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0.0.1 Îïðåäåëèòåëè ìàòðèö n× n

Äàëåå ðàññìîòðèì ïðèìåðû íàõîæäåíèÿ îïðåäåëèòåëåé ìàò-
ðèö n× n.

� ïðèìåð Íàéäåì îïðåäåëèòåëü ìàòðèöû

det


a11 . . . a1n−1 a1n

a21 . . . a2n−1 0
. . . . . . . . . . . .
an1 . . . 0 0

 = (−1)[n
2
]a1na2n−1 · . . . · an1.

Ïðè ÷åòíîì n äîñòàòî÷íî n
2

= [n
2
] ïåðåñòàíîâîê, ïðè

íå÷åòíîì n � n−1
2

= [n−2
2

].

� ïðèìåð

Ïóñòü

In = det


2 3 0 . . . 0
1 2 3 0
0 1 2 0
...

. . .
...

0 0 0 . . . 2

 , I ′n−1 = det


1 3 . . . 0
0 2 0
...

. . .
...

0 0 . . . 2

 .

Òîãäà îïðåäåëèòåëü In óäîâëåòâîðÿåò ðåêóððåíòíîìó ñîîò-
íîøåíèþ In = 2In−1 − 3In−2 è íà÷àëüíîìó óñëîâèþ I1 = 2
è I2 = 1.

Äîêàçàòåëüñòâî. Ðàçëîæèì In ïî ïåðâîé ñòðîêå ïî
Ëàïëàñó: In = 2In−1−3I ′n−1. Â ñâîþ î÷åðåäü I ′n−1 ðàçëîæèì
ïî ïåðâîìó ñòîëáöó: I ′n−1 = In−2. Òîãäà In = 2In−1 − 3In−2.
Ðàâåíñòâà I1 = 2 è I2 = 1 ëåãêî ïðîâåðÿþòñÿ ïðÿìûìè
âû÷èñëåíèÿìè. Ëåììà èëè òåîðåìà äîêàçàíà
� ïðèìåð Âåðíî ðàâåíñòâî

∏
i>j

(xi − xj) = Dn = det


1 1 . . . 1
x1 x2 . . . xn
...

...
...

xn−1
1 xn−1

2 . . . xn−1
n

 .

Âû÷òåì ïåðâóþ ñòðîêó èç êàæäîé k-é ñòðîêè íèæå,
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óìíîæèì íà xk−1
1 . Â ðåçóëüòàòå îáíóëèì ïåðâûé ñòîëáåö

íèæå ýëåìåíòà 1. Â ðåçóëüòàòå ðàçëîæåíèÿ îïðåäåëèòåëÿ
ïî ïåðâîìó ñòîëáöó äîñòàòî÷íî íàéòè îïðåäåëèòåëü

det

 x2 − x1 . . . xn − x1
...

...
xn−1

2 − xn−1
1 . . . xn−1

n − xn−1
1

 =

n∏
i=2

(xi − x1) det


1 . . . 1

x2 + x1 . . . xn + x1
...

...
Qk−2(x2, x1) . . . Qk−2(xn, x1)

 .

Íàïîìíèì, ÷òî ak − bk = (a− b)Qk−1(a, b), ãäå Qk−1(a, b) =
ak−1 + ak−2b + ak−3b2 + . . . + abk−2 + bk−1.

Èç ðàâåíñòâà Qk−1(a, b)−bQk−2(a, b) = ak−1 ñëåäóåò, ÷òî
âû÷èòàÿ èç êàæäîé ñòðî÷êè

� óïðàæíåíèÿ

3.14 Íàéäèòå îïðåäåëèòåëè ìàòðèö
1 2 3 . . . n
2 3 4 . . . 1
3 4 5 . . . 2

. . . . . . . . . . . . . . .
n 1 2 . . . −1 + n

 ,


1 4 9 . . . n2

1 2 9 . . . n2

1 2 3 . . . n2

. . . . . . . . . . . . . . .
1 2 3 . . . n

 ,

3.15 Íàéäèòå îïðåäåëèòåëü ìàòðèöû
1 sin 2 sin 3 . . . sin n
1 2 sin 3 . . . sin n
1 2 3 . . . sin n

