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«Hcmopua uesoseueckoii Mmbicau,
uzHopupylouan & Heli poab
Mamemamuxu, ecmb nOCMaHoexa
Ha cyene «I amaema», ecau ne be3
camoz0 I'amaema, mo no menvuueii

Mepe 6e3 Odeman.

A. H. Yaimxed

K yurarenio

OpnHot M3 xapakTepHblX OCOGEHHOCTEW MareMaTMKu SABNAETCA €e
abcTpakTHOoCcTb. BOT nodeMy kxaxpoe oTgenbHO B3RTOE MareMa-
TMYECKOe NOHATHE, HauWHan C MNPOCTEALIEro, ycBausaeTca Henerko.
» W HecMOTpA Ha 23TO, MmaremaTMka f[OCTynHa CaMoMy LUMPOKOMY
Kpyry niogei. «B yenom,—yrtBepxaan axap. A. H. Konmoropos,—
nocnieaoBaTenbHO COBPEMEHHOE WM3NOXXEeHWe ® MaTeMaTUKn, Hauu-
Haloweeca C Becbma OO6WMX NOHATHMA MHOXECTBA,  oTOGpaXKeHus,
rpynnsl, ynpowaetr ee. OTkpbiBas B pa3HOO6pa3HLIX 4HaCTHBIX
¢haktax obujyi0 UX OCHOBY, Mbl fienaem u3noxenue 6onee KpaTkmm
M B KOHEYHOM cyeTe 6onee NPOCTLIM U JOXOAUUBBIM».Y
Flpocrota ¥ QOXOAYNBOCTL —3TO TOXE OCOGEHHOCTL MaTeMaTuku. A
. BOT PaCKpbiTb 3Ty OCOOGEHHOCTb, Bbi3BaTb K MareMaTuke uHTepec
N0 BO3MOXHOCTM Y BCEX yvawuxca—pgeno pganeko He npocroe. U
rNasHyi0 poNnb B 3TOM, KOHEYHO, UrpaeTt negaror. Ycnex 0 MHOTOM
_ 33BMCHT He TOMbKO OT ero npogeccuoranbHon U obwen Ipyamnius,
OT €ro yMeHusi NpOCTO, YeTKO ¥ KPaTKo Bblpa)xaTb CBOW MbICNM, HO
M OT CcaMOid NMYHOCTU neparora, €ro CNOCOGHOCTHM ecnu  He
3aropaTthCs, TO NO KpanHed Mepe 4yBCTBOB3Tb Kpacory B8 ee
NPORBNEHUAX. g
B npouyecce npenocjaBaHWA MaTeMaTMKW Ha YCNEeX MOXET PacCHMTbi-
BaTb TOMILKO TOT fefaror, KOTOPbiA YBNEYEH CBOUM NPeAMEeTOoM,
KOTOPOFro yuawuecs MIOGAT M ysaxalT 33 NPUHLKUNKANLHOCTD W
006BLEKTUBHOCTb, B KOTOPOM OHW BMAAT He TONbKO KBanwdguuyuposaH-
HOFO cneynanucra, HO W uenoseka.
Jlekyum ¥ npaKTUYECKnEe 3aHATMA NO MaTemaTuke AailoT NOJIOXUTenNb-
HbIA IPEKT, ecnu Ha HUX MexAy NpenojaBaTens My ' yyauwmMmucs
uaput armocepa AOBEPUA, B3AKMONOHUMAHUA ¥ B3aUMOYBAXKEHMA.
Ho pgoctuyb 3TOro MOTYT TONbLKO Te npenogasareny, ANA- KOTOPLIX
MHTEpEChbl Yy4aluxca, WX MaremartMyeckaa MnoArotTeska npesbille
BCEro. ’ : .
Loporo# yutatens! MatemaTtnka 8 OTAMYME OT APYTrMX HAyK ABNsieTcA
Aenom npexpe BCcero Monoabix nioaen. Mictopus csuperensersyer,
YTO XU3Hb MHOTUX KPYNHbIX MaTemaTukos obopsanacbh O4EHb PaHO:
[anya, 3an0XuBLIWA OCHOBbLI TEOPUU TPYNIT, HENOHATBLIA NPU XKNU3HK,
6bin y6UT Ha gyanu Ha 21-M roay, Abenb ymep 8 27 ner, YpbicoH—B
26 ner, PamanygxaH—B 33 roga, Puman—s 40 net. Benuuanwne
oTkpbiTiA  HbloToHa — auddeperyuancHoe UCYMCNEHUEe K 3aKOH
TAroTeHus — Oblnin caenaHb! UM 8 Bo3pacte 24 ner. MoxHa HassaTtb
UMEHa MaTremaTMKoB, JOCTUIUMX CEPbLE3HbIX Pe3yNbTATOB HECKONbLKO
nosgHee. CnoxHee nNpuMBECTHM MNPUMEPHL!, KOrAa MAaTeMaTH4eCKuA
ycrex npuxoAun K yYeHOMY Ha CKNoHe ner.

e

D Koamozopos A. H. CoBpeMeHHas MaTeMaTHKa B MaTeMaTHKA B
coppemenHo#l wmikoyne.— Matematuxa B 1kone, 1971, Ne 6.
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Bor noyemy HesaeucnMo oT Bailero nonoxxeHus, Boapacrta U yposHs
3HAHWA, NPOHWUKHMTECh MLICNLID O TOM, YTO MartemaTuka —camas
MOTyL{EeCTBEHHAR ¥3 BCEX HAyK, OHA MCTOMHWK BCEX HaWWX NO3HaHuA,
¥, Kax aBToOp 3TOW KHMru, st xoten Obl Bbi3BaTh Yy Bac He npocto
MHTEpEeC, a YBNEeYeHHOCTb MaTeMaTnkoMl, 4Tobbul oHa crana ans Bac
HeobxoaMMOoCTbio, a4 ANA niogen o0cob0 OAAPEHHbIX — LENnbi0 XXU3HMK.
Marematuke Yenoeeyecrso 06A3aHO BCEMU BENUYARWINMK OTKPLITHA-
MUY, AaBlWIMMW MWPY TEHues.

W3yyenne matematvky paizsuBaeTr NorMyeckoe Mbllnenue, npuyvaer
yYenoBeka K TOYHOCTH, K YMEHUWI0 BbiAenAaTb rnasHoe, coobwaer
Heob6xoanMbie CBEAEHNS ANA NOHUMAKMS CNOXHEAWWX 33/a4, BO3HM-
KaoWwux B pasnuykbix o6nacTax AEATENbHOCTU COBPEMEHHOTO 4eno-
Bexa.

B ‘cBR3u C BO3pocuwien ponbio MaTteMaTUky B COBPEMEHHOW Hayke #
TeXHuke Oyayuine MHXEHEepbl ¥ HaydHble pabOoTHWKM HYXAAKTCA B
Cepbe3Hon MaTtemMaruvyeckon NOoAroToBke.

BbinyCkHUK COBpPEMEHHON CpegHeA LUKONbl [AOMXEH He TONbkKo
yMeTb CTpouTb rpacdukn ¢YHKUMHA, HO ¥ UCMONb30BaTb METOAbI.
MCCNeRoBaHus NOBEQEHNA (YHKUWA, OCHOBaHHble Ha guddepeH-
UManbHOM UCYUCNEHWW, a TaKxe BnageTb TexHukon pandde-
PEHLUMPOBAHUA U MHTErPUPOBaHUA XOTA Obl NPOCTBIX  (PYHKLUA
HE32BWMCMMO OT TOro, NPoACMXWUT N OH oby4yeHne B By3e MNM HeT.
CerogHa wmarematnka HyxHa BceM. OTO BeneHue BpPeMeHW, Ha-
CTOATENbLHAN IXUIHEHHAs HeoOXoauMOCTb, HayuHO-TeXHWYEeCKH#A
nporpecc Heeo3MoXeH 6e3 yBenuyeHus obbema MaremMarnyeckux
3HaHUA Ha BCEX YPOBHAX, Ha4YuHas B NepByl0 oyepegb C Tex-
HUKYMa, CPeQHEN LKOoNbI, TMMMHa3uK, NMUEes W Konnegxa.
COBpEMEHHBIR MHXEHEP MM Hay4Hbi PabOTHUK AONXEH He TONbKO
3HaTb OCHOBbI MAareMaTnku, HO ¥ XOpowo BnajgeTb BCEMWU HOBEN-
WKUMK MaTeMaTU4eCKUMU MEeTOAaMK WCCNEefO0BAHWSA, KOTOpLie MOryT
NpUMeHATbCA B o6nacTu ero feaTenbHOCTW.

