He OJHO3HAYHO, a C TOYHOCTBIO JO CIAraeMoro,
KpaTHOro 277 . 3HaueHue apryMeHTa U3 IPOMEXKyTKa (— 77;77] Ha3hIBAIOT 2na6HbIM
3HayeHuem apeymenma, 0003HA4YaAIOT
p=argz
Y BBIYUCIISIOT 0 popMmyTie

12



Y

arctg—, eciu x>0
X

argz = arctg1+7r, eciu x<0,y>0.
X

arctgl—ﬂ, eciu x<0,y<0
X

OueBnIHBI PABEHCTBA:
z|=z|=+zz; argz=-argz.
SAcHo, uT0 X =7rcos@, y =rsin@ (cM. puc. 2).
Torma camo 4uCIIO z MOXHO 3alKCaTh CACAYIOIUM 00pa3oM:
z=r(cosgp +ising).
DTO0 Tak Ha3bIBaeMasi MpuoOHOMempuieckas )opma KOMILIEKCHOTO YucIa.

CBoiicTBa MOZyJIS U apryMEHTa KOMIUIEKCHOTO Yucia (MPOBEPHTE CAMM):

1. ‘21 -22‘:‘21‘-‘22

5

arg(z, -z,)=argz, +argz,.

2 Z_l_‘Zl‘

- 9
Z2 ‘Zz

z

arg| — |=argz, —argz, .
z
2

3. ‘Zl‘—‘zz‘ﬁ‘zl+22‘S‘21‘+‘22‘.
OmnpenenyiM & -OKPECTHOCTh TOYKM Z, KaK MHOXKECTBO TOYEK, YJOBJIETBO-

PAIOIIUX HEPABEHCTBY ‘z — zo‘ <¢.llyctb z=x +iy; z, =x, +1y,, TOrAa

‘Z_Zo‘:\/(x —x, ) +(y-y) <e

2 2 2 Y P =~
umn (x —x, ) +(y—y,) <&”. 7 Z \\
/ \
MHOX€CTBO TOYEK, YAOBIETBOPSIOINX / / \
o \ (X07y0) /I
MOCJICIHEMY HEPABEHCTBY, €CTh OTKPBITHIN . 7
\ 7
N v
KPYT C IIECHTPOM B TOUKE (x0 , yo) paguyca & WA/
(cm. puc. 3). Touku OKpYKHOCTH, OTPAHUYUBAIO- 0 X

1IEN KPYyT, YAOBJIETBOPSAIOT YPABHEHUIO ‘Z —ZO‘ =&. Puc. 3

13



IIpumep 1. [IpeacraButh B TPUTOHOMETPUUECKON (hopme uucia u u3odpa-

3UTh UX HA KOMILJIEKCHOM MJIOCKOCTH:

a)z, =2-2i; 0)z,=—1+1i; B)Z, =—1; rz, =—4.
Pemenue. N3006pa3sum yucia BeKTOpaMu Ha KOOPAMHATHOM TIIOCKOCTH.
Y a) z,=2-2i. CenoBaTeipHO,
4 L
3 i Xl - 2, yl - _2 u
o 2, |=V4+4=8=22;
V4 i .
74 | § argz, =arctg%:—%.
-4

Otcroma z; B TPUTOHOMETPHUYECKOM

2= (bopme umeer Bu:

3t
zZ, = Zﬁ(cos(— Zj + isin(— ZD .
Puc. 4 4 4

0) z,=-1+i. 3mecp x,=-1,

=1 u |z,|]=+(=1) +1*> =42 ; argz, =arct L+7r:—£+7r:3—7z.
yZ 2 g 2 g(—l) 4 4

Takum obpazom,
Z, = ﬁ(cosG}—ﬂ + ising—ﬂ) .
4 4
B) z, =—i. B nannom ciywae x5 =0, y; =-1

25| =40+ (- 1)* =1, Tax kax Touka (0;,—1) nexur Ha oTpHLATENBHOI Yac-

T
1 ocn Oy, TO argz, = ) U

ol 2ol 5)

r) z,=—4. x, =—4,y, =0 [z,|=4, Tax xak Touka (—4;0) nexur na or-
puLarensHol yactu ocu Ox , 10 argz, =7 U

z,=4-(cosm +isinrx).

14



IIpumep 2. Ha xoopAMHATHOM MIIOCKOCTH HM300Pa3UTh MHOMKECTBO TOYEK

Z=X + iy, yIOBIETBOPSIONINX YKA3AHHBIM YCIOBHSIM:
: , 7r Vi
) z—z|<4nz =3-5i; 2)Im(z)<2; 3)Z<arngE.

Pemenue. 1) |z —z,| <4, rae z; =3 - 5. Boruncinum

z—z,=(x=3)+i(y+5). Torma |z —z|= \/(x ~3)* +(y +5)* . IoacraBum
3TO BBIpAKEHHE B MCXOJHOE HEPABEHCTBO M BO3BEJEM HEPABEHCTBO B KBaJpar,

HOJTYYHM
2 2 2
(x —=3) +(y+5) <4>.
MHOKECTBO TOYEK, YAOBICTBOPSIONIUX STOMY HEPABEHCTBY, €CTh OTKPBITHIN

KpyT paauyca 4 ¢ ueHTpoM B Touke (3;-5) (cm. puc.5).

Y
of 1 2 3 X v |
_1 i ///—.-_:._\\\ :
g | RN

2t : oy . :

/ | N |

73 B : 4 \ |

// 4 8 I \\ :
7777 | 0 1 ? X

\ I |

\ / |

\ / |

\ / |

\ / |

A\ /4 I

N 4 |

~ /// I

"""" Puc. 6
Puc. 5 ne
2) Im(iz)<2.
zi=(x+iy)i=-y+ix. Im(iz)=x . 3HAYUT, KCXOJHOE HEPABEHCTBO

npuMeT BUA X < 2. MHOXKECTBO TOYEK, YAOBIETBOPSIONIUX ITOMY HEPaBEHCTBY,

n300pakeHo Ha puc. 6.

T T
3) —<argz < —.
)4 §z=7

15



T
argz = — HUMEIOT TOYKH, PacHOJIOKEH-
Y o/ 2
//
/4 HBIC Ha MOJIOXKUTEIbHOU Tostyocu Oy , ee
T //
i 7/
2 ’4 T T
a3 ypaBHEHHE @ = —; argz=-— HMEIOT
3\\— 2 4
/ 4
0 X TOYKH OUCCEKTPHUCHI MEPBOTO KOOPAMHAT-
T
HOI'O yrja @ = 1 Bce ocranbHble TOUKH,
Puc. 7

YAOBJICTBOPSIIOIIME JTAHHOMY HEPABEHCTBY, JIEXKAT HA JIy4yax MEXIAY @ = 151

z
4

VA
=— . 7).
?=5 (cm. puc.7)

JUIsi UCXOAHOrO HEpPAaBEHCTBA MOKHO 3aIMCaTh SKBUBAJIEHTHYIO CUCTEMY
x>0
HEPaBEHCTB :
y>x
§3. Bo3BeeHne KOMILJIEKCHBIX YHCEJ B HATYPAJbHYIO CTeNEeHb.
N3BiieyeHne KOPHS U3 KOMILJIEKCHBIX YHCeJ
JIJist BBIMOJTHEHUST ONepaliil YMHOXKEHUS U JIeJICHUs! yA00HO MCIOJb30BaTh
TPUTOHOMETPHUUECKYIO (POPMY KOMIIIICKCHBIX YUCEN.
Ha ocHoBaHuu CBOWCTB MOAYJISl U apryMeHTa (CM. CBOMCTBO 1), umeeM
21 -2, = 11y (cos(py +@,) +isin(p; +9,)), (1)
TO €CThb MOJyJIb MPOU3BEICHUS PABEH MPOU3BEICHUIO MOJYJIEH, a apryMeHT Mpo-
U3BEJICHHS — CyMME apryMEHTOB COMHOXHUTENEH.

B ClIy4dac ACJIICHUSI KOMIUICKCHBIX 4YHUCCII IIPU 75 * 0 AHAJIOTUYHO MOXHO

momyaHTH j—l = :—1(COS(<01 —@,)+isin(p; —@,)) 2)
2 2

IIpumep 1. HaiiTu npousBeaeHne U YaCTHOE KOMILJIEKCHBIX YUCEIl z{ U Z,,

3z .. 3« A V2
eci z; =3 COSI-I-ZSIIIZ , Zy =2| cos Y +isin 5]

16



Pemenue. [1o popmynam (1) u (2) nonyuaem

wer= ool o5 Joen( (5]

= 6(cos% + isin%) =342 +i3+/2.

o))

= %(COS% +isin%[j = %(COS(— %) + isin(— %D =32 -32i.

Iycts z = r(cos @ +isin ). Toraa u3 popmyst (1) caeyer, 9To IpH Ha-
TypajbHOM 71 CIIPaBEAJIMBO COOTHOLIEHHE
z" =r"(cos(ng) +isin(ng)), 3)
KOTOpO€ HazbIBaeTcs popmyiioit Myaspa.
IIpumep 2. Beruncinutb (E -1 ?]lo :

Pemenue. IlpencraBum yucio 5 I Y B TPUTOHOMETpUYECKOU dopme.

[Monyunm ——i—=1+| cos| —— |+isin| —— | |.
2 2 3 3

Hanee, no popmyne MyaBpa BeIUUCIISIEM

1 3\ ( 107[) N ( 107zj
——— =1"| cos| ——— |+isin| —— | |=
2 2 3 3

( 4%) . ( 47[) (27[) . (27[) 1 /3
=cos| —— |+isin| - — |=cos| == |+isin| == |=—=+i—.
3 3 3 3 2 2

Onpenenenune 1. KomImekcHOe 4nCIO W HA3bIBAETCA KOPHEM N -OU Cme-
neHu W3 KOMIIEKCHOTO YUCIA Z , €CIIU Z =W .

[Ipu sTOoM numyT W = 2z .

ycts z = r(cosp +ising), w= p(cosy +isiny).
Nmeem z =w", crienoBarensHO, Ha OcHOBaHUH (opMysl Myaspa

17



r=p", ny=¢+2rk,rne k - uenoe uucio.

+ 27k
Orciona, p = 1/y W= (p—ﬁ, k - uenoe uucio.
n
Torna
+27k ) + 27k
w =4z =4r cos PR L isin PR , k - menoe auco. 4)
n n

B cuny nn

YEHUU KOpHS 1

epUOIUYHOCTU QYHKIUNA CUHYC U KOCHHYC YHCIIO PA3INYHBIX 3HA-

-OM CTEIICHU U3 KOMILICKCHOI'O YMClia Z paBHO 7, IOTOMY IJIA UX

BbIYKCIICHUS B (Qopmynie (4) IOCTATOYHO UCMOJIB30BATH 7 3HAYCHUH K :

k=0,1,2,...,n—1. Monynu stux uncen pasusl /7 - apugpmemuueckuii xo-

PEHRL N -OM CTEIICHH U3 eeecmeerHnHo2o 4ucia r, a apryMeHThI Pa3In4aroTCs Ha

—
-~

/ 21
/ 1

= -

2
~ YKCII0, KpaTHOE —— .
~ n

Bce kopHu m300pakaroTcs Ha KOM-

IIpumep

IUIEKCHOM IJIOCKOCTH — BEpLIMHAMM Ipa-
BUJILHOTO 7 - YTOJbHUKA (CM. pucC. §), BIU-

CAHHOI'O B OKPYKHOCTb C OICHTPOM B TOYKC

Puc. 8 z =0 u pagnycom Q/E i

3. Pemuth ypaBHEHHE

20 =1.

Pemenue. PemueHusiMu ypaBHEHUs SIBJISIFOTCS BCE KOPHH W = 1. IIpen-

CTaBUM 4YKCJIO 1 B TpUroHOMeTpUueckoit hopme

1=1(cos0 +isin0).

Torna no popmyne (4) momydum
0+27k . 0+27k
W:Q/_: Q/T = Q/T COS———+I1simn———— |.
KOpeHb u3 apugmemuyeckuil
KOMNJIEKC —  KOPEeHb U3 Geuyecn —
HO20 YUCAA  BEHHO20 YUCA
bynem npunasate k 3HaueHus ot 0 10 5 ¥ BBIYUCIUM 6 KOPHEH Wy, ..., Wg!
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k=0, w; =1(cos0+isin0)=1;

27z 1 /3

k=1, w, zl(cosz—ﬂﬂ'sin— =—+i—;
6 6 2

2
k:2,w3:1(cos4—7[+isin4—” :—1+i£;
6 6 2 2
k=3, w4:1(cos6—”+isin6—7[):—1;
6 6
k=4, w5:1(c058—ﬂ+isin8—”j:—l—'ﬁ;
6 6 2 2
k=5, w6:1(coslo—”+isinlo—ﬂ):l—i£.
6 6 2 2
IIpumep 4. Pemuth ypaBHEHHE
22 =3-i.

Pemenmue. [IpeacraBum ynciio J3-iB TPUTOHOMETPHUIECKOH (hopme

—£+27zk ——+2rk

Beruuciauwm:

Vs (7[ ﬂj r o .1 . x 12 342 \/5(1+\/§)
COS— =(CO0S| ——— |=Cc0S—COS— +sin—Ssin—=—- + = ;

12 3 4 3 4 3 4 2 2 2 2 4
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=siNn—COS— — COS—SIN— = .
3 4 3 4 2

3 4

. T .
SINn—=-SIn

z (72'72') T 7 7Z'7T\/§\/2§

142 J2(3-1)
22 4 '
OKOHYATENBHO MOTYYaeM:

[20443) 2(3-1)) 1443 VB-1_1443  1-3
w1=24—z4:2—12:2+12.

1+J§+iﬁ—1
2 2

zﬁ(—cosiJr'sinij:—
he 12

§4. IlocsenoBaTE ILHOCTH KOMILJIEKCHBIX YHCeJ.
beckoHe4HO y1ajeHHast TOYKA.
PacmiupeHHasi KOMILIEKCHAS IJIOCKOCTh

Onpenenenne 1. ITocnedosamenvrocmoio {z,} Komniekcnvix uucen Gyiem

Ha3bIBaTh (DYHKIUIO HATYypajJbHOTO apryMeHTa 7, IPUHUMAIOIIYI0 KOMIUIEKCHBIE

sHaueHus: z, = f(n), neN .

AHQJIOTUYHO TOCIEA0BATEIBHOCTH {xn}ﬂeﬁCTBI/ITCHBHHX qucen, Mocieno-
BaTEJIbHOCTD {Zn} Oyzer 3aaHa, €Cid U3BECTHO MPaBWIO [ , KOTOPOE MO3BOJISET
HAITH 000U €€ DIIEMEHT Z,, 10 HOMEPY 71.

IIpumep 1. Halitu yeThipe NEPBHIX WiICHA MOCIEI0BATEILHOCTEH:

N

a)z, :;_n; 6) z, =(—i)".

Pemenue.a) z, :;—. Beibupas n=1, 2, 3, 4, nony4uum
n

27727007 4737237 677t 2.4

Z]‘:ﬁ — — —

Q|

6) z, =(—i)". Toncrapnsas n=1,2,3,4, umeem
N . A2 A3 . N4
Zq =(—z) =—, 25 =(—z) =-1, z3 :(—1) =1, 2y =(—l) =1.
Onpenenenne 2. KOMIUIEKCHOE YUCIO @ HA3LIBAIOT Npeoeiom HOCae006d-

menbHOCmuU KOMILUTEKCHBIX 9HCeN {z, |, ecm amsa moGoro & >0 cymecTByer Ho-

mep N, TaKOM, 4TO s BCEX 71 > N () BBIIOJIHAETCS HEPABEHCTBO ‘zn - a‘ <¢.
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3anuceiBaroT: limz, =a wim z, - a npu n —> ©.
n—

Torna onpeaeneHue MOXKHO 3aMKUcaTh Tak:

limz, =a)] < (V&>0 3N, =Ny(s):Vn>N, = |z, —d|<e).

—®
reOMeTpI/ILIeCKI/Iﬁ CMBICJI IIpEAcia ITOCICIOBATCIbHOCTH KOMIIICKCHBIX YH-

CeJI 3aKJIKYaeTCs B TOM, YTO BCE TOYKM Zz,, HAYMHASA C HEKOTOPOro Homepa N,
JIeXKaT B KPYre CKOJIb YTOJHO MAJIoro pajuyca & W LIEHTPOM B TOYKE a, TO €CTh B
& -OKPECTHOCTHU TOYKH a .

Iycts z, =x, +iy,, a=a+if.
{xn} - IIOCJIEZIOBATEIbHOCTD JEHCTBUTEIbHBIX YaCTEMH,

{ n} - IOCJICAOBATCIbHOCTh MHHUMbBIX YacTeu.

CrpaBesiuBO cleayromee
YTBep:kaenune (HCOOXOIUMOE M TOCTATOYHOE YCIOBHE CXOJIMMOCTH TIOCTIe-
JOBATEIbHOCTH KOMILJIEKCHBIX YHUCET).

IIpeieoM  TOCTENOBATENBHOCTH  {z,|={x, +iy,} sABuseTca umcio

a=qa +iff Toraa v ToIbKO TOrna, Koraa limx, = u limy, = .
n—»o0 n—»>o0

Onpeneenne 3. [Tocien0BaTeILHOCTh KOMIUIEKCHBIX YHCEN {Z, | Ha3bIBa-

eTcsl cxoosawelics K yucay a,ecnu limz, =a.
n—»©

[IpuBeneHHOE BBIIIE YTBEPKIACHUE IMMO3BOJSET MEPEHECTH CBOMCTBA CXOJs-
LIUXCS TIOCJIEIOBATEIBHOCTEN JNEUCTBUTENBHBIX YUCEN HA CXOASLIUECS IOCIENO-
BATEJIbHOCTH KOMIUIEKCHBIX YHCEN:

lim(z, +w,)=limz, + limw,;
n—»0 n—» n—>0

lim(z, -w,)=1limz, - limw,;

n—® n—® n—o0
limz,
lim *+="=22— ecm limw, #0.
nsow, limw, n—oo
n—»0

OﬂpeneﬂeHne 4. HOCHGI{OB&TCJ’IBHOCTB KOMIIJICKCHBIX 4YHCCJI Ha3bIBACTCA

02paHU4eHHOll, eCIU CYIIECTBYEeT Takoe BemiecTBeHHoe uucio M >0, uto s
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BCCX YJICHOB ITOCJICHOBATCIIBHOCTH BBIIIOJHACTCSA HCPABCHCTBO ‘Zn‘ <M (T.C. BCC

4UCIIa Z, PACIOJIOXKEHBI B Kpyre paauyca M U LIEHTPOM B HyJIE).

Ou4eBHIHO, YTO BCSKas CXOIAMIASACS IOCICA0BATCIBHOCTh KOMILICKCHBIX
Yyuces orpaHuyeHa (0OpaTHOE HE BEPHO).

YacTHBIM clTydaeM CXOJISIIEHCS TOCISA0BATEIbHOCTH SBIISICTCS 0ECKOHEUHO
Majias IoCcaeA0BaTEILHOCTb.

Onpenenenne 5. TTocne0BaTENEHOCTS {Z, | KOMILIEKCHBIX UHCEN Ha3bIBa-

ercst beckoneuno manou, ecmu limz, =0, To ecTh
n—»o0

Ve>0 3Ny =Ny(e):Vn>Ny = [z,|<e.

CaenoBarensto, limz, =0 < lim|z,|=0 (To ecTb nocuen0BaTEIBHOCTH

n—o0 n—»0

{z,} KOMILTEKCHBIX uncen sABNAETCS GECKOHEUHO MOl B TOM M TOJBKO B TOM
Cllydae, KOrja O€CKOHEYHO MAaJlOW SABISIETCA INOCIEA0BAaTEIbHOCTD ﬂzn‘} JEUCTBH-

TCJIBHBIX III/ICGJ'I).

Onpenenenne 6. Eciau 1mocnenoBaTenbHOCTD {zn} HE HMMEET KOHEYHOIO

npenesna, TO OHa Ha3bIBAETCS pacxo0saulelics.
Boigenum oTenbHO 0€CKOHEUHBIHN Mpees MoCaeA0BaTeIbHOCTH KOMILIEKC-
HBIX YHCEIL.

Onpenenenne 7. TTocne0BaTeNbHOCTS {Z, | KOMILIEKCHBIX UHCEN Ha3bBa-
eTcs beckoneuno boavwot, ecma VE >0 ANy =Ny(E): n>N, = ‘zn‘ >FE . Ilpn

3TOM 3aluUChIBalOT limz, =o0.
n—oo

CrnenoBarenbHO, BCe TOUKU z,, HAUMHAS C HEKOTOpOro HoMmepa N, OynyT

pacnoJyiaraThCsi BHE Kpyra CKOJIb YTOJHO OOJbLIOro pajauyca £ W UEHTPOM B Ha-
yajie KOOpJAHUHAT.

SR

Ipumep 2. [loxkasats, yro lim -—;

n—o p
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Pemenue. [lo onpenenennto 4 nmeem =|—=

Haiinem HOMep N, HauMHas, ¢ KOTOPOIO JAHHOE HEPABEHCTBO OYIET BBINOJ-

HATBCS. Takum HOMCPOM JIA IIPOHU3BOJIBHOI'O IIOJIOKHUTCIBHOI'O & CTAHCT

1
Ng= {T , TO €CTh B Ka4ecTBe N(; BO3BMEM LIENYIO YaCTh YACHIA ——.
&

NE

IIpumep 3. Jlokazate, yto lim (1 ++/3i )" =00,

n—>0

Pemenue. [lo onpenenenuio 6 nmeem ‘(1+\/§i)"‘:‘1+\/§i‘n =2">E.

Torma st 11000010 CKOJIB YTOAHO OO0IBIIOro Yucia E , JaHHOE HePaBEHCTBO OyieT

BBIIIOJIHATHCS, HAYMHAA ¢ HOMepa N = [log2 E ]

MoXHO cKa3aTh MPO IOCJIEA0BATEIBHOCTh, CTPEMSIIYIOCS K O€CKOHEYHO-
CTH, YTO OHA UMEET CBOUM IPENIECIIOM TOUKY Z = 0.

Pacmmpum KOMIIEKCHYIO IUIOCKOCTh Z , 100aBUB K HEH HOBBIA 3JIEMEHT
Z =00, KOTOPBIA Ha30BEM OeckoHeuHo yoaneHHou moukou. O0beInHssI KOMILIEKC-
HYIO IJIOCKOCTh C O€CKOHEYHO YMAJICHHOM TOYKOHN IMOJYYHM PACUUDEHHYIO KOM-

NJIEKCHYIO NIOCKOCMb.
§5. Crepeorpajduyueckasi npoexkuus
PaccmoTpum B mpocTpaHCTBE TPSIMOYTONBHYIO cucTteMy KoopauHaTt O&nd
1 1
u chepy S pammyca 5 C IICHTPOM B TOYKE O;O;E . [Imockocts £O1n coBMecTHM
C KOMIUIEKCHOM IUIOCKOCTBIO Z .
2 4

2
VYpaBuenue chepsl S UMEET BUA 52 + 772 + (g“ —1) :1.

Byaem cunrtate, yTo Ha cdepe BbIOpaHbl reorpapuueckue KOOPAUHATHI, s
KoTophIx O sBisleTcs HOKHBIM MOMIOCOM. Touky N , AMaMeTpalibHO MPOTHUBOIIO-

70xkHYy10 Touke 0, Ha30BeM CEBEPHBIM IMOTIOCOM cdepsl (puc. 1).
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IlocTaBuM B COOTBETCTBUE KaKIOU TOuke M

IUIOCKOCTH Z TOuYKy M mnepeceuenus nydya NM

)41 C(bepbl. OTum YCTAaHaBJIIMBACTCA B3aWMUMHO OIHO-

S
3HAYHOE COOTBETCTBUE MEXKIY TOYKAMH TUIOCKOCTH
1 chephl, MPOKOJIOTON B CEBEPHOM ITOJIIOCE (TOYKE
N HE COOTBETCTBYET HU OJIHA TOYKA ITIOCKOCTH).

X

HOCTpOGHHOe COOTBCTCTBUC MCKIAY TOYKaAMHU

MIPOKOJIOTOM c(hephl U MIIOCKOCTH Z :
0:Z >S\{N},
Ha3bIBAIOT cmepeozpaguueckoil npoexkyuel chepbl Ha MITOCKOCTb.

Touka M - cdepuueckoe n300pakeHNe KOMITICKCHOTO YHCIIA z Ha3bIBACT-

csl cmepeocpaghuueckou npoekyueil Touku M Ha chepy S .
Ecou touka M cdepbl npoberaer mepuauaH, To Touka M TmiepecedeHuUs
aydya NM ¢ TI0CKOCThIO Z TmpoberaeT ayd, Mpoxoasimuid yepe3 Touky 0; a ecnu

Touka M OIUCHIBAeT napasuienb, TO Touka M OMHCHIBAET OKPY>KHOCTH C LIGHTPOM
0. Otcrona cnemyer, 4To ceTka reorpadUdecKux KOOPAUHAT HA cepe mepexoquT
npu crepeorpaduyecKoil MPOSKINH B CETKY MOJSPHBIX KOOPAWHAT Ha MIOCKOCTH
Z . Ilpu 3TOM Kak MepHAMaHbl U Mapajuienu Ha cdepe, Tak U KOOpIAUHATHBIC JIH-
HUM TOJIIPHBIX KOOPJAWHAT HA TUIOCKOCTH MIEPECEKAOTCS IPYT C APYTOM TOJ Tpsi-
MBIMHU yTJIIaMH, TO €CTh yTJbl IPU MPOSKTUPOBAHUH HE U3MEHSIOTCS.

[Tpu Takom M300paxkeHNUH KOMIUIEKCHOMY 4yHcily z =(0 cTaBUTCS B COOTBET-
creue touka O(0;0;0) cdepbl S ; KOMIUIEKCHBIM YHCJIAM C OJMHAKOBBIMU apry-
MeHTaMH (JIydaM TUIOCKOCTH Z , UCXOMASIIMM U3 Havyajla KOOpJIWHAT) — «MEepUAHra-

HbD», @ KOMINICKCHBIM YUCJIaM C OMHAKOBBIMU 3HAYCHUAMUA MOIAYJIA |Z| (OKPY)KHO-

CTSIM IUIOCKOCTH Z C IIEHTPOM B Hayaje KOOpJIUHAT) — «IIapajlieian.

[Ipu crepeorpaduueckoil MpoeKIMU CeBepHOMY ToJitocy N HE COOTBETCT-
BYEeT HU OJIHA TOYKA IUIOCKOCTH Z . UTOOBI BOCCTAaHOBUTH B3aMMHYIO OJHO3HAY-
HOCTh OTOOpa)XEHHMsI, JOTIOJTHUM TIOCKOCTh OECKOHEUHO yIaJIeHHOW TOYKou. UTo-

Obl M OHa ImoJrydnjia KOMIIJICKCHYIO KOOPAWHATY, ITOIIOJIHUM MHOKCECTBO KOM-
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TUICKCHBIX YHCEIT eIIe OJJHUM JJIEMEHTOM, KOTOphIi 0003HauMM oo . Takum oOpa-
30M, 00 - KOMIUIEKCHAsl KOOpPAUMHATa OECKOHEYHO YAaJIEeHHON TOUYKH.

YcaoBumcst cuuTaTh, YTO MOJMOC N COOTBETCTBYET OECKOHEYHO y/IaJe€HHOM
TOYKE z = 0.

OxkpecTHOCTSIMU OECKOHEYHO yIaJeHHON TOYKHU SIBIISIOTCS BHEUIHUE o0ac-
TH OKpY’kHOCTe ¢ 1ieHTpoM B (. Harnsagno MokHO yOeaUThCA B 3TOM, MPOCKTH-
pys Ha IUNIOCKOCTh Z OKPECTHOCTU CEBEPHOTO MOJIFOCA.

Temeppr MOXXHO TOBOPHUTH O B3aMMHO OJIHO3HAYHOM COOTBETCTBUHU MEXKITY
cepoii S M pacwupennori komnaexcroii niockocmwio C . Chepa S HaspIBaeTcs
cghepoti KomMnIeKCHbIX Yucen WU cghepoii Pumana.

VYCcTaHOBUM CBSI3b MEXIY JEKapTOBBIMH KOOpIMHATaMU X WU y TOYKU M ,
n300pakaroliell KOMIUIEKCHOE YHMCIO z =X +iy W KoopAauHartamu &, 717, & ee
chepruueckoro n300pakeHusl M

YuuThIBas yCJIOBHE TNpHHAIExKHOCTH Todek M (x,y,0), M (&E,n,8) m

N (0,0,1) OJTHOM TIPSIMOM UMEEM:

£-0_n-0_¢-0 _ 1-¢ 0
x-0 y-0 0-1 y:L’
1-¢
2 2
x?+y? :—Efl _237)2 : (2)

Hcnonb3ys ycnoBue NpUHAAIEKHOCTH TOUKU M cdepe S :

2
§2+772+(§—%j =

b

1

4
& ant=¢-¢7

[ToncraBnss 3Hauenue & 24 772 u3 (2) umeeM

b2y f-¢P=¢-¢2%,

2.,2.60-¢)
Y Tasop
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2,2 %

x“4y°= :
y 1-¢
Orcrona
_ )62+y2 3
C1+x2 +y2 . ©)
IToncrasnss (3) B (1), momyunm
B X
1+x2+y?
) , e 4)
1+x2 +y2

OKOHYATEILHO UMEEM

g

f=—20; p=—2; ¢= (5)

1+|Z|2 1+|Z| 1+|Z|2
®opmynbl (5) HaA3BIBAIOTCS opmyramu cmepeocpaghuieckol npoekyuu u

NO3BOJISIIOT HAWTHU KOOPAMHATHI TOUKU M cdepbl S , 3Hast KOOpIAUHATHI TOUKH M

M300pakaroIiell KOMIUIEKCHOE YUCIIO Z =X + 1Y .

IIpumep 1. Haiitu 1 noctpouts crepeorpaduyeckyro MpoeKIu0 TOUKU

G Z=1+\/§i.
1IN
4/5\\1\7[ Penrenne. z:1+\/§i, x=1, y:\/§_
S| 1/2L
/ i 5 Torza |z|=+/1 +( )2 =2. Ucnons3ys GpopMyIsl
' 3
y
1/5/~X5]5 1, V8 4
) 3/ n (5 nonyuum: & = 5 2
g
Puc. 2 M [% g %j (cm. puc.2).

3ameuanue. Pasenctna (1) aBistorcs popmynamu o6paTHOro nmpeoOpa3oBa-
HUSL.

Crepeorpaduueckoe MPOCKTUPOBAHKUE 00JIaIa€T BaXKHBIM CBOMCTBOM: TIPH
3TOM OTOOpPaXEHUH OKPYKHOCTH Ha KOMILJIEKCHOM IJIOCKOCTU MEPEXOJAT B OK-

pykHOCTH Ha cpepe Pumana u, Ha000pOT, OKPYKHOCTSM Ha cepe Pumana, He
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IPOXOAIIMM Yepe3 MoJtc N , COOTBETCTBYIOT OKPY>XKHOCTH Ha KOMIUJIEKCHOM

IIJIOCKOCTH. I[OKa}KeM 9TO OJIA OKPYKHOCTH Ha INIOCKOCTHU Zz C LHCHTPOM B HAYaAJIC

KOOpPAMHAT U paanycoM R : x2+ y2 =R?.

JloKka3aTeabCTBO. x> +y> =R?2. Orciona |z|2 =R?, zZ|=R.
x? :cf2(1+R2)2, y2 :772(1+R2)2. Torma
R? R?
52 + 772 =———»; { =——— . Takum 00pa3oM, HCKOMOE MHOXECTBO —
(1+R2)z 1+R

KpuBas nepeceyeHus chepsl Pumana 1 miIoCKOCTH mapajiebHON MIIOCKOCTH Z .
OcoObIM citydaeM SIBISIETCS OKPY)KHOCTB, MPOXOJSIIasi 4epe3 moirc N .
DTa OKpy»KHOCTh — ceueHue chepbl Pumana miockocteto AE+Bn+CE+D =0,
rae C + D =0, To ecTb
AE+Bn+Cs+D=0
g ntalt=¢

Ucnons3ys dopmyisl (5) moaydum:

,rne C+D=0.

x y A

+
1+|Z|2 1+|Z|2 1+|Z|2

+ D =0. YMHOXHUM Ha 1 +|Z|2:

Ax + By +(C+D)|z|2+D:O. Tak xkak C+D =0, T0o Ax +By +D =0 -

ypaBHEHHE MPSIMOU KOMIUIEKCHON TIIIOCKOCTH. Takum 00pa3oM, OKpYy>KHOCTH cde-
pbl Pumana, npoxozgsauien yepes noiatoc N COOTBETCTBYET MpsiMasi KOMIIJICKCHOU
IIJIOCKOCTH.
N o6patno, ar060i npsamoit Ax + By + D =0 KOMIUIEKCHON TJIOCKOCTH CO-
OTBETCTBYET OKPY’KHOCTh Ha cepe Pumana, npoxoasiuas yepes nosnoc N .
IIpumep 2. Haiitu u noctpouth crepeorpauyeckyto IpOeKIU0 MHOXKECT-

Ba TOYEK KOMILICKCHOM IIOCKOCTH, 33{aHHOTO HEPaBEHCTBOM |z| > 3.

PaccMOTpiM CHavasa crepeorpaguueckyto MpOSKIHI0 OKPYXHOCTH |z| =3.

9
D710 OyIEeT OKPYKHOCTHh & 24 772 = 100 (r=0,3), nonyuaromascs npu nepeceye-
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9 .
HuH cephl IIOCKOCTBIO ¢ =15 CuieproBatenbHO, npoekuueit odnactu |z|>3 Oy-

JIeT 3allTpuxoBaHHas obsacth cheprl Pumana (cm. puc. 3).

§6. UucsioBblie psiibl ¢ KOMIVIEKCHBIMH YIEHAMU
Bripaxxenue Buga

u, Fuy, +otu, +.., (1)
rape u, - KOMIUICKCHBIC YMCIId, HA3BIBACTCA YUCIOBBIM PsIAOM C KOMIIJICKCHBIMU

YICHAMH.
YucnoBble psJibl ¢ KOMIUIEKCHBIMU WICHAMH 00JIa/Ial0T CBOWCTBAaMH aHaJIo-
TUYHBIMU MHOTMM CBOMCTBAM YHUCJIOBBIX PSAJIOB C JEHCTBUTEILHBIMU YWICHAMMU.
Yactuunslie cymmsl psiaa (1):
S,=u;; Sy=u tuy; oS, =u +.oo 4w,

00pa3yroT YUCIOBYIO KOMIUIEKCHYIO IIOCJIE0BATENbHOCTD {S . }

Onpenenenue 1. Psn (1) HazpIBaeTCs cxo0awumcs, €CIM COOTBETCTBYIOIIAs

CMY IOCJICAOBATCIIbHOCTD {Sn} CXOOUTCA, TO CCTh CYHICCTBYCT IIPCACII

limS =S. 2)

n—®©
Uucno S HasbiBaeTcs cymmotu AaHHOTO psiga. Eciu npenen (2) He cyiect-

BYeT Wu OecKoHeueH, TO psij (1) Ha3BIBAIOT pacxo0auumcs.
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CXOI[HIHI/ICCH pAAbl MOKHO ITOYWICHHO CKJIaJblBaTh WM YMHO’KATb Ha KOM-
IIJICKCHOC YHCJIO, ITPHU 3TOM ITOJIYYCHHBIC PAAbLI TOXKC CXOOATCH.
Ha ocHoBanuu noHsATHSA npeacia KOMIIJIEKCHOM YHCJIOBOU IMOCJIEAOBATCIIb-

HOCTH JICTKO Y6CI[I/ITI>C$I B CIIPAaBCAJINBOCTHU CJ'ICIIYIOIHeﬁ TCOPCMBI:

o0
Teopema 1. Psn E U, C KOMIUIEKCHBIMM YIEHAMH CXOJMTCS TOrja M
n=1

0]
TOJIBKO TOr'la, Koraa CXoIsATCA ABa psaagad ¢ BEHICCTBCHHBIMU YJICHAMM: E Re lxln 51
n=1

ilmun.

n=1
Psn u,,q +u,,,+... Ha3pIBaeTCAd n-M OCTaTKOM pszna (1) m oOo3HauaroT

]"n :un+1 +un+2 +....

Torna ans cxopserocs psga MOXKHO 3anucatb S =S, +7, ¥ A1 J11000ro
& >0 MOXHO OTpesenuTh Takoi HoMep N, 4To ‘rﬂ‘ <gnpunz=N.

Teopema 2. (Heobx00uMmblll NPUZHAK CXOOUMOCMU)

Ecin psix (1) cxomurest, To limu, =0.

n—®
Jloka3zaTeabCTBO 3TOH TEOPEMbI AHAIIOTUYHO J10KA3aTEJIbCTBY TEOPEMBbI
JUISL CJTy4as YMCIIOBOTO PsiJia C BEIIECTBEHHBIMU YJICHAMH.
W3 Teopemsr 2 cnenyeT, 9To eciu oOmmid dieH psga (1) He ctpeMutces K Hy-
JI10, TO PSiJl PACXOJIUTCA.
Hapsiny c psaom (1) paccMOTpuM psiji, COCTaBICHHBINA U3 MOIYJIEH €ro YWICHOB

+.... (3)

u

n

oy | + [y |+ ..+

Psn (3) siBnsieTcst YMCIIOBBIM PAJIOM C BEILIECTBEHHBIMU YJICHAMH.