. . . . . . . . . . . . . . .
1 2 3 . . . n

 ,


1 2 3 . . . n
−1 0 3 . . . n
−1 −2 0 . . . n
. . . . . . . . . . . . . . .
−1 −2 −3 . . . 0

 .
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3.16 Íàéäèòå îïðåäåëèòåëè ìàòðèöû
3 2 . . . 2
2 3 . . . 2

. . . . . . . . . . . .
2 2 . . . 3

 ,


0 2 3 . . . n
1 1 3 . . . n
1 2 2 . . . n

. . . . . . . . . . . . . . .
1 2 3 . . . n− 1

 .

3.17 Íàéäèòå îïðåäåëèòåëü ìàòðèöû
1 9 27 . . . 3n

3 3 27 . . . 3n

3 9 9 . . . 3n

. . . . . . . . . . . . . . .
3 9 27 . . . 3n−1

 ,


20 . . . 20 20 20
0 . . . 0 x −x
0 . . . x −x 0

. . . . . . . . . . . . . . .
x . . . 0 0 0

 .

3.18 Íàéäèòå îïðåäåëèòåëü ìàòðèöû
1 4 8 . . . 2n

2 2 8 . . . 2n

2 4 4 . . . 2n

. . . . . . . . . . . . . . .
2 4 8 . . . 2n−1

 ,


5 4 . . . 4
4 5 . . . 4

. . . . . . . . . . . .
4 4 . . . 5

 .
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0.1 Ìàòðèöû è îïåðàöèè íàä íèìè

Îïðåäåëåíèå 1 Ñëîæåíèåì ìàòðèö (aij)m×n + (bij)m×n

îäèíàêîâîé ðàçìåðíîñòè íàçûâàåòñÿ ìàòðèö (aij+bij)m×n.
Ïðîèçâåäåíèåì ìàòðèöû íà ÷èñëî λ(aij)m×n íàçûâàåò-

ñÿ ñëåäóþùàÿ ìàòðèöà (λaij)m×n.
Ïðîèçâåäåíèåì ìàòðèöû (aij)m×n è (bij)r×s îïðåäåëåíî,

åñëè ÷èñëî ñòîëáöîâ n ïåðâîãî ñîìíîæèòåëÿ ðàâíî ÷èñëó
ñòðîê r âòîðîãî ñîìíîæèòåëÿ. Ïðîèçâåäåíèåì (aij)m×n è
(bij)r×s íàçûâàåòñÿ ìàòðèöà (cij)m×s òàêàÿ, ÷òî

cij =
n∑

l=1

ailblj.

Î÷åâèäíî, ÷òî ìàòðèöû ñ îäèíàêîâûìè ðàçìåðàìè ñ
îïåðàöèåé ñëîæåíèÿ ñîñòàâëÿþò êîììóòàòèâíóþ ãðóïïó,
ò.å. èìåþò ìåñòî ñâîéñòâà: Äëÿ ëþáûõ ìàòðèö A è B îäè-
íàêîâîãî ðàçìåðà A + B = B + A. Äëÿ ëþáûõ ìàòðèö A,
B, C îäèíàêîâîãî ðàçìåðà A + (B + C) = (A + B) + C.
Òàáëèöà çàïîëíåííàÿ íóëÿìè ÿâëÿåòñÿ íóëåâîé.

Îòíîñèòåëüíî ïðîèçâåäåíèÿ ìàòðèö ñëîæíåå. Ñïðàâåä-
ëèâà òåîðåìà.