Doporoit untatens! B Hawe Bpema BO Bce 06nacTu uenoBevecKoi
AEATENBHOCTH NPOHNKAIOT MaTEMaTUNECKMe MeTOAbLl WCCReaoBaHus.
CMeXHble HayKi MCNOMb3yloT pasnuuHblii 06bemM wmaremarnyeckmux
3HaHWI M CTaBAT HOBLIB 3a0a4M B M3YYEHMM CaMOW MaTeMaTHKW.
Maremarmnka Kak yveGHan ANCUMNAMHA NPOYHO 33HANA MecTo B y4e6-
HbIX NNaHax sy308. MOXHO CMENo €Ka3aThb, YTO N3yyeHne MaTemMaTy-
KM cnoco6CcTRYeT YCBOGHMIO CaMOro COBPeMEHHOr0 CTHNA Hay4Horo
MBLILAIEHWA W ABNABTCA YCNOBMEM B8ro NPHUMBHEHWA B KOHKPeTHbIX
Haykax. MpuMuTe Moe NCKpeHHee YBaXKeHue.
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MXKusnb ykpawiaemcs O8yMa ee-
WaMU: 3aHAMUEM MAMEMamuxol
u ee npenodasanueM.

C. J. Hyaccon

IIPEJVICJIOBUE

IIpennaraemoe yie6n0e nocobre npeacrasnser coboit
0000Lere MHOTOJNIETHEFO ONLITA NPENOJABAHHA aBTO-
POM BLICIICH MaTeMAaTHKH Ha HEMATEMAaTHYeCKHX (a-
KyJbTeTax H Ha Bcecoro3sHbIX xypcax HOBHILICHHMS HAayy-
HoH xBayMHKaIMH yATeNed CpefHHX HIKOJ B Mockos-
CKOM TIOCYHNapCTBEHHOM YHHBEPCHTETE.

Hemp xAMIM—1o0Ka3aTh B OPOCTOM H3JIOXKEHHH Kak
YeTEOCTh B KOHKPETHOCTb, Tak H JOCTYNHOCTb JUIS
IHPOKOTO Kpyra 4uMrTaTeNned OCHOBHLIX MHOHATHM H
TEOPEM BHICIICH MaTEMAaTHKH; HAYYHTb CTYJCHTOB CaM
CTOSTEJILHO peIIaTh 3aJavd. - . :

- Tlockonbky B kHHTe HMeeTcs GojbIIOe: XOJIHYECTBO
HoApoOHO peNeHHHX THEOOBHIX NPHMEPOB H 3ajad,
MOACHSIONMX TEO eCKHN MaTepHall H crnocobCTBYiO-
mux Oonee riiyOboxoMy ero- NOHEMAaHHIO, OHA HaHAjeT
OpPEMCHEHAE B NEJarormd4eckoif JACATENLHOCTH B BY3aX,
TEXHMKyMaX, CpenHedf ImxoJsie, Ha Xypcax HNOBHIICHHS
KBaTHHKAIEH yIATeNeH, a TAKKE HA NOArOTOBATEILHEIX
OTACJICHHAX BY30B. : :

K xaxnomy naparpady chopmymaposann «Bompocu
JUl CaMONpOBEPKE», B OCHOBHOM 110 ‘TeopnH. Llesb 31X
BOIIPOCOB —NOMOYL B CaMOCTOSTENbHOH pabore Hax
Teo €CKHM MaTEpHAJIOM. .

KOHHE Kaxnoi rnasel (kpoMe Ii1. 4) JaHW XOHT-
POJIbHHE 3a/]a4H /JI NOBTOPEHES H YriTyGsenHs Mate-
pHANa COOTBETCTBYIOMCH riaBH. BOJBIMECTBO H3 3THX
3anay OpeIarajioch B BHIE KO JIbHBIX 3aJiaf|il uis
yuammxcd OTKpHITOro Jymues «Bcepoccmiickas 3aod-
.Has MHorompeaMerHas mxoxa» (OJ1 «B3MII»). 3tu
sazam 6yayT BechbMa IOJIE3HK YHAIIMMCS CTapIIMX
KJIACCOB, yYHTeNsM NpH mnoaGope MaTepHana s
YOpaXxXHeHHMH, 8 TaKKe CTYJAeHTaM JUIS CAMOCTOATE)b-
HOH paboTHL. i

B xoHme KHATH X KOHTPOJbHBIM 3afa¥aM J[aHH

. OTBETHI, PCLICHHA M yKa3aHWs. 34ech aBTOpP XOTejx OH
. JaTk HEKOTOpHE pekoMeHmamun. Ilpexze YeM HadaTh
pemaTh 3TH 33aJa4d, HANO CHAYaja H3YYHATh HYXKHBIH
paszen, RoOGHTHCA NOMHON SCHOCTH B HOBHMAHHH COOT-
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BETCTBYIOIMX TOHATHA ® Teopem. Ilpm 3roM Hajo
CaMOCTOATEILHO NPOBOAMTH HAPAJIEIBLHO C TEKCTOM BCe
BLIYACJICHHMA, peliaTh BCe TIPHMEpPhI KaK pa3oOpaHHme,
Tak ¥ TOMeIlUeHHble Oe3 pewueHus. JT1o Gyner xopomed
TPEHMPOBKOH M TapaHTHEl KayeCTBEHHOro YCBOCHHA
MaTepHaJa. :

Cneayer obpaturh ocoboe BHUMaHHE Ha GopmyimH-
POBKH C «&-N»- H «g-O»-Tepmunonoruei. Baxno sicaoe
yeTKOo€ NMOHHMAHHE CYTH ONpENCJCHHH, pOJIH H MECTa
KaXxaoro cjosa. JIs 3TOro CieayeT AeTalbHO pa3obpaTh
npeaiaraeMele NpHMepLl M 3a/Ia4H.

U nocnennee. U3yuenne MaTtepHana ciemayeT MpOBO-
JMTh CTPOrO TOC/IEN0BaTEIbHO HAYHHAA C NEPBOM INaBH,
¢ mepBoro maparpada M C NEpBOro NyHKTAa, TaK Kak B
MaTeMaTHKe BCE NMOHATHA TECHO CBsi3aHBI Mexay coboi.
W3 oaHOro NOHATHA CJEXyeT APYroe 4 mpomyck Kakoro-
s60 M3 HUX MOXET ‘BbI3BAaTh HENOHMMAHHE NOCJIERYIO-
mero. B 3romM 3akmiovyeHa crneuMpHKa MaTEeMATHKH.

Ipn manMcaHuH JaHHOTO TMocobusa 6buTa HCIONBL3O-
BaHA 4YaCThb MaTepHaja M3 KHATH aBropa «Bhicmas
MarteMaTnka» M., 2000, koTopas EMeeT rpad ydeOHEKa
IUIA CTYACHTOB BY30B, H €0 McToAMdeckne paspaborxm,
w3nansple A OJI «B3MIII».

ABTOp Hajeercs, 4TO JaHHOe mocobme obnerdmr
paGoTy CTYNEHTOB, NMpENOAaBaTECH M yYalEXCA CTap-
IX KJACCOB B HM3YYEHHWH OCHOB BBICHICH MaTEMATHKH.
OH Takxe INOJIATacT, 4YTO mnocobHe OyAeT MNOJIE3HBIM
IIMPOKOMY KpYTY JHll, 3aHAMAIOLUIMXCS 3a09HO WM
camoobpazoBarmeM. MM OHO 3aMEHMT B KakKOH-TO
CTENICHH M JIEKTOpa, M MNpenoaaBaTelis.