Teopema 3. Ecau cxonutcs psag (3), To cxonutest ¥ psag (1), KOTOpsid B
ATOM CIIy4ae Ha3bIBAECTCS AOCOIOMHO CXOOAUUMCSL.

OOpatHOe yTBEpKACHHE HEBEPHO, TaK KaK CYHIECTBYIOT PSJIbI CXOMASAIINECS,

HO He a0coaroTHO. Takue pAAblI HA3bIBAKOT YC/IO6HO CXO()}ZWMMZ/IC}Z.
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3ameuanue 1. Ecnu psan cxoautcsi abOCOMIOTHO, TO MPH JIF000M EpecTaHOB-
K€ €ro YICHOB HOBBIM psJ Tak ke OyneT aOCOJIIOTHO CXOJALIMMCS, IPUYEM K TOH
&KE CyMMe.

3ameuanue 2. ViccnenoBanue cxoauMocTH psna (3) Kak MOJOKUTEIBHOTO
YHCIIOBOIO PsiIa MOKHO MPOBOJUTH C IOMOIIBIO W3BECTHBIX JOCTATOYHBIX IPH-

3HAKOB, B YaCTHOCTH, Ipu3HaKoB /[’ Anambepa u Kormm.

IIpumep 1. MccnenoBaTte Ha CXOAMMOCTB PsiA . @iy .
n=1\ L1

Pemenue. CocraBum psijg U3 MOYJICH Y4JI€HOB JAHHOTO PsJia:

e n X n
El(zi)" P rTe

HcenenyeM MOyYEHHBIN MTOJI0KUTEIbHBIA YUCIOBOM Psii HA CXOIUMOCTB C
noMmonibio mpusHaka J[’AmamGepa. st 3TOro paccMOTpUM Mpenen OTHOIICHUS

(n +1)-oro unena psga K 7 -oMy 4WieHy psaja Ipu 7 — o0. B 1aHHOM cilydae uMe-

. (n+1)-2" 1. n+1 1
em npejen lim-——>——=—lim =—.
n—»c0 2” -n 2 nowo p 2

ITo mpusnaky /I’ Anambepa psig cXOQUTCs, €CIM Ipeea MeHbe 1, 4To ume-

eT MecTo. Toraa uCXOMHBIA PSJT CXOAUTCS, IPUYEM aOCOIIOTHO (110 Teopeme 3).
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I'JIABA 2 DYyHKIUH KOMILJIEKCHOI'0 IIEPEMEHHOIr0

§1. OcHOBHBIE OTIpeIeIeHUsA

[TonsiTue (QPyHKIIMU KOMIUIEKCHOTO TEPEMEHHOrO OMpeaesieTcss MoA00HO
TOMY, KaK 3TO JIEJIaeTCA B Cly4yae JeHCTBUTEIHHOTO TEPEMEHHOTO.

Omnpenenenne 1. Qyuxyueri KOMNIEKCHO20 NEpemMeHH020 HA3bIBAETCS OTO-
OpaxxeHue f HEeKOTOPOro KOMIUIEKCHOTO YMCIOBOTO MHOXECTBA D B KOMIUIEKCHOE
YHCIIOBOE MHOXECTBO G.

Ecnu kaxnoMmy 3HaYeHUIO z € D COOTBETCTBYET JHIIbL OJHO 3HAYEHUE
we G, To PyHKIUS HA3BIBAETCS OOHO3HAUHOU, €CIIH KE HEKOTOPBIM Z COOTBETCT-
ByeT Oosiee ueM OTHO 3HaUCHUE W, TO QYHKIIUS HA3bIBACTCS MHOCO3HAUHOU.

Jlns 0603HaueHns (pyHKIMH MONIb3YI0TCs 0003HaYeHneM: w = f(z).
MeuosxectBo D HasbiBaeTcs obnacmuio onpedenenus Gpyaxuuu f(z), a co-
BOKYITHOCTh COOTBETCTBYIOIIMX 3HaYeHUM [ (z) Ha3bIBaeTCA MHOJICECMEOM 3HAYE-

Huti QYHKITUH.

O6o3HaunMm z =x +iy,a w=u+iv,Tae X, Y, U,V - IeHCTBUTEIHHBIC YHC-

Ja, Toraa
w=u+iv=f(z)= f(x +iy)=ulx,y)+iv(x,y). (1)

BemiectBenHass u MHUMas 4YacTH (YHKIUHM KOMIUIEKCHOTO TEPEMEHHOTO
NPEICTABISIFOT COOOW (YHKITMHM BEIIECTBEHHONH W MHUMOW YacTell HE3aBHCHMOTO
nepemenHoro z: u =u(x,y) u v=v(x,y).

Hpumep 1. Iycts w=2z" u z =x +iy . Haittw u(x,y) u v(x,y)

Pemenue. w=(x +iy)’ =x> +2xyi —y* = (x2 —y2)+i2xy . Orcrona
u(x,y)=Rew=x>-y*, v(x,y)=Imw=2xy.

®ynkuun w = f(z) cOOTBETCTBYIOT JBe (DYHKLIHHU OT JABYX BELIECTBEHHBIX
nepeMeHHbIX. O6paTHO, eciu 3ananbl Gynkuud u =u(x,y) u v=v(x,y), T0 UM

COOTBCTCTBYCT (1)YHKI_II/I$I KOMILICKCHOI'O IIEPEMECHHOTO, OIIpEAcCiIsiEMas PpaBCHCTBOM

(1).
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IIpumep 2. Haiitu QyHKIIUIO KOMIUIEKCHOTO MEPEMEHHOT0, KOTopas 3aja-

CTCs CIICAYIOIUMU q)YHKIII/IHMI/I ABYX BCIHICCTBCHHBIX IICPCMCHHBIX !

y X
u(x,y)z 5 5 s v(xly): > 5 -
x“+y X" +y
z+z z—zZ 9 2 _
Pemenne. Tak kak x = , Y= , X" +y~ =z-Z,TO UMEEM:

2i
z—z z+z .
y+xi 2 * 2 ! 2z i
w=u(x,y)+iv(x,y)= 5 > = L =———=—.
X" +y zZ 2izz  z

KomrmnekcHast mepemeHHasi z MOXKET ObITh M300pakeHa JABWKYIIEUCS TOY-
Kol Ha KoMruiekcHOM tuiockoctu XOY . s n300pakeHus: KOMILIEKCHOM mepe-
MEHHOi W = f(z) Bocmomb3yeMcs APYTUM SK3eMILISPOM KOMILIEKCHOM IJIOCKOCTH
UOV ; GyneM OoTKIaabIBaTh Ha ock OU BellecTBEHHYIO yacTh QyHKuuu f(z), a
Ha ocu OV - MHUMYIO 4acTb 3TOW (DYHKIIMH.

Takum o0pazom, OyaeM HMETh JABE KOMIUIEKCHbIE Tuiockoctd XOY
UOV . Ecnu ¢pyukuust [ (z) - OJHO3HA4Hasd, TO Kax1oi Touke z, € D < XOY co-

OTBETCTBYET OIpelielIeHHas Touka w, € G c UOV (puc. 1).

y L v
w=1(z)
™
Zy L
Wo
0 X 0 / u
Puc. 1

Touky w, Ha3bIBalOT 0Opazom TOUYKU z, Ha miockoctu UOV | a z,, - npoo6-
pasom w.

Korga xoMIuiekcHasi epeMeHHasi z OMUCHIBAET KPUBYIO (, MPOXOJSILYIO
qyepe3 z,, a IepeMEHHass W ONMCBHIBAET KPUBYIO L , MPOXOIAILYIO Yepe3 w,, TO

KpuBYI0 L Ha3bIBatoT 00pa3zom kpuBol ¢ B miockoctu UOV , a kpuByto ¢ - mpo-

o0pa3zoM KpuBoi L .
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IIpumep 3. Haiitu o6pa3 muaun x =2 ©Ha mwiockoctu UOV mnpu oTobpa-
KEHUH W =2 .

Pemenune. U3 nmpumepa 1 gnsa z =x +iy umeem: w=(x2—y2)+i2xy.

2 2

Uu=x"-y ,
Otkyna 5 . Toukn Ha TMHUK X =2 HUMEIOT BUJ Z = 2+ iy, IO3TOMY:
v =2xy
u=4-y°
1 s zyg =xy+i-0=2+i-0 6yner w, =wlz,)=4.
v=4y

HckntounM nmapameTp y W3 ypaBHEHHW Ui U U V, U ITOJYYUM

1
Orcrona: u = —Evz + 4. Ora kpuBas — napadosa B miockoctu UOV .

. s
W=z
y ~ 1
Wo
0 4 u
X0
J{ 1
0 2 X
/ -8
Puc. 2

Onpenenenne 2. Yucno 4 Hasbiaercs npedeiom GyHkuud w = f(z) B Tou-
K€ z,, €CJIM JUIsl JIIOOOro Hamepe] 3aJaHHOIO IOJIOKUTEIBHOIO YUCIA & MOKHO
yKa3aTh TaKo€ MOJIOKUTEIHHOE YHCIO O, 3aBHCAIIEE OT &£, YTO JUISI BCEX Z W3

HpOKOJ’IOTOﬁ 5-0Kp€CTHOCTI/I TOYKH Z, (O < ‘Z —ZO‘ < 5), BBITIOJIHACTCS HCPABCH-

ctBO |f(z)— A| < &. Ilpu 3TOM IHLIYT

lim f(z)=A4. 2)

Z—)ZO

IlonsTue npeacia (bYHKHI/II/I KOMIIJICKCHOI'O ICPEMCHHOI'O CBOAUTCA K IMOHS-

THUIO TIpe/iena (PyHKINUU ABYX BEIIECTBEHHBIX MEPEMEHHBIX.
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CrpaBeiyIuBO CIEAYIOLIEE YTBEPKICHUE:!

Iycth z=x +1iy, z, =X, +iy,, A=a+bi n f(z)=u(x,y)+iv(x,y). To-
r7la paBeHCTBO (2) UMEET MECTO TOIJa U TOJBKO TOrJa, KOTJa BBIIOJIHAIOTCS pa-
BEHCTBA:

lim u(x,y)=a, limv(x,y)=h.
X—=>X(0 X—=>X(0
y=¥0 y=¥0

Ha npenenbl GyHKIIMM KOMILJIEKCHOTO MEPEMEHHOrO MEPEHOCATCS U3BECT-
HbI€ CBOWCTBA npejena QyHKIUU ABYX MEPEMEHHBIX.

Eciu dyukuun w, = f(z) u w, = g(z) uMeroT mpenensl B TOUKe z,, TO
UMEIOT TIpesiesibl anredpanyeckas CyMMa U MPOU3BEACHUE 3TUX (PYHKUIUN, TpHYeM

CIIPaBCAJINBBI PABCHCTBA!

lim(f(z) £ g(z))=lim f(z) £ lim g(z);
lim(f(z)- g(z))=lim /() lim g(z).

76) lim f(z)

zZ—Z()

Ecm limg(z)#0, 1o  lim =— :
zz z—z( g(Z) hm g(Z)
Z—zZ()

O606muM Tenepsb MOHATHE Mpesela Ha ciyyail, korga z win f(z) crpe-
MATCS K OECKOHEUYHOCTU. B 3TOM ciyyae HaJ0 3aMEHUTh OKPECTHOCTU OOBIKHO-
BEHHBIX TOYEK OKPECTHOCTSIMU OCCKOHEYHO YIaJICHHOMN TOYKH.

Onpenenenne 3. Uucno A HasbBaercs npederom Gyukuuu f(z) mpu
z — 00, ecind Ui M06oro & > (0 HaimeTcst mMpoKoIoTasi OKPECTHOCTh OECKOHEYHO

yJJICHHO! TOYKH, B KOTOPOM BBINOJIHAETCS HEPaBeHCTBo | f(z)— A4|< €.

lim f(z)=A . 3)

Z—>0

O4eBuHO, YTO PaBEHCTBO (3) BEPHO B TOM U TOJILKO B TOM CJIy4ae, eclivd

limf(lj:A.

z—0
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Onpenenenne 4. lpenen Gpynxunn f(z) paBen oo Tpu z —>z,, €CIH IJIA
mo6oro N >0 HalieTcs MPOKOIOTas OKPECTHOCTh TOYKHU Z,, B KOTOPOii BBIMOJI-
HSIETCsl HepaBeHCTBo |f(z) > N .

OueBuaHO, uyTO0 lim f(z)=o0©0 B TOM M TONBKO B TOM Cjydae, €CiH

z2()

lim 1 =0.

77 f (Z)

Onpeneaenne 5. [penen Gyukuun f(z) paBeH oo IIpU z —> 0, €CIU s

aro6oro N >0 Haifmercs mpoOKOIOTask OKPECTHOCTh TOYKH 0, B KOTOPOW BBIMOJ-

HSIETCs] HepaBeHCTBO |f(z) >N .

OueBugno, uto lim f(z)=c0 B TOM M TOJBLKO B TOM CIlydYae, €cju

Z—>0

limL:O.

z—0 f(lj
z
Onpenenenne 6. Pynkuus w= f(z) HasbiBaeTCs HenpepviéHOL B TOUKE Z,,,

€ClIM OHa OIpeJelieHa B TOYKE Z, M HEKOTOPOM €€ OKPEeCTHOCTH U, €ClU
y_g(}f(z):f(zo)-
HenpepsIBHOCTE B TOUKe z, =X, +iy, dynkmun f(z)=u(x,y)+iv(x,y)
paBHOCHIIbHA HempephiBHOCTH bynkmmii u(x,y) u v(x,y) B Touxe (x,,,).
[ycts pyrkuun f(z) u g(z) HenpepBIBHBI B TOUKE z,, TOT/A UX AIreOpan-
yeckas CyMMa, IPOU3BEACHUE, YACTHOE (g(ZO) 7 0) €CTb (DyHKLIUU HEIPEPBIBHBIC

B z,. Cynepno3unus HenpepbIBHBIX (PYHKIUH B TOUKE z, Takke (yHKIMs Helpe-

pPBIBHAsA B 3TOM TOUKE.

OueuaHO, uTO ecmu GyHkuus f(z) HempepblBHA B KaXI0M TOUKE HEKOTO-
poii obaactu D, TO ee MOXKHO Ha3BaTh HenpepuleHou 6 obaacmu D.
2 2 9 )
IMpumep 4. Oyukuus w=|z|=/x* +y* sBIseTcs HENpepbIBHON Ha BCei
KOMIUIEKCHOM IUIOCKOCTH, TaK Kak JUIs JI'o00ro z,

lim

z2()

Z| z‘zo‘.

35



Omnpenenenre HEMPEpPHIBHOCTH (YHKIUU MOKHO CHOpPMYINPOBATH Yepes3
npupaiieHus QyHKIUU U apryMeHTa (CpaBHUTE C OINpEAesIEHUEM HENPEPhIBHOCTU
B TOYKE (PYHKUUU JEHCTBUTEIBHOIO IIEPEMEHHOTO).

Onpenenenne 7. Dynkuus f(z) Ha3bIBAacTCA HENPEPHIBHOI B TOUKE Z,,, €C-

71 GECKOHEYHO MaJOMy MPHUPAIICHUIO apTyMEHTa COOTBETCTBYET OECKOHEYHO Ma-

JI0€ TpupalieHue PyHKIUU B ITONU TOUKE.

§2. IlpousBogHasi yHKIUN KOMILUIEKCHOM MepeMeHHOM.
Ycaosue Komn-Pumana

Iycte w= f(z) sBnsercs OAHO3HAYHON (yHKIMEH KOMIUIEKCHOrO mHepe-

MCHHOTIO.

Onpeneaenne 1. IIpouseoonoti pynkunn f(z) B TOUKe z, HA3BIBAETCSA KO-

HEYHBIN Mpe/e OTHOUIEHUS NpupalieHust GyHKIMHA K MPUPAIICHUIO He3aBUCUMOMN
MEePEMEHHOM BEJIMUUHBI, KOT/Ia MOCIEAHEe CTPEMUTCS K HYJIIO MIPOU3BOJIBHBIM 00-

pasoM, TO eCTh

' 1 f(Z0+AZ)_f(Z)
f(Zo)—gI_B) Az :

®ynkuus w= f(z), UMeromas B TOYKe z, MPOM3BOJHYIO, HA3BIBAETCSA MO-

HO2eHHOl B 9TON TOYKE.

OyHKIMSA HA3BIBACTCS aAHAIUMUYECKOL B 00JIACTH, €CJI OHA B KaXKI0M TOUKE
ATOM 00JIaCTH UMEET KOHEUHYIO TTPOU3BOIHYIO.

O Kaxao¥l OTAENBbHOM TOUKE TaKOW 00JIaCTH TOBOPAT, UTO B HEW J1aHHAs

(yHnkuusa ananuruueckas. Ho torma, ecnu Gynkuus f(z) sBaseTcs aHAIMTHYe-
CKOM B TOUYKE Z,, TO, [10 OIPEJIEJIEHUIO, OHA JOJKHA ObITh AHAJTUTUYECKON B HEKO-
TOPON OKPECTHOCTU TOUKH Z,.

CyMMa, npou3BeiIeHHe, YaCTHOE (32 UCKIIIOUEHHEM TeX TOYEK, Il 3HaMeHa-
TeIb O0paliaeTcs B HyJb) U CYNEPHO3UIUA aHATUTHYECKUX (DYHKIUI SIBISIOTCA

(bYHKHI/IHMI/I AHAJIMTUYCCKHUMU.
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[IponsBogHas aHATUTUYECKOW (PYHKIIMH €CTh (PYHKINSA aHATUTHYECKas. DTO
03HAYaeT, YTO y AHAJUTHUYECKON (DYHKIIMU CYUIECTBYIOT MPOU3BOJHBIE JFOOOTO
MOpsIJIKA.

[IpaBuna auddepeHnmpoBaHusl MPOU3BEICHUSA, CYMMbl U YacTHOTO (hyHK-
UM, CIIO)KHOU U 00paTHOM (YHKIMU JEHCTBUTEIHLHOTO MEPEMEHHOIO OCTAIOTCS B
cwie U s GyHKIIUHA KOMIUIEKCHOTO TiepeMeHHoro. CrpaBeiiuBoO U ONpeieIcHUE
b depeHnupyemMocTHu.

Teopema 1. J[ng Toro, 4ToOBbl (YHKIHMS KOMIUIEKCHOTO TICPEMEHHOTO
w=f(z)=u(x,y)+iv(x,y) Obta quddepeHpyemMoii B ToUke z, =X, + iy, , He-
00XOMMO U J0CTaTO4HO, 4ToObl Qynkimu u(x,y) u v(x,y) Obumu auddepeHiu-

PYCMBI B TOYKC (XO ,yo), 1 4TOOBI B 3TOM TOYKE BEITIOJHSINCH PaBCHCTBA

Oou _0Ov ou  0Ov

=== == 1
ox Oy oy ox M

VYcnoBus (1) wHasweiBatotcst ycrnosuamu Kowwu-Pumana wna J['Anambepa-
Dinepa.
JlokazaTenbcTBO. 1) HeobxoaumMocCTs.
Iycrs Af = f(z, + Az) — f(z,). Tax xak dynkuus f(z) uMeeT IPOU3BOX-
HYIO B TOUKE z,, TO Af INpeICcTaBUMO B BHJIE
Af =(4 + Bi)Az + a(Az)Az, (2)
rne A+ Bi=f'(z,), a(Az) - 6eckoneuno Manas 6ojee BHICOKOTO TOPSIKA Majio-
cty, yeM Az . O0o3HauuM: Au = u()cO +Ax,y, + Ay)— u(xy,v,)
Av=v(x, +Ax,y, +Ay)—v(x,,¥,)
Az =Ax +iAy,
torna Af = Au +iAv nium
Af =(4 + Bi Ax +iAy)+ a(Az)Az = AAx + AiAy + BiAx — BAy + a(Az)Az .
OTO 03HAYAEeT, YTO CIIpaBeINBbI PABEHCTBA:
Au=AAx — BAy + Re(a(Az)- Az) (3)
Av=BAx + AAy + Im(a(Az)- Az). (3*)
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U3 (3) u (3*) cnenyert, uro pyukuuu u(x,y) u v(x,y) muddepenuupyembie
B Touke (X,,, ). [IpuueM B 3Toii TouKe

au_av_A 8u__8v_

—=—=4, —=——=-B. 4)
ox Oy oy ox

2) JocTaTo4HOCTb.

Hycts Gpynxuuu u(x,y) u v(x,y) B Touke (xo, yo) muddepeHpyeMsl |
cupaseuuBbl paencTsa (1). Ilokaxem, uto w = f(z) nuddepeHuupyema B TouKe
Zy-

Tak kax Qpynxuuu u(x,y) u v(x,y) - auddepeHnupyemble B TOUKe (xo, yo),

TO CIIPAaBCAJIMBLI PABCHCTBA

s =2 ax + % Ay + Re(a(Az)- A2), 5)
ox oy
ov ov
Av=—Ax + —Ay +Im(a(Az)- Az). (5%)
ox oy
O603HaYNM ou = _ A ou = _ov =B (yuutbiBaeM yciosus (1)). Torna

ox Oy - oy ox

paBeHcTBa (5) u (5*) npumyT BU:

Au=AAx — BAy + Re(a(Az)- Az),

Av=BAx + AAy + Im(a(Az)- Az).

Ho Torna
Af =Au+iAv=(AAx —BAy)+i(BAx + AAy)+ Re(a(Az)- Az)+
+ilm(a(Az)-Az)= (A4 + Bi (Ax +iAy)+a(Az)- Az = (A + Bi)Az + a(z)- Az

A 910 o3Hadaer, uro QyHkuMa f(z) muddepeHuupyemMa B TOHYKe
Z, =X, + Yy, TO €CTh UMEET IPOU3BOIHYIO.

VYcnopus Komm-Pumana mo3BoJsitoT BBIPa3uTh MPOU3BOAHYIO (DYHKIIHH

w = f(z) 4epes uactHble npousBonuble pynkuuii u(x,y) u v(x,y). B paencrse
2) f ’(zo)zA +iB, tne A u B Beipaxatorcs Gopmynamu (4). Torma nmomydaem,

qTo
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f,(Z):a_u+@i_ ov Ou 3
ox Ox 0Oy Oy
Ipumep 1. Jlokasats, 4T0 QyHKuEA W = |Z| ? muddepeHnmpyema Jdib B
Touke z, =0 u Haittu w'(0).

2
Pemenne. Iockomeky w=[| =x>+y*, 10 u(x,y)=x>+y?,

v(x,y)=0. DTu QyHKIMH UMEIOT YacTHbIE MPOM3BOAHLIE B N000H Touke. Ho

ou ou ov ov
—=2x, — =2y, —=—=0 u nosromy ycnosusi Kommu-Prumana BbIIOIHAIOT-
ox oy ox Oy
. , ou . 0v
cs1 UMb B 01HOM Touke z, =0. Cama npoussognas w'(0)=| —+i— | =0.
ox  Ox )
IIpumep 2. IIpoBeputs BoimonHeHue ycnoBuit Komu-Pumana nist dyHkimum
1
w= .
z-1
I'ne ara pynkums seusgercs auddepeHupyemoit?
Pemenue. Ilycts z =x +iy moboe KOMIUIEKCHOE YHCIO0, Kpome z =1,
ToTJa
e 1 k- D-i x -1 iy (-»)
(x-1+iy (x=1V0+y> (x-1V+y* (x-1P+y*’
X = Y
ulx,y)= , x,y)=— .
( y) (x_1)2+y2 ( y) (x_1)2+y2

Haiiziem uactHble nmpoussoanbie Gynkuuii u(x,y) u v(x,y):

oy -(x-1y vy -(x-1)
Ox ((x—1)2+y2>2, oy ((x—1)2+y2)2,
ou___ 2y(x-1) v 2y(x-1)
¥ (-1 ) ox (-1 +y%)

OTCI-O,IIa BHUAHO, YTO YCJIIOBHUC Komm-PuMaHa BBITIOJIHEHO BO BCEX TOYKaX

obnactu onpenenenus GyHkuud w (z #1), To ecTh BO BCeX STHX TOUKaxX (QyHKIUs

w= sBisieTcs nuddepeHunpyeMonu.

z —
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Iycte Qynxuus w = f(z) ABaxasl HenpepbiBHO AUdQepeHIupyemMa B 00-
nactu D. B cuny ycnosuii Komu-Pumana gynkuuu u(x,y) un v(x,y) Toxke apax-

JIbl HETIpepbIBHO nuddepeHpyembl, MpUIeM JJIsl HUX BBIIOJHAIOTCS PaBEHCTBA

(1). Auddepennupys o6e yactu nepBoro paBeHcTBa (1) mo x, a BTOporo — 1o y,

TIOJTy9aeM:
o’u B 0%y o’u B 0%y
ox?  oyox’ oy* oxdy
0%y
Ho Ttak kak B obGmactu D HempepbIBHBI YaCTHBIC MPOW3BOJHBIC u
0y Ox
0%v . ov 0%
, TO B HEH BBITIOJHSACTCS PABEHCTBO = , @ OTCI0/Ia TIOJTyYaeM:
Ox 0y 0yox  OxO0y
o’u  0’u o*v 0%
> +— =0. AHanorn4no qoKaspBaercs, 94ro — +——=0.
ox° Oy ox~ Oy

Urak, nokazana ciuenyromas

Teopema 2. Jlns toro, utodsl Gpynkuus u(x,y) (coorercTBeHHO V(xX,V))

ObL1a AEMCTBUTENBHON (COOTBETCTBEHHO MHUMOM) 4acThiO (DYHKIIMM KOMILJIEKCHO-

ro nepeMeHHoro w = f(z), uMerouieil HempepLIBHYIO BTOPYIO HPOU3BOAHYIO B 00-
nacti D, HeoOX0AUMO, 4TOOBI B 3TOi 06macTH GpyHkius u(x,y) (COOTBETCTBEHHO
v(x,y)) UMena HenpephIBHbIE YACTHBIE IIPOM3BOIHBIE BTOPOrO MOPSIKA, YAOBIIE-

TBOPAIOIINUEC YCIIOBHIO!:

o’u 0%u
& a0 ©
2 2
(COOTBETCTBEHHO ‘2} + 8_\2/ =0).
X~ 0y

PaBenctBo (6) siBnsiercs quddepeHINanbHbIM yPaBHEHUEM B YaCTHBIX MPO-
U3BOJIHBIX BTOPOIO IOPSJKA, €r0 Ha3bIBAKOT ypasHenuem Jlanaaca. DyHKIUIO
JIBYX MIEPEMEHHBIX, YJIOBJIETBOPSIONIYIO ypaBHeHHIO Jlaniaca Ha3bIBAIOT eapmMoHu-

yeckolu.
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X
Ipumep 3. Jlokasats, uto Qpynkuus ¢(x, y):2— SBIIIETCS TapPMOHHU-
X

2

Ty
ueckoil Ha Beeit mockocty, kpome Touku (0;0).
Pemenue.
82g0_2)c3—6xy2 c’?z(p_—Z)c3+6xy2 R _6x2y—2y3
O 2 (x2+y2)3 ’ oy® (x2+y2)3 T oxdy (x2+y2)3 '

Otu GyHKIME HempepbiBHBI Betoy, kpome Touku (0;0), mpuuem

2 2
a—f + 8—(20 =0.
ox oy
3uaunr, ¢(x,y) - rapmonudeckas Bcroxy, kpome touku (0;0).

OKaSBIBaeTC}I, 4qTO B CJIy4ac, Koraa obnacte D — OJHOCBA3HA, YCTAHOBJICH-
HBIC B TCOPCMC 2 YCIIOBUA ABJIAOTCA HE TOJIBKO HGO6XOI[I/IMBIMI/I, HO U 40CTAaTO4-

HBIMH JUJI1 TOTO 4TOOBI u(x,y) OblIa AEHCTBUTENBHON YaCThIO (COOTBETCTBEHHO
v(x,y) - MEEMOI) mBaxabl mupdepeHIpyeMoii GYHKIUHM KOMILIEKCHOIO Mepe-

MCHHOTO.

U3 Teopembl 2 BhiTekaeT, 4to u(x,y) u v(x,y) aHanuThueckoil (yHKIMH

ABJIAAIOTCS TApMOHNYCCKUMHA (byHKI_[I/ISIMI/I.

Eciu B3ath 32 u(x,y) u v(x,y) IBe NpOM3BOILHBIE TApMOHUYECKUE (DYHK-
uuu, o pynkuus f(z)=u(x,y)+iv(x,y), Boobuie roBops, He OyaeT aHAIUTHYE-

CKOM B 00J1aCTH.

B ciy4ae, ecu f(z) - ananutuueckas Gpyukuus, 1o u(x,y) n v(x,y) Hasbl-

BAIOTCS CONPANCEHHBIMU WIH CONPINCEHHBIMU 2APMOHUYeCKUMY QYHKITUSIMU.
3Hasg OJHYy M3 TaPMOHUYECKHX COMPSIKEHHBIX (DYHKIMNA MOXKHO BOCCTaHO-
BUTH Apyryto. s Toro 4ytoObl MOJIYYUTh AJITOPUTM BOCCTAHOBIICHUS (DYHKLIUU

v(x,y) no 3amannoit QyHkuuu u(x,y) HAOMHUM YTBEP)KACHHE, JOKA3aHHOE B

Teopuu (YHKIIUHA MHOTUX TIEPEMEHHBIX:
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op _a0

Ecnu B omHOCBsI3HOW 00s1acTi D BBIMOJHSAETCS PaBEHCTBO —— = ——, TIPU-
oy Ox
P 00
9YeM YaCTHBIC MTPOU3BOIHBIC " u rn HEeNpepbIBHBI B D, TO B D CyIleCTBYeT Ta-
Y 08

kast pyHkuus v(x,y), 9ro v =P(x,y), @zQ(x,y).
ox oy

DTO O3HAUYAET, YTO AITOPUTM HAXOXKAEHUS (PYHKIHU MO ee MOJHOMY Tud-

(epenimany u arropur™ BoccTaHoBIeHHS GpyHKIUU V(X,y) 10 n3BecTHON (yHK-
umn u(x,y) coBmanaer. ITokaxem 3TO Ha IIpUMEpE.

Ipumep 4. Haiitu ananmutuueckyro pynkuuio f(z), nelicTBuTenbHAs 4acTh
u(x,y) xoropoii papua x° —3xy .

Pemenune. U3 ycnosuit Komn-Pumana nmeem:

8_u:3x2 -3y° :@,
ox oy
—a—u:6xy =@.
oy ox

TCHGpB MOXHO BOCCTaAaHOBUTH V(X,y) C TOYHOCTBIO 10 MOCTOSIHHOM

v(x,y):jg—;dyzj.(sz —3y2)dy :3xy2 —y3 +¢)(x)+C

v(x,y)zfg—:dx :J6xydx =3xy2 +y(y)+C.

CpaBHuBas MOTydeHHbIe BhpakeHus momaydum, uto ¢(x)=0, y(y)=-y°.
OxonuarensHo umeem: v(x,y)=3xy> —y° +C .

Torma f (z) OyJzleT UMETh BU/I;
f(z):(x3 —3xy2)+i(3xy2 —y? +C), CeR.

zZ+Zz _Z—E
2 VT o

3aMeHss B 3TOM BBIPAKCHHUH X =

M BBIIOJIHAS HEOOXOIM-

MBIC YIIPOIICHWA, OKOHYATCJIbHO IMOJYy4YacM:

fz)=2"+Ci.
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Otbickanue GpyHkiuu f(z) 1o ee MHUMOI acTH v(X,) ) IPOBOAMTCS aHANO-

ruano. Dynkuus v(x,y) ApaseTcs AeiCTBUTENLHON YacThio 11 GyHKuun — if (z).

§3. I'eomeTpuYecKuii CMBICJ MOAYJIA U APTYMEHTA MPOU3BOAHOM

Onpenenenne 1. Oro6paxenue f :R> — R> B JaHHON TOUKE HA3BIBACTCS

KOH@opmHbIM (COXpaHSOMMUM (HOpPMY), €CJIM OHO B JAaHHON TOYKE COXpPAHSET Be-
PECTHOCTH TOYKH.

JUYMHY YIJIOB U 00J1aJa€T CBOMCTBOM IOCTOSIHCTBA PACTSKEHUS (MIIM CHKATHSI) OK-

OTtoOpaxeHue Ha3bIBACTCI KOHPOPMHBIM 6 0Oaacmu, €CIIA OHO KOH(DOPMHO
B KQXKJIOM TOYKE 3TOM 001acTH.

Ecnu coxpaHsieTcss He TONBKO BEIWYMHA YTJIOB, HO U OPHUEHTAIUS, TO OTO-
OpakeHHEe Ha3BIBACTCS KOHMOPMHLIM Nep8o2o pooa; €CIN OPUEHTAINS MEHSETCS
Ha MIPOTUBOIOJIOKHYIO, TO — KOHGOPMHBIM 8MOPO2O POOd.

[TokaxkeM, 4TO OTOOpakeHHE, OCYUIECTBISIEMOE aHATUTHYECKON (DyHKIMEH
poxa.

B TOYKax, Irac IIPOHU3BOJHAA OTIINYHA OT HYJIA, ABJIACTCA KOH(l)OpMHBIM IICPBOIoO

Iycte w= f(z) - ananuruueckas B obnactu G . BeibepeM Kakyroo-1u6o

BHYTPEHHIOIO TOUKY Z, W IPOBEIEM Yepe3 Hee INIAIKYo KpuByto £, €G.
y Il AV4 \\
/ \
/ El \ L
/ ZytAz \ WotAW
Z W
/ \
/ \
1 \
/{ Q1 /% q)l
X
D G
Puc. 3
Oynkuus  f

u
otobpaxkaer obmacte D c R’
L.

B HEKOTOPYI 001acThb
G c R?> =W . Ilpu 3TOM Zz, OTOOpaxaercs B Wy = f (ZO), a xpuBas [, B KPUBYIO

Tpennonoxum, uto f'(z,)#0. k =|f'(z,), a=arg f'(z,).
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3ajaauM OEpEeMEHHOM z, mpupameHue Az Takoe, 4YTOOBl TOYKa
z=2z,+Az e (. Torna COOTBETCTBYIOILAsA TOYKA W = W + Aw
Oyner nexarb Ha rnaakoil kpusoit L, . Ilycts y, =argAz, ¥, =argAw.
[Tpu Az - 0 Oymer Aw — 0. Torga yriasl HaKJIOHa XOpA OyAyT CTPEMUTHCS K yT-

JTaM HaKJIOHA KacaTeNbHBIX, TO ecThb @, =lim y,; @, =1lim ¥, .
Az—0

Aw—0

Tak xak ['(zy)= Br_x)})%, I/I arg% =argAw—argAz, TO MNOIy4UuM

a =lin}](\111 —y, +2m )=, — @, +2m,x, m, - UeI0e, TO eCTh A - €CTh Pas-
Az—>

HOCTb YTJIOB HAKJIOHA KacaTeNbHBIX K L, B TOUke W, U K /, B TOuke z,. MHaue
rOBOPsl, @ - YroJl IOBOPOTa IpH nepexoe oT £, K L, B pe3ysbraTte 0TOOpakKeHHU.

B sTom coctout I‘GOMGTpI/I‘ICCKI/Iﬁ CMBICJI apryMCHTaA HpOHBBO,Z[HOfI.

Tax xak kpuBasi /, B3siTa IPOU3BOJBHBIM 00pa3oM, TO, MPUMEHsS IpPOBe-
JICHHBIE PACCYKIEHUs U1 APYrOM INIaJKOW KpUBOM {,, MPOXOMSILEH Yepes z,, U
ee oopaza L, , IpOXOJSIIEro Yepe3 w,, MOITydUM

a=0, —@, +2m,x.
Ortcroaa cienyer, 4To
D, -, =D, - 0,.

HMuaue roBops, yrojl Mexay KpUBbIMU L, U L, paBeH yrily MEXAy KpHUBBI-

mu /, n ¢,. Utak, npu 0TOOpaXeHUH OCYIIECTBIAEMOM aHAIUTUYECKON (PYHKIIM-

€l yIJIbl MEX]y TIaJKUMU KPUBBIMU M UX 00pa3aMu COXPaHSIOTCS (COXPaHSIOTCS
WX BEJIMYMHA U OpUCHTAIUSA).

Jlanee pacCMOTpUM MOAYJIb POU3BOAHOU

: . |A
k=|f (Zo)‘:grj}]Ew :
Torna
A
Sl =k + p(A7),
Az

[Awl =k - |Az| + f(Az])-|Az].
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Tak kak k& OJIHO M TO ke ISl JIIOOBIX MpUpaAIEHUd Az, TO 3TO O3HAYAET,

4TO «Majlasi OKPECTHOCTb Zz,» NpHU oToOpaxkeHHH f mpeoOpasyeTcst Mojo0HO B
«MaJIyl0 OKPECTHOCTb W,». Uucio k sBiseTcst npu 3ToM Ko3(p(UIMEHTOM MO0JI0-

OUst — 3TO U €CTh FEOMETPUUYECKUIM CMBICT MOy nmpou3BoaHo. Eciu £ >1 - B
pe3yibTaTe 0TOOpaXKeHUsl MPOUCXOAUT PaCTsKEHUE, eciii k <1, To cxatue.