Òåîðåìà 1 Ìíîæåñòâî
1) Äëÿ ìàòðèö A, B, C ïîäõîäÿùèõ ðàçìåðîâ A(BC) =

(AB)C.
2) Ñóùåñòâóþò ìàòðèöû A, B òàêèå, ÷òî AB 6= BA.
Ñâîéñòâà äèñòðèáóòèâíîñòè ìàòðèö: 1) Äëÿ ìàò-

ðèö A, B, C ïîäõîäÿùèõ ðàçìåðîâ

A(B + C) = AB + AC.

Ìàòðèöà íàçûâàåòñÿ êâàäðàòíîé, åñëè ÷èñëî åå ñòðîê
ðàâíî ÷èñëó ñòîëáöîâ.

Äèàãîíàëüþ êâàäðàòíîé ìàòðèöû (aij)n×n íàçûâàþòñÿ
ýëåìåíòû ìàòðèöû aii, i = 1, n.
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Äèàãîíàëüíîé ìàòðèöåé íàçûâàåòñÿ ìàòðèöà ñ íóëåâû-
ìè ýëåìåíòàìè âíå äèàãîíàëè. Îáîçíà÷àåòñÿ êàê

Diag(λ1, λ2, . . . , λn),

ãäå aii = λi, i = 1, n.

Ìàòðèöà

E =


1 0 . . . 0
0 1 . . . 0
...

. . .
...

0 0 . . . 1


íàçûâàåòñÿ åäèíè÷íîé. Ëåãêî ïðîâåðèòü,÷òî ïðîèçâåäåíèå
ëþáîé êâàäðàòíîé ìàòðèöû A íà åäèíè÷íóþ ìàòðèöó ñî-
îòâåòñòâóþùåé ðàçìåðíîñòè ðàâíî ñàìîé ìàòðèöåA = AE =
EA. Ýëåìåíòû åäèíè÷íîé ìàòðèöû îáîçíà÷àþò, êàê

δij =

{
0, åñëè i 6= j,
1, åñëè i = j.

Òåîðåìà 2 Äëÿ ëþáûõ êâàäðàòíûõ ìàòðèö ñïðàâåäëèâî
ðàâåíñòâî

det AB = det A · det B.

0.1.1 Îáðàòíûå ìàòðèöû

Îïðåäåëåíèå 2 Ìàòðèöà B òàêàÿ, ÷òî AB = BA = E
íàçûâàåòñÿ îáðàòíîé ìàòðèöåé ìàòðèöû A. Îáîçíà÷à-
åòñÿ ÷åðåç A−1.

Íåâûðîæäåííûì íàçûâàåòñÿ êâàäðàòíàÿ ìàòðèöà ñ íåíó-
ëåâûì îïðåäåëèòåëåì.

Òåîðåìà 3 Ïóñòü A = (aij)n×n íåâûðîæäåííàÿ êâàäðàò-
íàÿ ìàòðèöà.
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Òîãäà ìàòðèöà

A−1 =

 A11

det A
. . . An1

det A

. . . . . . . . .
A1n

det A
. . . Ann

det A


ÿâëÿåòñÿ îáðàòíîé ìàòðèöû A.

Äîêàçàòåëüñòâî.Ïóñòü (cij)n×n = (aij)n×n×(
Aji

det A
)n×n.

Äîêàæåì, ÷òî cij = δij.

Ðàññìîòðèì cij = 1
det A

∑n
k=1 aikAjk. Ïî òåîðåìå Ëàïëà-

ñà ñóììà
∑n

k=1 aikAjk ÿâëÿåòñÿ ðàçëîæåíèåì îïðåäåëèòåëÿ
ìàòðèöû ñ äâóìÿ ñîâïàäàþùèìè ñòðîêàìè, åñëè i 6= j; è
ìàòðèöû A, åñëè i = jËåììà èëè òåîðåìà äîêàçàíà

Ìû ïîêàçàëè, ÷òî êàæäàÿ íåâûðîæäåííàÿ ìàòðèöà èìå-
åò îáðàòíóþ ìàòðèöó. Èç òåîðåìû 2 ñëåäóåò, ÷òî âûðîæ-
äåííûå ìàòðèöû íå èìåþò îáðàòíûõ.