ABTOp BBIpaXaeT CBOIO TNPH3HATEALHOCTH aKa.
A. H. Tuxonosy, mnpogeccopam . II. Kocromaposy,
IO. A. Pa6osy ® A.T. CokonesckoMy 3a ydYaCTHe P
paboTe Han pykommceio JaHHOro yue6Horo mocobms. Om
Takxe GiarogapHT BCex mpenopaasatenei xadenpu BhIC-
meil MatTeMaTHKH MOCKOBCKOro rocyaapCTBEHHOI'O
aBTOMOGHMIILHO-AOPOXXHOI0 HWHCTUTYTa, NPHHABIIAX
y4acTHe B 06CyXIeHUU DYKOITHCH. B

- Asmop
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Byov 6aazocaosenno 6oxcecmaen-
Hoe Hucno, nopoousuiee: 60208 u
A00ei.

Hugazop

TJABA 1
BEMECTBEHHBIE YUCJIA

§ 1. MHOXXECTBA U OCHOBHBIE OBO3HAUYEHHUS

B MaremaTnke Bce NOHSTHS [HeNSTCA Ha nepeuy-
Hoie) M onpedessemvie uepe3 NEPBUYHBIE HIH YyXe
H3BECTHEIE.

OCHOBHBIM TIEPBHYHBIM TIOHSTHEM MATEMATHKH, €€
bynnamenToM sBnsieTcs NOHATHE MHoMcecmso. CioBa:
CO80KYnHOCMb, cemelicmeo, cucmema, Habop, obseduneHue
H T. 1. ABJIAIOTCS CHHOHUMAMH CJIOBa mHOxMcecmso. Tlpu-
MEpaMH MHOXECTB CJIYyXaT MHOXECTBO Y4YalIUXCs B
JAaHHOW ayJUTOPHMH; COBOKYNHOCTH Te€X H3 HHX, KTO
NOJIy4aeT N0 MaTCMAaTHKE TOJIbKO XOPOIUHE M OTJIMYHBIC
OLICHKM, CeMeMcTBO 3Be3n Bosbimoit Mensemuupl; MHO-
XKECTBO CTPAaHMIl NAHHOM KHMIH; MHOXECTBO BCEX pa-
IMOHAJLHBIX YHCEJI M T. 1. U3 npuseneHHbIx npumepos
CJICAYET, YTO MHOXECTBO MOXET COJEPXaTh KOHEY-
Hoe WM OECKOHEYHOE HYHCIO OOGBEKTOB IPOM3BOJIBHOM
IIPHPOLL.

OO6BeKThI, U3 KOTOPBIX COCTOMT MHOXECTBO, HA3bI-
BalOTCAA €ro Jqtemenmamu YUIH moukamu. MHOXecTBa
yaiuie BCero o06o3HavaroT GoibluMMH 6GyKBaMH JIATHH-
Ckoro andaBuTa, a HX 3/IEMEHTHl— MaJIbIMH GyKBaMH.
Ecnmu x-—osnemenT MuOXecTBa X, TOo mamyt xeX (x
mpuHaanexuT X). Ecama x He sBugercs 3jieMeHTOM
MHOXECTBA X, TO mHIYT x¢X (x He mpHHAMIEXHT X).

Ecm  xy, ..., X,—HEKOTOpble 3JIEMEHTBl, TO 3AIHChH
X={x,, ..., x,} o3Hauaer, uTO MHOXecTBO X COCTOHT
H3 3JEMEHTOB X, ..., X,. AHaJIOTHYHBIA CMBICI HMeeT

samuce X={x;, X, X3, ...}

D Caenyer ocobo momuepxkHyTh, uTO NEPBHYHBIE TOHATHA HE
MOTyT ObITh onpeneneHel. OHM, Kak NpPaBWIO, pPA3BLACHAIOTCA Ha
upumepax. C MX IOMOLIBIO ONPEAENSIOTCS ApPYTHe MOHATHA.
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Iycte X u Y— nBa mHOXecTBa. Ecm X 1 Y cocroar
3 ONHMX M.TeX X¢ 3JIEMEHTOB, TO TOBOPAT, YTO OHH
cosnadarom, a- Myt X =Y. Ect B X HeT 3JIeMEHTOB, HE
NpHHAJIeXaEX Y, TO TOBOPAT, 4T0 X codepxucumca B Y
WIA 970 X eCTh nedmHoxcecmeo mHoxcecmea Y. B stom
cnyyae nuuyT X< Y wmn Yo X (X comepxurcs B Y M
Y comepxur X).

OV Ilpumepnl. 1. MHOXeCTBO YETHBLIX 4HceNn X €CThb
NOAMHOXECTBO MHOXecTBa Y penpix ducenm: XcY.
2. MHOXeCTBO palMOHAJbHBIX yHcesa () €CTh MOAMHO-
KECTBO MHOXeCTBA R BCeX BeIIECTBEHHbIX wucen )
QcR. 3. MHOXeCTBO CTYACHTOB BCeX (aKy/IbTETOB
HHCTHTYTA X M MHOXECTBO BCEX CTYJEHTOB TOro
%e HMHCTHTyTa Y coBnazawot: X=Y. @

MHOXECTBO, HE CoAcpXallee HH OTHOTO 3JIEMEHTa,
Ha3blBAETCA nycmbim WM O0O3HAYaeTCss CHMBOJIOM (.
ITyctoe MHOXECTBO SBJASETCH IMOJAMHOXECTBOM Joboro
MHOXECTBA.

MHOXECTBO € YCTaHOBJICHHBIM NOPAOKOM Ppacro-
JIOKEHUS DJIEMEHTOB Ha3biBAIOT YNOPAOOUEHHbIM. YTO-
psAIOYEHHOE MHOXECTBO B OTJHYHE OT NPOCTO MHO-
XeCcTBa 3aMHMCHLIBAIOT BHYTPH KpYTibIX ckobok. Ha-
npuMep, M3 OJHOIO M TOrO >e€ MHOXecTBa {X;, X,}
MOXHO TOJYYHTL JABa YIOPSIOYEHHBIX MHOXECTBA:
(x1; 35) 1 (x55 xy).

B nanpHeilmeM HaM NPHACTCS KMETH JEJO € Pa3iHi-
HbIMM MHOXECTBAMH BeIlleCTBEHHBIX uHucen. Bcroay, rae
3TO HE MOXET NPHBECTH K HETOYHOCTH, I KPATKOCTH
BELIECTBEHHbIE YHcna OyneM Ha3biBaTh IIPOCTO YHCJIAMH.

Ilycts P(x)—-—Kaxoe-To cpoiictBo umcna x. Toraa
samuch {x|P(x)} o6o3HayaeT MHOXECTBO BCEX TAaKHUX
uncen, KOTopele 06najgaloT cBoiicTBoM P(x).

O Tpumepui. 1. MuoxectBo {x|x*—3x+2=0} ectp
COBOKYNHOCTh KOpHeH ypaBHeHHs x>—3x+2=0, T.e.
3TO MHOXECTBO COCTOMT M3 MABYX 3JeMeHTOB: 1 M 2.
2. MuoxectBo {x|3<x<7} sBIsSeTCA COBOKYNHOCTBIO
BCEX YMCEJ, YAOBJETBOPAIOUIMX HepaBeHCTBAM 3<x<7.
3. MuoxecrBo {x|x>7 n x<3}=(J, T.e. 3To mycroe
MHOXECTBO. @,

Ecmu x,, ..., X, —IOpOU3BONbLHLIE YMCNIA, TO 3AINCh

n 3necy # nanee 3HAKH O ® @ O3Ha4alOT COOTBETCTBCHHO Ha-
4aJ10 ¥ KOHCIY NpHMEDPOB.