To ecTh MBI TTOKa3aJIl, YTO OTOOPAKEHHE, OCYIIECTBISIEMOE aHATUTHIECKOM
byHKUMEH, SABIIsIETCS KOHPOPMHBIM IEPBOTO poa.

V3 10Ka3aHHOTO CiieyeT, uto arg f(z,) ecTh yros MOBOpOTa KacaTelbHOH B
0001 KPUBOIi, TPOBEIEHHOI uepe3 TOUKY Z,, IPH €€ 0TOOPaKEHUH NPH TOMOIIH
w= f(z) na miockoctu UOV .

Momyis f'(z,) ToKa3bIBaeT, BO CKOIBKO a3 |Az| mMenble wim Gonble co-

OTBETCTBYIOLIETO |[Aw|, TO ecthb ‘ f ’(ZOX MOKHO paccMaTpuBaTh KaK BEIMYUHY
MacmTaba B TOUKE z, IIPH OTOOpaskeHHd w = f(z).

Ecmun ‘ f '(ZOX >1, TO MPOUCXOAUT pacTsHKEHHUE OECKOHEYHO Majoro AJIEMEH-
Ta, BBIXOJSIEIO U3 TOYKH Z,; €CIH ‘ f '(ZO){<1, TO TPOUCXOAMUT C)KATHUE; €CIH
f'(zo) =1, T0 MacwTat He MeHsieTCS.

Bennunny ‘ f '(ZO){ HA3BIBAIOT KOIPPUYUeHmMoM pacmsdiceHus..

IIpumep 5. Haiitu yron noBopota u KO3(p(UIHMEHT PaCTSLKEHHS ISl OTO-

Opaskenus w=z" BTOuUKe z, =1+1i.

Pemenue. Tak kak ['(z)=3z, to f'(z,)=3(1+i) =6i, ‘f’(zo){=6,

V4
!
arg f (Z 0 ) = bR
V4
[TosToMy yromn noBopoTa paBeH > a K03 (HUIUEHT PaCcTSKEHUS paBeH 6.

Ecnu B3saTh BecbMa Manbli OTPE30K M M, BBIXOIAIUN W3 TOYKH
. 3
M ,(1+1i), To ero 06pa3s npu 0TOOpaXkeHHH W=2z" OyJeT MOYTH COBNANATH C OT-

peskom N N , BBIXOISAIIMM U3 TOUYKA N, ((1 +i)’ ): N, (=2 + 2i), npudaem oTpe3ok
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N, N npubamxeHHo B 6 pa3 anuHHee oTpe3ka M M u obpazyeT ¢ HUM HpsIMOH

YTOIL
§4. Psiabl pyHKUMI KOMILIEKCHOTO IIEPEMEHHOTI0
Paccmorpum psa Buna
@)+ f,@)+. + )+, (1)
rne f,(z), n=1,2, ... - yHKIMH KOMIUIEKCHOTO EPEMEHHOTO Z , ONpE/ICICHHBIE B

HEKOTOpoit obnactu D .
Psn (1) HaspiBaeTCs yHKYUOHATLHBIM PAOOM.

IIpu ¢uxcupoBaHHOM 3HaueHUW z =z, psaa (1) npespamaercs B 4MCIOBOU

psa BUAQ
fl(ZO)+fZ(Z0)+°'°+fn(ZO)+"' 2)
Onpenenenne 1. OyHxkuuoHanbHbld psia (1) Ha3bIBaeTCs cxooswumcs 6
mouke z, €D, eclli CXOIUTCSI COOTBETCTBYIOIIMNA eMy 4ucioBod psafn (2). Touka
Z, HasbIBaeTcs moukou cxooumocmu psaja (1). B npotuBHom ciyuae pan (1) Ha-
3BIBACTCS PACXOO0AUUMCS 8 MOUKE Z,, .

[Tpeanonoxum, uto psn (1) cxomuTcs BO BCeX TOUKAX HEKOTOPOUW oOmacTw
G, Gc D. Toraa roBopst, uto psan (1) cxooumces 6 ooracmu G, a cama 00J1acTh
G HasbIBaeTCs 0O1acmouio cxooumocmu psana (1).

Kaxmoit Touke z € G COOTBETCTBYET OINPEACIICHHOE 3HaUYeHNUE CYMMBI psiaa
(1), To ecth B 06nactu G onpenenena GpyHkuus S(z), KoTopas Ha3pIBaeTCsA CyM-
moti paoa (1).

PaccmoTpum yactuunsie cymmsl psja (1)

S z)=f,)+ f,)+...+ f,(z), n=1,2,...,

KOTOpBIE 00Pa3yIoT HyHKIMOHANBHYIO TIOCTIEN0BATENBHOCTS {S, (2)}. CXomuMocTh

psna (1) B obnactu G o3HAYaeT CyuleCTBOBaHUE Mpeienia

lims, ()= () ®

PaBenctBo (3) 03HayaeT, 4To:
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Ve>0 3IN=N(ez): n>N=[5,(z2)-S(z)<e.

3ameTHMm, 4TO B 001IEM citydae N 3aBUCUT U OT & U OT Z.

Omnpenenenune 2. OyukunoHanbHbld psaa (1) Ha3bIBaeTCs pagHomepHo CXO-
aaummcest B oonactu G, €ClM OCIeI0BAaTENbHOCTD €r0 YACTUYHBIX CYMM CXOAMT-

csi B G paBHOMEPHO, TO €CTh €CJIH

Ve>0 IN=N(e): Vn>N=|S,(z)-S(z) <& mnsBeex z u3 obnactu G .

B ciy4ae paBHOMEPHOI CXOIMMOCTH yaaercst noaoobpats Homep N (&), 06-
it g1 Bcex z u3 G .
Teopema (npusnax Betiepuumpacca pasHomepnoui cxooumocmu)

Ecnu Bce unens psiga (1) B obnactu D yJIOBAETBOPSIOT YCIOBHUIO

/.G)<a,,

o0
rac an - BCHICCTBCHHBIC ITOJIOXHUTCIIbHBIC YHCJIa, U I‘II/ICJ'IOBOI\(JI pﬂ,[[ Zan CXOOUTCA,
n=1

TO AaHHBIN psija (1) cxoauTess paBHOMEPHO (U MPU 3TOM a0COJIIOTHO) B obsactu D .
JloxkazatenbcTBO. [0 ycnoBuro numeem

f.(z)<a,, VzeD, n=1,2,...

, 4, 3HAUMUT

v psan Y.a, cxoaurcs. Torna nyis Bcex z € D cxomurest psj Z‘ £, (2)
n=1 n=1

cxomures U psaa Y f,(z). [lpudeM cripaBeinBa OlEHKa
n=1

‘Sn(z)_S(Z)(:‘fnJrl(Z)_'_ n+2(Z)+""S‘fnJrl(Z)‘_’_‘fnJrZ(Z)(+“‘£an+1 +an+2 t+...<¢
npu V n>N(g) mnstBeex ze D .

PaBHOMEpHO cxoasiuecs psjibl 00J1a1al0T BeChbMa BaXKHBIMU CBOWCTBAMHU:
1). Ecnu unensl pyHkuuoHansHoro psaa (1) HenpepbIBHBI B HEKOTOPOH 001acTu
D ¥ psa paBHOMEPHO CXOAUTCA B 3Toi obnactu k gynkuuu S(z), T0 S(z)
TaKXe HenpepbIBHA B D .

2). Ecnu Qynkuun f,(z) sSBISAIOTCS aHATUTHYECKUMH B HEKOTOPOW obnactu D,

a pan (1) paBHOMEPHO CXOaUTCSA B 10001 3aMKHYTOM nojiodsnactu G obiac-
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™ D k gynkunu S(z), 10 S(z) ABaseTcs aHanuTHUeckoil QyHKIHMEH B 00MacTH

D , npu aToM
[PE)+ Y@ +.=5W(),

pix Y f.%)(z) cxomures pasHomepro B G .
n=1

§5. Crenennbie psaabl

CrerneHHbIM PsiIOM Ha3bIBaeTCsl GYyHKIIMOHAIBHBIN DSl BUAA
co+ez—z))+...+c(z—z,) +..., (1)
T zZ,, Cy, Cy» --. - IOCTOSHHBIE KOMIIJIEKCHBIE YHCIIA.
OueBuHO, 4TO cTENEHHOM psx (1) Bcerna cXoauTes B TOUKE Z,,.

st onpeneneHus: 001acT CXOJUMOCTH CTEIEHHOIO Psiia BaXKHYIO POJIb
UTPAET CIEAYIOWIAs TEOpeMa:
Teopema AGensi. Ecniu creneHHON psJ CXOAUTCS B HEKOTOPOM TOUYKE

Z, #Z,, TO OH a0COJIOTHO CXOJUTCS U B JIFOOOW TOYKE z, YJIOBIETBOPSIOIIEH yc-

JIOBHIO ‘z —ZO‘ < ‘21 —Z,|, IpUYEM B Kpyre ‘z —ZO‘ <p, p< ‘21 —ZO‘ pax (1) cxonut-
cs1 paBHOMEPHO (cM. puc.l)
2 777777 71 HlokazatenbcTBO. Bpibepem mpou3BOiIb-

HYI0O TOYKY Z, YJOBJICTBOPSAIOIIYIO YCIOBHIO

‘z —ZO‘ < ‘Zl —Z,|, TO €CTb z JIC)KUT BHYTPH Kpyra C

LEHTPOM B TOYKE z, U PAIAUyCOM ‘21 —ZO‘ U pac-

CMOTpHUM B 310 Touke psf (1):

0

ch(z —ZO)" )

n=0

OGosHaunM |z —zy| =gz, —z,|, ¢ <1.
& n
Psn Zocn (z, —z,)" cXOMUTCS MO yCIOBHIO TEOPEMBI, CIIEIOBATENBHO, B CHITY
n=l
HEOOXOMMOTO yCIOBUS CXOAUMOCTH:

c,(z,—2,) =0 mpu n— oo.
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Torpma cymecTByeT Takast moctossHHast M , 4to

c, "Zl —z,[' <M,
OTKYy/1a IIOJIy4YaeM OLIEHKY
c,|< -
‘21 0
Torna
n

0 n [e's} ‘Z _ZO 0 "
Yle | e—zo| <MY= =MYq".
n=0 "ZO‘Zl _ZO n=0

Pan > q", g <1 ectb cxomauuiicst psii TeOMETPUYECKON MPOTPECCHUH, CIIe-
n=0

.‘z — zo‘" - CXOOUTCS, a TOTAa UCXOIHBIN PsJI 260" (z -z, )”
n=

JOBATEIBHO, PN D [C,
n=0

CXOOJUTCA a0COJIFOTHO.

0
[IokaxxeM paBHOMEPHYIO CXOAUMOCTb psiia Z%)cn (Z—ZO )" B Kpyre
n=

‘Z—ZO‘S,O, ,0<‘Z1 —ZO‘.

n

Paccmorpum psag M Z‘q—n. OH Ma)XOpUPYET UCXOIHBIN PAI U CXOIUT-
=0z — Zo

Cia KaK psad HporpeCCuu CO 3HaMCHATCJICM, MCHbBIINM CJAWMHUAIIBI. Torna I10 IIPHU3HA-

Ky Beliepmrpacca crenennoi psij (1) paBHOMEpHO CXOUTCS B Kpyre ‘z — ZO‘ <p.
Cneocmeue 1. Ecnu crenenHon psa (1) pacxoaurcst B HEKOTOPOM TOUYKE z, ,

TO OH PaCXOAMUTCS U BO BCEX TOYKAX Z , yJAOBIETBOPSIOIIUX HEPABEHCTBY
‘z —ZO‘ > ‘zl —ZO‘ (cm. puc. 2).

Jloxa3zaTenbCcTBO. peamnonaras

OPOTUBHOE, MOJIYYUM, YTO MO Teopeme Abens

PAI JOJKEH CXOJIUTCS B JIIOOOM Kpyre paauyca

I”<‘Z1 —Zy|, B 4aCTHOCTH M B TOYKC Zz,, 4YTO

IIPOTHUBOPEYHT YCIIOBHIO.
Puc. 2
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PaccMoTpuM TOUHYIO BEpXHIOIO TpaHb R pacCcTOSHUN ‘z —ZO‘ OT TOYKH Z,

JI0 TOYEK z , B KOTOPBIX cxoautcs psif (1).

Tornma BHyTpH Kpyra ‘z —zo‘ <R psag (1) Oyner cxoautbes (M pu TOM abCo-
JIOTHO), BHE 3TOT0 Kpyra — pacXoAuThbCs. B Toukax rpaHuiibl ‘z —zo‘ =R psan (1)

MOJKCT KaK CXOJUTHCA TaK U PACXOIUTBLCA.

Ecmu psag (1) cxonuTcest Jullib B TOUKE Zz,, TO HOJA0KUM R =0.

Eciu psan (1) cxomutcst Ha BCEH KOMILIEKCHOM IIOCKOCTH, TO TMOJIOXKUM
R =00.

Takum 006pa3oM, 001aCTh CXOAUMOCTH cTeneHHoro psaa (1) mpeacrasiser
co0oi Kpyr

z—z)|<R, 0<R <o, (2)

KOTOPBIN HA3bIBACTCS KPY2OM CXOOUMOCMU, 3 YUCTIO R - paouycom cxooumocmu.
Cneocmeue 2. BHyTpu Kpyra CXOOUMOCTH CTEIICHHOW psAJl CXOAMUTCS K HE-
NpephIBHON aHanuTHUecKol PpyHkuuu. B kpyre cxomumoctu psia (1) MmoxHO nud-
(depeHunpoBaTh 1000 YUCIO pa3, B pe3yibTare OyJeM IoJy4aTb CTEIEHHbIE psi-
IIbI C TEM K€ PAINyCOM CXOJAUMOCTH.
Panunyc cxomumocTtu creneHHoro psna (1) MOXXHO ompenenuTb, NPUMEHSS

npusHaku /[’ Anam6epa u Ko k abconmotHOMY psany st psaa (1).

& n
[TycTh, Hanmpumep, Bce KOIPGUIIUESHTHI psiia Zbcn (Z —ZO) OTJIMYHBI OT HY-
n=|

. e
JI ¥ CyIIECTBYeT 11_1)11”—”‘ =D #0. Torga, npumenss npusHak /I’ Anambepa K ps-
n—>x0 c
n
0
ny Ylc,(z—z,)"|, monydaem, 4To
n=0
1
¢, (z—2,)" c
. +1 0 .
lim - - :hm”—”“z—zo‘:D-‘z—zo‘.
n—»0 cn (Z _ ZO) ‘ n—o0 cn

Orcrona crnenyet, uro psag (1) cxoaures (aGcoroTHO!) MpU TakuxX z, JJIs

1
KOTOPbIX D - ‘Z —ZO‘ <1 , TO €CTh ‘Z —ZO‘ < B, H PpaCXoauTCsd IpU TaKUX z , OJIA KO-
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1
TOPBIX ‘Z —ZO‘ >B (B DTOM clly4ae HapyUIUTCS HEOOXOAMMOE YCIOBUE CXOJMMO-

1
ctu psanaa (1)). 3nauut, R = D’ OTKYJla UMEEM

=lim 2~

n—»

3)

n+1‘

‘cn+1 (Z - ZO )’H—l

n

=0 gug 100010 z, TO

Ecau D =0, 10 510 03Hauaer, uyro lim

n—»0

Cn(Z —Zy

ecth psan (1) cxoaurcs Ha Bceld KOMIUIEKCHOW IIOCKOCTH M R =oo. Ecim xe

n+1

Cri (Z _Zo)

Cn (Z — 2y )n

D =, To lim

n—0

=00 IPH BCAKOM Zz #z,, TO €cTb psfn (1) pacxomut-

CATpU z #z,, U todTomy R =0.

3aMeTHM, 94TO MOCEAHNE JIBA CITydast BIIOJIHE COTIacyroTcs ¢ popmyoi (3).

c,(z-z, )”‘ npusHak Komy,

3ameuanue.

MOJKET OBITH MoJyueHa hopmysa

R=lim - (4)
n—w p Cn

KoTOpas Ha3biBaeTcs ¢opmyroit Komu-Anamapa.

IIpumep 1. Haiitu paanyc u Kpyr cXoAUMOCTH psiia Z (i)
imin®(1+i)

Pemenwue. Haiinem R mo dopmyie (3).

2 A\n+1l 2
R =1im -~ Cn hm|(n+1) (1+l) zhm( j |1+l|— 211]?1’1(14— 1) Z\/E.
n—o n+1‘ n—)oo‘ n (1 + l)n ‘ n—>w n n—>w n

Torma R =+/2, a kpyr cxomumocth |z —i[<+/2.

Ipumep 2. Haiitu 061acTh cxoqumocts paga y.n' (z —1)".
n=1

Pemenue. HpI/IMeHI/IM 1u1st HaxoxieHust R popmyiny (4).

=lim—— =lim— hm1 =0.

n—»o0 n’ C n—»ow n/ n—»0
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CnenoBatenbHo, R =0 u JaHHBIA pA CXOIUTCS B €IUHCTBEHHOW TOYKE

Ipumep 3. Pa3noxuth B CTENEHHOW psJ MO CTENEHSAM z + 2i (QYHKIHIO

1
f(z)== u ykazarb 061aCTh CXOMMOCTH MOJYYEHHOTO PA/A.
V4

1
Pemenue. Ipeobpasyem dpyukumo f(z)=— cneayromum oopasom:
z

i+ _ 1.1
z z+2i-2i 2 1_Z+2i.
2i
HpoOb %21 Pa3BEPHEM B CXOJAIIMICA PsiZi FEOMETPUUECKON ITpOrpec-

1-

2i

I
, 1Ipnu YyCJIIOBHUHU, YTO

ChUHu C IICPBBIM YJICHOM pPaBHBIM 1 u 3HameHarteneM -
1

z+2i _ 1 : 2
> <1. Honqu/IMl_Z+2i— +2—i(z+21) @ )2(Z+21)
2i
Torna Gynxmus f (z) TIPEICTaBUMA PAIOM
1:_1 (z+2i)——=(z+2i) + =—Z (z+2i)",
z 20 (21)2 (2 ) ~0(2i )'”1

IpUYeM TOYUYEHHBIN psifl OyaeT aOCOMIOTHO CXOAMUTCS IS BCEX Z , JUISl KOTOPBIX

|Z +2i
BBIMOJIHICTCS HEPABEHCTBO ‘

<1 wm |z + 2i| <2 u pacxomures 1yist Beex z,

2i

JUISL KOTOPBIX |z + 2i| > 2. 3Ha4uT, KPyroM CXOAMMOCTH TOIyYEHHOrO psiaa Oynaer

KpyT: |z + 2i[ < 2.

§6. Onpenenenne GpyHkumii e”, sinz, cosz . @opmyJisl Jiijaepa
Cpenu sneMeHTapHbIX PYHKIMNA JEHCTBUTENFHOTO apryMEHTa BaXKHYIO POJIb
UrparoT QyHKIHK e , sinx , cosx . Kak u3BecTHO, 5TH (QYHKIMH MOTYT OBITH

MpCaACTaBJICHBI CBOMMHU PA3JIOKCHUAMUA B PAABI Teﬁﬂopa:

52



X e 0]

ef=1l+=+—+..=3 —;
2! ,Eo n!

3 5 o 2n+1
sinx =x -+ .= Z( 1)'x

3t 35! n=0 (2n+1).

2 4 o (_ 1)+ 28
cosx=1-2 4+ = Z%,

o0 S (2n)

IPUYEM 3THU PsIIbl PABHOMEPHO CXOIATCS MPH JIFOOOM X .

PaCCMOTpI/IM Ha KOMILUICKCHOM INIOCKOCTH CTEIICHHBIE pAObI

I’l

Zog' (1)
© (_ 1)nZZn+1 '

2o (2n+1) @)
© ( 1)n 2n

n§0 (2n) )

Herpyano nomy4yuts, 4to 001acThio cxoauMocTu psjoB (1) — (3) aBmsieTcs
BCSI KOMILIEKCHAs TJIOCKOCTh, TO €CTh psiabl (1) — (3) cxoaarcst Ha Bcell KOMIUIEKC-

HOM TUIOCKOCTH K HEKOTOPBIM aHaTUTUYECKUM (DYHKIUAM (CM. cienctue 2 §12).

VYcnoBumcest 5Ti QYyHKIHMU 0003HaYaTh e, Sinz ¥ COSZ COOTBETCTBEHHO.

Nmeem:
2 3 n
=1+ 4)
2t 3l n!
3 5 1\, 2n+1
Sil’lZZZ—Z—-l-Z——...'l‘L*‘---; (5)
3l 5 (2n +1)
2 4 n_2n
1
cosz:l—Z—+Z——... ( ) +..... (6)
21 4 (2n)

[TonyuuMm BakHEWIIME COOTHOIICHHUS, CBS3BIBAIOIIME MEXIAY COOOH 3TH

byHKIIH.

1. 3amMeHHM B psijie [UIA ¢° NEPEMEHHYIO Z Ha iz, TOT/Ia

N N A ) T S

Lo=1+ I+—+
3! 4! 51 1! 21 3! 4!

53



5 2 4 3 5
z . z z . z z

+ - =l et 2
5! 20 4 31 B

3aMeTHB, YTO Psiji, CTOSILUNA B MEPBBIX CKOOKAaX OMpENENsieT COSz, a P,
CTOALIMI B CKOOKaxX IpHU i ONpEIeseT Sinz , Moxy4aeM TOXIECTBO
e” =cosz +isinz, (7)
KOTOPOE€ HA3bIBACTCS mMocoecmeom Jiiepd.
2. Ilockoabky panx misi COSz COAEPKUT JIMIIb YETHBIE CTENEHU Z, & PSA
Sinz - JUIIb HEYETHBIE CTENEHU Z , UMEEM
cos(—z)=cosz; sin(-z)=—sinz.
3aMEHNM B TOKJECTBE DWiepa z HA — Z , OJIyYUM
e ¥ =cosz —isinz. (8)

CknazapiBasi v BelunTas Toxaectna (7) u (8), umeem:

iz —iz

e +e
cosz=——; 9
> 9)
elZ _e—iz
sinz=————- 10
2i (19)

@opmysl (9) u (10) Tak ke HocAT ums Ditiepa.

T

Ipumep 1. Beraucauts 3HaueHus GyHKIMIA: a) e2': ) cos(i).

Pemenue. a) mo popmye (7) momydaem

7 m m .
e< =COoS| — [+1I1sIn| — [=1.
2 2

0) o popmye (9) umeem
.2 .2
i —i -1 1
. e +e e +e
cosi = = =chl.
2 2
-1, 1
., e +e e
3ameuanue 1. Jlerko yOenuThCs, 4YTO |COSZ| = 5 = > + b >1, TOo ecTh
e

B 00JaCTH KOMIIJIEKCHBIX YHCEN HapymarTCA H3BCCTHBIC I BCIICCTBCHHOIO

Cllydasi HepaBeHCTBA:

lcosz|<1; [sinz|<1.
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3ameuanue 2. C nmomornipio Gpopmysl Ditnepa (7) MOKHO MOTYyYUTh TaK Ha-

3bIBAEMYIO NOKA3AMENbHYI0 POpMY 3aIIUCU KOMIUIEKCHOTO YKCTIa:

z=r(cosp +ising)=re'? . (11)

§7. JIinneiinasa pyHkuus
Onpenenenue 1. Jluneiinoii ¢hynxyueti HazpiBaeTCs QYHKIMS BUA:
w=kz +b, (1)

rae k m b - HEKOTOpbIE TOCTOSTHHBIE KOMIUIEKCHBIE uncha (k #0).

OueBunHO, uTO oTOOpakeHue (1) Oymer KOHOOPMHBIM BO BCEH IJIOCKOCTH
KOMITJIEKCHOTO TTIEPEMEHHOTO Z M MPUTOM B3aMMHO OHO3HAYHBIM.

PaccmoTpum cHavania Tpu 4acTHBIX CiIydasi, IpUYeM JUIsl IPOCTOTHl Z U W
OyJieM u300pakaTh TOUKAMU OJHOM IJIOCKOCTH.
). w=z+b.

3TO 0TOOpaKEHUE €CTh CII0KEHHE BEKTOPOB, a, (PAKTUYECKH, MapajlieIbHbIHI

MEPEHOC TOYEK MJIOCKOCTU Ha BEKTOp b (puc. 4).

2). w=kz, b=0.

Ilycts k =™, Torna w=e'“z. B 3ToM cityuae umeeM:

W =l|z|, argw=argz+a, a =argk,
TO €CTh TOYKA Z MEPEXOJUT B TOUYKY W NPHU MOMOIIHU MOBOPOTA BEKTOPA Z OKOJIO
HYJIEBOH TOUKHM HA YTOJl ¢ . 3HAYMT, TO OTOOPAKEHUE ECTH MOBOPOT BOKPYT Haya-

Jla KOOpJIMHAT Ha yroua « (puc. S).

y w(z) y

Puc. 4 Puc. 5
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3). w=kz, k=#0, k - nmocrosHHoe KomIuieKkcHoe uucio (ecnu k =0, To Bce

TOYKH KOMIUIEKCHOMU IJIOCKOCTH MEPEUIYT B HYJIEBYIO TOUKY).

3anuiieM yucna k , z B oKazarelbHON (hopMe, TOTIa MOITyduM

k = p(cosy +isiny)=pe”, p=k|, y =argk;

z=r(cosp +ising)=re’, r=[z|, p=argz;

w=kz =pr-e®v
DTO O3HAYaeT, YTO JJIMHA BEKTOpa z MeHsieTcs B o pa3 ( TO ecTb p - KO-
¢ pueHT nogodus) U K apryMeHTy z MpuOaBisieTcsl yroia i (MOBOPOT BOKPYT

Hayaja KOOpJUHAT Ha YToa ¥ ).

OkoHYaTENbHO, MOJYYHM, YTO OTOOpaKEeHHE, OCYIIeCTBIsieMoe (yHKIUEH
w=kz + b, ecTb KOMOUHaIMS TTPEOOPa30BAHUM TOUYEK MIOCKOCTH:
1. TOBOPOT BOKPYT Hayaa KOOPJAWHAT HA YTOJI PaBHBIA apryMEHTY 4ncia K ;

2. momoOue ¢ IEHTPOM B Havalie KOOpAUHAT U KOI(PPHUIIMEHTOM MOA00Us O paB-

HBIM MOJIYJIIO uHcia k ;
3. napajuienbHbIA IepeHoC Ha BEKTOP b, IpU KOTOPOM Hauyallo KOOpJUHAT Hepe-
xomut B Touky A(b).
Oynkuusa w = kz + b sBIsSeTCA aHATUTUYECKON.

Ipumep 1. Haittu yron noBoporta u ko3p¢duuueHT noaodust npu otodpa-

JKEHHH W=(x/§—i)2+3—2i.

Pemenue. k=~3-i, [k|=/3+1=2=p, argkz—%. Kosdpuiuent

V4
1oA00usI paBeH 2, yroj MoBOPOTa paBeH (— gj , a Touka O(0;0) nepexomuT B TOY-

Ky (3;-2).

IIpumep 2. Haittu o6pa3 xkBaapara ABCD  1npu oToOpaxeHUU
w=(3 =ik, ecmu D(5,0), 4(2;0), B(2;3), C(5;3).

Pemenue. Haiinem cHadana TOYKH, B KOTOpPBIE IEPEXOAAT BEPIINHBI

KBajpara
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-2=2+/3 -2i;

1)-(2+3i)= (243 +3)+ (343 - 2);
)5+31 =(5v3 +3)+(3v3 - 5);

D, =w(D (ﬁ i)-5=53 —5i.

Puc.6

O6nactp orpannyeHHas kajgpatom ABCD mnepexoauT B 00JacTh, OrpaHU-
YeHHYI0 KBajapatoM A,B,C,D, (uMeeT MeCTO COXpaHEHHE OpPHUEHTALMH U YIJIOB
MEXy TIPSIMBIMH, TaK Kak 0OTOOpakeHue KoHpopmHOE) (puc. 6).

[Ipu oToOpakeHHH, OCYHIECTBISIEMOM C IMOMOINIbIO JIMHEWHOW (QYHKIUH,
Gurypsl nepexoaaT B mOA00HbIE UM (GUTYPBHI.

CaoiicTBOM coxpaHenusi opMbI 001a/1aeT U IpeoOpa3oBaHue

w=kz+b,
KOTOPOE HAa3bIBACTCS AHMUIUHENHbIM; OHO COXpaHsieT (popMy, HO MEHSIET OpHEH-
Taluo 00x0/1a rpaHullbl GUTYphl HA IPOTUBOIIOIOXKHYIO ( HA pHUC. 7 3TO MOKa3aHO
JU1st QYHKIUU W =2Z ).
Otcrozia BbITEKAET, 4TO JH000€ MpeoOpa3oBaHUE MOAO0US 3a4a€TCsl JIMHEH-

HOWM WJIM aHTUIMHENHOW QyHKIMEN, NpUuyeM, €CIIM OPUEHTAIUs COXPaHsIeTCs,
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TO OHO 3a7aCTCs JIMHEHHON (DYHKITHEH.

C
y B =’ \ [Tockonbky  nuHeWHas  QyHKIUSA
,\ D w=kz + b omnpenensiercss AByMsl Mapamer-
A< pamu k u b, TO ANA ee 3aaHUS HYKHbBI
0 A <. X nBa ycioBus. Hanpumep, MOXKHO yka3aTb-
Y D, o0Opa3el w; U W, JIIOOBIX JIByX TOYEK z,; U

B, N / z, (z, #z,). Ecu n3BecTHO, UTO
C
: w,=kz, +b, w,=kz, +b,
Puc. 7

TO OTCIONa HAXOmUM: W, —w, =k(z, —z,)

NJIn
w, —Ww
p="2"" ()
Zy, 724
Tak kak TOuka z HMMeeT 00pa3oM TOUKYy W =kz +b, TO MOXKHO IOJIyYUTh

w —w, =k(z —z,). TloncTaBUM B 3TO PaBEHCTBO BHIPAKEHHE AT k U3 HOPMYIEI

(2):

u(z_zl)
Zy T Z4

nim
W_W1 Z_Zl

= - 3)

Wy =W Zp—Zq

IMpumep 3. Haiitu nuneitnyro GyHKIHMIO TaKyt0, 4TO TOYKY 1 —i mepeBoauT
B TOUKy 2 + 3i,aTouKky 2+ 4i - B Touky 1—61i.
Pemenue. Bocnons3yemcs ¢opmynoit (3), mnonoxuB zy=1-1,
wy =2+3i,z,=2+4i, wy, =1—6i, Torna umeem:
w—2-3i z-1+i
1-6i-2-3i 2+4i-1+i

CoBepmmm anredpandeckue mpeoOdpa3oBaHus M OKOHYATEIHHO MOTYYUM:

( 23 2 j (77 49).
wW=|——=——ifz+| ———|.
13 13 26 26
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1
§8. ODynkuusa w = —
z

1

OyHKIMA W =— ONpPEAEICHa BO BCEX TOYKAX KOMIUICKCHOM IIOCKOCTH,
z

kpome z =0. IMomarast w=o00 npu z=0 u w=0 npu z =00 pacupoCcTpaHuM 3Ty

(PyHKLIMIO Ha BCIO PaCIIMPEHHYH0 KOMIUIEKCHYIO IUIOCKOCTb. Tak Kak U3 zq #Z,

CIemyeT, YT0O — # —, TO PYHKIUS — B3aMMHO OJTHO3HAYHO OTOOpa)kaeT paciiiv-
Z{ Zp z

PCHHYIO KOMIIJICKCHYIO IINIOCKOCTH Ha ceOs.

Brigenum BemecTBEHHYI0 U MHUMYIO 9acT (YHKIIMH W =— U HalgeM 00-
z

JACTh aHAIMTHYHOCTH 3TON (DYHKITHHU:

1 x-iy x (=)
w= = = +1 1
X +1iy x2+y2 xz+y2 x2+y2 M
X Y
ulx,y)=—, vix,y)=—5—"—.
( y) x2+y2 ( y) x2+y2

IIpoBepuM BrimosHeHue ycnou Komm-Pumana:

ou_ yioxt v _ yioxt
8x_<x2+y2)2’ 6y_(x2_|_y2)2’
ou_ —2xy o 2xy

ay—(x2+y2)2, ax_(x2+y2)2.

OueBuaHO, uro ycnoBus Komm-PrmaHa BBINOIHEHBI BO BCEX TOYKAX KOM-

nnexcHoit mnockoctu, kpome Touku (0;0). Ecnu cunraTh, 94To yroa Mexmy Kpu-

BoIMU L, u L, B TOYKe 0O paBeH B3TOMY C OOpaTHBIM 3HaKoM yriy B Touke ()

MEXAy UX oOpazaMu IpH MpeoOpa3oBaHUM —, TO KOH(OOPMHOCTh OTOOpa)KeHUS
z

1
w=— coxpansercs 1 B Touke z =0. B camom zene, nyun argz=o u argz = f
z

TMIePEXOAT MPH 3TOM NIPeoOpa3oBaHUM B JIydd argw =—¢ u argw =—[ 1 1pu

9TOM YI'OJI MCXKAY JIy4YaMH HC U3MCHACTCA.
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3anucek ¢pyukiuu w B Buae (1) Hemocrarouno HarnsigHa. [IpeacraBum w u

z B mokaszarensHoil popme: w=R eV, z =re'?, Torna nonyunm:
iy 1 —iQ
Re” =—e . (2)
r

Tak kak JABa KOMIIJICKCHBIX 4YHCJIa paBHBI B TOM M TOJIBKO B TOM CJIy4ac, KO-
raa ux MoayJid OJUHAKOBEBI, 4 apIryMCHTBI OTIINYAatOTCA Ha YHUCJI0, KPaTHOC 27 , TO

U3 paBeHCTBA (2) UMeeM, YTo

Rzl, w=—@+27k, k -uenoe. 3)
r
1
Oto6paxenne M (r,) —> N| —,—¢ | pas6upaercs Ha gpa. CHayana Touka
r

1
M (r,¢) mepexoaut B TOUKY P(—,gpj. Tax kak mpu 3ToM o6e Touku M u P
r

JIC)KAT Ha OJHOM JIY4YC, BBIXOAAIICM M3 HadaJla KOOpJAWHAT, 4 UX MOAYJIM CBA3aHbI

1

COOTHOIIIEHHEM 7 - — =1, TO AaHHOE MPeoOpa3oOBaHKe SBISCTCS MHBEPCUEH OTHO-
r

CUTEJILHO OKPYKHOCTH C LIEHTPOM B HyJie u paguycom 1. [Tocnenyromiee npeodpa-

1
30BaHMe, NepeBojsiilee TouKky P (—,gp B N|—,—¢ |, aBasieTcsd cUMMeTpUeH OT-
r r

HOCHUTEJILHO JICCTBUTEIILHOM OCH.

1
[TocTpouM reomMeTpuvecKd TOUYKY W =—, 3Has TOUYKYy z. PaccMoTpuM Tpu
z
ciayJasi:
y YNA w0 Y] A .
Z
|
I 7z |
1 : : W) z
: i '
0 ! X 0 | X 0 \ X
| | W
|
W wl
Puc. 8 Puc. 9 Puc. 10
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1). z nexut Ha OKpYy>XHOCTU (puC. 8). TOUKM OKpYXHOCTH MEPEXOAAT B TOUKHU
ITOM KE OKPYKHOCTH W, CAMMETPUYHBIC Z OTHOCUTENbHO ocu OX .
2). z JIEXKUT BHYTPH OKpPYKHOCTH (pHC. 9).
IIpoBenem nyd yepes HOJb U z . BOCCTAHOBUM NEPIEHAUKYISP U3 TOUKHU Z
K aydy { 10 mepecedeHus: ¢ OKpyKHOCThIO — Touka 4 . B Touke 4 mpoBenem Ka-
CaTebHYIO0 K OKPY)KHOCTH U TPOJIOJDKHM €€ JI0 MEePEeCceYCHUs ¢ JIydoM / - Toiry-

yuM TouKy W, . OToOpa3zum ee CHMMETpHYHO OTHOCHUTENbHO ocu OX - W .

3) z nexur BHE OKpykHOCTH (puc. 10).
[TpoBenem ay4 ¢ yepe3 HONb U z. M3 TOUKHM z MOCTPOUM KacaTEIbHYIO K
OKpYXHOCTH - A - Touka kacanus. I3 A omyctuM neprneHAuKyssp Ha ayd { -

noryunM Touky W, . Otobpa3um ee ciMMeTpU4HO OTHOCUTENbHO ocu OX - W .

1

Wrak, npeoOpazoBanre w =— CBOJUTCS K MPeoOpa30BaAHUSIM:
z

1. MHBepcus OTHOCUTENBHO €IMHUYHOU OKPYKHOCTH C LIEHTPOM B Hayaje KOOp-
JHAT;
2. CummeTpusi OTHOCUTENBHO JEHCTBUTEIBLHOMN OCH.

CnpaBeyiuBo yTBEpKACHUE:

1
OtobpaxkeHrue W = — TEePEBOJINT:
z

1). okpyxHOCTH, HE Tpoxoasiue yepe3 0, B OKpYKHOCTH, HE MPOXOSIINE Yepes
0,

2). OKpyXHOCTH, Ipoxoasuue yepe3 0, B mpsimble, HE Tpoxoasuue yepes 0,

3). mpsiMble, HE TIpoxojsire yepes 0, B OKpyKHOCTH, mpoxoasiiue yepes 0,

4). npsamsie, npoxoadiue yepes 0, B npsambie, npoxoasiue uepes 0.