� óïðàæíåíèÿ

5.10 Ïîêàæèòå, ÷òî âûðîæäåííûå ìàòðèöû íå èìåþò îáðàò-
íûõ.

5.11 Ïîêàæèòå, ÷òî A−1b ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ax =
b.

5.12 Íàïèøèòå ñèñòåìà ëèíåéíûõ óðàâíåíèé???(
2 1 −4
13 6 −4

)
,

(
4 7 7
3 5 −3

)
â âèäå ìàòðè÷íûõ óðàâíåíèé. Ðåøèòå ñ ïîìîùüþ íàõîæ-
äåíèÿ îáðàòíîé ìàòðèöû.

5.13 Ïðèâåäèòå ïðèìåð óðàâíåíèÿ Ax = b, êîòîðîå íå èìååò
ðåøåíèÿ bA−1.
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0.1.2 Ìàòðè÷íûå óðàâíåíèÿ

Òåïåðü ëþáóþ ñèñòåìó ë.ó. âèäà (??) ìîæíî ïðåäñòàâèòü
â âèäå ðàâåíñòâà ìàòðèöû b ñ ïðîèçâåäåíèåì ìàòðèö A è
b.

Ax = b,

ãäå

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . . . . .
am1 am2 . . . amn

 , x =


x1

x2

. . .
xn

 , b =


b1

b2

. . .
bm

 .

� óïðàæíåíèÿ

5.10 Ïðîâåðüòå ïðàâèëüíîñòü ñêàçàííîãî âûøå óòâåðæäåíèÿ.

5.11 Âî ñêîëüêî ðàç ìåíüøå ñèìâîëîâ òðåáóåòñÿ, ÷òîáû çàïè-
ñàòü óðàâíåíèå â ìàòðè÷íîì âèäå?

5.12 ×òî òàêîå "äåëåíèå ìàòðèöû íà ìàòðèöó"?
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0.2 Ôîðìóëà Êðàìåðà

Òåîðåìà 4 (Êðàìåð) Ðàññìîòðèì ñèñòåìó ëèíåéíûõ óðàâ-
íåíèé Ax = b :a11 .. a1n

..
an1 .. ann

 x1

..
xn

 =

b1

..
bn


ñ íåâûðîæäåííîé êâàäðàòíîé ìàòðèöåé A. Ïóñòü Ai ïî-
ëó÷åíà èç A çàìåíîé i-ãî ñòîëáöà ñòîëáöîì ñâîáîäíûõ
÷ëåíîâ.

Òîãäà ñèñòåìà Ax = b èìååò åäèíñòâåííîé ðåøåíèå:

(x1, x2, . . . , xn) =

(
det A1

det A
,
det A2

det A
, . . . ,

det An

det A

)
.

Äîêàçàòåëüñòâî. Äîêàæåì ñïðàâåäëèâîñòü ôîðìó-
ëû Êðàìåðà. Ìàòðèöà A−1b ðàçìåðíîñòè n × 1 ÿâëÿåò-
ñÿ ðåøåíèåì ñèñòåìà ëèíåéíûõ óðàâíåíèé??? Èñïîëüçóÿ
ïðåäûäóùóþ òåîðåìó, ïîëó÷èì ðåøåíèå

xj =
n∑

i=1

Aji

det A
bi, äëÿ j = 1, n.

Ñóììà
∑n

i=1 Ajibi ÿâëÿåòñÿ ðàçëîæåíèåì îïðåäåëèòåëÿ ìàò-
ðèöû Aj ïî j-ìó ñòîëáöó � ñòîëáöó ñâîáîäíûõ ÷ëåíîâ.

Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ. Ïóñòü ñóùåñòóåò åùå
îäíî ðåøåíèå x′. Òîãäà

x′ = A−1Ax′ = A−1b = x

Ëåììà èëè òåîðåìà äîêàçàíà.