2 BMECTO TEPMHHA GewjeCmsenHble HucAd HACTO MCIONL3YIOT
TepMHH Jdeiicmaumendivle uucsa. QOBIMHO MHOXECTBO BCEX BELICCTBCH-
HbIX 4ncen o6o3mauator uepes R (umu RY).

8
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x=max {X, ..., X,} (x=min {x,, ..., x,}) V) o3mauaer, 4ro0
YMCIO X MaKCHMANbHOE (Mmmmanbﬂoe) U3 YHCEA Xy, ...
veuy Xpe

B’ 3aKII0ucHHE ‘OTMETHM, HTO nepsmnmmn noHA-
THAMH ABJIAKOTCS mouka, npamasa U naAocKocmbnp. IIJ’UI BCEX
OCTAJIbHLIX TNOHATHH OyIayT HaHbl ompenescHHS.

f)

, . Bonpoctl ans camonposepky

1. Kakyio pornb B MaTeMaTuKe UrpaioT NEPBUYHLIE NOHATUR?

2. HasoeuTe OCHOBHOE NEPBUYHOE NOHATHE.

3. NpuseanuTe npvMmepb! Pa3snNUuUHBLIX MHOXECTB.

4, MNpuseguTe npuMep COBNAfJAOWMUX MHOXECTS.

5. Cxonbko MOXHO o6pa3zoBaTb NOAMHOXECTB W3 MHOXECTBA
X={x;, %3, X3, X4}?

6. MoyeMy nycToe MHOXECTBO NABNRETCA MNOAMHOXECTBOM fil0-
6oro mMHoxectsa?

7. Yto osmauaer 3anuce {x|P(x)}?

8. MpuseauTe NOHATHA, KPOME MHOXECTBA, ABNAIOWMECH Nepeuy-
HBIMU.

§ 2. BEHIECTBEHHBIE YMCJIA ¥ KX OCHOBHBIE CBOMCTBA

IMonsTHE BEIIECTBEHHOTO YHCNAa NPHHAIIEKHT K
OCHOBHBIM MaTeMaTH4YeCKHM NOHATHAM. CylIeCTBYIOT
pasIMYHbIE NOAXOAbI K ONpEAC/ICHHIO BEIIECCTBEHHOIO
uyucna (MeETOJ CeYcHHH, ONpEAE/CHHE BEIIECTBEHHOIO -
uyucna kak OeckoHewBas JecaTHYyHas JpobGp M 4p.),
onHako Haubojiee JIOTHYHBIM M IIPOCTHIM  SIBJISETCS
aKCMOMAaTHYECKHH METOZR BBEJCHHS BElLIECTBEHHOrO 4HC-
na. 3aMeTHM, 9TO BCe METObI BBEJCHHS BEIICCTBEHHOIO
YKCJIa 3KBHBAJICHTHbI, TaKk KaKk HH B OJHOM M3 HHMX HE
yCTaHABNMBAETCA (aKT CYIECTBOBAHAS BEUIECTBEHHOrO
yucna. [ToaToMy Bo Bcex ciyyasx He0OXOJMMO BBOIHTD
aKCHOMY CyLIeCTBOBaHHA EBemlecTBeHHoro unmcna. Ilo-
CKOJIbKY X€ HCMOJb30BaHHE aKCHOM HeM36exHO, mpolie
BCErO HX cpa3y cHOpMYIMpPOBaTH M NEPEATH K HEMOCPEn-
CTBEHHOMY H3JICKEHHIO OCHOBHOTO MaTepHana.

HanoMHHM, 4T© MHOXECTBO BEIIECTBEHHBIX HHCEN
pa3buBaeTcs Ha JBa MHOXECTBAa — PALMOHAJIBHBIX H
HpPalHOHAIBHBIX YHCeN. PayuonasbHbim Ha3bIBAETCS YHC-

JI0, KOTOpO€ MOXHO NpPEeACTaBHTbL B BHJC e, ranc pu
q

q—uensie yucna, npuyeM q#0. Hppayuonassubim Ha3bl-
BaeTCs BCAKOE BEILECTBEHHOE YHCIO, KOTOPOE HE HAB-

D Or nar. maximum (minimum)-—HauGONbUMI (HAEMMEHBLINRIL).
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JI9eTCA palMOHANbHBIM. Bcesikoe panyoHajibHOE YHUCIIO g
ABJseTC NUOO LEabIM, MO0 ero MOXHO HNPEACTABHTL B
BUJE KOHEYHOM HIJIM mepuojddeckoid OeckoHewyHO# necs-
THYHOH Jpobu. HppaudoHanbHoe e HMCIO Tpen-
CTaBJIsIeTCA HEMEPHOIUIECKOH OecKoHeYHOil necxmqnon
Apo6sro. Hanpumep, paudoHanbHele uucia 3/, W !/,
NIPEJCTABJAIOTCS COOTBETCTBEHHO CIIEAYIOIIUMH JECs-
THYHBIMH ,IIpO6$lMPI 0,75 m 0,333...; mppanMoHaJbHBIE

YHUCIa \/2 H 7T OpeaACTaBJIAIOTCA COOTBCTCTBCHHO HEIE-

pHOOVYECKUMH OECKOHEUHBIMM JECATHYHBIMH Jpobamu:
1,41421356... u 3,14159....

ITpuBeieM OCHOBHBIE CBOMCTBA BEIIECTBEHHBIX YHCE,
KOTOpLIE [PHMEM 33 AaKCHOMBI, BBIBEAEM 'H3 HHX
HEKOTOPLIE CJCACTBHUA, & 3aTeM ONPEeAeSHM BeEIeCT-
BEHHBIE YHCJIA.

I. Cnoxenne u. YMHOXKCHHE BCEIICCTBCHHBLIX YHCEJX

Hns moboli nmapel a ¥ b BelecTBEHHBIX YHCE] OMpe-
JENEHbl, ¥ IPUTOM €IHHCTBEHHBIM 00pa3oM, JBa BellleCT-
BEHHBIX 4HCIa a+b U a-b, Ha3pIBaeMBIE UX CYMMOU U
npousgedernuem, 0671a1a10IUMH CJIEAYIOIMMHE CBOHCTBAMU.

Kakosbt 6b1 Hu Oblau uucaa a, b u c.

)1°. a+b=b+a (nepeMecTHTENbHOE CBOMHCT-
BO). :
2°. a+(b+c)=(a+b)+c (coueTaTenbHOE CBOW-
CTBO).

3% a'b=b-a (HepeMeCTHUTENBbHOE CBOUCTBO).

4° a-(b-c)=(a'b)-c (coueraTrenbHOe CBONCT-
BO).

5% (a+b)-c=ac+bc (pacnpenenuTtenpbHOE
CBOHCTBO).

6°. Cywecmeyem eduncmsenroe yucao 0 makoe, umo
a+0=a 0aa mobozo uucaa a.

7°. [aa w0b6o20 wucaa a cywecmeyem maxoe uucao

—a, umo a+(—a)=0.

8°. C ywecmeyem eourcmeennoe uucao 1#0 maxoe,
lmio 13 06020 wucaa a umeem mecmo pageHcmeo
al=

9° ﬂ/m 106020 uucaa a #0 cywecmeyem maxoe
uucao a ', umo a-a”'=1; uucro a”' obosnauaemcs

1
makce CUMBOAOM —.
a
3aMeuanue. Uucna —a ¥ a~!, 0 KOTOPHIX roBO-
purca B cBoiictBax 7° m 9°, enMHCTBEHHBL
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B camoM gene, ecnn OBl CylecTBOBallo, HanmpuMep,
ele ONHO YHCIO b# —a, YIOBIIETBOPSIOIUEE YCIOBUIO
a+b=0, 10 a+b+(—a)=—a, otkyna a+(—a)+b=—aq,
0+b=—a nm b=—a, T.e. mMONYYEHO TPOTHBOPEYHE.
(CamocTOsTENbHO NOKAKUTE EAUHCTBEHHOCTD YHCNa a~ !.)