IMpumep 1. Haiitu 06pa3 npsimoit y = x + 4 npu oToOpakeHun w = —

z

zZ+z z—z

uy=———, [I0Iy-
2i

Pemenue. 3aMeHs1s1 B ypaBHEHUU NIPSMOUA X =

YUM.
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Z;E—Z;.Z+4:0,To ecth (z+2)+i(z-2)+8=0,
i

(1+i)z+(1-i)z+8=0.

1 _ 1
Tak kak z = —, z = —, TakuM 00pa30M ypaBHEHHE 00pa3a UMEET BUI:
w w

i+b+8=0,T060TL 8ww +(1+i)w+(1-i)w=0.

w w
A : 2 2 :
[Tockonmbky W =u +iv, W =u —1iv, Ww =u" +Vv°, TO UMEEM:

8(1/12 +v2)+2u+2v:0.

1 2 2 2
9 u+—| +lv+=| =| —1|.
TO YPABHCHHUC OKPYKHOCTHU ( 8) ( 8) (4\/§j

y 1
W =—
z
T
0 X
-4
Puc. 11

3ameTnm, 4TO 00pa3oM mpsaMon y =x + 4, He mpoxondmend yepe3 Touky 0

SBIIETCS OKPY>KHOCTb, TpoXoasias yepe3 Touky 0.

IIpumep 2. Haiitn 06pa3 oonactu ABCD nipu otoOpakeHHH W =—, €CIH
z

A4(2;0), B(2;2), C(4;2), D(4;0).

Pemenwue. Haiinem o6pasel Touexk 4, B, C, D:

1 1 1 1
r=wld)=2 =B =g =
1 1 1 1
C. =w(C)= NENNE Y D. =w(D)=—.
=)= o=y 1 =wD)=,
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Teneps Haitnem 06passl psiMbix AB , BC , CD , AD npu oto0pakeHUn —
z

aHAJIOTMYHO TOMY, KaK 3TO OBLJIO CIIEJIaHO B MPEIBIIYIIEM pUMEpE:

AD : y =0 — monoxwutenbHas noixyoch OU .
1) 1)
AB : x =2 — OKpYXHOCTh (u —Z) +v? = (Z) :
2 11)2
BC: y=2 —> OKPYXHOCTb 1’ +(V+Zj :(Zj

1) 1)
CD : x =4 — OKpY>XHOCTh (u—gj +1? =(§j .

Tak kak opueHTaIMsi COXpaHsIeTCs, TO Moiay4daeM, 4to obnacte ABCD me-

pexonut B obnacts 4,B,C,D, nnockoctu UOV .

T
Y I 8 4Di—>AlD
O\:\ ‘:K\/\I X
NTCN
B _, C fo :\,Y /
/]\ \L I‘\‘ 4 ":B]
2
0 A <= D x 1 :
=5b
Puc. 12

§9. IpoOHo-panuoHabHAss QYHKUMS

1
JIluneitnast GyHKUMA U QYHKUUS — SIBISIOTCS YAaCTHBIMHU CIIy4asMU (QyHK-
z

AU BUJA

:az+b ()

W M
cz+d

rne a,b,c,d - xomiiekcHble yucia, npuueM bc —ad #0,c# 0. OyHKMKU BHUIA

(1) Ha3BIBAIOTCSI OPOOHO-PAYUOHATLHBIMU.
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Beraenum u3 ApoOu Lenyro 4acTh:

W_az+b_c(az+b)+ad—ad_a bc—ad
cz+d clcz+d) c clez+d)

OroOpaxkenue (1) cBogUTCA K KOMIIO3MIIMM TpeX OTOOpaKEeHMI:

1 bc —ad

Dt=cz+d, 2)q:;, 3) w=kqg +![, tne k= lzg.HepBoeH
c

c
TPEThE U3 HUX SBISIFOTCS JIMHEWHBIMU OTOOpPaXEHUSIMH, @ BTOPOE — OTOOPAKEHHUE,
U3yYEHHOE B MpeAbIAyIIeM maparpade.

HpoOHO-TuHENHHYI0 (PYHKIIMI0O MOKHO PaclpoCTPaHUTh HAa BCIO PACIIUPEH-
HYI0 KOMIUJIEKCHYIO IJIOCKOCTh. Tak Kak

. az+b a . az+b
Iim——=—, im——=o0,

zsocz+d ¢ s qcz+d
C
a
TO TOYKA 00 MEPEXOJUT IIPH STOM OTOOPAKESHUH B —, @ TOYKA —— B 0.
c c

Ecnu cuntaTth npsiMyro OKpY>KHOCTBIO OECKOHEYHO OOJBIIOrO pajauyca, TO

MoJIy4aeM, Kak 1 JIMHEHHOE OTOOpaKeHUE, TaK U OTOOpaKeHUE W = — TMEPEBOIAT B
z

ce0sl COBOKYNHOCTb INPSIMBIX M OKPYXHOCTEH Ha IMJIOCKOCTH. OTCIOJa BBITEKAET,
YTO TIpH JHOOOM APOOHO-PAIMOHATEHOM MPEOOPA30BAHUH COBOKYITHOCTH MPSMBIX
U OKpPY>KHOCTEH Ha IJIOCKOCTH MEPEXOANT B CeOsl.

JpoOHo-parmonanbHas (QyHKIUs peoOpakaeT BCIKYIO OKPYXKHOCTh B OK-
PYKHOCTB. JTO TaK Ha3bIBAEMOE KP)2080€ C8OUCMEO.

BHyTpeHHsA1 0051acTh OTOOpa)kaeMOW OKPYKHOCTH IEPEXOAUT JMOO BO
BHYTPEHHIOIO 00J1acTh 00pa3a, 1100 BO BHEIIHIOK 00JacTh oOpasa.

OyHKUMS W, onpeaenseMas U3 ypaBHEHHUS

-2y Zy7Z3 _ W—W; W, —W;

2)

Zy—=Z, Z—Zy W,—=W, W-—W,
0TOOpa)kaeT OKPYXKHOCTb, MPOXOSANIYI0 uepe3 TOYKM Z,, Z,, Z; IJIOCKOCTH
XOY , B OKpY>KHOCTb, IPOXOSILIYIO UepE3 TOUKU W, , W,, W, Iuockoctu UOV .

IIpumep 1. Haiitu 1po6GHO-paliioHaNbHY0 (YHKIHIO, IEPEBOASILYIO TOUKY
I B Touky —1, TOuKy i B TO4UKy 0 ¥ TOUKY 0 B TOUKYy l.
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Pemenune.z, =1 —» w,=-1;
z,=1 —> w,=0;
zZ,=0 — w,=1.

B neBoii wactu paBeHCTBa (2) AJIE BTOPOrO COMHOXKHUTENS CIPaBeIUBO:

. Zy—Z4
lim —=—— =1, nosToMy 3aMeHHUM €T0 Ha | ¥ MMOJIyIHM:

Z—l_W+1.0—1
i-1 0+1 w-1’
z-1)w-1)=—(w+1)i-1),

z+i—2
w="——=.
z—1
. 1-z
Ipumep 2. Haiitn o6pa3 kpyra |z| <1 npu otoGpaxeHun w = :
z

Pemenue. Haiinem cnadana o6pas okpyxnoctd |z|=1 mwm x> +y* =1.

I[J'I?I 9TOI'0 BBLICIIMM BCIICCTBCHHYIO 1 MHUMYIO 4aCTH (bYHKI_[I/II/I w

x-yiex? (=)
w= 2 2 ! 2 2
X" +y X" +y

X
M(X,y):—l +ﬁ

X
, TOCKONBEKY X~ + y° =1, To umeem

y

V(xly):_ 2 2
X" 4y

u=-1+x u+l=x s
= = (w+1) +v’=x

v=—y —v=y

2

+y?=1.

OKOHYATENBHO MOJYYHM, YTO 00pasoM OKPYXHOCTH |z|=1 sBusercs Ok-
pyxHocts [w—1|=1.
B kakyro 0o0nacTh Hepeijer Kpyr, orpaHHYCHHBIH OKPYXHOCTbIO |z[=1?

BosbMeM BHyTpeHHIOIO TouKy z =0, ee oOpa3om Oyaer co. DTO 03HAYAET, YTO 00-

pa3oM Touek Kpyra |z| <1 Gyzxer BHemHOCTS OKpyx)HOCTH [W—1|>1.
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y W v
i ~ '
Ve A |
[ \ i
1\ 0 J1 x -il of u
X / |
~|= ,

Puc. 1

§10. Crenennasi pyHKIUA
Omnpenenenune 1. yHkums
w=z", (1)

r7ie 1 - HATypaJIbHOE YHUCIIO, HA3bIBAETCS cmeneHHou PyHKIuEH.

Oo6uacTeio onpeaeneHust PyHKIUU SBIISETCSA BCSI KOMIUIEKCHAS MIJIOCKOCTb.

Eciu n>1, To crenennas QyHKUUs HE SBISIETCA B3aUMHO OJJHO3HA4YHOM, TO
ecTh 0OpaTuMoii. JlelicTBUTENBHO, eciu z = re'? , no Gopmyne Myaspa:

z" =r"e" =r"(cosng +isinng).

OTcro/a BeITEKaeT, uto npu z = r(cos¢ +ising), w=R(cosy +isiny) pa-
BEHCTBO (1) uMeeT MeCTO B TOM U TOJIKO B TOM CJIy4ae, €Ciu
y R=r", w=nop+2nrk, k -uenoe.

[Tonywyaem, 4To J1yd @ = ¢ NEPEXOAUT MPHU
oroOpaxkenuu (1) B nyu w =na (puc 2). Buano,

no,
o yto mipu n>1 B Touke z =0 Hapymaercs KOH-

0 X dopmHOCTH 0OTOOpaxeHus (1).

Puc. 2
2
Paccmotpum 6osiee moapooHO oToOpaxkeHrue w =z . Tak Kak mpu 3TOM OTO-

OpaX€HUW apryMEHThI z YIBAaWBAIOTCS, TO BEPXHSS MONYILIOCKOCTh Imz >0 me-

pEXoauT BO BCHO Miockocts UOV .
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/ w=z" )/
N\
A
01 B1 u
B 0 A x
Puc. 3

IIpu stom ntyun OA u OB Ha puc. 3 nepexoJsaT B OJUH U TOT K€ JIyd IIOC-
koctu UOV , uaymuii B MOJOXKUTEIbHOM HampasiaeHun ocu QU . I1ockoybKy
ya00Hee MMETh JEJNO C B3aUMHO OJHO3HAYHBIMU COOTBETCTBHSIMH, YCIOBMIIMCH
paspe3arh IJIOCKOCTh BIOJIb MOJIOKUTENBHONU JEHCTBUTEIIBHON MOJYOCH U CYU-
TaTh, 4TO 1y4 OA mnockoctu XOY mnepexonuT B BepxHuil Oeper 0,4, 3TOro
paspesa, a 1yd OB - B HwxHui 6eper O, B, .

TouHo Takxke HWKHsS NOMYIUIOcKocTh Imz <0 mepexoIuT B pa3pe3aHHYIO
wiockocte UOV , npuueM iydy OB 1nepexoIuT B BepXHuil oeper, a O4 - B HUXK-
Huit Oeper. UToObI COXpaHUTh OJHO3HAYHOCTh OTOOpaXKeHUs, YJOOHO CUYUTATh ITH
JIB€ pa3pe3aHHbIe JIOCKOCTH ABYMs pa3iudHbIMU JuctaMu. Hano ckineuts Gepera:
OA mnepexonuT B BEpXHUH Oeper MmepBOi IMIOCKOCTH U B HIDKHHMIA Oeper BTOpou
10cKoCcTU. TOYHO Tak k€ HAJ0 CKIEUTh HWKHUN Oeper paspesa MmepBod IIOCKO-
CTH C BEpXHUM Oeperom paspesa BTOPOH IIOCKOCTH — 00a 3Tu Oepera SBISIOTCS
oOpazamu ofHOTO | TOTO *e Jiyda OB .

[TonydeHHy0 IBYXJIMCTHYIO IIOBEPXHOCTh HA3bIBAIOT PUMAHOBOU NOBEPXHO-
cmwio U1 QYHKIMH W =z~ . DTa QyHKIHA 3a1aeT B3aHMHO OJHO3HAYHOE 0TOOpa-
KEHHUE KOMIUIEKCHOW INIOCKOCTH Ha MOCTPOEHHYIO pUMaHOBY ITOBEPXHOCTb.

AnanoruuHo o0cTouT Aeno s GyHkuuu w =z". Pa3Huia mumm B TOM, 9TO
MOJIy4YaeTCsl n-JTUCTHAs PUMAHOBA MOBEPXHOCTb. OHA COCTOUT U3 7 JINCTOB paspe-
3aHHOM BJIOJIb MOJIOKHUTEIBHOIO JIEUCTBUTENBHOIO Jiy4ya 1uiockoctu UOV . Ilpu

TOM HIKHMU 6eper KaXXJ10T0 JIMCTAa, KPOME MMOCJICAHCTO, CKIICUBACTCA C BEPXHUM
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OeperoMm CEAyIOMEro 3a HUM JINCTA, a HUKHUN Oeper MOCIeTHEro JIMCTa — C
BEPXHHUM OEperoM IepBoro.
OyHKIMA w=z" 3aacT B3aUMHO OJHO3HAYHOE OTOOpPaXKCHHE IJIOCKOCTH

XOY HapumaHOBY NOBEpXHOCTb. [Ipn 3TOM 0TOOpakeHUH yroJi

O£a1‘gz£2—7Z
n

wiockoctd XOY oToOpakaercs Ha BECh NEPBBIN JUCT. TOYHO TaK K€ yroi

2 4
—X argz <—
n n

0TOOpakaeTcs Ha BTOPOM JIUCT | T. JI. BIUIOTH JI0 yIJia

—ZlSargst,
n

KOTOPBIN OTOOpa)kaeTcsi Ha n-HBIA JIUCT MOBEPXHOCTHU. Jlyum, pa3iensroniue 3Tu
YTIIbI, OTOOPAXKAIOTCS B JIMHUH, 110 KOTOPBHIM CKJICUBAIOTCS JIUCTHI TOBEPXHOCTH, a
CaMU YTJIbI SBJISIFOTCSI 00JIACTSAMU OJHOTUCTHOCTH (PYHKIMU 2" .
OyHK1UI0, 00paTHY0 GyHKIMH W =z", 0003HAYaAIOT
w=4z.
N3 dhopmynsr MyaBpa ciieyer, 9To KaKI0My 3HAYCHUIO Z COOTBETCTBYET 7

3HaueHuil ¥z . [loatomy w= 2z, paccmaTprBaeMasl Ha KOMIUIEKCHOU IUIOCKOCTH,

MHOTro3HayHa. YToObI c/iesaTh €€ OJIHO3HAYHOM, €€ paccCMaTpUBalOT Ha OMTMCAHHON

BBIIIIE PUMAaHOBOU MOBEPXHOCTH I QyHKIUU w=z".

Ipumep 1. Haiitu 06pa3 obnactu orpaHudeHHON TpeyroibHukoMm ABC ;
A(-1;0); B(0;1), C(1;0) npu oTobpaskenuu w=z".

Pemenne. w=z’ :(xz —y2)+ixy .

u=x>-y°
i|B v =2xy
/ \ Bribepem Hampapienue obxoma obiactu (puc.4).
A 0 C Haiinem 006pa3bl Touek A, B, C u npsmbix AB ,
-1 N 1
BC , AC :
Puc. 4 _ . _ _
A=(-1,0) = A, =w(d)=1
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B=(01) — B,=w(B)=-1
C=(10) — C,=w(C)=1.
AB : y=1+x.IloacraBum B BelpaxxeHue Ajid QyHKIUN © U V:

{uzx2 —(1+x)*=-1-2x

v=2x(1+x)=2x +2x2

W3 nepBoro ypaBHeHUs BBIPA3UM X U IMOJCTaBUM BO BTOpOE ypaBHEHHUE (TO

€CTh UCKIIFOUUM X ).

u+1
X =
-2
2 2 2
v=—(u+1)+ (u+1) =— —1+—+u+—_——1
2 2
=1+x — v= £ 1
g 2 2
AHanornyHo, moiayuyuM obOpaz BC: y=-x+1; sro Oymer mnapabomna
1
V= —Euz + 5 [Ipsimas CA : y =0 mepelaeT B MOJIOKHUTENbHYIO odyock OU .

Ho tak xak u OC u O4 uMET OOuH
o0pas, TO pa3pexeM M0 ITOMY OTPE3KY
nojioxkurenbHyo noinyock OU . Ilo-
\

C, crpouM obpassl 4,, B,, C,. Coxpa-
fll u  HEHHME HampaBieHus o0xoja obsactu

MO3BOJISIET HAllTU 00pa3 camoil obiac-

2 U (CM. puc. 5).
Puc. 5
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§11. ®ynknusa )KykoBckoro

Onpenenenue 1. Dynkuus

w:%(z+§j (1)

Ha3bIBaCTCA hyHKyuel KYKoeckoeo.
Ota ¢yHkuusa Oblla BBeleHA B paccMoTpeHue pycckum ydeHsim H.E. XKy-
KOBCKHUM B TE€OPUM KpbLJIa CaMOJIe€Ta U UMeJia Ba)XKHbIE MPUIOKEHHUS, T0OITOMY HO-

CHUT €TI0 UM4I.

OyHKIHS W :E(Z + —) ompesieNieHa BO BCEX TOYKAX KOMILIEKCHOM TIIOC-
z
KOCTH, KpoMme TOukH z = (), B KOTOpOii OHa oOpaIaercs B 0.
[TpousBoanas ¢pynkuuu KykoBckoro paBHa
1 1
w==1- —
2 z
cymiecTByeT npu Beex z # (0 1 paBHa HYJIIO B TOUkax z=—1 u z=1.
Boinenum obnactu, B KoTopbix ¢pyHkuus (1) odOpatuma, To ecTh 001acT 00-
HoAuCmHocmuy 3Tou QYyHKIIUH.

Tak kak

w—w—lz+l—1z+l—1(z—z 1- L
212222 2121221 22y )

TO PaBEHCTBO W, =W, MOXET UMETb MECTO, €CIU z, =z, W z, -z, =1. Ilo-
CKOJIBKY PaBEHCTBO z, -z, =1 HEe MOXET BBIIOJNHATECS B obnacty, rae |z|<1, To

3Ty 00JaCTh MOXHO B3STh 32 00J1aCTh OMHOUCTHOCTH PyHKIMU JKykoBckoro. [To
TEM e COOOPaKEHUAM 00JIACTSIMH OJTHOJIUCTHOCTHU ITOU (DYHKIIUH SIBISIOTCS

— MHOXECTBO TOYEK, JUIsl KOTOPBIX |z|>1;

— BEPXHsIA MOJTYTUIOCKOCTb;

—  HWKHSS TOJTYIIIIOCKOCTD.

, ¢ =argz, u HaiiieM o0pa3 z MpH mpeodpaso-

pencrasum z =re”, r=|z

Banud (1):
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w=1(rei‘” + 1. jzl(re"p +1e_i‘”j.
2 re'? 2 r

[Ipumenum hopmysibl Diinepa U OTAECTUM BEIIECTBEHHYIO U MHUMYIO YaCTH:

ru = 1(7’ + 1jcos
5 P

r

<v—1(r—1jsin |
. 2 r v

Haitnem o6pa3 mosisspHON CETKM KOOpAMHAT Ha miiockoctu XOY , TO ecThb

(2)

CETKH, COCTOSILECH U3 JIMHUI ‘Z‘ =R, argz=c.

OG6pa3 OKpYyXHOCTH |z| =R 1pu orobpaxennu (1) uMeeT napameTpuyecKue

YpaBHEHUS:
u :%(R + %jcosq)
, pe(0;27]. (3)
V= 1(R — l) sin
o\ TR

Uckmrouyass U3 3TUX ypaBHEHHMM ¢, W mojaras sl KPaTKOCTH 3allucu

a 21(R +lj, b zl(R —l), HOJIyYaeM:
2 R 2 R

2 2
u 1%

2 T2 T
a b

Ecim R #1, To 06pa3soM OKpyXHOCTH |z|=R sBisiercs: smmnc. Haiinem

1.

(OKYyCBI ATOTO ILTUTICA!

2 2
az—bzz1 (R+l) —(R—lj =1,
4 R R

TO ecTh (POKycChI Jexar B Toukax 1 u —1. DTOT *%e smmmnc Oyner u o6pa3om Ok-

1

PYKHOCTH ‘Z‘ = R

[Ipu R =1 smunc BBIPOXKIAETCS B JIBaXK]bl MpOOEraeMblii OTPE30K ACHCT-

BUTEJIBLHOW OCH ¢ KOHIIaMu —1 u 1.
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Haiinem 00pa3 nyua argz = . [Ipu z =re'* mony4aem u3 ypasuenuii (2):

()
u=—|r+—|cosa
2

r

1( 1) .
v=—|r—=|sina
2 r

T V4
Ecmun o E(O;—j Wikl o e(—E;O), 0o cosa >0 u mosromy u >0 a ecnu

, 0<r<+40. (4)

T T T
ae(E;ﬂ) WIN ae(_E;Ej’TO cosa <0 unoromy u <0.

Hckirounm U3 ypaBHeHHH (4) mapaMerp 7, 3aMETUB, YTO
7))
—\r+—| ——|r——| =1,
4 v 4 v

2 2
u 1%
- =1.

cos’a  sin‘a

IIOJTyYUM:

D10 ypaBHEHHEe 3ajaeT rumepboly ¢ HoiyocsMmu |cosa| u [sing|. Ilpu
r .
ae|0;— | 1yun argz=q M argz =-q OTOOPaKAIOTCA HA IPaBYI0 BETBb 2TON

runepGonbl (u>0); a nyun argz =7 —a u argz =7 +a - Ha €€ JEBYIO BETBb.
B pesynbrare qokazanu, 4To 00pa3oM MOJISIPHON CETKHA KOOPAUHAT MPU OTO-
Opaxenuu (1) sBasercss cetka Ha miockoctu UOV |, cocrosimias U3 3ITUIICOB U

runep6oi ¢ pokycamu B Toukax —1 u 1 geiictBuTensHOM ocH (puc. 6).

A\
~< ///
~
\\ //
- \ / =
\\\ \ / ///
\ \ / /
) \ | [
b 1 *
-1/, /0] v (1 u
/ \\ N\

// / \\
—_— 7 \ -
/ AN
7 N
b ~N
// \\_
Puc. 6
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M3 Bcero ckazaHHOro BBITCKACT, UTO KPYyT |Z| <1 B3aumnoO OJHO3HA4YHO OTO-

OpaskaeTca Ha mIockocTh UOV | paspesaHHyio Bodb oTpeska |—1;1] neiictsu-

TenbHOI ocH. Ha Ty ke IIIOCKOCTh 0TOOpaaeTcs M BHEIIHsIs 061acTs |z|>1 aTo-

ro xpyra. Ilomydgaem gBa nmcTa, paspesaHnble BIomb oTpeska [—1;1]. Ckneunas
BEPXHHI Oeper MepBoil MIOCKOCTH ¢ HUKHUM Oeperom BTOPOM, a HWKHUN Oeper
TIEPBOM TOJIYIUIOCKOCTH C BEPXHUM OEperoM BTOPOM, MOJydaeM PHMAHOBY TIO-
BEPXHOCTH JyTsl PyHKITUHU JKyKOBCKOTO.

PaccMoTpuM OKpY>KHOCTB, MPOXOMAIILYIO Yepe3 Touku 1 u —1 u eme oaHy
OKPY)KHOCTbh, Kacaroluecss BHyTpeHHHM 00pa3om B Touke 1. [Ipu otoOpaskeHnn c
OMOIIEI0 GYHKIIUUA HAa 001aCTh, 3aKIIFOUCHHYIO MEXKIY STUMHU OKPY>KHOCTSIMH TI0-

JTYUYUM:

(o ;=
4& 1 x \yo

Puc. 7

[Tomyuennast obnacth Onu3ka K mpoduiIo Kpbiia camonera (puc. 7). B ga-
CTHOCTH, €CJIM UCXOJHAsl OKPY>KHOCTb MMEET LIEHTP B Hayajle KOOPAWHAT, TO IO-

Jy4aeM CUMMETPUYHYIO QUTYpPY, TaK Ha3bIBaeMbIil «pyiib XKykoBckoro» (puc 8).

Puc. 8
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§12. ®ynkuus e’
B npensiayeit riiaBe GpyHknus €° Obita onpesesieHa Kak CyMMa CTEIeHHO-

ro psaa
. 22 73 z"
e =1+z4+—+—+...+—+....
21 3! n!
cI)yHKI_[I/I}I onpe):[eneHa JJIsL J'IIO6OF0 KOMIIJICKCHOI'O 4HucCJia. OTMGTI/IM HCKO-

TOpBIE CBOMCTBA ATOU (DYHKITHH:

1. ef1.gf2 =gf1722
2 3 n 2 3 7 n
e e =|1+z,++2+...+L1+. | 1+z, + 2 +-2 +22 4=
3! n 3! n!
=1+(zq +2 )+(Z1+22) (21 +2,) (21 +25) _el1+2)
1o 2! 3| n! ‘
Zq
2 e_:ez1—22.
e?2

BriTekaer u3 cBoyicTna 1.

3. Bocnonb3oBaBmuck popmynamu Ditnepa u cBoicTBoM (1) momyunm:

z X+iy _

e’ =e e¥(cosy +isiny)=e* cosy +ie* siny.

4. OyHKUMS SBISIETCS AHAJIIMTUYECKOM HA BCEMl KOMIUIEKCHOM IIOCKOCTU (Kak

CyMMa CTENEHHOTO psJia), IPU 3TOM:

!
' w N . n-1 0 n-1 w 7N
Z nz yA Zz
z Z
6] - D e =3 —=el.
n=0 n! n:O n! n=1 (n - 1) n:O n!

(ez)’ =e’.

5. OyHKIHA €° ABJIAETCSA MEPUOANIECKOM. J[iis Mr060r0 Z CrnpaBeaIuBO PABEHCT-

BO:

z z+27 ik . o
et =e 7 , k - 1ienoe, uncio 2771 - OCHOBHOM HEPUO/I.

JleiicTBUTENBHO, B iy cBocTBa (1) 1 popmyn Ditnepa numeem:

z+27rik: z .2

e e’ e =e?(cos2z +isin27)=e".
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13 IepHOIMYHOCTH CIELYET, 4TO OTOOpakeHne W = e’ He SBISeTCS B3auM-
HO OJTHO3HAYHBIM — BCe TOUYKH MiockocTu XOY , oTnuyaromnuecs: Apyr OT JIpyra
cJlaraeMbIM, KpaTHBIM 277 |, IEPEXOJAIT B OJJHY U Ty ke TOuKy riockocta UOV .

Bosbsmem Ha iockoctu XOY  ropu3oHTaiIbHBIE MOJIO0CH BUA!
A :(2n-1)z<Imz<(2n+1)z, n - nenoe.

Tak KaKk B KaXI0W U3 HUX HET TOYEK, PA3HOCTh MHUMBIX YaCTEH KOTOPBIX
kpatHa 277 i , TO IpH 0TOOpaXkeHHH W = e° HMKaKhe [Be TOUKHM HONochkl A He me-
pEXOAT B OIHY U Ty ke TouKy miockoct UOV | To ecTh mosoca siBnsieTcst o0ia-

CTBIO OJHOJIHNCTHOCTH AJIA CI)YHKI_II/II/I ez .

[TokaxeM, uto U1 moboro uucina Wy =0, Haligercs uucio z, € A, 4to
e’o =Wj.

Mycts Wo =R e'?, R=0, pe(-7z;z]. Honoxum 7y =InR + (¢ +2m)i.

InR 2nri

OueBHIHO, 4TO Z, € A, , pudem €70 =g e’ e =Re'’ =wj.

Urtak, W=e’ sBrsercs IpH J060M N B3aHMHO OJHO3HAYHBIM OTOOPAKEHH-
eM IOoJIOChl A Ha KOMIUIEKCHYIO TJIOCKOCTh, IPOKOJIOTYIO B Touke 0.

Haiinem o6pa3s mpamoii Imz =(2n + 1)z, umeromell napaMeTpuIecKoe 3a-
nanme: Z=t+(2n+1)zi, teR;

w=elt@n+)ri _ ot o2nzi o7 — ¢! teR.

Tak kak npu n3mMeHeHuu t OT —oo0 10 + 00 3HAYCHHE e' memstercst ot 0 10
+00, To 0obpaszoM mpsamoii Imz =(2n+1)r sBaseTcs OoTpULATENbHAS NEHCTBHU-
tenbHas nosyoch OU . 3HauyuT, A MOMy4YeHUs B3aUMHO OJIHO3HAYHOTO OTOOpa-
KEHHsI IOJIOCH! A C IPUCOEIMHEHHOM K HeW HUKHEH IpaHuleil Hy>KHO pa3pe3aThb
wiockocth UOV  Bmomb 3TOM moiyocH. Toraa ofHa U3 TpaHMIl TIOJIOCH! Mepeiier

B HIOKHUH Oeper pa3pesa, a BTopas — B BEPXHHIM.

N3 ckazaHHOTrO BBITCKACT, YTO pPUMAaHOBA ITIOBCPXHOCTH IJIA (bYHKI_II/II/I ez Co-
CTOMT M3 OCCKOHEUYHOTO0 MHOXKeCTBa JUCTOB Iuiockoctu UOV , Ppa3pC3aHHbIX

BJI0JIb OTPULATEILHON JIEHCTBUTEIBHOM MOMIYOCH (Ka)kaas IJIOCKOCTb COOTBETCT-
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ByeT cBoel mojoce A). Bepxuuil Geper paspes3a KakAoro JINCTa CKICUBAETCS C

HIDKHMM OeperoM paspesa CleQyoIiero 3a HuUM jucra. IIpm 3tom mnosydaercs

BI/IHTOO6pa3HaSI IMOBCPXHOCTH, COCTOAIIAA M3 OCCKOHEUYHOTO B 00¢ CTOPOHBI MHO-

z
JKECTBA JIMCTOB, CKJIEEHHBIX YKa3aHHbIM oOpa3zoMm. DyHKuUMsS €° 3alaeT B3auMHO
OJIHO3HAYHOE OTOOPaKEHUE KOMIUIEKCHOW IUIOCKOCTH Ha 3Ty PUMAHOBY IOBEpX-
HOCTb.

BbIsIcCHEM, BO YTO TIEPEXOAUT JEKAPTOBA CETKa KOOpAWHAT (TmpsiMbie Y =D,

X = a) IpH 0TOOpakeHHH W = e’ .
[IpssMasg Yy =b wmmeer mapamerpudeckoe 3amanue Z=t+bi, te(—oo;+0).

Omna nepexoaut B nHUIO HA miockoctT UOV | 3aanHy0 ypaBHEHHEM

w =gt *P =e'(cosb +isinb), t (- o0;+m).

9t0 3HauwT, uto b € Argw. Tak kak 0 < et <+, TO II0JIy4aeM MHOXKECTBO

TOYCK, UMEIOIINUX OJIMH U TOT K€ apryMeHt b, mpuuem moayiab Mensercs ot 0 1o
+ 00, TO €CTh JIy4, BBIXOJSIINN U3 HaYala KOOPJAMHAT U HAKJIOHEHHBIN K JICHCTBH-
TEIHHOU OCH TIOJT yTIIOM b.

IIpsiMas X =a uMMeeT IapameTpuueckoe 3agaHue Z=a+ti, te(—oo;+0),

Ee obpas3:
w=e*" =e?¥(cost +isint), t e (- o;+m0).
Tak kax [W|=e?, To nomyyaem, 4to 06pa3oM MPAMOI X =a CILYXKHT OKDYK-

HOCTb paanyca ea C ICHTPOM B Ha4aJIC KOOPAWHAT.

UTak, npu otoOpaxkennn W = e’ IekapToBa ceTKa KOOPIMHAT Ha KOMILIEKC-
HOM mockoct XOY TmepexoauT B MOJAPHYIO CETKY KOOPAMHAT Ha TUIOCKOCTH
uov .

Ipumep 1. Haiitu oGpa3 otrpeska Y =X, —7 <X <7 nOpu OTOOpaKEHUU
w=e’.
Pemenne. Jrobas ToOuka OTpe3ka HMMEET KOMIUIEKCHYK) KOOpPIMHATY

Z=X+IX,—-7w<X<r.
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[ToaToMy ee 00pa3oM CIYKUT JIMHUS, 33JaHHAs TapaMETPUUECKUMH ypaB-
HeHusiMu (110 popmyiiam (1)):

u=e* cosx, v=e*sinx.
y \%

O'

Puc. 9
D10 ayra gorapupMuuecKkou cnupanu (cMm. puc. 9).

.
Ipumep 2. Berauciuts 3HaueHne W=e°, npu Z2 =3 — ZI .

Pemenue. ITo popmynam Ditnepa u cBoiicTBy 1) GyHKIMu €° monydaem:

37 7 3
e 4 —gd.e 4 =g cos(—z)ﬂsin(—zj _° ﬁ(l—i).
4 4 2

§13. Tpuronomerpuuyeckue U runepooanyecKkue pyHKuMu
OyHKIMM KOMIUIEKCHOTO MEPEMEHHOTO SiNZ M COSZ MOTYT OBbITh BBIUHKC-

JIEHBI C TTIOMOILBIO CIIETYIOUIUX POPMYII:

COSZ :%(eiz +e_iz); sinz :%(eiz —e_iz). (1)

A runepbonuveckue (QPYHKIIMU U OCTaJIbHbIE TPUTOHOMETpPUYECKUE (PYHK-

LU ONPENEISIIOT (POPMYJIbI:

sinz COSZ 1
tgz = ; ctgz=——; secz = : cosecz =——;
coszZ sinz cosZ sinz
1 _ 1 _
c:hz:—(eZ +e Z); shz:—(eZ —e Z).
2 2

N3BecTHbIE COOTHOLIEHUSI MEXAY TPUTOHOMETPUUECKUMH (PYHKUIUSIMU JEH-

CTBUTCJIBHOT'O apryMmeHTa COXpaHAOTCS U B KOMILJIEKCHOM obOnactu. B HaCTHOCTH,
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sin(z; *z, )=sinz, cosz, + cosz; sinz,;
cos(z; +z,)=cosz; cosz, F sinz; sinz,.
OTMeTHM HEKOTOpPhIE CBOMCTBA (PYHKIIMIA:

1. OrobpaxkeHus, OCYLIECTBIIEMBIE C MMOMOIILI0 (QYHKIUN SiNnz W COSz, SIBIS-
F0TCSI KOH()OPMHBIMHU Ha BCEH IIIOCKOCTH.
2. TIOoJMOXHB z =X + iy MOKHO BBIBECTH CIIEAYIONIHE (DOPMYIIBI:
cosz=cosx -chy —isinx -shy;
sinz=sinx -chy +icosx -shy; (2)
chz=chx -cosy +ishx -siny;

shz=shx-cosy+ichx-siny,

C IOMOIIBIO KOTOPBIX JICTKO BBIYUCIIAIOTCA 3HAUYCHUA (1)YHK]_II/II‘/JI B Pa3JIM4YHbIX TOY-

Kax KOMILIEKCHOM TLIOCKOCTH.
Tpumep 1. Beraucours sin(4 —3i); cos(4 - 3i).

Pemenue. Bocnonssyemcs popmynamu (1), (2) u momydnm:

sin(4 — 3i)=sin4-ch(-3)+icos4-sh(-3)=
:sin4-%(e_3 + e3)+icos4 '1(6_3 —63);

cos(4 — 3i)=cos4 - ch(-3)-isin4-sh(-3)=
:cosél-%(e_3 + 63)—isin4 -%(e_S —e3).

3. ®opmynsl mudPepeHIUPOBaHUS SiNZ W COSZ BBIBOIATCS MTyTEM MOUYJICHHOTO

muddepeHrpoBaHus CTENEHHBIX PSIOB.

o 2n+1
sinz = ;Eo (-1)"+! m , OTCIOJIA
ey <[ £ Cp 2 g e[ )
n=0 (2n+1) n=0 (2n+1)
" | o2
- Eo(_ 1) 20 =cosz .
AHaNOrM4HO (cosz)’ =-—sinz.
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4. Paznoxenus pynkuuit shz u chz B creneHHble psabl MOTydarOTCs U3 GOPMYIT

Pa3IIOKEHHUs TI0Ka3aTeNbHON QyHKIMU e” . OHU UMEIOT BUL:
" © Z2n 2n+1
chz=3% —, = Z
n=0 (2n)! (2n +1)
DTH psAabl CXOAATCS Ha BCEH KOMILICKCHOM IJIOCKOCTH, a IOTOMY (DYHKITUH
shz u chz Bcrony aHaTUTHYHBI.

MO’KHO YCTaHOBHUTbH CBSI3b MEXKAY TMIEPOOTMUYECKUMH M TPUTOHOMETpPHUYIE-

CKUMH (PYHKITUSIMUA B KOMIUIEKCHOM 00JIaCTH:

siniz = ﬂ = —L(e_z - ez): ishz;
2i 2
.2
cosiz:ﬂzl(e z )=chz
2 2
Orcrona umeem:
siniz =ishz, shiz=isinz,
cosiz=chz, chiz =cosz. (3)
Ipumep 2. Haiitu sini, cosi.
Pemenmue. [1o popmynam (3) umeem:
sini=ish1l, cosi=chl.

§14. Jlorapu(pMbl KOMILIEKCHBIX YHCEJI

Omnpepenenune 1. Yucno w HaszbiBaeTcs (HaTypallbHbIM) Jlo2apugmom Kom-

NJIeKCHO20 YUCia Z , €CII e =

[TockonbKy moka3aresbHass (GyHKIHMS HE IPUHUMAET HYJEBOTO 3HAYEHUS HU
P KaKOM KOMIUIEKCHOM 3HAYEHHUM TOKA3aTelisl CTEIEHU, HYJIb HE MUMEET Jiora-
pu(dMOB 1 B KOMIUIEKCHON TJIOCKOCTH.

Ecnu ke z #0, To B KaXKJ1011 1OJIOCE BHIA

2n-Dr<Imz<(2n+1)r

HaWJIETCS OJHO M TOJILKO OJHO YUCIO W, Takoe, uyTo e =z (cm. §9). Ilpu sTom B

§9 ObLIO MOKA3aHO, YTO YUCIIO W 3ajaercs Gpopmyion
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w=Inlz| +i(argz + 27 n).

B pesynbTare MoaydyaeM, 4To J1000€ OTIMYHOE OT HyJIs KOMILUIEKCHOE YUCIIO
z BMeeT OECKOHEUYHOE MHOYKECTBO JIOTapu(pMOB.

DTO MHOXKECTBO 0003Ha4YaroT LNz, To ecTh

Lnz =Inlz| +i(argz + 27z 1), n - uenoe. (1)

3nech Infz| - equMHCTBEHHBI AEHCTBUTENBHBI JTOrapu(M IIOI0KHUTEIBHOTO
uncna |z|. B 4acTHOCTH, B KOMIUICKCHOM OOJIACTH MMEIOT JIorapu(Msl U OTpHIa-
TeJIbHBIE UHUCIIA.

Mpumep 1. Haiitu Ln(-1).

Pemenmue. Tak kak |- 1|=1, arg(—1)= 7, 1o mo popmyune (1) nmeem:

Ln(-1)=In1+i(z +2zn)=7i(2n+1), n - uenoe.

Takum 06pa3zoM, HOMydYMIIH, 4TO Bce jorapudmbl uucia (—1) - MHHMBIE

qucia.

PaBenctBo w=Lnz onpexnenser npu KaxaoM OTIUYHOM OT HyJISl 3HAUCHHUU
z OECKOHEYHOE€ MHOYKECTBO 3HAUE€HHUH W, a MOTOMY HE 33JaeT OJHO3HAYHYIO
(GYHKUHIO KOMIUIEKCHOTO MepeMEeHHOro. UToObl MOJIy4uTh OJHO3HAYHYIO (PYHK-

IIUIO0, Halo BHIOpATh ONpeleNeHHOe 3HadeHHe aprymMenTa Argz mnpu Quxcupo-
BaHHOM 7, HarpuMep, argz npu n=0. Toraa noayyum QyHKIHIO OT z, 0003HA-

yaemyto Inz . OHa onpenensieTcsi paBeHCTBOM:
Inz =Inlz|+iargz, (2)
ATO TaK Ha3bIBAEMOE IJIaBHOE 3HAYEHHE Jiorapudma.
[Mockonbky ¢GyHkims Inz sBisercs oOpaTHOW ISl TOKa3aTeNbHON (QyHK-
IIUH, TO IO MpaBwmily AU(hepeHITUPOBAHM 00paTHONM (PYHKITMHN MOTydaeM:
1

z

(Inz) =

Ota popmyna BepHa BCIOAy, rae GpyHKus Inz HenmpepbiBHA, TO €CTh BCIOAY,
KpOME OTPULATEIBHOM TOIYOCH.

Tpumep 2. Beraucouts 3nauenns In(—1), In(2 - 2i).
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Pemenue. U3 npumepa 1 nonyuum, nonarasg n=0, In(-1)=ir.
In(2 - 2i)=1n2+2 —%i.

Ecmu b - neiictButensHoe yncino, a >0 u a # 1. To uMeeT MecTo paBeHCTBO
Clb _ eblna.
B xomruiekcHOM aHanM3e MOJIb3YOTCSl aHAJIOTUIHOU (OPMYIION, HO OHA yiKe

OyJeT BBINOJHATH POJIb ONPEIEICHUS.

b ebLna

Omnpenenenue 2. a” = ,TIIe @ U b - KOMIVIEKCHBIC YHCIIA. 3)

Mpumep 3. Haiity 3nauenne 1'.

Pemenue. [1o hopmyine (3) umeem:
11' _ eiLnl _ ei(ln 1+i(arg 1+2k 7)) _ e—2kﬂ k - nemnoe
, .
OueBuHO, 4TO BhIpakeHHe 1' mMeeT OECKOHEYHO MHOIO Pa3jIM4YHBIX 3Ha-
yeHuil. ['1aBHOE 3HAUeHHE paBHO 1.

Tak kak ln(re"/’): Inr+ip, —7<@<7, To Ipu O0TOOpPaKECHUH, 3a/1aBac-

MOM JiorapupMHUUECKOr QyHKIHEH w =Inz, KOMIUIEKCHAs TUIOCKOCTh, pa3pe3aH-
Has BJIOJIb OTPHUIATENILHOW JCHCTBUTEILHOW IMOJIYyOCH, OTOOpa)x)aeTcs B IOJIOCY

—r<Imw<r.
IIpumep 4. Haiitu o6pa3 ¢uryper 1<r<e, — % <p< % IpU OTOOpaKEHUN

w=Inz.

Pemenue. Tak kak ln(re’ ¢ ): Inr+igp, To nanHas ob6IacTe OTOOpaKaeTcs

Ha TPSMOYTOJIBHUK, ompenernseMblii HepaBeHcTBaMu In1<u <Ilne, — % <v< %
(cm. puc. 10). y v
Inz =
7 2
1 \ 1

0 1 e X 0 I u
-1 T
_T 4
4
Puc. 10
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I'JIABA I11. UnTerpupoBanne GpyHKUMHA KOMILICKCHOTO
NnepeMeHHOoro
§ 1. UHTerpaJ KOMILIEKCHO3HAYHOM PyHKINH
BelleCTBEHHOI'0 APTyMEHTA M0 0TPe3Ky

[Tycts Ha oTpeske [a ; b] 3ajaHa (DyHKLHUS BEIIECTBEHHOTO apryMeHTa, Mpu-

HUMAIOIasi KOMIUIEKCHbIE 3HAUCHHUSI:
w=f(t)=ut)+ivt),

npuaem Gyrximn u(t) u v(¢) HenpepeIBHBI Ha 5ToM oTpe3ke. ONpeeTiM HHTe-
rpan ¢yukmun [ () Ha 3TOM OTpeske [a ; bJ bopmyoii:

b

if(t ju t)dt + ljv(t)dt

a

IIpumep 1. Beruncinuts nHTErpa

i

2 .
Ie” dt .
0

Pemenune. Ilo popmyne Ditnepa umeem e’ = cost +isint, torna
z
2 T Vd

costdt + zjsmtdt =sinf|2 —icost|2 =1+i.
0

e dt =

O e O | N
o'—.N\N

O4eBUHO, YTO MPHU TAKOM OIPEAEIIEHUU COXPAHSIOTCS CBOMCTBA OIpese-
JIEHHBIX UHTEIPAJIOB:

b

D JUO) = g)de=[ () + [ gle)ar

a
b

b
2) [Af(0)de =4 j f(0)dt, A const;

a
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b c b

3) If(t)dt = Jf(t)dt + If(t)dt, rae ¢ - mo0oe Yncio, a MHTErpasl,
a a C
CTOSIIIIME B TIPABOil YaCTH PAaBEHCTBA CYLICCTBYIOT;

4) If(t)dt:O;

5) Tf (r)dt =—Tf (¢)dt;

b

6) j £(0)dt si\ f(eyde.

a

Ocraercs BepHOI U (popMyJia MOACTAHOBKHU:
b B
[ r@0)e= [ rlp(a)le'(a)da.

ecimu t = go(q), 3HAYCHUSI ¢ MEKIAY & U 3, (o(q) MOHOTOHHas1, TuddepeHuupye-

mas dyuxmus u a = g(a), b= o(f).

§2. UaTerpupoBanue (pyHKIMH KOMILJIEKCHOTO IIEPEMEHHOI0 110 KPHUBOH
Omnpenenenne 1. KpuBas Ha IUIOCKOCTH Ha3bIBACTCA 2NA0KOU, €CIU OHA
UMMEET HENPEPBIBHO HM3MEHSIOUIYIOCS KacaTelbHYIO; M Ha3bIBACTCA KYCOYHO-
271a0Kot, €CIM OHA COCTOUT U3 KOHEYHOI'O YMCiIa IIaJKUX AyT.

Iycte w= f(z) - HenpepbiBHAsA QYHKIUS KOMILIEKCHOTO apryMeHTa Z , OIl-

peneneHHas B HeKOTopoi objactu D KOMILIEKCHOM muiockocTH. Bo3bMmem mpous-
BOJIBHYIO TJIQAKYIO KPUBYIO L , I€XKallyto B 3TOI 00J1acTH, C Ha4aJloM B TOUKE

A(ZO) u KOHIOM B Touke B(z, ). Paso6bem nyry AB
(puc.l) Ha 7 YaCTUYHBIX AYT C MOMOIIBIO IPOU3BOJIb-

HO BBIOpaHHBIX TOYeK A =2(y,z1,Z5,...,Z, =B, HO

PAaCIIOJOXKCHHBIX ITOCICAOBATCIIBHO B YKA3aHHOM I10-

Puc. 1
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JOKUTEIHHOM HANpaBiICHUU BIOJIb KpuBoi L. OO6o3HaumMm Az, =z, .1 —2z;,
k=0,2,...,n-1.
CocTaBUM CyMMY MPOU3BEACHUN BUIA
D [z, (1)
k=0
HazoBem Benmmumny A :max{Azk} panroM pa3oueHust KpuBoii L . Beegem 0060-
3HAYCHHS:
2 =Xy +ivy, [)=uleg, yi )+, v )=up +vid, Az = Axy +idyy.

[ToactaBum B cymmy (1) 1 noayuum:

n-1 n—-1 n—=1

Zf(zk)AZk = Z(“k v fAxy +idy, )= D (uAxy = v Ay, )+

k=0 k=0 k=0
n—1

+iZ(vaxk +u, Ay, ). (2)
k=0

Yerpemum A — 0. Torma o6e cymMMBI TTpaBO# YacTH TOCIEIHEr0 paBeHCTBA (2)
CTPEMSITCSI COOTBETCTBEHHO K Mpeenam:

Iudx —vdy W jvdx + udy ,

L L
CJIe0BaTENbHO, JIEBAs YaCTh PABEHCTBA (2) CTPEMUTCS K ONPEIEICHHOMY KOHEY-
HOMY TMpejieny, KOrja JUIMHBI BCEX YAaCTUYHBIX IyT MO MPOU3BOJBHOMY 3aKOHY

CTpeMATCs K HyJII0. DTOT Npesied U HazoBeM unmezpanom om gyuxyuu f(z) no

kpueoti L 1 0003HaUNM I f(z)dz.
L

Hrak, unmeem

If(z)dz = Iudx —vdy + i.[vdx + udy (3)

aTa (JOpMyJIa 1aeT BBIPAKEHUE MHTETpaIa 110 KOMIJIEKCHOMY IIEPEMEHHOMY 4epe3

JIBa JCUCTBUTEIILHBIX KPUBOJIMHEUHBIX HHTErpana Il pona.
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Yro kacaercs (1)aKTI/I‘IeCKOl"O BBITHCJICHUA MHTCIpajia 110 KOMIIJICKCHOMY IIC-

PEMEHHOMY, TO, mpeAnoaras ypaBHeHUe KpMBOi L , 3aaHHbIM B Buje z =z(t),

t €la, B, mmeem:

g s
If (z)dz = I (u[z(0)be"(8) = v[z(0)]y'(¢))dt + i j V()" (6) + ulz(0)]y'(¢))dr =

a
B

= [ /B 0,

(24

j f(2)dz = fR(t)dt T ifz(f)df, )

rie R(t) u I(t) - neficTBuTENbHAS U MHUMas YacTh BhIpaxenus f(z(¢))z'(¢). Ha

ocHOBaHUM (HOpMYJIbl (4) BOIPOC BBIYMCICHUS MHTErpaia M0 KOMIUIEKCHOMY Iie-
PEMEHHOMY IPHUBOJUTCSA K BBIYUCIECHUIO OOBIKHOBEHHBIX ONPEAEICHHBIX HHTErpa-
JI0B.

OTMeTUM MNpOCTENIINE CBOMCTBA MHTETPAJIA, BHITEKAIOIINE HEMOCPEICTBEHHO W3

er0 OIPEIICIICHHUS

1. 3aBuCHMOCTB OT HaIpaBiIeHHUA 00X0a KPUBOM: I f(z)dz=- I f(z)dz;
AB BA

2. OmHOPOJHOCTB: J‘Z f2)dz=2 jf(z)dz, A — const;
L L

3. AIIUTHUBHOCTH MO AYTE:

ITycts L - KycouHO-rnajakas kpusas, o ectb L =L, UL, U...UL, . To-

r71a BEPHO

If(Z)dZ= jf(z)dz+ jf(z)dz+...+ If(z)dz.

4. AnmuTUBHOCTH MO (QYyHKITUH:

j(fl(z)+f2(z)+...+fk(z))d2=jfl(z)dz+jf2(z)dz+...+jfk(z)dz.

L
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5. Ouenka MoayJist MHTErpajia:
jf(z)dz <M -/, (5)
L

rne M : |f(z) <M, VzelL; ! - nnuua kpusoi L .

N3 nepaBeHnctBa (5) MOXKHO NOJIyYUTh 00Jiee TOUHOE HEPABEHCTBO:
j f(z)dz| < j f(z)dz.
L L

2
Ilpumep 1. Borunciauts |z° dz, rme L - HWKHSSI TIOJIOBHHA OKPY>KHOCTH
L

{Z : ‘z‘ = 2} (HampaBieHue 00X0J1a yKa3aHo Ha puc.2).

y Pemenue. JIlyry L MOXHO 3a7aTh ypaBHCHU-
- \ 0 / 2 X em z=2e", te[ﬂ, 27[]. Torma z'=2ie” u moromy
MMEEM:
-2 2z ) 2
[2dz= [(ae" | -2ie"dr =81 [ dr -
Puc. 2
L V4 Vs

2
= J.(cos?)t +isin3¢)dt = %isin?)t\i” + %iz(— cos3t)\72[” = %i(sin 6r —sin3rx)+

T

8 8 16
1 (cos6r - cos37) =0+ S(1—(=1))=—2.

3(c057r cos37) 3( (-1)) 3
dz

zZ—d

IIpumep 2. Boiunucnuthb I , Te L - OKpPY>KHOCTb C LIEHTPOM B TOYKE

L

a, panuyca R, mpoberaemasi MpOTUB YaCOBOU CTPEJIKH.

Pemenune. OkpyXHOCTh L MOXXHO 3a7aTh YpaBHEHHEM: z = a + R e’ rue

te[0,27]. Torna z’ =iR ", u notomy:

2 ; 2z
R it
| az =[S rdi=i[di=2z1.
z—a Ré
L 0 0
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AHanOruyHO MOKHO MOKa3aTh, YTO j (z—a)'dz, n#-1, Bcerna pasen 0.
L

Wrak, nosy4yunu:
2r7i, n=-1

j(z —a)'dz = . (6).

0, n=-1
L

§3. Teopema Komu 111 01HOCBSI3HOM 00J1aCTH U ee 00001IeHNe HA
MHOT'OCBSI3HYIO0 00J1aCTh

Iycts f(z) - ananuTHYECKAs B OXHOCBA3HON 00MacTH D QyHKIHS.
Teopema (Kommu). Murterpan or ananutuueckoit ¢pynkuuu f(z) B ogHo-

CBSA3HOM 00J1aCTH 1O JIOOOMY 3aMKHYTOMY KOHTYpY, J€XallleMy BHYTPU ITOM 00-

JacTu, paBeH 0, TO eCTh

J-f(z)dz =0. (1)

JlokazaTtenbcTBO. O003HauuM uepes G
D 00J1acTh, rpaHULICH KOTOPOH
SIBJISIETCS] 3AMKHYTBIA KOHTYP L , LIEIMKOM JIeKAIIUun
Puc. 3 .
B oaHocBs3HOM obOmactu D . Ilo ¢gopmyne (3) §2
JIJaHHOM TI'JIaBbl UMEEM:
If(z)dz = Iudx — vdy +i_[vdx + udy .
L* Lt Lt
K kaxxnmoMy U3 KpUBOJIMHEHHBIX UHTETPAJIOB, CTOSIIMX B MPABOM YaCTH ATO-

ro paBeHCTBa, MpuMeHuM dhopmyry ['puHa, TOraa noxyyum:

Tak xak f(z) siBNsieTCa aHAMUTHYECKOH B 06macti D , TO s ee MHUMOM U

BCIIICCTBCHHOM YacTel BBIMONHECHBI yciioBus Komm-Pumana, TOT ecTh
ou Ov Ou ov
—_—s—, —=——,
ox Oy Oy ox
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3HAYUT, JIBOMHBIE MHTErPaibl paBHbI 0, 8, COOTBETCTBEHHO, I f(z)dz =0. Teo-
L+
pema J0Ka3aHa.
3ameuanue. Ponb KoHTypa L MOKET UCIIONHATL U TPaHHULIA CaMOi 00acTu

D,ecmu f(z) nenpepsiBna Ha L ,

dz
IIpumep 1. Beruncinuts nHTErpa I —5 - 10 OKPY>XHOCTH
zc =1
L
L: |z-2i=1.
1 y
Pemenue. Oynxuus f(z)= —5— SBJICTCS aHATUTUYECKOH BO BCEX
Z —_—
y
TOYKAaX KOMIUIEKCHOM IIIOCKOCTH, KPOME TOYEK
zq1 =1, z, ==1. Tak Kak 3TU TOYKH JIEKAT BHE OK-
*21
L py:XHOCTH L , TO MojbIHTerpanbHas Gpynkuus f(z)
ABJIIETCS aHAJUTHYECKONM B 00JaCTH, OrpaHHUYEH-
1 0 1 x HOM KOHTypoM L , a B cuny Teopembl Ko, unre-
Puic. 4 rpajl OT Hee 1o KOHTYpy L pasen 0.

Ipumep 2. Boruucnuthb J‘ Zdz,rne L - oKpyXHOCTb C IIeHTpoM B 0, paauy-
L

ca?2.
Pemenue. Kouryp L wuMeer ypaBHeHue z=2e', te [O,' 27[]. [ToaTomy
—it

z=2e™", z' =2ie" unomyumm:

j Zdz = Tze—"’ ie'dt = 4de,¢ —87i.
L 0 0

WNurerpan otnuyen or 0. 1o He mpoTuBOopeunut Teopeme Komm, Tak Kak

f(z)=Z He aBIAeTCS aHANMUTHYECKOMH (YHKITHEH.
Cneocmeue. Tlycts Qpynkius f(z) ABIAETCS aHAIMTUYIECKOH B OJHOCBS3-
HoOW obmactu D u L, u L, - KpuBbIE, JEKallie B 3TOI 00JaCTH U UMEIoLue 00-

e KoHIbl (puc. 5). Torna uHTErpassl o ’TUM KPUBBIM PABHbI:
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I[ 0Ka3aTCIbCTBO HCIOCPCACTBCHHO

2 0 /\) L, X BBITEKAET U3 TeopeMbl Komiu.

Puc. 5

Teopema. Ilycts D - MHOrOCBsSI3Hast 00J1aCTh, rpaHuila L. KOTOPOW COCTOUT

U3 BHEUIHETO KOHTYypa L, U BHYTPEHHUX KOHTYpOB /q, {5, ..., £, (cM. puc. 6).

CnpasemyiiBa opmyna:

If(z)dZ:jf(z)dz+...+jf(z)dz. (2)
Ly oh ot

B sTom 3akmrouaercs o6oOmieHne Teope-
L, Mbl Kotm Ha cimyyali MHOTOCBSI3HOM 001acTH.
Jloka3zateanbcTBO. CoOEIMHMM BCE

KOHTYpbl Ly, (q, ..., /, TIaIKUMU Hemepece-

n

KAIOIMMUCS KPUBBIMU My, My, ..., M, 1. Torna

w)

obmacte D pa3oObercs Ha aBe obmactu D u
Puc. 6 D, , sBugoomuecs ONHOCBSA3HBIMH M JUISl HUX
cripaBemBa Teopema Kormm ansa pynxmmm f(z):

If(z)dz+ jf(z)dz = 0.

+

ep.D1 zp.D;

Lo BribepeM HampaBieHue 00X0/1a BHEIIHEH
rpaHunbl L, a 3aTeM ¢ COXpAaHEHUEM HallpaBlie-
HUS yKa)keM 00XoJ] rpaHullsl obnacteit Dy u D, .
3aMeTHM, YTO IVIaJKue MyTU My, Moy, ..., M,

OyyT 0OXOAUTCS JTBAXKIbI B MPOTUBOIOIOKHBIX

Puc. 7 HaIPABJICHUSIX U UHTETPAJIBI 110 HUM
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OyIlyT OTIM4YaThCsl 3HaKOM (cM. puc.7). Bocnonb3yemcsi CBOMCTBOM aJIMTUBHOCTH
MHTETPaJIoB MO ayre U MOJIy4uM U3 paBeHCTBa (3):
If(z)dz + jf(z)dz + If(z)dz +..+ jf(z)dz =0
L 7 o5 o

NI

Jf(z)dz = Zn: jf(z)dz.

k=1 ot

0 k

Cneocmeue. Ilycty Qpynkuus f(z) ananutudeckas B obmacty D u L, / -

JeXalrue B 3TOM 00JIaCTH KOHTYPHI, OTPAaHUYUBAIOIINE KOJIbIIEOOpa3HyI0 00J1acTh

D (cM. puc. 8). Torna uHTerpansl o KOHTypam L u / paBHBI:

[ 1G)az = [ r2)e )

Puc. 8

IMpumep 3. B npumepe 2 §2 nmaHHOM TIIaBbI JJOKAa3aHO, YTO JUIS KOHTypa L ,
3aJIaHHOTO YpaBHEHUEM ‘z - a‘ = R, BBITIOTHSIETCS PaBEHCTBO
dz .
j =2ri.

zZ—a
L

W3 cnencTBUs BBITEKAET, YTO ITO PABEHCTBO BEPHO IS JIF0OOI0 KOHTYpa,
/ \ OIMH Pa3 OXBATBIBAIOLIETO TOYKY a, HAIPUMEDP, U

/ JUISl TAKOT'O, KaK Ha PUCYHKE 9.

N4

Puc. 9
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§4. IlepBooOpa3Has pyHKuUMS

Mycts Gynkuus f(z) 3amana B o6nactu D .

Onpenenenne 1. Oynkuuio F(z), 3amannyio B obnactu D, Hazoéem nep-
6oobpaznoi (s pynkuun f(z), ecnu 1 BeeX z € D BBIIOJHAETCS PABEHCTBO

F'(z)=1(z).

N3 teopemsbl Koin BeITEKaeT cieayroiias BakHasi Teopema.

Teopema. Ilycts Qpynkuus f(z) HenpepbiBHO auddepeHIupyeMa B OJHO-
cBs3HOM obmactu D . Torma B 3Toil obmacTu cyliecTByeT IepBoobpasHas F(z)
s ynkuuu f(z).

JlokazatenbcTBo. Dynkuus f(z) HempepwiBHO auddepeHupyema, a
3HAYMT aHANuTUYecKas B oonactu D . Toraa unterpan ot f(z) He 3aBUCHT OT I1y-

TH UHTETPUPOBAHUSA, a 3aBUCUT OT HAYAIbHONW M KOHEYHOH TOYEK MyTH. 3auKCH-

pyeM TOYKY z(, BBIOpaHHYIO0 IPOM3BOJIbHBIM 00pa3oM B obsiactu D M paccMoT-

puM QYHKIIHIO
FE)=[ 16 = [ 1¢)ds. (1)
L zp

rae § - IpOMEKYTOUHBIA apryMeHT, L - o0ast KpuBas, COeAUHAONIAs TOUKY Z
C TOYKOW z, W Jexamas B obmactu D . B cuny cieactBusi uz teopembl Komun
(ynkums F(z) oaHO3HAYHO ONpeeeHa.

Iokaxewm, uto pyukuus F(z), onpenenennas gopmysoii (1) u ecTs neppo-
obpasnas 1ua Gynkuun f(z).

Bo3bsmeM npupanienne Az JOCTaTOYHO MajbIM, 4TOObI z + Az € D . Tak kak
WHTErpal He 3aBUCUT OT IYyTH, TO COEAMHUM TOUYKHU Z U Z + Az OTPE3KOM IPSIMOM.

Haiinem npupamenue pyHkuun F(z), cooTseTcTBYIOMEE AZ:

z+Az z z+Az

AF=F(+82)-F()= [1(Q)d¢ - [1(©)ac= [1€)as.
OHCHI/IM BCIIMYUHY:
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z+Az

sl Jricic - se

st yero 3anumeM f(z) B Buze:

z+Az z+Az

f(z):i- jf(z)dg,TaKKaK jdz;:Az,

TOTJa MOJIYYHM IO CBOMCTBY (5) OLIEHKH MOyl HHTerpana (cM. §2 maHHOH Tia-
BbI):

zZ+Az

‘AF e )‘ I( £0)- f2))dcl< max|f $)— f(z)-[Az].

Io ycnosuio TeopeMbl GpyHKus f(z) HempepblBHA, 5TO 03HAYAET, YTO IIPH

Az—>0 f(&)— f(z), To ecTh Benmunna I?aLx|f(§)— f(z)—>0. A sr0 1 03Ha4a-

et, uro F'(z)= f(z).
Otcrona CieyeT U enle OuH (PakT, 9TO CyIECTBYET HEONPEIEIECHHbIH HH-

Terpajl OT KOMIUICKCHOM (YHKIMH, KaK COBOKYITHOCTh BCEX IMEPBOOOPa3HBIX H
0003HauaeMblIi j f(z)dz =F(z)+C,rne C - nobas KoHCTaHTA.
IIpumep 1. Kakue u3 GpyHKUHNA UMEIOT NEPBOOOPA3HBIE:
a) z* +2i; 6) cos7z; B) .

Pemenue. a) Oynkuus 4420 HenpepbIBHO auddepeHpyemMa u moTo-

5
z :
My UMEET MePBOOOPA3HYIO 5 + 2iz;

0) AHanoru4Ho s QyHKOUU COS7z — mepBooOpa3HoN Oyner QyHKUus —

(_ sin 7zj
- |

B) OyHkuus |z| He ynosnerBopsier ycnosusiM Komm-Pumana (mokaxure) u

notomy He siBisiercs nupdepennupyemoit. OHa HE UMEeT MePBOOOPAZHOM.
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Jnis aHanuTHYecKor (PYHKIHMKM KOMILJIEKCHOTO TMEPEMEHHOTO CIIPaBEeIIUB
a"anor Qopmynsl HbroToHa-JleliOHuIa, KOTOpask MO3BOJIAET BBIYMCIUTH KOM-
IUIEKCHBIM MHTErpaj oT HenpephiBHO AU epeHIupyeMoil GyHKIIMU B OAHOCBS3-

HOM 00y1acTH, eciIu U3BECTHA €€ MepBOOOpa3Has:
[r©de=Fe)-F().
20

i
Ipumep 2. Berancnurs j sinzdz.

z

2
Pemenue. f(z)=sinz. IlepoobpasHas >Toii QpyHKLHUH (— COSZ), TOT/1a,

npumenssa popmyrny Hetorona-Jleitbnuna, nomyuum:

i 2 2 B
. i . T e +e et+e!
sinzdz =(—cosz) =-cosi+cos—=————+0=—_—
5 2 2 2
T

2

§5. ®opmyaa Komu

Iycte Qpynkuus f(z) ABIseTcs aHATUTHYECKON B OJHOCBA3HOI obmactu D
¢ rpanuueil L . DTo 3HauMT, uTo QyHKUMA f(z) MMEET ONpeeNeHHY0 KOHEUHYO

MPOU3BOJIHYIO B KaxJ10M Touke obnactu D . ®opmyna Komm, kotopast Oyaer mo-
Ka3aHa, MO3BOJAET BHIPA3UTh 3HaueHHss (GyHKUMH f(z) BO BCAKOH BHYTpEHHEH
To4Ke obsactu D depe3 3HaAUeHUS dTOH (yHKIMU Ha KoHType L . OTcroma BbITe-
KaeT, 4TO 3HAYEHUS aHAJTUTUYECKON (DYHKIIMU TECHO CBS3aHBI MEXKIY COOOM, Tak
KaK €€ 3Ha4YCHUS BJOJIb 3aMKHYTOIO KOHTypa L BIIOJIHE ONPENEIISIIOT €€ 3HAYCHUS

BHYTpH L . DTa popMyia UMEeT BU:

f(ZO)=% fG) . (1)
/) L+Z —ZO

HNoxkaszaTenbcTBO. BBegem B paccmorpenue GyHKINIO

):f(Z)_f(ZO)_ )

Z—ZO

o(z
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Ota (yHKUUS SBISETCA AHAIUTUYECKON BO

BCEX TOYKax obnactu D, KpOME TOYKHU Z =Z(.

@ Onumem 0KOIO TOYKH Zz(j, KaK LEHTPa, OKPYK-

L HOCTb ¥ IMPOU3BOJIBHO MAJoOro pajauyca p, Le-

JUKOM Jexanryro B obmactu D (puc. 10).

Puc. 10 o
OyHKIHA (p(z) OyJleT aHAIMTHYECKOM BO BCEX

TOYKaXx, JISKAIIUX MEXIYy KOHTypamMu L W y, BKJIoudas U caMu KOHTypbl. Ciezo-

BaTeJIbHO, Ha OCHOBaHUM TeopeMbl Kot (cM. §3) numeeM:

[o)dz = [o(z)d=. 3)

+ +
L 4

DTO PaBEHCTBO IOKA3bIBAET, YTO 3HAUYCHHE j(p(z)dz HE 3aBHCUT OT pajuy-
)/+

ca O BCIOMOTaTEeIIbHOW OKPYXXHOCTH ¥, OyJy4H MOCTOSIHHBIM YHCJIOM, PaBHBIM

3HAYEHUIO Iw(z)dz . UToOBI onpenenuTb 3TO MOCTOSIHHOE 3HAYCHHUE, 3aMETUM,
L+

uT0 QyHKIMS @(z) CTpEMHUTCS K OIpeeleHHOMY KOHEUHOMY IIpeJeny, KOraa To4-

Ka Z CTPEMUTCS K TOUKE Z.

JleficTBUTENBHO, U3 PaBEHCTBA (2) cleayerT:

lim ¢(z) = lim f(2)-f(z)

z-z2() ¢—0 Z—Z

:f'(Zo)-

CnenoBaTenbHO, €CIU NPUHATH f ’(ZO) 3a 3HaueHue QyHKUUU @(z) B TOUKe
zZ=2zgy, TO ¢(z) cranoBuTcs HenmpephIBHON (GyHKIHMEH BCIOLy B 3aMKHYTOM o6mac-
i D . 3uauuT, ¢(z) orpanudena, To ecthb |p(z)|<M , rae M - HeKoTOpAs MOCTO-

ssTHHas BeJWYHMHA, KaKoBa ObI HM ObLIa Touka z oOiact D . OueHuM mnociie Ui

WHTErpan u3 paBeHcrna (3):

J¢(z)dz <M 2z p,

e
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OTCIOZIA CIENYET, YTO I¢(Z)dz =0, Tak KaK P MOKHO MPUHSITH CKOJb YTOTHO
7+
MaJibIM, a 3HAY€HHE UHTErPAJIa €CTh OCTOSHHOE YUCIIO.

Nuaue u3 paBeHcTBa (3) MOTYUYNM:

jq)(z)dz =0

3amenssa ¢(z) no popmyine (2) umeeM:

J' f(Z)_f(ZO)dZ -0

Z_ZO

nim

If(z dz~ f(zo) | “__y. @)

Z ZO L+ z _ZO
y dz :
Tak kak B cuity npuMmepa 2 §2 TaHHOU TJIaBbl I =27 i, 10 popmyia
L+ V4 _ZO
(4) mpumer BUA:

z

T o< fler) 2,

z _ZO

L+

WJIN

/@) 4

. Z— 2

f(Zo) 27” J

YTO U TpeOOBAJIOCh JOKA3aTh.

COsz

IIpumep 1. BeruncianTe HHTErpal I dz,rne L - OKpYXHOCTb:

L+
a)lz|=1;6) z-2|=1
Pemenue. 3anumem ¢opmyny Komm (1) Tak, 9T00BI BRIpaskeH ObLT caM

WHTErpal:
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J‘MdZ:Zﬂi-f(Zo) (5)

a) f(z)=cosz, zy =0. Kouryp |z|=1 oxsarbiBaer Touky 0, mosromy

COS z : :
j dz =2mi-cos0=2ri.
z

L+
6) Kouryp [z —2/=1 Touky 0 He OXBaTbIBaeT, CICLOBATENBHO, (YHKIMS

COsz

SBJISIETCS] @aHAJTUTUYECKON B 00JIACTH € TpaHUIEH L , TOTJa B CHIIY TEOPEMBI
z

Komm nHTerpan ot Hee paseH 0.

J‘ COSZdZZO.

z
L+

OosXx

C o
3aM€TI/IM, 4YTO MHTETpaJI j dx , TAC X - NCHUCTBUTCIIbHASA ICPEMCHHAs,

X
SIBJISIETCA HEOepyITUMCS.

Jlist neicTBUTENbHONM (QYHKIUU AEUCTBUTEIIBHOTO TIEPEMEHHOTO U3 CYIIECT-
BOBAHHUSI KOHEYHOW TPOU3BOJHOM HE CIIENYET HENPEPBIBHOCTH 3TOM MPOU3BOJIHOM.
B cnyuae xe (QyHKIIMM KOMIUIEKCHOTO MEPEMEHHOTO MMEET MECTO CJEAyIoIee
BAXHOE YTBEPIKJICHUE.

Vreepxaenue. Eciu oxHoszHauHas (QyHKUMA f(z) KOMIUIEKCHOTO Hepe-
MEHHOTO UMEET BCIOy B 00lacTi D TEepBYIO MPOU3BOJHYIO, TO OHA UMEET B ITOU
00J1aCTH ¥ MPOU3BOJIHBIE BCEX BBICIIUX MOPSIKOB.

Hoka3zarenbcTBo. [lycTth z; - mpousBosbHas Touka obmactu D u L -
KyCOYHO-TJIAJKAN 3aMKHYTBI KOHTYD, OKPYXKAIOLIUN TOUYKY Z(), JIEXKAIIUK CO BCE-

MU CBOMMHU BHYTPEHHUMHU Toukamu B obnactu D . [lpumensas ¢popmyny Koiwm,

HNMCCM:
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C npyroit cTopoHsl, popmanbHOe JUPHEPEHIIMPOBAHNE 110 TAPAMETPY Z, B

unrerpanie tuna Kommwm (1) mokasbiBaeT, YTO CyIIECTBYET MPOU3BOAHAS JIOOOI0

et () e [ 29

fz0)= 2!. _[ (Zf(Z) sdz, ["(zy)= 3!. I (Zf(z) dz nT.n.

271 _Zo) 27 —20)4

Lt L
31mech MBI OMyCKaeM OOOCHOBAaHHME BO3MOXKHOCTH Tud(epeHInpoBaHus 10

nopsaka:

napamMeTpy z, MOJ 3HaKOM MHTerpaia.

Urak, nomyuunu

7M(z) = '_I(Zf(z) dz,n=1,2,... (6)

NN

I (- e 27” — o). (7

Zo)

3ameuanue. B naparpade «CreneHHble psiab» 3TOT (PakT ObLI ykKe ycTa-
HOBJIEH. @opmyiJibl (6) 1 (7) UrparoT BaXKHYIO POJIb B IPUIIOKEHHUSIX.

— 2sin
IIpumep 2. BbluucauTe uUHTErpanl J‘;dz 10 KOHTYpY

3
i T
LY lz—"
[=-3)
T

Pemenue. B nannom ciydae z, = E, U KOHTYP ‘Z - 1‘ = 2 OXBaThIBAET

‘Z—l‘z

T
TOYKY E , TIOATOMY TIpuMeHUM (opmyny (7) U MOTyIUM:

jmdzzﬂ(z 2sinz) |  =2Elooog:
1 G
L z — — 2

2
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UranesiHckuil Mmatematuk Mopepa Jokasali, 4TO BEpHO yTBEpXkKAEHUE, 00-
patHoe Teopeme Komn.

Teopema. Eciu gynkuus f(z), HenpepblBHas B OJHOCBA3HON obmactu D,

YAOBJIETBOPSIET PABEHCTBY J f (Z)dz =0 s BCIKOr0 KyCOYHO-TJIAJKOTrO 3aMK-
L-‘r

HYTOrO KOHTypa L , JIeKalllero B 3Toil 06;1acTu, To f(z) sBIsSeTCS aHATMTUYECKOI

B oOactu D .