II. CpaBuenue BemieCTBEHHLIX YMCET

M mo6bIX ABYX pa3/IMYHBIX BELIECTBEHHBIX YHCES a
¥ b yCTaHOBJIEHO OJIHO M3 OTHOLIEHHIT: a=b (a paBHO b),
a>b nwm b>a (a Gonpme b wuin b 6Gonbine a).
OtHowienne = obsamaer cBoiicTBoM: ecnu a=b u b=c,
TO0 a=c. .

OTHomenne > obsagaer CleAyOIUMH CBOMCTBAMIIL

Kaxosvr 6v1 Hu Gviau uucaa a, b u c;

10°. Ecau a>b u b>c, mo a>c.

11°, Ecau a>b, 10 a+c>b+c.

12° Ecau a>0 u b>0, 10 a'b>0.
- Bmecto a>b mummyr takke b<a (b MeHble aq).
anuce a>b (wnu, 410 TO Xe, b<a) obo3Havwaer, 4TO
mbo a=b, mbo a>b"Y. CootHomwenus a<b, a<b,
a>b, a>b wasbiBarotca Hepagsencmeamu. Hepasencrsa
a<b M a>b Ha3LIBAIOTCA cmpozumu HepaseHcmeamu.

Yuciao a, yJoBAETBOPSAIOLUEE HEPABEHCTBY a>0,
Ha3bIBAETCH NOAOAHCUMEALHBIM, A YUCJIO a, YAOBJETBO-
psilolIee HepaBeHCTBY a < 0,— ompuyameashoim.

OtmeTuM, uto cBoiictBam I u II ynosnersopser u
MHOXECTBO TOJLKO PAHMOHANIBHBIX YHCE.

III. HenpepbiBHOCTL BeINECTBEHHBIX YHCE

13°% Iyems X u Y— d6a muoncecmesa, cocmoswue u3
gewjecmeenuvix yucen. Tozoa, ecau 044 mobvix uuces xc€ X
u y€ Y evinoannemca nepagencméo x<y, mo cywecmeyem
xomsa 6wl 00HO UYuCA0 ¢, makoe, YMo 044 A06BIX YUCes X U
'y 8bINOAHAIOMCA HepaseHcmea

‘x<e< ¥.
. Cnenyer 3aMeTHTBh, YTO CBONCTBOM HENPEPBLIBHOCTH
00namaeT MHOXECTBO BCEX BEILECTBEHHBIX HHCEN, HO MM

D Hanpumep, moxHo Hamucats 2<2, 2<5. Pazymeercs, MOXxHO
HanucaTh 6onee Touno: 2=2, 2<5, onnako, HepaBeHcTBa 2<2 ¥ 2<5
TaKkKe BEPHbI, TaK KaK O3HA4AIOT, 4TO «IBa He 0onblue ABYyX» M «aBa HE
6osbiie nATHY. )

- ’ : I
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He 00JagaeT MHOXECTBO TOJBKO DallMOHAJIBHBIX YHCEIL.
JlefiCTBHTENILHO, MYCTh MHOXECTBO X 'COCTOMT M3 pa-
UMOHAJLHBIX YMCEJT X, JUI1 KOTODHIX BBINOJIHACTCS

HEPaBEHCTBO x<\/§, a MHOXECTBO Y COCTOMT M3
pPalMOHAILHBIX YHCEJ Y, IUIA KOTODPBIX BBINOJIHAETCS
HEPaBEHCTBO y>\/§. Torna, oueBmaHo, mius mroboro

xeX u moboro ycY BBINOJHAETCA HEPABEHCTBO X< Y,
OJIHAKO HE CYIIECTBYET PAalMOHAJIBLHOTO YHCJIA ¢ TaKOro,
4TOOB! BBIOJIHSJIMCH HEpPaBeHCTBA x<c<y. B camom

Jesie, TaKMM 4YHCIOM MOrjo OBl OBITH TOJBKO \/5,

KOTOpOE, KaK H3BECTHO, HE SBJISETCS PAalHOHAJIBLHBIM.

N3 ceoiicte I—1I1II BeITEKaOT BCe OCTaJIbHBIE CBOI-
CTBa BEIECTBEHHHIX 4Hcelsi. [IpuBeeM HEKOTOphIE M3
HHX, HO B JaJibHeifileM OyJeM HCIOJb30BATHL H ApPYTHE
cBoiicTBa, He MPOBOAS MX GOPMaNILHOTO JAOKA3aTeIbCTBA
(Takoe mOKa3aTeabCTBO BCSKHi pa3 JieTKO NPOBECTH).

Kaxosvt 661 nu 6viau wucaa-a, b, ¢ u d

14°. Yucao x=b+(—a) neasemcs pewenuem ypas-
HeHua a+x=b.

0O JeiicteuTensHo, B cuuy ceoiicts 19, 2°, 6°, 7°
umeeM a+b+(—a)=b. mY

Yucio b+(—a) HassBaeTCs pasHocmuio duceNn b a u
0003Ha4YaeTCa CUMBOJIOM b—a. OTMeTHM, 9TO ecid a<b
(wym, 4T0 TO X¢, b>d), TO pasHOoCTL b—a>0. B camom
Jiene, W3 HepaBeHCTBA b>a B cuiay cBoiicta 11°
nonysaeM b+(—a)>a+(—a) wm b—a>0.

15°. Yucao x=ba™' seanemca pewenuem ypashenus
ax=>b, ecau a#0.

0 JeiictBuTensHo, B cuiny coiictB 3%, 4°,78%, 9°
umeeM a-ba '=b. =

Uucno ba~! HaswpiBaeTcs yacmmuvim 4ucenl b u a m

b
obo3HayaeTcs CHMBOJIOM - WH b:a.
a

16°. Ecau a<b, mo —a> —b.

0O B camoM gpene, Tak Xak a<b, 10 b—a>0.
CrenoBaTeAbHO, cornacHo csoicrsy 11°, b—a+(—b)>
>0+(—b), oTkyaa momydaeM —a>—b. m

B gactrocTH, ecma a>0, T0 —a<0, a ecm a<0, TO
—a>0 (3mech wucnonb3oBaH TOT ¢akr, 4ro —0=0;
IeHCTBUTENILHO, Ha OCHOBaHWMH cBoiictBa 6° (—0)40=

M 3neck M janee 3Hak [ o3HAauaeT Hadalo AOKA3aTelbCTBA,
a 3HaKM — xoHen QoKa3aTeanLCTBa. ‘
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=—0, a cornacao ceoiicrey 7°, (—0)+0=0, oTkyza
cneayer, uto —0=0).

17°. Ecau a>b u ¢>d, mo a+c>b+d, m.e.
HepageHcmea 0OHO20 3HAKA MONCHO NOYAEHHO CKAAObl8ams.

0O B camom pnene, ecnd a>b u ¢>d; TO, corjacHo
csoiicty 11°, umeeM a+c>b+c u c+b>d+b. Tosro-
My Ha ocHOBaHMH cBoiictBa 10° a+c>b+d. m

18°. Ecau a<b u c¢>d, mo a—c<b—d, m. e. nepa-
6EHCMEA NPOMUBONOAONCHBIX 3HAKO8 MOMCHO @blumamo,
0CMAsAAA 3HAK MO20 HepaseHcmea, u3 Komopozo 6bldu-
maaocy Opyzoe.

O B camoMm pgene, Tak kak c¢>d, TO, COTJACHO
ceofictey 16°, —c< —d. CkiaapiBas TOWIEHHO Hepa-
BEHCTBA a<b m —c<—d (3T0 MOXHO JenaTh Ha
ocHOBaHHM cBo¥crBa 17°), monywaeM a—c<b—d. m

19°. a—a=0.

O B camoMm gene, a—a=a+(—a)=0. m

20°. a-0=0.

O Jeiicreutensto, a-0=a:(b—b)=ab—ab=0.

21° —(-a)=a. -

O B camom gere, —(—a)=(—(—a))+(—a)+a=0+
+a=a ®

22°. (—a)b=—ab.