JlokazaTtenbcTBO. JlelcTBUTENBHO, Mbl BUAUM (§4 ITaHHOW riaBbl), 4TO

z

IIPU YCIIOBHUSIX ATOM TEOPEMbI MHTETPas j f(&)dS me 3aBucut ot myTH, coemu-
20

HSIFOIIETO TOUKM Z, M z B obnactu D, u onpenenser pynkiuro F(z), ananurude-

ckyto B obnactu D, mpudeM F'(z)= f(z). Tak kak Qpynxumus F'(z) kxax npous-

BOJHAsA (PYHKIMH, aHAJTUTHYECKON B 00macTu D , ecTb (QyHKIIHS, aHATUTHIECKas B

s1oii obnactu D, 10 f(z)=F'(z) ects pyHkuus, aHanutuyeckas B odnactu D .

TeopeMa JOKa3aHa.

98



I'JTIABA 1IV. Paasl Teisiopa u Jlopana. Beryerbl 1 HX IPUMEHEHHE
§1. Paa Teiisiopa
B §5 rnaBsl 11 ObLIO IMIOKAa3aHO, YTO CyYMMa CTCIICHHOI'O psda ABJIICTCS aHaA-
JUTUYECKOU (DYHKIMEH BHYTPHU Kpyra cxoaumoctu. CrpaBeyinBO U 00paTHOE yT-
BEPXKIACHHUE.

Teopema. ®ynkuus f(z), ananmnrudeckas BHYTpH Kpyra |z —zo| <R, sBisi-

CTCA B 9TOM KPYTIC CyMMOfI CTCIICHHOI'O psAJda

JloxkazatenbcTBO. [lyctb D - Kpyr: ‘z—zo‘<R. PaccmoTrpum npous-

BOJIbHYIO TOUKY z € D . IIpoBesiemM okpyHOCTE C , € LCHTPOM Z; H PaAUyCcoM p,

—_———

- ~

npudeM o BbIOEpEM Tak, YTOOBI BBINOIHSIOCH
yCJIOBUE ‘z —ZO‘ < p<R (cm. puc.l).
Acno, uro C, D . 3nadenne QyHKUHH B

TOuKe z BbruMcisercs nmo Qgopmyne Komm (cm.

. 2, §5).

J J (cf) 0
27zz
IIpeobpazyem apoOb CIICTYIOIIUM 00pa3om
—z
1 1 _ 1 1
-z &-zp—(z-2) &-z 1_%"%0
¢z

zZ -2z, 1

[Tockonbky <1 mnma £e€C, (cm. puc.l), BhIpaxenne

¢ —2zg
MOKHO paCCManI/IBaTb KaK CYMMy p;ma FCOMCTpH‘IGCKOﬁ HpOI‘pGCCI/II/I CO 3HaMC-

HATCJICM 11O MOAYJIIO MCHbBIIIUM CAVMHUIIBI. Tor):[a
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n
1 1 i (z -2 j
- H
IMpuicMm HanyMCaHHbBIN PAd PaBHOMCPHO CXOOUTCS Ha Cp’ TaK KaK MaKOpUPYCTCA

n
= ‘Z —ZO‘
CXOASAIIMMCS YHCIOBBIM PSIOM E —

— —. loncraensis mpencTaBinenue Juis
n=0

npodu B popmyny (1), momydum:

f(&)
(5 —Zp )n+1

2(Z—ZO)+...+ (z—zo) +...|dE.

R CG
/6 27Tic'[ |:§_ZO (&-2)

f($)

o0
OueBHIHO, YTO PN Z —(Z -2z )" , TAK)KE€ CXOIUTCS pPaBHOMED-

n+1
=0 (5 —Z 0)
HO IIO g , d, CJICA0BATCIBbHO, €I'0 MOKHO ITOYJICHHO HpOHHTGPpHpOBaTI) BAOJIb C,O

(cMm ). Torma

_ 1 /&) 1 f(€)
f(Z)_Zﬂi . &2 d§+27ri I (&-z,)

~dé(z—zp)+...=
:i 1 J- f(é) df'(Z—Z )n
2ri (ﬁ—zo)“l 07

+
Cp

MpeI nonyuum:

)= c,lz-z)". 2)
n=0

_ 1 f($) _
rae ¢, = o CJ:F (5_20)’”1 dé, n=0,1,2,... (3)
o)

3nauut, f(z) npeacraBuma B BUJE CTEHEHHOIO Psa.
3ameuanue 1. B cuy teopemsr Koum, B dopmyne (3) okpyxuaocts C,

MOKHO 3aMEHUTh JIOOBIM 3aMKHYTHIM KOHTypoM C , nmexamum B D U coaepika-

IIUM TOYKY Z BHYTpH.
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3ameuanue 2. MOXHO NOKa3aTh, 4YTO CTEIIEHHOW PN, NPEACTABISAIOLIAN
AHAJIMTUYECKYIO B HEKOTOPOM Kpyre (QyHKLHIO, ONpeAeeH OJHO3HAUHO.

[Tomyuunm emie onHO BbIpaXxkeHHe 11 K03 duuueHToB ¢, . [lonoxum z = z|,
B popmyie (2), moayunm f (ZO ) =Cy.

[Iponuddepenuupyem psia (2) NOWICHHO:

f'(z)= Z n(z —z,)

n—l

¥ B TIOJTyYCHHOM PaBEHCTBE IOJIOKHM Z =z, TOTAA [ '(ZO ) =cq.
AHaJIOTUYHO, TOJO0XUB Z =Z; B BBIPAXKCHUU JUISI IPOU3BOJHON k -ro mo-

paaka. Umeewm:
()= Z )-.(n =k +1)z—2)"™,

nony4yum f (k )(ZO )=c, -k!. Otxyna

(n)
¢, =% nfz())- @

Torna psin (2) npuMet BUA
00 f(n) - i
f@>=§}—;%Q@—z@. (5)
n=0 ’
Psn (5) naseiBaercs psioom Tetinopa.
CpasnuBas BeipaxkeHus (3) u (4) st KO3PPUIHUEHTOB ¢, , UMEEM

1 I( &) 4o I"G0)

= -
27i J (E—zo)" n!

C
OTCIOIIa MoJdy4acM HHTCIPAJIBHOC MMPCACTABICHUC I IMTPOU3BOAHBIX J1r000-
T'0 MOPSIKA aHATUTHYCCKON (DYHKIIUH.
nt ¢ f(&)ds
reo)=5 ] ¢ ©)

. 1 b
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rae C - mo0o0il 3aMKHYTBIA KOHTYD, JEXKAIUil B 00JaCTH aHAIUTUYHOCTH U CO-

Jiep>Kaluii BHYTpHU TOUKY z ((dopMmyia (6) Obuia panee nosryueHa B i1 I §5).
Ipumep 1. Pasnoxuts pyrkuuio f(z)=Inz B pan Teiinopa B OKpeCTHOCTH

TOYKHU zy =1.

rd
Pemenue. Oyukuus f (Z) =Ilnz= J‘_Cf obl1a paccmoTpena B §10 riaBbl
1

2. Ee mpousBogHBIE:
f(Z)__ f”( )——le;fm(z) % f(n)(z) ( 1)’1_1(’12;”1)!-

Beruncnum ko3 dunuents! ¢, no popmyie (4):

Ly lecl)

n-1
_EVT 10, e =In1=0.
z=1 n

Torma

0 -1

—1)
Inz = ZQ(Z ~-1)". (7)
n

n=1

C nomompto npusHaka /I’ AnamOepa, MpUMEHIEMOro K psly, COCTaBJIEHHO-
My U3 MOJyJieH wieHoB psaa (7), 1erko yOeAUThCs, UTO KPYTOM CXOAUMOCTH psjia

(7) sBisiercs kpyr |z —1| < 1.

Z
e dz
IIpumep 2. Beruuciurs j —1>
(z-1)
C+
rae C - okpyxHocTb |z — 1| =
Pemenne. Tak Kak TOYKa z, =i JICKUT BHYTPH OKpYKHOCTH |z —1/=2, a

ynkuus f(z)=e° - amamuTHyeckas Ha Bcell KOMIUIEKCHOM MIOCKOCTH, TO s

BBIYHCIICHUS WHTErpaja yaoOHO MPUMEHUTH Gopmyny (6), cuurtas B HEl: n=23,

zy =1i. meem
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z 27
_aSzL: ;1(2)(3)

=——e¢ :%(Coslﬂ'sinl):%(—sinlﬂ'cosl)

le

Oo6parumces k popmynam (3) 1 Ko3PUIUEHTOB CTENEHHOTO PsAA:

_ 1 /(&) _
c”_zmi(g—zo)””dg’ n=0,1,2,...

P

0O003HaUNM

M(z9; p)=max|f(z).
ze 0

Yucno M (ZO ; p) CYILIECTBYET, MOCKOJIBKY IO TeopeMe Belepuirpacca, He-

npepbiBHAs (PYHKIIUS ABYX BELIECTBEHHBIX ApIYMEHTOB

@)= u?(x;0) 4V (x;)

Ha 3aMKHYTOM OI'PaHHYCHHOM MHOXKCCTBC Cp JOCTHUIacT CBOCIO HauOOJIBIIIETO

3HA4YCHUA.

HOCKOJII)Ky, Ha Cp BBITIOJIHACTCSA PAaBCHCTBO ‘5_20‘ = O, TO MojJy4dYacMm

OLICHKY

‘cn‘_‘ 1 J(éf(i) ael< ! M (zy; p) fd§=

- 27[ i _ n+1 - 27[ n+1

‘ c 0) P &
_ 1 Mz;p), _Mlz;p)
272_ pn+1 pn

Takum 006pa3oM, MbI JOKa3al HEPABCHCTBA

Mz,

‘cn‘SM,n:QLZ..., )
Yo,

KOTOPBIC HA3LIBANOTCA HepaseHcmedMu Kowwu ons K03qb(jmuuenm06 CmMenerHHoco

paoa.
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Teopema Jluysuiiasi. Eciu gynkuus f(z) sBaseTcs aHaIuTHYecKOH Ha

BCEW KOMIUIEKCHOM ITIOCKOCTH, a €€ MOJYJIb PABHOMEPHO OI'PAHUYEH, TO OHA TOXK-
JIECTBEHHO paBHa MOCTOSHHOM.
Jloka3atenbcTBO. B ycioBUsaX TEOPEMBI:

M (ZO ; p):M , U1 IIOOBIX zy U PO, IPUYEM L MOXKET OBITh CKOJIb YTOJHO

oonbimmM. [lons3yschk HepaBencTBamu Ko, nmeem

\cn\sﬂ, n=0,1,2,....

n

[lepexoas B NOITy4EHHOM HEPABEHCTBE K Mpenely Npu p —> o, noiayyuM c, =0
st n>1. CinenosarensHO
f(z)=c.
Onpenenenue. Oyakius f (z) Ha3bIBACTCS Yeslol, €CIIM OHA SIBJISCTCS aHa-

JIMTUYECKOU HA BCEM KOMILIEKCHOM Tu1ockoctu C .

§2. HyJn aHaIMTHYeCKOH (PyHKIUH

Omnpenenenune 1. Touka z,, B KOTOpOH [ (ZO): 0, HazwiBaetcs Hynem HyHK-
i f(z).

Iycts f(z) - ananuruueckas B obmacty D (QyHKLMs, a €€ HyJlb — TOYKA
zp € D. Tora B OKPECTHOCTH TOYKH z, QyHKIHMS f(z) MpeacraBuMa cTENEHHBIM
psanoM (cMm. §1).

e}
_ n
f(Z)—ZCn(Z_Zo) :
n=0

ITockonbKy f (ZO)= 0, T0 ¢y =0. Eciu He Tonbko k03pdULUCHT ¢y, HO U
K03(ppuLueHTs! €1, Cy, ..., C;_1 PaBHBI HYJIO, a KOOQ(UIUEHT ¢; OTIUYEH OT
HYJISI, TO TOUKA z, HA3BIBAETCA Hyiem nopaoka k . B sTom cinydae f(z) mpencra-
BHMa B BHJIC

f(Z):zCn(Z_Zo)n =ci(z-2) +epalz—2z) .=

n=0
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= (Z —zo)k [ck +ck+1(z —ZO)+ ]

OyHKIUA ¢(z) =¢;, +C14q (Z -2 ) +... ABJIACTCA AHAJIUTHUYECKOM B OKpE-
CTHOCTH TOYKH Zz(, IPUYEM (o(zo ) #0.

Torna f(z)=(z ~z) p(2).

B cuity HenpepbIBHOCTH QYHKIMH ¢(z) CyIIECTBYET OKPECTHOCTH TOUKH Z(),
B koTopoil @(z)# 0. CnenoBaTensHo, B 3Toil okpecTHOCTH (QyHKims f(z) obpa-
TUTCS B HYJIb TOJBKO B TOUKE Z;. DTO CBOMCTBO HA3bIBAETCS CBOMCTBOM U30IUDO-

sanHocmu Hynel anarumuyecko @yHxkyuu. Ha OCHOBaHMH 3TOTO CBOMCTBA MOYKHO
JoKazaTh Teopemy [1].

Teopema 1. Ecnu Gpynxuus f(z) - ananuruueckas B obnacty D 1 ee Hyju
00pa3yloT NOCIeI0BaTEIbHOCTh {zn }, cxondulyrocs K zg, NpuueM zy,z, €D,
n=1,2,..., 10 yrkuus f(z) TOXKIECTBEHHO paBHa HYJIIO B D .

N3 Teopemsbl 1 BeITeKaeT BechbMa BayKHAs B TEOPUHU (DYHKIIMI KOMILIEKCHOTO
NEPEMEHHOr0 TEOPEMA, TaK Ha3bIBAEMasl meopema eOUHCMEeHHOCU:

Teopema 2. Ilycts Qynxuuu f(z) u @(z) ABIAIOTCA aHATMTHYECKUMM B
obnactu D . Eciu B D CylecTByeT cXOoZsascs K HEKOTOpoil Touke zy € D 1o-
CleNIoBaTeNbHOCTD {2, |, mpuueM f(z,)=0(z,), n=1,2,....,10 f(z)=@(z) B D.

J1s 1oKa3aTeNbCTBa TEOPEMBI 2 JOCTATOYHO YCTAHOBUTD, YTO (PYHKLIUS

f(z)-¢(z)=08D.

Cneocmeue 1. Eciu pynxuun f(z) u ¢(z), ananuruyeckue B obnactu D,
COBIIQJIAIOT HAa HEKOTOPOM KpHWBOHW (, MpHHAJICKAIIECH JaHHOW 00JacTd , TO
f(2)=¢lz) B D.

Cneocmeue 2. Ecniu Gynxuuu f1(z) u f,(z), ananutudeckue B 06aacTax
Dy u D, cooTBeTcTBeHHO, npuueM D; "D, =D, a f1(z)= f5(z) B D, T0 cyme-

CTBYCT CAMHCTBCHHAA aHAJIMTUYICCKAA (1)YHKI_[I/I$I F (Z ) Takas, 4To

fl(Z)’ zeD,

FE=\16), 2Dy
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§3. Psax Jlopana

PaccmoTpum kpyroBoe Kojiblo K , OTpaHUYEHHOE JBYMSI OKPY>KHOCTSMH C
o01MM IeHTpoM 2. K 1 R <‘Z —ZO‘ <R,, Ry <R, (cMm. puc. 1).

[ycts Qynkuus f(z) - aHamuTHYe-
ckagd B kosble K . [lokaxem, 4yTo B 3TOM
citydae Qpynkuus f(z) ecth cymMma 0co6oro
psana (10 TOJOKUTEITHFHBIM U OTPHIIATEIb-

HbIM CTENEHSIM Zz —Z(), Ha3bIBAEMOIO psi-

- oom JlopaHna.

Puc. 1 PaccMOTprM TIPOM3BOJIBHYIO TOYKY
z € K . Tloctpoum oxpysxkHocTH Cq 1 C, C LIEHTPOM B TOUKE Z; U paAuycaMu # U
¥y, YIOBIETBOPSIOUIMMHU YCIOBHIO R, <7y < ‘Z —ZO‘ <r, <R, (cMm. puc. 1) (ok-
pyxHoct C; u C, nexar B Kojiblle K, a TOUKa z HaXOJUTCS BHYTPHU KOJIbLIA,

00pa30BaHHOIO 3TUMHU OKPYKHOCTSIMU).
®ynkuus f(z) Oyzmer ananuTUdecKoii B Kouble Mexay C; u C,, BKIIOYas
camu okpyxkHocTu. [Ipumenss ¢popmyny Komu st 1BycBA3HOM 001acTH, MOTyda-

€M

I S A ) B S A5
f(Z)_zmjg—zdg 2ni ) gz D

C C

+ +
2 1
[Ipeobpazyem kaxaoe cnaraemoe hpopmysl (1).

1) B nepom uHrerpane ¢opmynsl (1) & obo3HauaeT TOUKy OKpykHOCTH C,,
CJIEIOBATEIILHO BBIMTOJIHSIETCS HEPABEHCTBO

‘Z—ZO ‘ _ ‘Z—ZO‘

‘5_20‘ )

<1.
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IpUYEM MOJYYEHHBIN psJ cXoauTcs (B cuily Npu3Haka Beiepiirpacca) paBHOMep-

HO a11s Bcex Touek & € C,. OTcroaa noiyyaem

1 | f(g)dgzi, iﬂ(z_zo)" dE =

27 &3 -z 27 o pr (& -z, )n+1

v 1 f(&) o w_N oy

) ; 2ri CJ;- (5 Zy )n+1 d§ (Z ZO) - nzz(;cn (Z ZO) 5 (2)
2

2) Bo Bropom unterpane ¢popmyisl (1) & € Cy, clienoBaTesbHO BBIIOIHICTCS He-

pPaBEHCTBO

‘5_20‘: o1

‘Z—ZO‘ ‘Z—ZO‘

Torna

1 _ -1 _ -1 i[g—zoj i (E—z,)"
E—z (Z—ZO)(l—g_ZOj z—zy =\ 2z -z n=OZ zo )"

a MOJIy4eHHBIN pAl paBHOMEpHO cxoautesd Ha C;. Torna

j T 4 j ey ek ag -

27[1

:izl f(f)(é—zo)” dcf:i Cn (4)

oy ﬂic* (Z—Zo)n+1 ~ (Z—ZO)" ’
1
e ., = [ F@ENE -z dé. ©
Tl Cir

[Toncrasmnss Beipakenus (2) u (4) B popmyny (1), momyuaem

f(z)=icn(z—20)” +ic_n(z—z0)‘”, (6)
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rae ¢, u c_, onpenensatorcs popmynamu (3) u (5) COOTBETCTBEHHO.

n
[TonpaTerpansueie GyHKIMN B Gopmynax (3) u (5) SABIAOTCS aHATUTHYEC-
CKHUMHU BCIONy B K , mo3Tomy, coriacHo Teopeme Koiu, MHTErpasabsl He U3MEHSTCH,

ecau BMecto C; u C, B34Th JIOOYI0 OKPYXHOCTb B K C LIEHTPOM B TOUKE Z,
(nu 1r000M 3aMKHYTBIA KOHTYp B K , 0XBaThIBAOLIHUM TOUKY Zz!).

Torga popmyisl (3) u (5) MOKHO OOBETUHUTB:

1 (&) _
_Z”ii e dé, n=0,+1,+2,.... (7)

OTCIO,Z[a Imojay4dacm

@)=Y sz + Y20 = e,z ®)
n=0 n=1 n=—oo

Tak kak z - mpou3BosIbHAs To4Ka Kosblia K , TO psn (8) cxoaurces K PpyHK-

uun f(z) Berony B K . DTOT psan HaskiBaercs psdom Jlopanua.

Yacte paaa HopaHa, coacpiKalasd HCOTPpUIATCIBbHBIC CTCIICHU (Z —ZO), TO
CCTb pAa

o0
Z Cy (Z —Zy )” ’
n=0
HA3BIBAETCS €TI0 NPABUILHOU YACHbIO, & Ta YaCTh, KOTOPAas COACPIKUT OTPULIATEIIb-
HbIC CTEIICHHA (z -2y ), TO €CTb PSiJT
0]
; Z z 0
— 2NIABHOU YACMbIO.
CxonumocTs psiaa Jlopana — 3To OTHOBpEMEHHAs CXOJAMMOCTh €ro MPaBUiIb-
HOM U TJIaBHOM YaCTeEH.

Paccmotpum Teneps npousBosibHbIN psan JlopaHa:
n=+c0

ch (z-2)"

n=—0o0

" BBISICHHUM, KaKOBa 1o 001acTh CXOOUMOCTH.
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0
ITpaBuiabHas 4acTb — CTEHEHHOM ps ch (Z -2 )" - Oyzer, 04eBUJIHO,
n=0

abCOIOTHO CXOJUTHCSI B KpyTe ‘Z —ZO‘ <R,, R, - pagnyc cxonuMocTu (a B KOH-
HEHTPUUECKOM KPYT'€ MEHBIIIETO painyca CXOAMMOCTh OyeT pABHOMEPHOM).

o0
Cc_
['maBHYyI0 9acTh, TO €CTh P E L

( ) , MOXXHO TaK € pacCMaTpuBaThb
Z—Zz
n=1 0

KaK OOBIKHOBEHHBIH CTECIICHHOM pad, €CIIN IMOJOKUTDh

1 :
=z.
zZ— ZO
o0 C o0
—N _ (X
D e Y
n=1 \¢ ~ 20 n=1
Ecnu paguyc cxoauMocTu nociaeaHero (CTENeHHoro) psiaa 0003HauyuTh —
R,
a1 1 1
TO €ro Kpyr CXOJUMOCTH: ‘Z ‘ < —, OTKyJa |—| < —, Win ‘z _Zo‘ >R;.010 M
R z—z
1 0 1
Oyznet 001acTh CXOAMMOCTH IJIaBHOM YacTH.
— Ecrm R{ < R,, 10 o0Omactp cxomumoctu psjga Jlopana — KOJBIO

R, < ‘Z — ZO‘ < R,, mpu4eM BHYTpPHU KOJIbIa CXOJUMOCTh PaBHOMEpHaL.
— Ecmn Ry =R,, 10 psin JlopaHa MOXKET CXOIUTHCS JIUIIb B TOUYKAX OKPY>KHOCTH.
— Ecmu Ry > R,, 10 pan JlopaHa BCroy pacXOAUTCH.

3ameuanue 1. Ilono6Ho paznoxenuto Teinopa, pasnoxenue B psia Jlopana

TUIsl faHHOM QyHKIUU f (z) B JAHHOM KOJIBIIE€ €IMHCTBEHHO.

3ameuanue 2. Kak u qys psana Teinnopa UMEIOT MECTO aHAJIOTUYHBIE OLICHKH

kod(ppunrerToB psiaa Jlopana:

tae M (z9;.p) = max| ().
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IIpumep 1. PaccmoTpum QyHKITHIO

1
flz)=——.
( ) 22— 3742
Tonyuast KOPHU 3HAMEHATEJIs, IpeacTaBuM [ (z) B Buze
1 1 1

e~ 72 -1

B Toukax z=1 u z=2 ¢ynxuus f(z) He onpeneneHa. YA
/// o~
/ \\ 3)
ITycte TpeOyeTcs pas3iiokuTh TaHHYIO / _ )
- <~ \
/ // N \
¢yHkuuto B pan Jlopana o creneHsam z / / )\ \
\
| | N
(TO eCTh B OKPECTHOCTH TOUKH Zzy = () B 0OmacTsx: | \ 0 )
\ \\ // //
\ ~o // /
1) ‘Z‘ <1 ; \ y
\\ //
\\ //
2) 1<[z|<2; e el
Puc. 2

3) |z|>2 (cm. puc. 2).

3aMeTHM, 4TO KaXIyl0 M3 3TUX 00JacTeii MOKHO CUMTATh KOJIBLOM, a f(z)
- aHAJIUTUYECKas B KaX101 00J1acTH.

Pemenne. 1) [z]<1 -xombo ¢ Ry =0 u R, =1.

ByzeM npeo6pa3oBbIBaTh KAyl Jpobb B IpejacTaBieHud GpyHkuuu f(z)

TakK, 4TOOBl MPUBECTU €€ K BUIY CYMMbI OCCKOHEYHO YOBIBAIOUIEH IO MOMIYJIIIO

reoMeTpuieckou nporpeccuu. meem

i1 1 1 1 9
z=2 z-1 1-z 2-z 1-z 1_2.

f(2)=

2

z

Tak kak |z| <1 mn, oueBUIHO, <1, To 06e npoOu MOXKHO Pa3JIOXKHUThH B

psaa. Toraa
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B monyuennom s f(z) psame JlopaHa cCONEPKHMTCS JIMIL MPABHUIIbHAS
YacTh, CIIETOBATENLHO, 3TOT S/l COBNAAAET C psanoM Tekinopa mist f(z).
2) 1<lz|<2 -kompoc Ry =1 u R, =2.

z

<1 I/Il<1.I/IM€€MZ

Tor):[a BBIITOJIHAIOTCSA HEPAaBCHCTBA ‘ ‘
Z

11 1 1 1 1 2
z=2 z-1 1-z 2-z 21_1 z

/()

1
Hpobu " ABJISIFOTCSL CyMMaMU CXOJISALIUXCS PSAJIOB OECKOHEYHO YObI-

1214z
2

z

Baronux (1Mo MoJyJir0) nporpeccuit. Torna
12 (1Y 1=(zY R | o Z"
=231 35 (2) - - £

Z p=0\2 2n=0 2 n=0 z n=0

[Tonyuum «nonHoueHHbIW» psia JlopaHa, coaepx amuii ¥ NPaBUIbHYIO U

TJIaBHYIO 9aCTH.

3) |z|>2 - kombuo ¢ Ry =2 u R, =o0. Vimeem |2—|< 1. CnenoBarenbHo,
z

1 1 1 1 1 1

zZ)= — = —. _ .

/) z-2 z-1 =z 1_% z 1_1

z z

1 1 2
3amMeTuM, 4TO BEPHO HEPABEHCTBO H <1, Tak xak E < E <1.
z

[Tosyuaem

1= (2 12 (1Y = (2"-1
fl)==% (—j > (—j =2 ﬁT)
Zp=0\2 Zpn=0\Z2 n=0 Z
JlaHHOE pa3noKeHue COAEPKUT JIMIIb ITIaBHYIO YacTh paaa Jlopana.
3ameuanue. MoxHO packinaibpiBaTh JaHHyI0 GyHKIMIo f(z) B psax Jlopana

1 B OKPECTHOCTHU APYTHUX TOYCK.
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§4. N301mpoBaHHbIe 0cO0bIe TOUYKH AHATUTHYECKOH (QPYHKIIUN

Mel HasbiBaId QyHKUMIO f(z) aHANMTHYECKOH B TOYKE Z,, €CIM OHA aHa-
JUTUYECKAsl B HEKOTOPOU OKPECTHOCTU Z;, TO €CThb BHYTPHU Kpyra ¢ LEHTPOM B
TOUYKE z(. Takas TOUKa z, HA3BIBACTCSA NPAGUIbHOU TOYKOHU, a BCAKAS HEIIPABUIIb-

Hasl TOYKa Ha3bIBACTCS 0COOO!I.

Hanpuwmep, n1s pyHkuuu
1
z)=——,
f() 1+22

TOUKH z; =i ¥ Z, =—i SABIAIOTCA OCOOBIMH, @ BCE TOUKH Z: Zz° #—1 — HPaBHIb-

HBIMH.
Tak kak CTENEeHHOW psj BHYTPH Kpyra CXOJMMOCTH TPEICTaBIsAECT COOOM
AHAIMUTUYECKYI0 (YHKIMIO, TO BCE TOUYKHM BHYTPH KpPYyra CXOJUMOCTH SIBIISIOTCS

paBWIbHBIME i1 GpyHKimK [ (z), mpeacTaBumMoii stuM psigoM. UTo ke Kacaercs

TPaHULIbl KPyTa CXOJAMMOCTH, TO CIIPABEJIMBA TEOPEMA:
Teopema 1. Ha rpanuiie kpyra cXoJuMOCTU CTEIIEHHOIO psAJlia JIEKUT XOTS

ObI 07IHA 0cO0as TOUKA aHAIUTHYecKOl GyHKuuK f(z), K KOTOPOi CXOMUTCS NaH-
HBIN PN
C moxasarenbCTBOM TOM TEOPEMbI MOXXHO O3HAKOMUTKCS B padore [1].

Takum 00pa3oM, ecllu TOUKa z, - NpaBUIbHas Touka GyHKuuu f(z), To 3Ta
(DYHKIMS pacKIaIbIBaeTCA B CTEHEHHOH DA IO CTeNeHsM (z —z;), PUYEM OK-
PYKHOCTb Kpyra CXOJUMOCTU MMEET LIEHTP B TOUKE z; WU IPOXOAUT 4yepe3 Oiu-
KaMIyo K z; 0co0yr0 TouKy. OCHOBBIBAsICh Ha 3TOM BBIOOpPE, MOYKHO JIETKO IO-
JIy4aTh KpyT CXOAMMOCTH CTEIIEHHOTO psjia, npeacTapistomero Gpynknuwo f(z).

Ipumep 1. Ilycts nana ¢pyHkIus

V1422 -2

z

[(2)=

Tak kak ee IMpOU3BOAHASA UMCCT BUI

Fe)= 2W1+22 -1
22\/1+22 ’
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TO 0COOBIMH TOUKAMH 3TOH (PyHKINU SBIISIOTCS TOUKH
z1=0,zy =10, z3=—1.

[TycTh TpeOyeTcs pa3noxuTh AaHHYI0 GYHKIHUIO B psaj Teinopa no crere-

HiaM (z—1-17), TOectb zg=1+1. TOM CIIy4
mz 1-1i), To ectb zg =1+i. B 3TOM Citydae
///—\\\
\ o
//i Z ) KPYTOM CXOJUMOCTH OyAeT Kpyr, COCTOAIIMN U3
0
/17 |
Lr *i’ J MPAaBUIBHBIX TOUYEK (QYHKIIMU, a Ha TPAHUIIE ITOTO
\
X 4 o
Z\| Ny Kpyra OyJeT HaxoauTbcs OnpKailiias K z; 0cCo-
0 1 Rez . . .
0asg Touka. DTOM TOYKOH SIBISETCA TOYKA Zp =i
i (ow. pric. 1)
cM. puc. 1).
Puc. 1 p
CrnenoBartesibHO, KpYTOM CXOJUMMOCTH YKa3aHHOTI'O psia OyAeT Kpyr

|Z -1-i | <1.
Cneocmeue. B § 3 ycraHOBIEHO, 4TO 00JIACThIO CXOAUMOCTH psana Jlopana
SBJIIETCSI KOJIBLIO
R <‘Z—ZO‘<R2.
N3 teopembr 1 cienyer, 4TO Ha KaKIOW OKPYKHOCTH, OTPaHWYMBAIOLIECH

KOJIBIIO, UMEETCs, M0 KpalHeW Mepe, 1Mo OJHOW 0co00i Touke (YHKIUH, SBIISIO-

uiencs cymmon psiaa Jlopana.

N1+2% -2

Mpumep 2. Iycts pynxiuio f(z)=————— (pacCMOTPEHHYIO B HpH-
z
mepe 1) TpedyeTcs pa3noxuth B psaa Jlopana o crenensm z —1—1i. Torna Bes
yh o KOMITJIEKCHAS TTIOCKOCTh OyIeT pa3ouTa
- = N
el AN Ha KOJbIIAa TaK, YTOOBI HAa TpaHHUIAX
—_—— \
/ P ~ \
/ , TN \ ATUX KOJIEI] HAaXOUIach 0co0ast TOUKa:
/ s N \
/ \ \
/ / \ .
/ \ \ -1 —
| 125 1 Lo |
\ | .
A N A | 1<k-1-i<+~2,
\\ Z‘} N : // // /
N / 7 .
N L X V2 <z -1-i]<+/5,
AN //
N . e
3% - z—1-i|>~/5 (cm. puc.2).
Puc. 2
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B kax10M U3 3TuX Konel QpyHkims f(z) Moxker ObITh pasnosxkeHa B paj Jlo-

paHa.

3ameuanue. B npumepax 1 u 2 Mbl HE PUBOJUM CaMU PA3IOKEHUS QyHK-

uuu f(z) B cTemeHHbIE pAfbl, a JIUIIL PACCMATPUBAEM OONACTH, IJi€ BO3MOKHBI

Pa3JINYIHBIC PA3JIOKCHUA.

Onpenenenne. Touka z; Ha3bIBACTCA UBOAUPOBAHHOU OCOOOU MOUYKOU
ynkuuu f(z), ecmu f(z) - ananuruueckas B HekoTopoM Kpyre 0 <‘z —ZO‘ <R

(Kpyr ¢ BBIKOJIOTBIM LIEHTPOM), @ B CaMOIl TOYKE JMOO HE OmpejesieHa, Jubo He

muddepennmpyema.

1
Ilpumep 3. a) ans Gyaxuun f (Z) = 1 Touka z =1 sBHsSETCA U30IUPO-

BaHHOM 0COOOM TOYKOI;

6) mua pynkuun f(z)= 0co0bIe TOUKU — TOYKH OKpYXHOCTH |z|=1,

1-|
pUYeM HUKaKas U3 HUX HE SBIAETCS M30JMPOBAHHOM ( HE CYUIECTBYET OKPECTHO-
CTH 0c000ii TOUKH, B KOTOPOH f(z) ObLIa OBl aHAIMTHYECKON).

IlycTh TOYKA z, - M30JMpOBaHHAs 0cobas Touka QyHKIMH f(z), TO ecTh
cymecTByeT kpyr 0 < ‘z — ZO‘ <R, B KoTOpoM f(z) - ananuruyeckas. Tak Kak yka-
3aHHBIM KPYT MOXXHO CUYUTAaTh KOJIBIIOM C HYJEBBIM BHYTPEHHUM pPaIdyCcoOM
K:0< ‘z — Zo‘ <R, T0 QyHkuusa f(z) B 3TOM Kpyre MOKET OBbITh Pa3JIOKeHA B Pl

Jlopana. B 3aBUCUMOCTH OT MOJIyYarOLIEroCsl Pa3JyIOAKEHHUS BBOJIMTCS CIEAYIOIIAs
KJ1accu(UKaus U30JIUPOBAHHBIX TOUYEK:

1. Touka z, Ha3bIBaeTCs yempanumoii 0coboit Toukol Gpynximu f(z), ecrm

pan Jlopana mis f(z) B xonbue K He COAEP/KMT IJIaBHOM yacTH (Bce

c, =0).
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2. Touka z, Ha3bIBaeTCA NOOCOM, €CIIU TIaBHAs 4acThb psana Jlopana mis
f(z) B xonbuEe K CONEPKUT KOHEYHOE YUCIIO OTIMYHBIX OT HyJIs KO3(-
¢uuuenTos. IIpu stoM, Haubosbliee n, npu KoTopoMm c_, # (0 Ha3bIBa-

CTCA I”lOpﬂdKOM noJqrocda. HpI/I n =1 momtoc Ha3BIBaeTCS npocmouim.

3. Touka z; Ha3bIBAaETCA CyujecmeenHo ocoboti, €ClU TJIaBHAsL 4acTh psaaa
Jlopana mist f (z) B KoJibIle K COAEPKUT OECKOHEYHOE YMCIIO OTIUIHBIX

OT HYJIA YJICHOB.

sinz

Ilpumep 4. a) s QyHkpn [ (z) = Touka zy =0 sBISETCA U30JIUPO-

BaHHOM 0co0oM. PaznoxeHne nanHol (yHKIMU B psj JlopaHa B OKPECTHOCTH z

NMEET BU

sinz 1 22 22 7 22 4 g

z——+ - - —+
z z 3t 5 7! 3r 5 7
B pasnoxenuun orcyTcTByeT riaBHas 4acTb. CienoBarenbHo, zg =0 - ycr-

paHuMasi oco0ast TOYKa.

6) paccmoTpuM QyHKIHMIO f(z)= SH;Z :
Z
Nmeem
sinz_ 1(_  2° 2% 27 11 1 1
6 T & Z—a-f'g—?ﬂ'... =53 3'+ 5'—%4'....
z z ! ! ! z> z>-31 z.50 7!

3Ha4MT, U30JUpPOBaHHAA ocobast Touka zy =0 Id JaHHOM (YHKUMHU SBIIS-

CTCs IMOJIOCOM ITATOIO IOPAAKA.

.1
B) pasnoxkenue QpyHkuun f(z)=sin— B okpecTHOCTH z;, =0 HMeeT BHJL
z

sinl—l— L + 1 +
z z z3.31 z°.51 7T

OTKYZa BBITCKACT, YTO Z - CYILICCTBCHHO ocobas Touka.

VYkaxeM 151 KaXA0r0 BUJIa U30JIMPOBAaHHON 0CO00M TOUKH HEOOXOAUMBIN 1

JIOCTATOYHBIN MMPU3HAK CYLIECTBOBAHUS (KPUTEPHIA).
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Teopema 2. (kpuTepuii yCTpaHUMON 0CO00# TOUKH)

Jlas TOro 4TOOBI M30JIMpPOBAHHAs 0cobas Touka z, (yHkuuu f(z) GblLia

YCTpaHHMOﬁ HCO6XOILI/IMO U JOCTATOYHO BBIIIOJIHCHUC OAHOTO U3 ABYX YCHOBHﬁI

a) CYUIECTBYET KOHEUHbIN Mpeaen

lim f(z); (1)

z—z()
6) gynkuus f(z) orpaHuueHa Mo MoAyIIO B HPOKOJIOTOH OKPECTHOCTH TOY-
KU z(, TO €CTh
/() <M npu 0<‘Z—ZO‘<R1. (2)
Hoka3zatenbcTBO. [lokaxkeMm, 4TO U3 YCTPAHUMOCTH OCOOOW TOUYKHU CIIe-

JyE€T YCIIOBHE a); U3 YCIOBUS a) CIEAYyeT ycloBue 0); a U3 yCJIOBUs 0) ClielyeT, 4YTO

Z( - ycTpaHuMas oco0asi TouKa.
1)  TIlycts z, - yctpannMas ocobast Touka Gynkuuu f(z). Torna B Kob-
ne K pasnoxenue f(z) B pan Jlopana umeer Buj

f2)=cy+cylz—zp)+ 02(2—20)2 +...