O Jle#cTBATENILHO, ,S)—agb= g—a)b+ab+(-ab)=
=[(—a)+a}-b—ab=0-b—ab=0—ab=—ab. ®m

METHM, 9TO, - 3aMensias cymmy (—a)b+ab npo-
m3peneaneM [(—a)+a]b, Mbl Bocmonb30BaNHCh CBOJ-
creom 5% U3 ceoiictBa 22°, B 4YacTHOCTH, mOJydaeM
(-Da=—a.

23° Ecau a<0 u b>0, mo ab<O.

O B camoM pene, Tak kak a<0, To —a>0, mosTomy,
cornacHo cBoiicty 12° (—a)b>0. CrepopartemsHo,
(—a)b=—ab>0 n, 3mawut, ab<0. W

4°. Ecau a<0 u b<0, mo ab>0.

0 [e#ictBuTenbHO, Tak kak b<0, To —5>0. ITo- .
sTOMy Ha ocHoBaHMH cBojictBa 23° (—b)a<0. Cnenosa-
TenbHO, (—b)a=—ab<0 n, 3Hagut, ab>0. m

25° Ecau a?0, mo aa=a’>0.

CupaBeUIMBOCTh H4HHOTO YTBEDXKICHHS CJEAYET M3
pasercts 12° u 24°. B wacthocth, 1=12>0, 1. e. 1>0.

26°. Ecau a>0, mo u a '>0.

O B camom nene, cornacHo cpoiicrBam 9% m 25°,
aa"'=1>0, a ecim npeanonoXHuTh, 4T0 a~'<0, TO B
cuy ceoiicts 20° u 23° monywnm, uto aa”'<0, T.e.
HMeeT MecTo mpoTusopeure. Crnegopatebho, a~1>0. &
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Hrak, MBI BHOUM, 9YTO M3 OCHOBHBIX (BOiicTB I—III
BEIIECTBEHHBIX YHCEN BBHITEKAIOT OCTaJIbHBIE MX CBOMCTBA.
ITo3TOMy MOXHO CYHMTaTh, YTO BEILECTBEHHbIE YHC/IA
MPEACTaBJIAIOT co00l MHOXECTBO 3JIEeMEHTOB, 0bJagaro-
mux ceoiicteamu [ —II1. Takoe onpenenenye BemecTsel-
HBIX YHCEJ] Ha3bIBAECTCH aKCUOMANUYeCKUM, a CBOMCTBA
I—II—axcuomamu eewecmeennvix uucen.

B 3akmoyeHHe OTMETHM, YTO MCXOHS M3 CBOMCTB
I—III moboe BelecTBEHHOE YHCJIO MOXHO HPEICTABUTH
B BHAc OECKOHEYHOH HecATHYHOH apobu

a, a,a,a,...q,. ..,

rae a—Jioboe LENoe YHCIO, & dy, Ay, A3y veuy By oo —
4yKciia, TNpHHUMANOIHe Hejble 3HaueHus ot 0 nmo 9
0<a, <9) OpnHaxko paccMaTpHuBaTh 3TOT BONPOC MBI HE
Oyzem V. 3amMeTHM, YTO MOXHO ONPEIETHTh BELIECTBEH-
Hble HCIa KaK GeCKOHEHHbIE JeCATHYHbIe pobH, a 3aTeM
JokaszaTb UX OCHOBHBle cBoicTBa I-—III . Bee Apyrue
MOCTPOCHUS BEIIECTBEHHBIX YHCE npmao;:mr K MHO-
XECTBAM 3JICMEHTOB, obnanarommx csoiictBamu I—IIL

B nanbHeiilueM npH pacCMOTpPEHHHM TEOPETHYECKUX 3a-
Ja4 C y4acTHUeM BEHIECTBCHHBIX YHCEJl HAC He OyaeT UHTe-
pecoBaThk IpUpoAa 3THX wHced, a OyayT HMHTepecoBaTh
TOJIBKO T€ CBOHCTBA, KOTOPBIMH 3TH 4Hcjaa 00JaJaroT.

f)

. Bonpockl ansi camonposepku

1. Kakne uyucna o6pasyloT MHOXECTBO BEUJECTBEHHbIX uucen?

2. B uem 3akniovaercs aKkcuoMaTUYeCKUd MEeTo BBEAeHUN
BelEeCTBEHHbIX 4ucen?

3. Nepeuncnure OCHOBHbIE CBOWCTBA (@KCUOMbLI) BELYECTBEHHLIX
uucen.

4. KakuMm OCHOBHbIM CBOWCTBOM OTNIMYAETCA MHOXECTBO BCeX
BEILECTBEHHbIX YMCEN OT MHOXECTBA TONLKO pPalMOHANbHBIX Yucen?

§ 3. HAMBOJIEE YIIOTPEBMUTEJIBHBIE
YNCJOBBIE MHOXECTBA

Ilycte @ u b—pea uncna, mnpudem a<b. Byaem
KCNOJIb30BATh cCleAyromue 0003Ha4YCHUS:

1 C 3TuM BONMPOCOM MOXHO O3HAKOMHTLCS B KH.: l(ydpﬂsyee J. 1.
Kypc MaTeMaTuyeckoro aHanmsa. M., 1989, T. 1.
) Takoe TOCTPOEHME BEUIECTBEHHBIX HHCET NPUBCACHO B KH.:
Ig/wun B. 4., Ho3suax 3. I" OCHOBBI MaTEMaTH4ECKOTO ananu3a. M.,
1981, u. L
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{xla<x<b}=[a, b}, {xla<x<b}=(q, b];
{xla<x<b}=[a, b);
{xla<x<b}=(a, b); {x|a<x}=[a, +x);
{x|a<x}=(a, +0);
{x|x<b}=(—00, b]; {x|x<b}=(—o0, b).

MHoxkecTBO BCeX BEILIECTBEHHBIX 4uCe] OyneM o06o-
3Ha¥aTh Tak: {x|—c0<x<-+o0} wm (—oo, +o0).

Bce 3TH MHOXECTBA HA3BLIBAIOTCH MPOMENCYmMKAMU,
npuueM [a, b] HasbiBatoT ompeszom (unm cezmenmonm), [a,
b}, (a, b], [, + o) u (— 0, b]—noayunmepsasamu, a (a,

, (a +ooj, — 1 (=00, -+ o0)—unmepsasamu.

'pomencymku |a, b], a, b], [a, b) u (a, b) HasbIBarOTCA
KoHeynvimu; a U b—ux xoHysl. OCTaabHBIE NPOMEXYTKH
Ha3bIBAKOTCHA HEeCKOHEUHbIMU.

Hurepran (a, b) oTimuaercs oT oTpeska [a, b; JIMIUD
TEM, 4TO €My He NpHHAAJEXAaT KOHUBI @ M b. DTo
OT/IHYHE UTPAET CYLIECTBEHHYIO POJib BO MHOTHX BOIIPO-
cax MaTeMaTHYecKoro anaiumsa. Kpome TOro, MHTEpBas
(a, b) He comepxuT HM HaMGONBLIErO, HM HAUMEHBIIETO
YHCNa, B TO BPeMs Kak B oTpeske [a, b] Takumu uncnamu
SBJIAIOTCA COOTBETCTBEHHO b M a.

?

H Bonpocbi Ana caMonpoBepku

1. Kakue 4nCcrosbie MHOXKECTBA HA3bIBAIOTCA MPOMEXYTKaMn?
2. N3 otpeska [a, b] yaanen unrepsan (a, b). Yro ocranocs?
3. N3 otpeaka [1, 8] yaaneH wuurepsan (3, 5). Yro ocranocw?
3annwinTe MHOXECTBO OCTaBLIMXCA YMCEN C NOMOWBLIO NPOMEXYTKOB.

§ 4. TPAHM YYMCJIOBBIX MHOXECTB

ITycte X-—Henycroe MHOXECTBO YHCEL

Onpenenenne. Muoxcecmso X nazvieaemca ozpanuden-
HbiM ceepxy (CHU3Y), ecau Cywecmeyem Yucao ¢ makoe,
umo 048 106020 X € X GbINOAHAECINCA HEPABEHCMBO X< C
(x=c)".

Yuciao ¢ B 3TOM ciyyae Ha3bIBACTCH @epXHeli (Huic-
Heil) TpaHbIO MHOXecTBa X,

MHoxecTBO, OTpaHHYCHHOE U CBEPXY M CHH3Y, Ha3bl-
BACTCA 02PAHUYEHHDIM. S

1 Nns coxpauienus 3anucu B AaHHOM ONpEXENeHHH OOLEIUHEHBI
[ABA ONpeAEsIeHHA, OAHO M3 KOTOPHIX COOTBETCTBYET CJIOBAaM, 3aKiIO-
uYeHHbIM B ckoOkax. OTuM mnpucMoM OyneM NOAb30BAaTBCA B HAJlb-
HelLeM. .
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O Ilpumepst. 1. JIro6o0if KOHEUHBIE TPOMEXYTOK
([a, 6], [a, b), (a, b], (a, b)) orpanmuen. 2. Unrepsan
(a, +0) ecTb MHOXECTBO, OTPaHHYCHIIOE CHHU3Y, HO HE
orpanmdeHHoe csepxy. 3. Unrepsan (—oo, + ) ecThb
MHOXECTBO, HE OrpPaHHYCHHOE HM CBEPXY, HH CHHU3Y. @

OueBHHO, 4TO J100OE OrpaHUicHHOE CBEPXY (CHM3Y)
MHOXECTBO X HMMeeT OECKOHEYHO MHOIO BEPXHHX (HIDK-
HHMX) rpaHeif, oOpa3yIolIMX MHOXECTBO YHCeJ, OrpaHH-
yuparolux X cBepxy (cHu3y). B caMoM nene, ecau 4HMCI0
¢ SABIAETCA BepxHeil (HWKHEH) rpaHbio MHOXECTBA X, TO
noboe 4ucno ¢, Gonbiiece (MeHblHEe) YHCIAA ¢, TAKXKe
SBJISETCH BEPXHEN (HuXHEH) IrpaHblO MHOXECTBA X, Tak
Kak U3 CHpaBeNMBOCTH HepaBeHCTBa x<c(x=c) cie-
ayet, 4to x<c'(x=c’).

Bo3uukaeT BOmpoC O CYIECTBOBAHUH HAMMEHBINETO
M3 YHCEJI OIPAHWYEHHOTO CBEPXY MHOXECTBA M HAubGOJIb- -
IEro M3 4HCEJl OTPAHHYCHHOTO CHHM3Y MHOXECTBA.

HauMenblliee U3 Yuces, OrpaHU4IMBAIOUIMX MHOXECT-
BO X CBepxy, Ha3bIBAeTCA MOUHOU 6epXHell 2PaHblo
MHOXeCTBa X M 0003HAYaeTcs CHMBOJIOM sup X', a
Haubospliiee U3 YHCEN, OrPAHHYMBAIOIMX MHOXECTBO X
CHH3Y, HA3bIBACTCA IMOYHOU HUJICHE 2PaHblo  3TOTO
MHOXeCTBa M o6GosHauaercs cumsosioMm infX 2.

O Hpavepst. 1. Ilycts X=(a, b). Torma uucno b, a
CIEAOBATENbLHO, M BCAKOE Oojblilee YHCIO SABIACTCH
BEpXHell IpaHbIO [AHHOTO MHOXECTBa, & YHUCIO a U
BCSKOE MeHbIlee YHCJIO —ero HwxkHel rpadbro. Ouesua-
HO, 4MCJI0O b—TouHas BepXHssd IpaHb MHOXeCTBA X, a
YUC/IO ,@a— TOYHAs HIKHSA IpaHb, T.e. b=supX, a=
=infX. 2. Ilyctp X =(a, +o0). Torga 4HUCNO @ ® BCAKOE
MeHbIIIeEe YHCIIO ABJIAETC HHXKHER IrpaHbio MHOXeCTBa X.
QOuesugHo, uucio a=infX, a BepxHux TrpaHe# W,
CIeIOBATE/NILHO, TOYHOW BepXHell TIpamM HaHHOE MHO-
KECTBO HE HMeeT. @

CBoMCTBO TOYHOWH BepxHeil (HuxHeH) rpa-
uun. Tounas BepxHss rpaHb (supX) obiamaer clieayro-
MM BaXHbLIM CBOHCTBOM: Kax Obl Mano Hu 6vL10 qucao
>0, naitdemca vyucro xeX makoe, umo x>sup X —e.

Eciu 6nl Takoro 4Mcoa X HE HAUUIOCh, TO HHCIIO
sup X—¢ ObuIO0 OBl Takke BEpPXHEH TIpaHLIO, U TOraa
yuciao supX He Obno OBl TOYHOH BEpXHEH IpaHBIo.

1 supremum (nat.) — HanBbICLICE.
2 infinum (;aT.)— HaKHH3LLCE.
) g—rpeveckas GykBa «ONCHIOHY.
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JIpyTHMHA C/OBaMH, JAHHOE CBOMCTBO BLIpaxaeT TOT
¢akT, 9TO uMCHO Sup X sABAsETCS HaMMeEHBIIHM cpean
YHCEN, OIPAaHMYMBAIONIEX MHOXKECTBO X CBepxy, H
YMEHBIIEHO OBITH HE MOXKET.

AHaJIOTHYHBIM CBOKMCTBOM 06/1afacT W TOYHAS HIX-
HAA I'paHb: KAk 66l mMas0 Hu 6vi10 uucao £>0, Haiidemen
yucao xe€X maxoe, umo x<infX+e. |

O Ilpamep. Jlokazate, 9T0 MHOXEeCTBO X ={1, 3
' 11 : :

3 } OIPaHHYCHO. YCTAHOBHTL, KAKHE THC/IA ABJIA-
n

I0TCA ero rpaHsame. HaliTa TowHbIe BEpXHIO H HMXHIO
IpaHd 3TOr0 MHOXECTBA. :
- Pemenne. Ilpu mo6oM HaTypaibHOM n BHIONHS-

1
I0TCA HepaBeHCTBa 0 <-< 1, m03TOMY naHHOE MHOXKECTBO
n

X orpammueno. TaxuM o6GpasoM, wucao 1—sepxmas
Ipafb, a 4HCIO 0-—ero HHXKHASA IpaHb.

JoxaxeMm, 9To wucno 1 sBAseTca TOYHOIM BepxHEH
IpaHbIO MHOXECTBA X, T. €. 4ro supX=1. J{na sroro,
COTJIACHO CBOMCTBY TOYHOMN BEpXHEH IpaHH, HAAO NMOKa-
3ate, 4TO0 ana moboro £>0 Halimerca HaTypaibHOE

: . 1
- YHCJIO n TakKo€, YTO BHIIOJJHACTCA HCPABCHCTBO ;>l-—8.

OTEM wHCNOM n ABiserca n=1, Tak xag 1>1-—-g—
BEPHOC HEPABCHCTBO MA Jnoboro €>0, 910 B TpeHo-
BaJIOCh JOKa3aTh.

HoxaxeM Temepb, 4To wACHO @ SBISETCH TOYHOM
HEXKHEH rpasbio MHOXectBa X, Jlnm 3TOoro Hago
HPOBEPHTDL, 4TO s Jnoboro €>0 HalimeTcs HaTypab-
HOC YHCIO 1 TAKOE, 9TO BHIOJHSETCA HEPABEHCTBO

1 1 . 1
;<0+e :0)1: S<e Pemaa HepaBeHCTBO, mOydaem n>-.

1
B3sB Kakoe-HHOYOb HATYPAJILHOE YHCIO R>-, TONyIHM

TpebyeMoe HEpaBEeHCTBO, a 3TO, COIJIACHO CBONMCTBY
TOYHOH HMDKHEH TIpaHH, H O3Ha4aer, 4YTO 4YHCIO 0
AIBJIACTCA TOYHOH HHXXHEH IpaHBIO MHOXecTBa X, T. €.
inf X=0.