T[lepexons K mpefey Npu z —>z,, noiydaeM lim f(z)=c¢,, T0 €cTh BbI-
Z—2Z

MOJIHEHO YCIIOBHUE a).

2) Eciu CyIecTByeT KOHeuHBIH mpenen lim f(z)=c,, To u3 srorO,
Z—>2Z

OYEBHJIHO, CJIEJyeT OIPAaHMYEHHOCTh 0 MOAyM0 QyHKIMU f(z) B OKpecTHOCTH
TOYKH z(. Ce10BaTeIbHO, BBIIIOIHEHO YCIOBHE 0).

3)  Myers |[f(z)<M B 1UPOKONOTOM OKPECTHOCTH TOYKH Zg:
0< ‘z —ZO‘ <R;. Bocnons3yemcs HepaBeHcTBOM Ko s ko3dduumentos psana

HopaHa C OTpUIATCIIbHBIMH HOMCpaMHU

‘c_n‘<£' C,|<Mp", neN,

—n?’

I7I€ O MOXEM BbIOMpATh TaK 4TOOBI OKPYKHOCTh C: ‘z —ZO‘ = p JIe)Kalla B KOJIBLIE

HE 3aBUCHUT OT O, TO YCTPEMIIASL O

0<‘z—zo‘<R1, TO ecTb p <R;. Tak kak c_,
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K HyJIIO, oiny4aeM, 4to c_, =0 g Bcex n e N . CiieoBaTelbHO, zy — YCTpaHU-

n
Mas ocoOas TouKa.
TeopeMa MOIHOCTHIO JI0Ka3aHa.

3ameuanue. Eciu noonpenenuts Qynkuuioo f(z) B Touke zy, mosaras
f (ZO ) = Cy, TO MOJNy4uM (YHKLHIO, aHATUTUUYECKYIO B Kpyre ‘z —ZO‘<R. Tem
caMbIM yCTpaHEHa OCOOCHHOCTh B TOUKE Z, (OTCI0Jla Ha3BaHHWE OCOOOHM TOUKU —

yCTpaHuMasi).
Teopema 3. (kpuTepuii 1osroca)

Jlnst Toro, 4ToObl U30JIMpPOBaHHAs 0c00ast TOUKA z, ObLIA MOJIFOCOM, HEOO-

XO0OIUMO U 1OCTATOYHO, YTOOBI

lim f(z)=oo. 3)

Z—)ZO
HokazatenbcTBO. Heobxooumocms. IlycTh z, - momroc nopsaka n
¢yukuun f(z). CnemopaTensHO, pasioskeHue 3Toil GpyHKIuM B psaa JlopaHa B ok-
PECTHOCTH TOUKH Z; UMEET BUJ

C C C
— -n + —-n+1 + + -1

ooy eyt bt i, rarak ),

/()

1

(Z—Zo)n

rne c_, #0. Janee BbIHOCS 3a CKOOKM MHOKUTEIb , TIOJy4YUM Mpea-

CTaBJICHUC
)=

rne p(z)=c_, +c_,(z—29)+c . o(z—29)+..., mpuuem lim p(z)=c_, #0.

Z-)ZO
Torma lim f(z) = lim ﬂ =

zZ—z2() z—2() (Z —Z )n

n

Hocmamounocme. Ilycts lim f (Z)zoo, Torma misd Jiroooro umciaa A >0
Z—)ZO

MOJKHO YyKa3aTb TaKyl IIPOKOJOTYK & -OKPECTHOCTb TOYKH 2z, B KOTOPOHU

|/ (z) > A . PaccmoTpum QyHKIHIO
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1
f(z)

B yka3aHHOH &-0KpeCTHOCTH TOUKHU z( 3Ta (PYHKLUS SIBJIAETCS aHAJIUTHYE-

g(z)

CKOM U OTPAHUYECHHOU MO MOJYJIIO:

1
)<

npuaem lim g(z)=0.
zZ—zZy

3HauuT, MO TeopeMe 2 ToYKa z SIBJIAETCS YCTPAaHUMOM 0COO0O0N TOUKON JuIs
dyrkuun g(z). Hoonpenenum Qpynkimro g(z) B TouKe z,, moJaras g(zo)z 0, To-
raa Gynkuus g(z) - aHanuTHYecKas B Kpyre ‘z —ZO‘ <&, a TOUKa z( SIBJIAETCS €€

HyjaeM. Ilycts z; - 3T0 HyJIB HIOpsIKA 1, TOTAA

%k

g(z):cZ(z—zo)" +0n+1(Z_Zo)n+1 ... :(Z_Zo)nlcz +C:+1(Z_Zo)+“‘Ja TO
eCTh
g(2)=(z~z20)'w(2), wz)=c, + iz —29)+--, ¢, 0.

1
y(z)

CJIEIOBATEIIBHO, NPEeACTaBUMA paaoM Teumnopa:

Torma dynkuums ¢(Z)= - aHAIIMTUYECKAas B OKPECTHOCTU TOYKH Z(,

¢(Z):CO +Cl(Z_ZO)+""

1 1
npudem @(zy)=——~=-—=c, 2 0.
l//(ZO ) Cn
U 3Ha4uT, CIpaBeNIMBO PAaBEHCTBO!

1 1 1

PR e pE e

_#C +ci\z2—2zy)+...].
_(Z—Zo)n[o 1( 0) ]

/()

CnenoBartebpHO,
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210 03HAa4acT, 4TO z; - IIOJIXOC IIOpAJKa 7.

Teopema nokasana.
3ameuanue. VI3 noka3aTesbcTBa TEOPEMBI IOJYYAETCsl BAXKHBIM BBIBOJ O
CBSA3M MEX/Y HYJIAIMH U MOJIOCAMU aHATUTUYECKUX (PYHKIUMI:

Ecnu Touka z ABiI€TCS HyJIeM NOPAJKA 1 Ul aHAJTUTHYECKON (PyHKIUU

1

g(z), To oHa OyzeT MoMOCOM TOro e mopsiaKa s QyHKIUH | (Z) =——, 4 Ha-

gz)
000pOT.

Teopema 4. (teopema CoXOLKOT0).

Jist Toro, 4To0bI N30JUPOBaHHAS TOUKA z; ObLIA CYILIECTBEHHO 0CO00I1, He-

00XOIMMO M JIOCTaTOYHO, YTOOBI I JIIOOOTO (KOHEYHOTO WM OECKOHEYHOIO)

KOMILJIEKCHOI'O 4Kcjia A Halljaach IMOCJICOOBATCIIBHOCTD {Zn}, cxomAamascia K zg,

Takas, 4To

lim f(z,)=4. (4)

Zn—)ZO

Hoka3zarenbcTBO. Heobxooumocmos. IlycTb z, - CyIIECTBEHHO ocoOast
Touka Gpynkuuu f(z). PaccMoTpum sBa ciydast:

1. A=o0. ®ynkuus f(z) He orpaHUYEHA MO MOALYIO B OKPECTHOCTH TOY-
KU Z; (B IPOTHBHOM Cilydae z, Oblia Obl yCTpaHUMON 0c000M Toukoii). CinenoBa-
TEJIbHO, B YKa3aHHON OKPECTHOCTH HAaMIEeTCs TOYKa Zq , A KOTOPOi ‘ f (zl){ >1 m
0<‘Zl —ZO‘<1.

AHanoru4yHo, Haiijzercsi TodkKa Z,, JUISI KOTOpOW ‘ f (22)( >2 W

1
0 = —.
<z, zo\<2

M Tax nanee. B pesyibrare MocTpoeHa MOCIEI0BATENbHOCTh {zn}, {zn}—>zo, Ta-

Kas, uto lim f(z,)=oo.
Z, =20

2. Ilycrp 4 # 0.
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Ecnu ckosb yrogHo OJIM3KO K Z CYLIECTBYET TOYKA Zz Takas, YTO MUMEEM
f(z)=A, 10 cymecTByeT mocnen0BaTENLHOCTD {zn} Takasi, 4To ycioBue (4) BbI-

ITOJIHCHO.

Eciu B I0CTaTOMHO MaJoii OKPECTHOCTH TOYKH z, GyHKuMs f(z) He paBHa

1

A, Torna dynkuus @(z)=—— — A - aHanmMTHYECKas B OTOH OKPECTHOCTH TOUKH

/()
Zy», KPOME caMoii TOUKH z,. Touka z, mis GyHkuum ¢(z) sSBISETCS M30IMPOBAH-

HOM 0CO00 TOUKOMU, MPUYEM OHA HE MOXKET ObITh HU YCTPAHUMOM TOYKOMW, HU TO-

0coM (B MPOTHBHOM clydae, ¢(z) B Touke z, ¥MMena Obl KOHEUHBIH WM GECKO-

TaK)Ke MMeaa Obl KOHCYHBIM

HEYHBIN Mpesen, Cleq0BaTeabHo, [ (Z) =4+

¢(z)
Wi GeckoHeuHblil mpenen. ClenoBaTenbHo, z, He Obuta Obl qs f(z) cymect-
BEHHO 0CO00M).

UTak, TOuKa z, - CyIECTBEHHO 0cobast 11 ¢(z), TOrna Ha OCHOBAHHHM JIO-

Ka3aHHOI'O CYIICCTBYCT IIOCJICIOBATCIbHOCTD {Zn } — Z Takasd, 4TO

lim ¢(z, )=,
Zp—>z()

cnenosatensro, lim f(z,)=A.
Zn—)ZO

Locmamounocmy. Ilycts BbINONHEHO (4). DTO O3HAYAET, YTO B TOUKE Z
dyHkuus f(z) He UMeeT HM KOHEYHOTO, HM OECKOHEYHOro npejena. Ilostomy z,
HE MOXET ObITh HM YCTPAaHUMOM TOYKOW, HU MOJIIOCOM. 3HAUUT, Z( - CYLIECTBEHHO
oco0as Touka.

IIpumep 5. Haiitu ocoObie Touku GyHKINN U yKa3aTh UX THUIL:

1

z+1

B sinz .

) f(Z)=(

a) f(z)

= COS

e -1 . W Fls
gy 2@
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sinz .
Pemenue. a) f(z)= . Tak xak QyHKIMA Sinz - aHaIUTHYECKas Ha

BCell KOMIUIEKCHOM TIOCKOCTH, TO QyHKIMA [ (z) OymeT uMeTh oJHy 0COOYIO TOY-

Ky z =7 . PaccmoTpum

fi SN2 _ e~ sin(z — ) _ 1

ZSTZ —JT o7 zZ—7

[Ipumensss Teopemy 2, mojly4aeM, 4TO TOYKA z =77 SIBJISAETCA yCTPaHUMOU

0Cc000#1 TOUKOH 151 JaHHOW (PYHKITUH.

. Pa3noxxum 3HaMeHares b Ha MHOKUTENH. [lomyunm

e’ —1
0 /)= (22 + 1X22 — 1)2

f(2)= -1

(z+i)z—i)z - 1)2(2 + 1)2 .

Touku zy =i, zp =—i, z3=1, z4, =1 ABIAIOTCA U30IMPOBAHHBIMU OCO-

ObIMH TOYKaMU AJis1 JaHHOM (yHKUMU. [I0CKONBbKY YMCIUTENL B 3TUX TOYKaxX OT-
JWYEH OT HYJISA, TO Mpelen pacCMaTpuBaeMoOn (PYHKIIMH, KOTJa Zz CTPEMHTCA K Ka-

)I(I[Oﬁ N3 OTHUX TOYCK, PABCH 0O. CJIGI[OBaTeJ'IbHO, BCC TOYKH ABJJIAIOTCA IIOJTFOCAaMU.

JUyist onpesieNieHus MOPSAKOB ATUX MOJIFOCOB PACCMOTPUM (DyHKIIHIO f% 3
z
HNmeem
1 (z+i)z—i)z— 1)*(z + 1)
f(z) e’ -1 .
JIyist paccMOTpEHHs XapakTepa TOUKH zq =i NPEACTABUM f} ) B BUJIC
z
. 2 2
1 —(—i)- (z+i)z-1)(z+1) ‘
/() e -1
N 1)2 2
IToCcKOJIBKY COMHOXXHTENb (z+1)e . 1)1(2 +1) B TOYKE z; =i He 0obpa-
et —

IIaeTCs B HyJIb (IIPOBEPHTE), TOUKA z{ =1 SIBJIAETCA HYJEM IEPBOrO NMOpsAKa AJIs

(GyHKIMM ——, a 3HAYHUT, TIPOCTHIM NOJIOCcOM i QyHKuuu f(z).

f(z)
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AHaJOrM4HO paccy:kJas, MoJIly4uM Z, = —I - IPOCTOM MOJIIOC;
z3 =1 - momoc BTOporo nopsixa;
z, =—1 - moJroc BTOpOro nopsiika.

B) f(z)=cos 1 :

z+1

Nmeem z =—i - uzonupoBaHHas ocobas Touka. [lockonbky mpu z — —i Be-

1
zZ+1

JMYMHA CTpeMHTCS K OECKOHEUHOCTH, a (DYHKIMSI COSz SBISACTCS 27 - TIe-

PUOIMYECKON, TO HE CYIIECTBYeT HHM KOHEYHOrO, HM OECKOHEYHOro mpesena

lim cos

-. Torna no teopeme COXOLIKOrO TOYKA z = —i SBJIAETCA CYLICCTBECH-
z-i Z+1

HO 0CO0OIA.

§5. IloBeneHne aHAJIMTHYECKON (PYHKIMU B OKPECTHOCTH
0eCKOHEYHO YAAJIeHHON TOYKHU
Jlo cux mop, uccienysi NOBeIeHNE aHATUTUYECKON (PYHKIIMU B OKPECTHOCTHU
U30JINPOBAHHOM OCOOOW TOYKM, MBI IPEIIoJiaraju, 4To 3Ta TOCKAa HE SBJSETCS
OECKOHEYHO y/laJeHHOM. B 3TOM ciyyae ee Ha3bIBalOT KOHEUHOM.

OKpecTHOCTBIO U30JUPOBAHHON KOHEYHOH OCOOOM TOYKH Z; Mbl HAa3bIBAIH
MHOKECTBO BCEX TOUYCK Zz , ISl KOTOphIX 0 < ‘z —Zo‘ <R.

Omnpenenenune 1. beckoHeyHO ynaneHHas TOYKAa KOMIUIEKCHOM IJIOCKOCTH

SABJIIETCS U30JMPOBAHHON 0CO0OM TOUKOll aHanuTHueckoi Qynkiuu f(z), ecnu
MOYHO yKa3aTh Takoe 3HaueHue R, 4To BHE Kpyra [z| >R ¢yukuus f(z) ne nme-

€T 0COOBIX TOYCK, HAXOAAIIHUXCA HAa KOHCYHOM PAaCCTOSAHUU OT TOYKHU Z = 0.

Iycth Gpynxius f(z) ABigeTCS aHATUTHYECKON B OKPECTHOCTH OECKOHEUHO
. 1
YIAJICHHO! TOYKH, TO ecThb IpH |z| > R . [lonaras z =—, nosny4aem, 410 QyHKLHs
w

1

fl2)=f 1 = p(w) sBnsiercs ananutryueckoif B konbue 0 < [w| < '3
w
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Onpenenenne 2. HazoBeM Touky z =00 a1 QyHkiuuu f(z) ycTpaHUMOi
0CO00#, TOJFOCOM WJIM CYIIECTBEHHO OCO0OH, €CITM TAaKOBOHM SBIISICTCS TOYKA
w=0 mis pyHKIIIN (o(w).

Ipumep 1. Onpenenuts XapakTep 0CO00H TOUKH z = oo I QYHKIIHH

2
1+z
f2)=—1—
e
Pemenue. Touka z = o0 sBIsSETCS U30IUPOBAHHON O0COOON TOUKON JTAaHHOU

(GyHKUMHU, TaK KaK y HEE HET JPYTUX OCOOBIX TOYEK, a 3HAYMT, JJIs JIF0OOTro MOoJIo-

JKATEJIBHOTO Yucia R B Kpyre |z| > R HUKakux 0COOBIX TOYEK 3TOM (DYHKIIMHU HE

COJICPIKUTCSI.

PaccmoTpum dyHKIIHIO

1+£—
w2 wi+1
1

ow)=1[ )= ="

PacknajpiBas QyHkuuio @(w) B CTeneHHOH psAfl B OKPECTHOCTH TOYKHU

w =0, momy4nm:
1 1 1
(p(w)=(1+i2je w=eV +ize w =[1—l+ L —..}+
w

w w202
1 1 1
+—1-—++ -
wz[ wo 2lw? }

U3 IMOJIYUYCHHOI'O PA3JIOKCHUA CICAYCT, YTO TOUYKA W = 0 sBnsercs CymecT-

BEHHO 0CO0OOM TOYKOH IS go(w). CrnenoBatellbHO, TOYKA Z =00 SBIISICTCS CYIIECT-

BEHHO 0c000i1 Toukoi pyHkuuu f(z).

25
3 " YKa3aTb

(1-2)

IMpumep 2. Haiitu Bce ocoOble TOYKH QyHKIUU f (Z) =

UX Xapakrep.

Pemenue. U301MpoBaHHBIMU OCOOBIMU TOUKaMH QYHKIUH f(z) SBISAIOT-

CATOYKA z=1 " z =00,
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PaccmoTpum cHavanma Touky z=1. Tak Kak 3Ta TOYKa SBJISETCA HYJIEM

V3
TPETHETO MOPAAKA s PyHKIMU = g 52) =(1-z)° 15 , TO OHa OyJeT Mo-
flz)  z z

JIFOCOM TPETHETO MOPSIKA IS JaHHOM QyHkuun f(z).

JI7is yCTaHOBJICHUS XapaKTepa TOYKU Z =00 pacCMOTPUM (YHKITUIO

417 3
¢(W)f(3vj( leg, =W5(::_ 7 =W2(W1_ 7

1——

w

Touka w =0 sBJgeTCS HOIOCOM BTOPOro nopsaaka s Gpynkiuu @(w) (Tak

=w?(w—1)"). Cnenosa-

KaK OHa — HYJIb BTOPOTO MOpsAKa sl QYHKIIUH

p(w)

-2y

TEIBHO, Ui QyHKIHUU f (Z) TOYKA Z =00 SBJISAETCS IMOJKCOM BTOPOIO

mopsaka.

§6. BbrueTbl 1 MX NPUITOKEHMSI

ITyctb TOUKa z( ABJIAETCSA U30JIMPOBAHHON OCOOON TOUKON aHAIUTUYECKOU
¢yukuun f(z). Toraa B MPOKONOTOM OKPECTHOCTH TOUKH z, QyHKIus f(z) pac-

KJIaAbIBACTCA B PALI HopaHa:

+00

f@)=) cle-2)", (1)

n=-ow

_ /(&)
rue ¢, = i J‘(g_zo)n+1 dé. (2)

C+
Oupenenenne. Boiuemom pynxuuu f(z) B Touke z, Ha3bBaeTCs K0d(du-

LIUEHT c_q (TO €CTh IpH (z -2z )_1) B pa3JoKeHUU 3Toi QpyHkiuu B psija Jlopana.

O6osnauenne: Res f(z), res f(z), Bora| £(z),z, ].
() Z()

N3 dbopmynel (2) cnenyet
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1 1
Res f(z)=c =o— [ /(&)as = [ /(e G)
20 2ri J, 27i J,
c c
rae C - mo00il 3aMKHYTBIA KOHTYpP (B YaCTHOCTH — OKPY>KHOCThH), COJIEp KAIINN

BHYTpH c€0sl TOUKY Z;, OOXOIUMBIN Tak, 4TO 00JacTh, OTPAaHUYEHHAs 3TUM KOH-

TypOM, OocTaeTcs cieBa (IPOTUB YaCOBOU CTPEIKH).

IIpumep 1. Haiitu Boryer pynkunu

y4

f(Z):(z——i)‘l

B TOYKE Z =1 .
Pemenue. Touka zy =i sBiseTCs U30JIMPOBaHHON 0co00M TOUKOW. B cu-
i
ay Toro, 4to e # (0, 3Ta Touka — moiroc derBeproro mnopsaka. [lo dopmyme (3)

HNMCCM

e’ 1 e’
Res = dz,
i (z—i)4 ZEiC-[(Z—i)4 -

rje B kauectBe C MOXHO B3sTb, HALIPUMEP, OKPYKHOCTb |z —i|=1. Jlnst Bbruncie-

HUS MHTErpaja Bocnoib3yeMcs Gopmynoi Kormmm:

1 j € ) dZ 1 (eZ)W — 181' .
EAE

27 =§ ;i 6

z

e 1, 1 ..
CrenoBatensHo, Res——— =—¢' :g(cosl +isinl).

i (z—i)* 6
3ameuanue. Boruer Qynkuun f(z) B TOUKE z, MOXKET OBITh OTJIMYHBIM OT
HYyJIsl TOJIBKO B TOM CJIydae, €CJlIU z - IIOJIF0C WIN CYLIECTBEHHO 0c00ast TOUKa.
B ciydae, korja z, - nomoc GyHkiun f(z), BEIYET MOXKET OBITh HaileH He

uHTerpupoBanueM mno popmyse (3), a 6oee MPOCTHIM CIIOCOOOM.

1. Bwviuucnenue épluema ¢ npocmom noJoce.

IlycTh TOuKa z, - HOJIOC MEpBOro mopsaka ¢pynkmuu f(z) (mpocToii mo-
JIIOC).

Tornma psin JIopana B OKpECTHOCTH 3TOW TOUKU UMEET BUJL
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C_q

tegt+ez—zp)+eyz—zy) +...

f(z)=

zZ—Zz
VYMHOXHMM 00€ 4acTH MOCIEIHEro PaBeHCTBA HA Z — Z() , [IOJIyYUM
fi2z—zy)=cq+cylz—zp)+ ¢z —20)2 +0y(z —20)3 +....
Ilepennem k npeneny npu z — zy. Torna

Res f (z)=c =lim / (2)z = zo)- (4)

. 1
Ipumep 2. Haiitu Beruets Gpynxiuu f(z)= 71 B €€ KOHEYHBIX 0COOBIX
z°+

TOYKaXx.
Pemenue. Ipeacrapnss pynxuuio f(z) B Bume

1 1
22 +1 (z+i)(z—i)’

f(2)

I[IoJdy4acM, 4TO H30JIUPOBAHHBIMU 0COOBIMM TOYKaMH ,I[aHHOf'I (I)YHK]_II/II/I SABJIAIOTCA

TOYKH zy =1 WU Zy =—i, IpU4YeM 00€ 3TH TOUKHU MPEICTABISAIOT COOOH MPOCThIE MO-

mocel. Torna o hopmyie (4) HaxoaUM

Res— =lim— (z—i)=lim 1 :l:_i,
i 7241 zz-iz°+1 zoiz 41 210 2
Res 21 = lim 21 (z+i)=lim L :—lzi.
-i z541 zo-iz“+1 z>—iz —1 2i 2

MO>XHO TOJTy4UTh €lie OJHY (POPMYITY JJisi BRIUMCICHUS BhIUETA B MPOCTOM

nomtoce. B stom ciydae Gpynkuus f(z) npencraBuma B BUIE

- 2)
fE)= ey

rae ¢(z) u w(z) - ananuTyeckue pyHKIMHY, (o(zo);t 0, a ans pynxuu w(z) Tou-

Ka z( ABISETCA HyJIEM IepBoro nopsaka. Torna u3 paseHcTsa (4) umeeM:

= lim f(z)lz—-2zy)= lim (D(Z)Z—Z = lim o(2) _ (0(20)
Rzisjf(Z)_zl—ﬂgf( )( 0) zl—>zo l//(Z)( 0) zl—>zol//(Z)—l//(Zo) ‘//,(ZO).

Taxum o6pazom, mosydnn Gopmymy
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%w@pga% 5)

Ipumep 3. Haiitu Borer Gpynkuun f(z)=ctgz B TOoUKE 2) =0.
cosz

Pemenue. J[annas ¢yukuus wumeer Bujg f(z)=———. Tak kak
sinz

cos0=1#0, a nnsa pyskuuu sinz Touka zy =0 sBIAETCS NPOCTHIM HyJeM (Iei-

3 5 2 4
z z z z

CTBUTEJNBHO, SINz=z——+——...=z| 1-—+——...|), TO z, - mpocroii
3! 5! 3! 5l

nomoc ans ctgz. lpumenum popmyiy (5) u nosryuum:

cosO  cos0 _q
cos( '

Res ctgz = ;
0 (sinz)
z=0

2. Bwiuucnenue évtuema 6 KpammHnom noJjiroce.

IlycTh Touka z, - nomoc Gyukuuu f(z) nopsaxa n. Torna pax Jlopana

MMEET BUJI
C_ C_ C_
f(z)= (Z_Z”O)n +(z—z}15”‘1 +...+i+c0 +e(z—zg)+....

YMHOXHUB 00€ 4aCTH 3TOr0 PaBEHCTBA Ha (z -z )" , IOJIyYM

c e, q(z—zg)+.+c (z—z2) " +eplz—2z0) +...

f(Z)'(Z—Zo)n =

[Ipoaud depeniupoas nocneaHee paBeHCTBO n —1 pas, Oyaem B IpaBoi

YaCTH UMETh OOBIKHOBEHHBIM CTENEHHOW psJl, CBOOOJHBIA UJIEH KOTOPOTO:

c1(n-1).

Ilepexons k npeaeiy npu z — zg, OIy4aeM

tim 4 [ 20V |y -1

zZ—Z dZ

OTcroa HaXOIUM:

L tim L[z ©)

Cq4= li
1 (n=1)z>%0 dz
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_ 1
(22 + 1)3

Pemenue. Touka zy = —i gBISETCS MOIIOCOM TPETHETO MOPSIKA (DyHKIUH

Ipumep 4. Haiitu Boruet Gpynxuuu f(z)= B TOUKE Z( = —i.

f(z) (o6ocHyiiTe camocTosTENBHO), TO ecTh 7 = 3. 1o hopmye (6) HaxonUM:

" "

1 1 -3
=—lim|— - +'3 =—lim| —— =—1 —_—
€1 ] (Z l) D z>—i (Z —i)B 22—) i (Z —1)4

1 12 1 12 3.
= —11m

2oz =iy 2 (-2iF 16
Teopema o BbIueTaX (0cHOGHAs meopema meopuu 6biuemos). I1ycth QyHK-
nus f(z) sABIAeTCS aHANTUTHYECKOH BCIOLY B 3aMKHYTOM 06mactu D 3a MCKITIOUe-
HHEM KOHEYHOI'0 YHCJIa M30JUPOBAHHBIX O0COOBIX Touek z,, k=1,2,...,N, ne-

XKamwux BHyTpH obmactu D . Torga

N

j f(z)dz =271 Resf(z). (7)
_1 “k

}/+ k=1

rae ¥ - rpanuna obnactu D, mpoxoauMasi B II0J0KUTEILHOM HarpapieHuu (00-

nacte D ocTaercs clieBa)

Hoka3zarenbcTBO. OKpYXUM KaxIyr TO4uky z,, k=1,2,...,N ok-
PYXKHOCTBIO ¢; HACTOJBKO MaJIOr0 paanyca, YTOObl OrpaHUYEHHBIE MU 3aMKHY-

ThI€ KPYTH JIEKaIU BHYTpU D ¥ MONApHO HE Nepecekanuch (cM. puc.l).
Torma nmo teopeme Komwm misg MHOro-

CBS3HOI 00JIaCTH UMEEM

jf =Y [ 1),

k1+

TJie ¢ - OKPYXKHOCTH C; , 00XOJMMBIE NPOTHB

gacoBoil cTpenku. B cuny ¢opmynsr (3) mo-

Jy4aeM YTBEPKACHUE TEOPEMBI
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N
If(z)dz = 27ZiZReSf(Z).
2k
k=1
}/+

JlokasaHHast TeopemMa O BBIYETaX MMEET OOJIBIIOE MPAKTHISCKOE 3HAYCHHE.

Bo mBorumx ClIydasdaXx OKa3bIBACTCA ITPOIIC BBIYHCIINTH BBIYCTHI (I)YHKHI/II/I f (Z ) B

0COOBIX TOYKaX, JIeXkKAIIMX BHYTPU KOHTYpa MHTETPUPOBAHHUS, YEM HEMOCPENCT-

BEHHO BBIYHUCIUTH UHTErPaJ, CTOAIIUHN B JIeBOM yacTtu popmyisl (7).

dz
IIpumep S. Beruuciauts uHTerpan j 1 ,
z7 -1
C+
rae C - OKpYKHOCTb |z —i— 1| =+/2, mpoxoauMasi B MOJOXHUTEIFHOM HarpasJe-

HHMU.

Pemenue. [IpeacraBum noabiHTErpaibHyo GyHKINUIO B BUIE

f@)= 45— -1+ —i)z+i)

OcoOble Touku 31O QyHKuMH, z; =1, z,=-1,

Z3 =1, Z4=—1, ABJIAIOTCI IPOCTBIMH IIOJIFOCAMH,

IpUYeM BHYTPU KOHTypa MHTETPUPOBAHUS COHEP-

’KaTcs JMIIb ABE U3 HUX: z; U z3 (CM. puC.2). Toraa

Puc. 2 10 TEOPEME O BBIYETAX HAXOJIUM.
I 4dZ = ZEZ(RGS L + Res 41 )
Lz -1 2t -1 i oz7 =1
c
BbrauciuM BerYeThl QyHKIMA f(z) B TOUKax z; U zj.
Res v lim( 1 ) lim L = 1
124 -1 —1\zt - z—>1(Z+1)( —i)z+i) 4
Res 41 :lim( i -(z—z)j:hm L l:i.
iz7 =1 =z2i\z" -1 i (z =1)z +1)(Z+z) 4i 4

CeoBaTeibHO, j 4dZ | = 27[1'(1 + iz) = —% + %i.
Z p—

C+
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[TonsaTre BbIUETA MOKHO PACHPOCTPAHUTH Ha Cllyyall O€CKOHEYHO yAalIeH-
HOHM TOYKHU. [Ipenrnonoxum, 94To z =00 SBISICTCS U30JIMPOBAHHON 0COOOW TOUYKOMU
¢ynkuun f(z) u 0603naunM yepe3 C HPOU3BOJIBHBINA 3aMKHYTHIA KOHTYD, JI€kKa-
IIMA UEITUKOM B OKPECTHOCTH 3TOM TOUYKH, HAIpUMeEpP, 32 C MOXKHO B3SITh OKPYXK-
HOCTb JIOCTATOYHO OOJIBIIOTO pajunyca.

Io-npesxHeMy, YCIOBUMCS Ha3bIBaTh BhIYETOM (GYyHKIMU f(z) OTHOCHTEND-

HO GECKOHEYHO yIAJIEHHON TOYKH 3HAYEHUE UHTErPaIa;
1
Res f(z)=— J-f(z)dz, (8)
0 27wi
C

C TOW JUUIb PAa3HULIEH, YTO UHTETPUPOBAHHUE COBEPIIAETCS TENEpPb MO KOHTYpy C
B OTPHIIATEILHOM HaIlpaBJIEHUH, TaK KaKk KOHTyp C HY’KHO IPOXOJIUTH I10 4aco-
BOU CTpeJKe, YTOOBI TOUYKA Z =00 OCTaBajach CJIEBa.

Torna

1 1
Res /()= — [ /()dz = [r@)dz ==, )
c™ ct

TO €CTh BbIUET (PYHKIMU B OECKOHEYHO YAAJICHHOM TOYKE paBeH KO3()PUIMEHTY
IIPYU NIEPBOM OTPULIATENIBHOM CTENEHU pasyIokeHus JlopaHa B OKPECTHOCTH JTOMU
TOYKH, B3ATOMY C IIPOTUBOIIOJIOKHBIM 3HAKOM.

N3 Teopemsl 0 BbrueTax u popmyisl (9) nmomyyaem
N
27y Resf(z)= j f(z)dz =—27iRes f(2).
k=1 “k + *
Y

CrnenoBartesbHO,

N
27i) Resf(z)+2ziRes f(z)=0.
k:l Zk o0

Takum 00pa3om, cripaBeIMBa

Teopema. Ilycts pyukus f (z) SABJIAETCS aHATUTUYECKON HA KOMIIJIEKCHOU
IUIOCKOCTH, 33 UCKJIFOUEHUEM KOHEYHOT'O YMCIIa N30JIMPOBAHHBIX OCOOBIX TOUEK Zj

(k =1,2,...,N + 1), BKJIIOYAs TOUKY Z, 1 =0 . Toraa
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N+1

ZResf(z):O.
k=1 k

BbrueTbl 1O3BOJISIIOT BBIYMCISITH HE TOJIBKO HHTCTpaJIbl OT Q)YHKHI/II\/II KOM-
IJICKCHOI'O NEPEMCHHOT'O, HO U HHTCTPAJIbl OT (I)YHKHHﬁ BCHICCTBCHHOI'O apryMcH-
Ta.

B xauecTBe npuMeEPOB paCCMOTPUM ABA BUIA HHTETPAJIOB.

I. HuTerpainst Buga

27

jR(COS(D;SiD(D)d(D, (10)

0

rae R - panuoHanbHas (GyHKIUS, BEIYUCIISIOTCS C TOMOIIBIO 3aMEHBI
z=é". (11)
B sTom cnyuae:
: dz e +e z4z7!
dz=ie'’dep; dp=—/; cosp = = :
iz 2 2
. e’ —e? —z1
sing = -z Z (12)
2 2i

Torna unrerpan (10) npumeT BUa

-1 -1
J‘R z+z  z-z d;, (13)

2z
R(cosp;sing)de = ;
! (cosgising)dy 2 2 Jie®

C+
rae C* - OKpyKHOCTB |z| =1, IpoXomuMast IPOTUB YaCOBOM CTPEIIKH.
WNurerpan, crosmumii B mpaBoil yactu GopmyJibl (3) SBIASETCS UHTETPAIIOM OT

(I)YHKI_[I/II/I KOMILICKCHOM HepCMeHHOﬁ, IJI1 BBIYUCIICHUA KOTOPOTO U IMPHUMCHACTCS

TCOpPCMaA O BBIUCTAX.

2

2do
2++/3cosg’

IIpumep 6. Beruncints nHTErpas j
0

Pemenue. [lo hopmynam (11), (12) nomyqaem:
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2

J‘ 2dg B 2-dz 4.dz

B -1
02+\/§COS¢ ct iz£2+\/§z +2Z J c* iZ(4+x/§(z+1D
z

ctz

- B
(4+ﬁz+fj i 3,3z 14z 443

dz dz

Al ~
\/gic+zz +j§Z+1 \/gic+(z+\/§{z+\/1§)

1
\/g b

HO TOJIBKO TOYKa z, MONAAaeT B 00JIaCTh, OrPaHUYEHHYI0 KOHTypoM C (OKpyX-

V NOABIHTErpaIbHON (YHKIHHU JBE 0COOBIC TOUKU Z; = —/3 U Z, =—

HOCTb [z|=1).

CrnenoBartesbHO,

%ii(z+ﬁfi+j§j:%l i Resz+\/_Xz+j

_87  him 1 (Z+1j=8ﬂ' 1 _ 8z
B A TR L)

=4r.

NE]

II. HecoOcTBeHHBIN BelliecTBEHHBIN HHTErpal BUAa
+00
[ £(e)a (13)
—o0

MOJKET OBITh H&P’II[CH C IPUMCHCHHUECM BBIYCTOB IIPH BLINOJHCHUN HCKOTOPLBIX YC-

JnoBMI, HaknaabIBaeMbIX Ha GyHKImI0 f(X).
Iycte Gpynxius f(x) TakoBa, 4To MOCIE 3aMEHBI BEIECTBEHHOTO apryMeH-
Ta X Ha KOMIUIEKCHBIH z , modyduBmasca GyHkuus f(z) yIoBIeTBOpSET yCIOBHU-

M.
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a) f(Z) - AHAJIMTHUYCCKasd B BCpXHCﬁ IMMOJYIIIOCKOCTHU, KPOMEC KOHCHYHOI'O YMUCJIa I10-

y aocoB z,, k=1,...,N, nexaummx BbIIIE€ BEUIECT-
@ v BeHHOU ocH Ox ;
°Z1| ey, 0) liirc}o‘z : f(Z)‘ =0.
ZN®
R 0 R x ITycte D — o0mactb, OrpaHUYEHHAs] MOJIY-
Puc. 3 OKPYXHOCTBIO |2/ =R, Imz >0 n otpeskom [- R;R],

IpUYEM 4YUCIO R HACTOIBKO BEIIMKO, YTO BCE MONIOCH z;, k=1,...,N, conep-

xarca BHyTpu D (cMm. puc.3).

Torna

j fz)dz = I f(2)dz + j £(x)dx =2mZRZ§s 1(2), (14)
ct + -R k=1

4

rae C ' - KOoHTyp Mmonykpyra, a ¥ - Ayra I0JIyOKPY»KHOCTH, IPOXOAUMBIE IPOTHUB

YaCOBOU CTPEJIKHU.

Ouennm I f(z)dz no moxymo:

+
Y

j £(2)dz| < iR max|f (z) = maxz - £(z).

\z\=R \z\=R
7/+

Ipu R — o |z|— o, a, ciefoBaTebHO, B CUILY YCIIOBHSA 6), HMeeM

j £(z)dz| 0.

e

Torna, nepexos K npeaeny npu R — oo B paBeHcTBe (14), momy4daem:

~+00 N
j f(x)dx =271y Resf(z). (15)
S k=1 “k

T dx
IIpuMmep 7. BeraucauTe HHTErpal j A
0 (x + 1)
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Pemenue. B cuny 4eTHOCTH MOABIHTETpANbHON (QYHKIIMN HMEEM

T dx 1F  dx
ewe 2] Feverd

1
2+1)

Toyku zy =i U zp, =—i SBIAIOTCA IOJIOCAMH TPETHETO IOPAAKA 3TOH

Paccmotpum GyHKIHIO [ (Z ) =

(GyHKLINHU, IPUYEM B BEpXHEH MOJYIUIOCKOCTH JISKUT JIMIIb TOUYKa z; . Jlanee BbI-

YUCJIUM IIPCOCII:

Zl_l)gl Z'f(Z):Zl_i)gl ﬁ=0.
(= 0) (2ome” +1

CrnenoBaTenbHO, BBITIOJHEHBI YCIOBHUS a) U 0), HaKJIaJapBacMble Ha (DyHK-

uuo f(z). Torga no dopmye (15):

" ’

j" dx , 1 27 1 -3
—3=27zzRes 5 5= hm ——— | =xilim | =
_w(xz +1) 1 (Z +1) 2 z— (Z+ ) z—>1 (Z+l)
12 12771 127z 37z
=rilim 5= )
z>i (Z +z) (21) 32 8

dx 37
x +1 16

0
CraenoBaTeibHO, J
0
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NuauBuayaabHas padora Nel

3ananue 1.Ilo3anaHHbIM Z; U Z, BBIIIOJIHUTE:

a) HAMNTH 3HAYCHHE BBIPAKCHUS;

HPUJIOXKEHUE

0) BBIYMCIUTH 3HAYEHHSI KOPHS U M300pa3uTh UX HA KOMIUIEKCHOW IJIOCKO-

CTH;

B) 3aIlllCaTh YUCJIO B TPUTOHOMETPUUECKOM U MOKa3aTeIbHON (hopMme;

I') Ha KOMIUIEKCHOM IUIOCKOCTH M300pa3uTh MHOXKECTBO TOYEK Z, yIOBIIE-

TBOPAOIHX 3aJdHHBIM COOTHOLICHUSAM.

3aganue 2. Haiitu limz,.
n—oo

3anganue 3. Halitu u nocTpouTh cTepeorpadpuueckue mpoeKIuu:

a) TOUKH Z ; 0) yKa3aHHOU 00JacTu.

BapuaHnThl 3aganuu

1 BapuanT

1. zy=1-+/3i,2,=3-2i:

2) 2, + 2 18212, 6) 3713 B)Zp; 1) 2y +2,|<2; Relz? —2)=2+TImz.
Zq

2 2
2. 7, =1 +1;¢” LD

n+1
3. a)zy; 0)2<|z|<3.
2 BapuaHT

1. 21:3+\/§|,22:2+|

a)216 +8izlz§ —5ﬁ; 6)%/2; B)Z,;
Zq
r)2<z; +2,|<4; Rez+2:hn2@—zz)

n 3-2n)".
2. 2, = + I.
2-n 5+2n

3. a)z,; 0)1<[7<5.
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3 BapuaHT

l. 2,=2-2i,2,=-2+2i:

a) 213+Z—22+3i21; 0) %/Z; B) Z5;
Z1

r) 0<Im(zi)<Re’z; [z-2z,|=[z-17].

ln!
2. g (Dt 1o
(n+1)-n! 3"
3. a)z,; 0)5>z|>3.

4 BapuaHT

l. 2, =8+8i,2,=2+3i:

3,.,3_ 12
a) 21" +1, +ﬁ; 0) 424 ; B) Z,;
2

r) 5<z1 —2,|<7; Imz, +Imz, =Re?z, —Imz,.

3n° +2n (1—3n)6”.
2. 2, = + .

~ 1-4n® \1+3n
3. a)zy; 0)z|=3.
S BapuaHT

i 8
a) 2,0 +iz, 2,2 =  6)4z,;  B) 2o;
Zq

r) Re(1+2)=Rez, -

—-Nn 2
2. zn:(l—zj + SN

i
n Vn* +1

3. a)z,; 0)z|<7.

Z

; 4>z +2i]>2.

6 BapuaHT

1. z,=+2(i-1), z, =~/2 + 4i:

z
a) Z,° —4|Z—1+52122; 6) 42 ; B) Z,;
2
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r) Im(z +z,)=z|Imz;;

2. 2, =

16n% — 1+4n

3.a)zy; 0)fz|>7.
7 BapuaHT

1. 21:1+i,22:2_i\/§:

. z
a) izt +—2

+22425;
I +2;

r)[z-2/+z+2[=5;

2n*-3 . 1.
2. Z,=——+nsin—1I.

n+1 n
3.a)z=-i-2; 6)1<z<2.
8 BapuaHT

I. 21:—1—i, 22:3|
6) 42 ;

r) Re(z +2,)* <1+Im?z;

oz
a) 3iz, ——2>+12,°;
iz,

2. 2, = n+1 +isir1L

~ " 1-2n? 2"’
3.a)z=4+i; 0)z[>8.
9 BapuaHT

I. 21:_2i, 22:4+|

Zy

a) 32,° +
Z1 +1y

—47125;

r) Re(z -z,)=2Im?z;

Jnt +1 (1—2n)”.
n i
1

0<l|z+2,|<3.

6) 3z, ;

B) Z1;

(Imz) ' Rez=2.

6) 3z ;

4
—<argZ<r

z-24|>3

n>—-2 cosn.
2. Ip =7 + I.
3n°+1 n

B) Z7;

Rez, .Im?z>Rez -Rez;.

B) Z,;
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3.a)z=i+7; 0)3<|z[<5.
10 BapuaHT

l. zy=1+1,2,=2->5i:

: 3
a) 2110+|22—Z > . 6) 3z, ;
1+22

r) Rez+Imz=Imz, +Rezq;

1 2n—-1.
= + i.
37"+1 3n+1
3. a)z=3-2i; 0)|z/=5.

2.z,

11 BapuanT

1. 21:3—4|, 22:—8:

a) w+214 —321(22 +2|),

Zq

r) |z -2, —z4|>3;

2. 2,=5"+(Vn+1-vn—1}.
3. a) z=4i; 6) |z|>5.
12 BapuanT

1. zy=3i,2,=-1+i:

2iz,

8 .
a) 221 + 2122 _ma
1 _

B) Z;

Injz +2i[<1

6)%/27; B) Z1;

Rez —(Imz)* =Rez,.

6) 4z ; B) Z3;

r) Imz - (Rez)* =Imzy; [2-25|>[z 174

2. zn=3+%+ on +4 I
n 10n+1

3. a)z=5+i; 0)z[>4.

13 BapuaHnt

1. 21:2+2|, 22:1+3|

6 1z 2
a) Z4 +Z—2—3Z1‘22 ; 0) 77 ; B) Z,;

1
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r)|z+3i+1=2;

i
Jn2-3

2. 2,=3"-(Vn+1—-vn-1)

3. a) Z,; 0) |z|=3.

14 BapuanT

1. z,=4-4i,2,=2-iJ2:

a) 216—3i21.22—6zi; 6) 4z, ;
2

r) 1<z -2z4<2;
2. zn:«/n+1—\/ﬁ+2n i
-n

3. a)z=-2i+1; 6)1<|z|<%.
15 BapuanT
l. 2y=-2i,2,=4+1i:

Zy
1+z4

a) 32,° +

6) 3z ;

—22425;

r) Re(z -2z,)>2;

3n
2. zn=(1+%+...+1)+(1+1) I
n n

3. a)z,; ©0) |Z|>%.

16 Bapuant
3iz,

a) 221 + 292y — . 6) %/27,

i +2,

r) argz, <argz<argiq;

\J3n?2 -1 50n°-3.
2. 2, = + l.

" on+1 1-nd

z—1-2i|=4.

B) Z;

Im(z2 —z):Z—Imz.

B) Z;

Imz, —-Imz; +Imz <Rez; -Rez, —Rez.

B) Z;

Rez, —Re(z, -z)=Im?z.
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r) Im(z —z,)>4; z+2-i|=1.

2" +3" n+1.
+ i
3" n+2
3. ayz=-1-i; 0)|z/=6.

2. 2,=

NuauBuayaabHas padora Ne2
3ananue 1. BblgenuTh BEIIECTBEHHYH0 M MHUMYIO 4YacTH JAHHON (DYHKLHH.
HaiiTu 3Hauenue GyHKIMY B 3aJJaHHOM TOYKE.
3aganue 2. Haittu Touku, B KoTOphIX (PpyHKIMS auddepenimpyema. Borunc-
JUTh MPOU3BOJIHYIO B 33JaHHON TOUKE.
3ananue 3.BoccTaHOBUTH aHANUTUYECKYIO (PYHKIIHIO IO 33JaHHBIM yCIIOBUSIM.
3ananue 4.HalTu Kpyr cXoIMMOCTH CTEIIEHHOIO Psijia.

BapuauTel 3agaHui

1 BapuaHT 2 BapuaHT
Lof@)=(i+2)+1; £(3+2i). Low=ti2 ).
4 z z-1
7. W:12 - w(i). 2. w=22 +iz]; w(1+i).
+2
X 3. v(x,y):ln(x2+y2)+x—2y.
3. V(x,y)=——5 -2y, f(1)=0.
xory 4. in!z”.
© (z-2i-3)" =0
4, Y ———F.
n-1 1-3In
3 BapuaHT 4 BapuaHT
Low=—> 4 w(l-i). I f(2)=37+2; f(4+30).
(z-i) Z
)2 2. w=(z+3i-1)%*; w(1-i).
2 w=B oAy
Z 3. u(x,y)=2"cos(yln2), f(0)=2.
3. u(x,y)=3x2y —y> +x +5. . (2 2i)"
. i) 2 1e2in
n=0 1+1In
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S BapuaHT

1 f@)=22+1-1; f(1-2i).
Z

2. w=2i(1+3z)-z%; w(i).
3. u(x,y)=-3x2y +y> +Xx,
fli)=1-1i.

5 (=1)"
CZ e 1)n+2)

(z-2i)".
7 BapHaHT

1. W=3Z_+L; w(4 —2i).
242

2. w=(iz)* - (i-2)*; w(-1-7i).

1
3V Y) =, f(r)==
X“+y T
© (z+2i+1)"

=T R U

9 BapuaHT

1. w=(z+4i-1)* +4i; w=2-1i).

2. w=z-z]; w(0).
4 4
3. v(x,y):ZeXcosy+x2y2—X Zy
% S\N
4 ¥ n(z+i)
=0 5"
11 BapuanT

1. W=Z_(3—222); w(3i).
2. w=ZImz - (3i -2)*; w'(1).

y 3

Ty X Yy 2
3. v(ix,y)=e 2 ——T—+X7Y.
(,y)=e 2coss ~2 s x?y

6 BapuaHT

1. Wz(ssi;rfz)i w(2—1i).

ﬁ; w'(=3i).

3. v(x,y)=e*cosy, f(i)=isinl.

2. W=

p g

8 BapuaHT

1. f(z):(z—2i)2+%; F(=7-i).

2. w=(z+i1)*; w(2i).
3. v(x,y)=2(chxsiny —xy),
£(0)=0.

2 (z-i)
4. .
nZ=:1 in+2
10 BapuaHT
1. f(@2)=@-i)?+(@+i)*; f(=1-i).
2. w=(i—-2)>; w'(2i).
3. v(x,y)=x%-y* —x, f(1+i)=0.
w Ah,N
4 ¥ 2
n=0 n!
12 BapuaHT
1. f(z)=2z-3-32>; (3-2i).
3i+1 :
2. f(z)= ; F'(1—1).
@)= 1)

3. Vv(x,y)=ch(3y)sin(3x)—8xy +4y.
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n

4. 8+Z—
n=1 N!

13 BapuaHnt
Lo w=Gi-2)+2; 13i-1).
Z

3 .
2. W=——; W'(i).
1+22 )

X .y
. V(X,y)=sh—sin= —8xy +4x .
( y) S 281112 y

(98}

5 (242-3i)
Y ey

15 Bapuant
f(z )—

2. w=2z—(7z +i)2; w'(=2 - 3i).

3

—

f(5-2i).

3. v(x,y):e‘zysinZX—%+xy2.

4 < (z-2i+1)

. n=0 3”‘n2+1i .

17 Bapuant

1. f(z)——+2| f(-2).
1+z

2. w=(1-iz)*; w(1+1i).
3. v(x,y)=e% sin2x +3xy % —

4 Z (z+|)n

nOI’l +Nn

©  (1+i)
n—1(n+1)n+2)

4.

(z-2)".
14 BapuanT

I f(z):%+1_z3; f(2i).

2. w=8i(1+72)—z%; w'(1+1i).

3. v(x,y)=x> +6x%y —3xy?* —2y°.
© _Ai\2n

g ¥ =37
n=0 n!

16 BapuaHt

1. f(z):22—zg; f(«/gi).

2. w=(Bi+3-2)%; w(-1-i).
3. v(x,y)=ch(2y)cos2x + x* —

—y? -2y +1.

=

n=0 n?+1

18 BapuaHT

1. w=(z+i)*-37; w(-3i).
2. W=—+i_;W'(—3i).
3. V(X,y)=x>—y> +5x +y—

y
- Z:f(l) - 1.
X +V

g 2@

n=0 (n + 1)!
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19 Bapuant

1.

W

1 2 :
f(z)=—-+4z"; T(—2+1).
®)=5— (-2+1)

w=(i-z)° —2z; w'(2+3i).

Cv(x,y)=x*-y? -1, f(-1)=0.

3 (z+1+i)”.

no n-7"

21 BapuaHT

l.

2.

3.

4.

f(z):22+i3; (5 2i).

w=(3z—-i)% +2z; w(2+3i).

y
(x +1)* +y?’

f(-1+i)=1.

v(x,y)=

= (z-2+3i)
-1 i"(n+1)

23 BapuaHT

1.
2.

3.

w=(1+z)i-2)+3i; w(1).
w=ZImz; w'(i).
v(x,y)=x?—y%+xy, f(0)=0.

© nt3".z"
Z n *

n=0 n

25 BapuaHT

l.

3
(z-17

(0).

W=

20 BapuaHT

1. f(2)=2°>-Gi+2)*; f(1-i).

2 W:(Zi—z)2+%;w'(—1+i).
|

3. v(x,y)=e"(xcosy —ysiny)+
+2sinxshy+x°-3xy?+y,
£(0)=0.

00 _1_;i\"

4 Zn(z 1 |).
n=1 3n

22 BapuaHT

1. f(z)=z(3-22%); F(3i).

2. w=e"(cosy +isiny); w'(1).
3. V(X,y):%, f(2)=0
X“+y

© (z-1)"

4, z( 2).
n=1 N

24 BapuaHT

1. f(z):iLEH; f(=2-2i).

2. w=(1+iz)*; w(1-i).
3. v(x,y)=x%=3xy?, f(i)=i.

8

4. Y(cosin)z".

n=1
26 BapuaHT
1 3+12 :
1. f(z)= + ; T(21).
@) 3—-7 2 (21)
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2.

3.

4.

_ Z 3
W=Z+—7+2".
2’

v(x,y)= arctg%, f(1)=0

in”(z —2)*" .
n=1

2’7 BapuaHT

1.

2.
3.

4.

1 5 . .
f(z)=———-4z" +i; f(-2-1).
@)= 42 +is f(-2-0)

w=(2i+2)° -2i; w'(3-2i).
v(x,y)=-2sin(2x)sh(2y)+vy,
f(0)=2.

°° (z—|)n

n1 n+1

29 BapuaHT

[—

W

f(z)=(z -2i)* —3zz; f(8-2i).
. Ww=ZRez; w'(0).

y X
V(X,y)=ch>cos— —2xy —2x.
(x,y)=c 2cos2 y

& n,n
d>nz
n=1

2. w=(2+32)* —i; w(l+i).

3. v(x,y)=x2—y2+5x+y—xzi/ryz
f(1+i)=0.
o (7 1)20
4 E (z 31)
28 BapuaHT
1. f(z)=2°-2z; f(1-2i).
1

2. w=1"T w1+ 3i).
2+12
3. v(x,y)=e*(ycosy +xsiny)+x +Yy
f(0)=

(z+3+2i)
4, yEToTS)
ngl 5n 2

30 BapuaHt

1. f(z)=

=lz|-Z7; W'i).

1-27 4272
1+1

fG-i).

N

W

. v(x,y):x3 +6x2y —3xy 2 —2y3,
£(0)=0.

(sinin)z" .

=
=}
1048
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NupuBuayanbHas padora Ne3

3aganue 1. Bpuucauth 3HaueHue PyHKIMH B 33IaHHOW TOYKE.

3aganue 2. Haiitu u noctpouTh o0Opa3 KpuBOM win o0pa3 00JacTH MpH 3a/1aH-

HOM OTOOpaXECHUHU.

BapuaHnThl 3aganun

1 BapuanT

T

1. e_zi; sin(z +1).

2. y=—x7; w:%(z+1).

z

3 BapuaHT

1. sin(£+3ij; sh(£+3ij.

3 3

2. D:|Z+1+i|:\/§;w=2+1
z-1

S BapHWaHT

1. In(-ei); sin(2+%i).

2. y=2x+3;w=z+1.

z-1
7 BapuaHT

1. In(8-8v2i); Ch(8i - %) .

9 BapuaHT

2

2. y=x-7;w=

1
z

2 BapuaHT

1. In(5+5i); ch(l —2?7[1').

2. y=—x-7;w=

.

1
z
4 BapuaHT

1. cos.(Z — 21'); ch(z — 21').
6 6

2. y=2x?; w:%(z+1).

z

6 BapuaHT
3z, T
1. e4 ; cos(2i+—).
3

2. y=x+7; w:l.

z
8 BapuaHT
1. i’; Ln(1+1).
2. y:x+1;w:Z+1
z-1
10 BapuaHT
1. 1°; ")
, z+1
2. D:|z—1—l|:\/§;w:
z-1
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11 BapuanT

1. (1-i)7"; sin2i.

0<x <o
2. D: cw=e".
O0<y<rm

13 BapuaHTt

1. (-1); ch(=3+1i).

2. D:|Z|S1;w:%|z—z_|.
15 BapuaHnt

1. sh(4—i); Ln(V3 +i).
2. D:lz|<1; w=z-Z.
17 BapuaHT

1. In(1+); 2%,

2. D:lg[<1; w=l.

19 Bapuant
1. 5. COS(?) +%i)

2z-1

2. D:fz[<1; w= .
z—2

21 BapuaHT

1. 2" ch(-3-1).
1
2. D:x=0,y>20; w=—.
z
23 BapuaHT
1. (\/g)ﬁ, cos(—3 —i).

2. D:y>20,x=2; w:—l.
z

12 BapuaHT
1. (1+i); sh(-3+1i).

2. D:0Ly<27r;w=e",

14 BapuaHT
1. cosi; In(2 - 2i).

2. D:g|<1; w=Z +i.

16 BapuaHt
1. (1+0)"; ch(4-i).
2. D:z|<1; w=iz.

18 BapuaHT

1 (ﬁ)“’" In(ei)
7z ; :
2. ABCD - xsagpar: A(0;0), B(1,0),

C(1;1), D(0;1); w=iz-3.
20 BapuaHT
1. 10""; sh(-5-2i).

2. D:lz|<1; W:Z_l:.
Z+i

22 BapuaHT
1. 3%; sin(-3—1i).
2. D:y:0,0SxSZ;w:—g.
24 BapuaHT
1. i7" In(-3-3i).
z

2. D:|<T; w:l_ .
z
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25 BapuaHT 26 BapuaHT

1. (=i); cos(2+7i). 1. (-i)'%; sh(4 + 4i).
1 o
2. D:x2+y2=9;W=;- 2. D:Imz>1;w:Z :
z
2’7 BapuaHT 28 BapuaHT
1. 17; ch(4 + 4i). 1. 1'%; cos(4 + 4i).
2,02 4. i
2. x“+y =1, w=2z+1. 5 D:|Z|S1;W=ZZ 2
2 zZ+1
29 BapuaHT 30 BapuaHT
1. (3-4i)"; tgi. 1. 4'; sin(4 + 4i).
2. D:g|<1; w=i z-1 2. D:0<¢)<£;w: z
Z+i 4 z—1
NuauBuayanbHas padora Ned
3aganue |.Bplaucnurs HHTErpall 0 KPUBOM.
3ananue 2. Bpraucouts unrerpan no ¢popmye Komm.
BapuaHnThl 3aganuu
1 BapuanT
1. a) Ilmzz -zdz, L :z]=1, -7 <arctgz <0,
0) j(y+1)—xi)dz,0Tpe30K lz52,], 2, =1, 2z, =i.
- 5 —3sin?2 1
)j d,L:\z\s6,6)j cosz— oS Zdz,L:z+%<§.
z +36)2 A (z+ﬁj
3
2 BapuaHT

1. a) j((3y—1)+4xi)dz, C - orpe3ok oT z; =i 710 z, =3,

6) [Rezdz, C:[p-1]=
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.a)jz 1Yz-3 ‘Z‘<15 6)[ﬁd2,[4
L

3 BapuaHT

6) jRezdz

> a)—[ (z+z

4 BapuaHT

0) jlmzdz, L

e —1
2. a)LJ‘+ (= i)

S BapuaHT
1
1. a) J‘l dz
: . N

0) jReZ dz,

.a)J'

dz, L i <2;0)

2‘2—1‘2

4sinz—-3cosz

L:E<15,6) | dz, L

()2’
L

- otpesok ot (0;0) mo (2;1).

23 +1

3 2 +2)z-3) “

L:z-1=

6
Lifz-4<1;0) [ 255

L+ z——

el < 7.

LZ‘Z‘<4.
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6 BapuaHT

6) [Rezdz, C:lz=1/=1.
C

z

e’ +e

~1)*(z-2)

3 dZ,LI‘Z‘S3.

2 -(22))

7 BapuaHT

2. a) J sin7z dz, L I‘Z—ﬂ"<3ﬂ', 0) J(
z
L+

-1 .
1. a) J‘Z‘ dz, C -orpe3sokor zy =1 no z, =1,
C

0) jzlm(zz)dz, C:lz=2.
C

2. a) J-ez-i-—e_dz, L 2‘2‘35, 6)‘[ 3smz+5cgsz
Lt (Z +25)2 LT (Z+2ﬂ-)
3

8 BapuaHT

f
1. a) Izez dz,

0) Ifdz, CI‘Z‘=2, Imz <0, or rouku z; = -2 10 TOUKH Z, = 2.

C
dz 1 Ccosz
2. a)I , L I‘Z-I—l‘ﬁ—, 0) J‘—dz, L : TtpeyrompHUK C
L+ZiZZ —1i 2 (ZZ e~ )2

BepimuHaMu B Toukax 4; —4+i; —4—1i.

9 BapuaHT

1. a) J‘C'Sz?’ez2 dz,

-2i

0) J‘Z‘Z‘dz, C:l=2.
C
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2. a)J(Z a2 L:|<3, 6)I cosdz_ . L:z+%

> +2z+1)z-3) A j
L7 z+

10 BapuaHT

1. a) J‘Z‘dz, L :|zy,z,] - otpesox ot z; =1+i mo z, = 2i,

0) jz3dz C"Z‘zl,OSargZS%.

sinz

> a)'[z —bz+4 )2

LT z——

11 BapuanT

L:-1]=20,6) [

dz, L

1. a) J.‘Z‘dZ,L :|z1,2,] - otpesox ot z; =1 +i no z, = 2i,

6) jz3dz C'\z\z%,OSargZS%.

e“dz
) L:z-3<
a>jz i3y LFd

BepmuHaMu B toukax 1; 1+3i; —1+3i; —1.

12 BapuanT

x = R cost

1. a) jImzdz,L . T
y:Rsmt,OSz‘Sg,

6) Iz?’dz,C:\z\:l,OSarng%.

L :

2) IM L:-1<1, 6)J- sin’ cdz, L

2(1-z)’

LY z+—

<1.

:‘z‘ﬁl.

NPSAMOYTOJIBHUK €

2l =
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13 BapuaHT
2i 22
1. a) J-(Z3 —Z)e 2dz,

2+i

0) jzfdz C:l=

42
.a)j dz :‘2‘33’6)J'Z261ﬁ’L
L+

Z+2)2 (z+3)’

14 BapuanT
d.
Loa) [, Ciff=
z
C

2i ;2

0) jzezdz.

20 (Z_z) G- 6)I 2(Z+2)(Z 3)

[z]=2*
15 BapuaHT

1. a) jRede, L:z=(2+i),0<r<1,

0) J'ZImZdZ Z‘Z‘I

dz, L

I‘Z‘<3.

2l =

.a)j (edz?)’ 2| =2, 6)J‘Slnz dz, L :x*+y*+6y=0.

16 BapuaHT

2
1. a) Jez Rezdz, L :|z,,z,] - otpesok ot z; =0 mo z, =1 +1,

6) Jz3dz,C:\z\=1,1£argz£%.
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y)
z5 =1

2. a dz,

)Lv[z(z + 2)2(2 + 3)

3z
L :‘Z‘<4, 6) I(Ze_—Z)SdZ,L :‘Z—i‘<2.
L+

17 BapuanT

1. a) I‘Z‘dZ, L :[z,,z,] - otpesoxor z; =—1 no z, =1,

0) I(ZX —3iy)dz, C:|z|=4, Imz <0 or Touxu z; = —4 n0 TouKH z, = 4.

15Y/4

Z__

1
<—.
3

sin 8z d.

.a)IZ_ ST Likss 6)[(_—j L:

18 BapuaHT

1. a) j(2x —3iy)dz, C:|z|=4, Imz <0 or Touku z; = —4 0 TouKH z, =4,
C

6)jRezdz Cilz-1|=

.a)j z°dz L:z+i<1, 6)I sin 3z dz, L :|z|<7.

(z-2)z+i)’ L+Z(Z+4j

19 BapuanT

1. a) IRezdz, L : mapa6omna AB: A(2,4); B(3,9) (y :xz)

0) J"Z‘Z dz, L : ‘Z‘ =

e“dz z+1
: a)j 1 )3,L 2| =2, 6)jz(z—1)2(z—3)dZ’L 2| =2

20 BapuaHT

1. a) J“Z‘dZ, L Z‘Z‘=
L
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0) £(23—1)dz, C Z‘Z‘Zl, %Sargzﬁﬂ'.

COs7z
2. a) I cdz, L

+3)
L z+—
3

21 BapuaHT

2
z°+3z+7
< 0,5, 6) J‘(Z_sz
It

2+ X L:<2.
3

1. a) j(y2+ix2)dz,L: OTpe3oK oT z; =1+i no z, =2+ 3i,
0) szmzdz,C:‘Z‘zl.

CoS 4z \z 7[‘ <1

.a)jz(z+1)3dz ‘Z‘ 1, 6)I(

22 BapuaHT

1. a) I(xz +iy2)dz, C - orpesox AB: A(1,1), B(2,3),

0) jzRezdz, L:|z[=1.

2 a) € g Lio—i|<10,6) [2SMIFACOSZ L T oy,
ER ' ;
Z +9 L* (Z-l—j
6
23 BapuaHT

1. a) I((y+1)—xi)dz, C:lzy,2,], 2, =1 no z, =1,

6) J-z3dz,C:\z\:1,OSargz£%.

2w [ ds Likl<2, 6)J.Z 202 R L <2

z)’z

LY z——
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24 BapuaHT

1. a) IRede, L Z‘Z‘ =
0) I‘Z‘dz BJIOJIb TIOJIyOCH ‘Z‘ =1, Rez>0.

. a)j d +5 dz, L :|z—5/<100,

dz ,

5) J‘ 3cosz+cos7z

3
LYol z+
3

25 BapuaHT

1. a) Ilmz dz, C - orpe3ok AB: A(l,O), B(O,l),

6)IZEdZ,CZ‘Z‘=
cos4z 5r —-2z+1
2. ———¢dz, L ——<1 6 dz, L :|z| < 2.
a)[ 5%) I )j PG R
LY z——
6
26 BapuaHT

1. a) IEdZ, C :, orpe3ok oT Touku z; =1 mo Touknm z, =i +1,

0) J‘Z‘Z‘ dz, (0):]z] =2,Imz <0 or Toukn z; =—2 1o Toukn z, =2.
()

2
Z—_

3

1
<.
3

7. a)J‘ z+5 ‘Z‘<2 6)‘[&0’2 L

z >+1 z+2) (2_3)

2’7 BapuaHT
1. a) I(Z—i)e_idz,
0
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0) Izlm(zz)dz, L Z‘Z‘ =

L
e“+e” 3sinz —sin 3z
2 ) [l dz, L+ <1, 6)_[ Oz, Ll <.
L+(Z+1) 7z) z
28 BapuaHT

1. a) Iz coszdz,

6)'[— C:l=1

2. a) Jidz L:|z[=3; 6)! -1 dz, L :|z|< 4
. L+(Z+i)5 T ’ L+22(Z+3)(Z—2) T .

29 BapuaHT

1+i

1. a) Isinzcoszdz,
0

-1 .
0) j‘z‘ dz , C :0Tpe30K OT TOUKH z; =1 10 TOUKHU z, = —i ,.
C

5
2. a)J'Sm—ZdZ L -

=

30 BapuaHT

Z‘Z‘Sl

Z__‘

")I( —1)2(+>

1. a) Izsinzdz,

0) Jédz , L : rpanuua obnactn 1 <|z| < 2.
z

4z
2. a)jﬂdz |z — 7] < 1007, 6)j(ze_—9)4dz,L z—9) <1,
L+

e

159



NuauBuayaabHas padora NeS
3aganue 1. Paznoxute gannyro ¢yHkuuio B psja Jlopana B ykazaHHBIX oOuac-
TAX.

Bagmanue 2. Haiitn Beraersl Qynkuun f(Z) B KoHEUHBIX 0COOBIX TOUKAX.

3anmanue 3. C nOMOIIBIO BBIYETOB BHIUYMCIUTH HHTETPAJIBI.
BapuaHnThl 3aganun

1 BapuanT

1
1. f(z)=
A ) )
a)2<z|<3; 6) |z|<2; B) [z|>3.
6
z

2. f(2)=———.

27
3 Jd—(".

0 1-0.5cos¢p

2 BapuaHT

/3
(z-1)z-2)

1. f(z)=

a)0<lz—2/<1; 6)z-2/>2;  B)[z-1/<1.
5
Z
2. f(z)=
@) 7% -1
3 2r d(D
" 0 1+0.3cosp’
3 BapuaHT
Z+2
1. f(z)=———"—
@) 22 -47 +3
a)0<z-1<2; 6) lz-1>2; B) [z —3|>1.
eiz
2. f(z)=
@) 73 +7°
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+00 dX

3. J‘ ﬁ .
—o0 (1 + X )

4 BapuaHT

1. f(z)=

a)lz|<2;

1
72 + 4

2. f(z)=cosL_.
Z+i

+00 dX

> —Joo( 2 +3)2(x2 +1)'

S BapuaHT
4
z
1. f(z)=——
a)lz —2|>0;
CosZ
2. f(z2)= :
@) 7% +1
+00 2
3 J&.
0 (x2+3)2
6 BapuaHT
YA
1. f(z)=
@) 22 +1
a)0<|z-i[<2;
2 f(2)=—r
; +I°° x *dx
. —001+X6.
7 BapuaHT

6) 0<|z+2i|<4; B)[z+2i>4.

6) [z]<2; B) [z —i[<+/5.

6) lz—i[>2; B) [z]<1.
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a)lz| <1; 6) 1<z|<2;

f(Z)Z sinliz .

23

2.

3 Tﬁx2+2@x
w>@2+1f

8 BapuaHT

71-1

1. f(z)=———
@) 22 4+7-2

a)lz| <1; 6) 1<z|<2;

cos(2iz)
z+1

2. f(2)=

+oo

& +1f

9 BapuaHT

1. f(z)==

a)0 <[z —4i|<6; 0) |z|<2;

72 _2iz+8

2 f(2)= sinz

(-7

do
0 3+sing

2
3.

10 BapuaHt

1. fz_—
() 2% —3iz -2

a)lz| <1; 6) 1<z|<2;

B) [z|>1.

B) [z—-1|>3.

B) 2| > 4.

B) |z]>2.
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11 BapuanT

z
1. f(z)=
@2—4k2—1f
a)l<lz|<2;
2
4
2. f(z)= :
+00
3. f—7§5—§-
—w( +9)
12 BapuaHt
3-z2
1. f(z)=—/———
) 22 +27-8
a)0<[z-2/<6;
2. fz)=2"L
Z-1
2z dQ)
0 1+0.1sing
13 BapuaHnr
2
1. f(z)=
() 7?2 -1
a)lz - 3i[<+/10;
4
z
2. f(z2)= :
@) 1+2*
2z d¢
"0 1+02cos@
14 Bapuant
4z
1. f(z)=
@) 4+7°
a)0 <z —2i|<4;
2 F(2)=

6) |z|>2;

0) [z —2|>6;

6) |z|]<1;

6) |z - 2i|> 4;

B) [z]<1.

B) 2<|z|<4.

B) [z+1|>2.

B) [z + 2i|> 4.
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27 cos? 2x

————dx.
0 D —4cosx
15 BapuaHnt
1
1. f(2)=—4—F"—
) 22 +iz+12
a)lz|<3;
3
27 +1
2. f(z)= :
) (z+2)z-3)
27 d
3. ] L
0 (5+4cosgp)
16 BapuaHt
1
1. f(z)=
@) 2(z-1)
a)0<[z-1<1;
1
2. f(z)=———"—.
) 22 -27+5
+00
3. ax .
—oo( 2+4x+13)2
17 BapuaHT
z
1. f(z)=
@) 2% - 25
a)lz|<5;
241
2. f(z)=e 2 .
© dx
3. :
0Q2+1f
18 BapuaHt
1
1. f(z)=
) (22+1X22+9)

a)l<z|<3;

6) 0<z-3i|<7;

6) lz-1>1;

6) |z|>5;

6) |z|>3;

B) [z - 3i[>7.

B) |Z|>1.

B) 0<[z—5/<10.

B) [z] <1.
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sinz
f T (Zrifz-3i)
oo dx

R e )

2.

19 Bapuant

1
2% -1)z2 -9)

1. f(z)=

a)lz|>3; 6) 1<z|<3;

COSZ
2. f(z)=
() 72+ 4

3 I
x +4

20 BapuaHT

):&2—4L2—1)

1. f(z

a)l<lz|<2; 0) |z|>2;

z
2. f&):@—JXz—SY

dx
3. j .
2 (x2+4ax +13f
21 BapuaHT

1

Zz—l-Z

1. f(z)=

a)0<z|<1; 0) |z[>1;

e +1
2. f(z)= )
() 72 +4

+00

xdx
3. j .
_x4+1

B) [z]<1.

B) [z]<1.

B) 2 +1]>1.
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22 BapuaHT

22 +3
1. f(z)=—/——
@) 22 +32+2
a)l<z|<2; 6) |z|>2;
eZ
2. f(z2)=——.
@) 2(z - 1)
x 2
3. I dx
1+x*
23 BapuaHT
3
z
1. f(z)=
@) 22 +1
a)lz| <1; 6) z[>1;
5 _ 3Cosz .
2°(z+4)
2
x +1
24 BapuaHT
1
1. f(z)=—/—
@) 22 +iz+2
a)0<|z-i[<3; 6) lz—i|>3;
1
2. f(z)=
; I
x +4
25 BapuaHT
L f@2)=————=
@)= 22 -3iz-2
a)0<|z—i[<1; 6) [z—i|>1;

B) [z] <1.

B) O<|z+i[<2.

B) 1<|7|<2.

B) 1<|z|<2.
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1

2.z )‘W'

0

dx
3. !<X2+1)3.

26 BapuaHT
1
1. f(z)=
@)=">
a)0<[z-1|<2; 6) lz-1>2;
eZ
2. f(z)= :
@ 7—)
+00 2
S e

x* +1

2’7 BapuaHT
1
1. f(z2)=——

@ 22 +2iz+3
a)0<|z—i|<4; 6) lz—i|>4;
2. f(z)=2°cos

(2) —
3'Tx4+1

X°+1
28 BapuaHT
1. f(z)=

®) (z+2)z% +1)
a)l<lz|<2; 0) |z|>2;

1
2. f(z)=ezti,

+o0
dx
3. _L(Xz e

B) [z|>1.

B) 2| <1.

B) [z|<1.

167



29 BapuaHT
3z-2

1. f(z)=——m—
() 22 _iz+6

a)0 <z +2i|<5; 6) |z +2i|>5;

2. f(Z)I;(ﬁ).
> J.x +1)2x +4).

30 BapuaHT

L (@)=

_47-3
22 +3742

a)0<[z+1|<1; 6) 0<[z+2<1;

sin 2z
z+1)?

2. f(z2)=

B) 2] < 2.

B) [z+2/>1.
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