OTMeTHM, 4YTO JHaHHOMY MHOXeCTBY X TodHAA
rpaib | TpHHAMIEKHT H SBJAETCS €ro HaHGOJBIAM
9HCJIOM, a TOYHAas HHXKHAA rpadb ( He DPHHAIUICKHT U B
9TOM MHOXECTBE HET HAMMEHBINErO YHUCIA. @

17
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Onpeneneane TOYHON BepxXHel rpadk Sup X' MOXHO
cpopMypOBaTh H MNO-APYTOMY:

yucao supX Hasvieaemca mouHOU 6epXHeil 2paHbIO
ozpanuvennozo ceepxy mHoxcecmeéa X, ecmu: 1) 0an
moboz0 xe€X evinoaHAemcAa HepageHcmeo X<sup X,
2) 048 aobozo £>0 cywecmsyem uucaso x € X maxoe, ¥mo
x>sup X—¢, ,

B 5TOM omnpenesicHAN IEpBOE YCIOBHE TOYHO MOKa3hbl-
BaeT, 9TO0 YHCIO Sup X OrpaHWYMBACT MHOXECTBO X
CBEpXy, a BTOpOE YCJIOBHE, 4TO HHKAKOE€ 4HCJIO, MEHBILICE
sup X, MHOXeCTBO X CBEpXy HE OIDaHMYMBACT, T. €. yXKe
He SBJIAETCA BEPXHEH TIPaHBIO. :

AHAJIOTHYHO OMNpeleiseTcs TOYHAs HIDKHIA TIpaHb
infX. (Cpmenaiite 3TO CaMOCTOSTEJLHO.)

BosHHKaeT BOHOpPOC, NPH KaKAX YCJIOBHSAX YHCIIOBOES
MHOXECTBO MMeEET TOYHYIO BEPXHIOIO (HIXHIOI) IPaHb.
OTBer Haer cieqylomas BaxHas Teopema.

Teopema 1.1. Jlioboe Henycmoe ozpanuuenHoe ceep-

- Xy (cHU3y) uucaogoe MHOMNCECMEO umeem MOYHYIO 6epXx-
Hiol0  (HUOKCHIOO) ZpaHb.
0 Joxkaszameavcmeo. Ilycms X —HemycTroe MHO-
- WECTBO, OrpaHMieHHoe cpepxy. Toraa MHoxecTBo Y
amcen, orpaHMUMBaIoIEX X cBepxy, He mycro. M3
ompe/icyicHAs BEpXHEH IPaHH CieAyeT, 4To s jmobo-
ro xeX m moboro yeY HMEET MECTO HEPaBEHCTBO
x<y. CorjacHo CBOHCTBY HENPEPHLIBHOCTH BEIIECTBCH-
geix gmcen 13° (cM. § 2), cymecTByeT Takoe YHC-
JIO ¢, 9TO Ais JHOOBIX X ¥ y BBIDOJIHAIOTCA HEpaBCH-
cTBa

XSCSY. M

W3 nepsoro u3 HepaBeHCTB (1) B cuuly ompenejcHHs
BepXHeH TIpaHH CJIEAyeT, YTO YHCJIO C OTpaHMYHBACT
MHOXECTBO X CBEpXY, T. €. SBJIA€TCS BEPXHCH IpaHbio, a
H3 BTOPOTO HEPaBEHCTBA, YTO OHO HAHMMCHBINECE U3 TAKHX
gyucen V), T. e. sABNgEeTCH TOYHOH BEepXHEH IpaHbIO, NpHIEM
MOXET KaK NPHHAICKATh, TaK H HE TPHHAUIEKATDH
MHOXeCTBY X.

Ciywail CymeCTBOBaHHS TOYHOH HMXKHEH TIpaHH Y
HEMyCTOro OrpaHHYCHHOTO CHH3y MHOXECTBa paccMaTpH-
Baercs aHaJormyHo. M )

Ecim MHOXecTBO X HE OTpaHMYEHO CBEpXy (CHM3Y),
YCIIOBHMCSL IHCATh sup X = + oo (inf X= — o).

D Tax xak ¢<y A Beex yeY.
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f)

H Bonpock AnA camonposepku

1. fla#Te onpepenexue orpanuyeHHoro CBepxy (CHM3y) MHoXecCT-
8a X; npusegute npumepsi. .

2. [lante onpepenenve TO9HOW BepxHe#t (HWUXHeN) rpaHu or-
PaHWYEHHOrO cBepxy (CHM3y) MHOXecTBa X: npuseanTe npu-
Mepbi.

3. CchopmynupyitTe cBOHCTBO TOYHOIA BepXHeR (HUXHeN) rpanu.

4. lokaxuTe, 4TO MHOXeECTBO X, OfpaHWYEHHOE CHU3y, umeer
TOYHYIO HUXHIOID. rpaHb. , .

- §. Yto o3HavaeT cumBonMueckas  3anuck: a) sup X =+ o0;

6) inf X=—o0?

-

§ S. ABCOJIIOTHAA BEJMYUHA YUCJIA

ITousitue aGcomoOTHOIN BeNMMYMHBI YKCIA U HEPaBEHCT-
Bd, CBA3QHHBIC C a0COMIOTHBIMM BENMYHHAMH, HIHPOKO
UCNOJIB3YIOTCSI B MAaTeMaTHKE.

Onpenenenne. Abcoaomuoii eeruuunoii (uau modysem)
YuCAQ X Ha3bieaemcsa camo uucao X, ecdu x>0, wuau
yucao—x, ecau x<0.

AGCOMIOTHAS BeNMYMHA YHC/IA X OGO3HAYACTCH CHM-
BoJIOM |x|. Takum o6pasom,

x, ecna x=0,
[x|=
—Xx, eciiu x<0.
Hanpumep, |+ 5|=5; l—5|=—(—52=5; [0]=0.

W3 onpenenenus BbiTeKaeT psaq CBOKCTB abCOTIOTHOM
BEJIMYMHBI YHCIIA.

1. |x|>0.
O Hedcreurensuo: 1) ecau x20, mo |x|=x=0;
2) ecniu x<0, mo |x|=—<x; Ho —x>0, Tak xak x<0,

m.e. |x|>0.

U3 1) u 2) nomyvyaem, uto |x|>0. m

2° |x|=|-x|.

O B camom pese: 1) econ x20, To —x<0, Torma
|~x|=—(=x)=x=|x|, Tax xax x>0; 2) ecnu x<0, To
—x>0, Torma |—x|=—x=|x|, Tak kak x<O.

M3 1) u 2) nonyuaem, uto [x]=|-x|. &~

3% —|x|<x<|x]. -

0O HeicteuTensHo: 1) ecnn x>0, To [x|=x1 —x<0,
Torma —x<0<x=|x|, orkyna —x<|x| wm —|x|<x;
2)ecmt x<0, T0 |x|=—x H —x>0, Torma x<0< —x=
=|x|, oTkyma x<|x]|.

U3 1) u 2) nonyyaeM, uro —|lx|<x<|x|. m

Crenyrome Tpu cBoiicTBa JOKaxeMm B BHue TEOPEM.
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Teopema 1.2. Ilycmb &-—noaoxcumesbHoe Hucao.
Toz0a nepasencmea |x|<e u —&SXSE pasHOCUAbHYL.

0 HokaszarteascrtBo. Iycts |x|<e. Torpa:

1) ecru x>0, to |x{=x<¢g, oTkyna 0<x<g;

2) eciu x<0, To |x|=—x<g, orkyma —e<x<0.
O6vemuuss 1) u 2), npu aob0M X mojydaeM —ESXSKE.

[IycTh ChOpaBe/UIMBbI HEPABCHCTBA —ESX<KE. ITO
3HAYHT, YTO OJHOBPEMEHHO BBLINOJIHAIOTCA HEPABEHCTBA
x<g u x> —e. VI3 nocneanero umeeM —x<e. Tak kak,
no onpegeneHuio, |x| ectp ymbo X, ombéo —x, TO
[x|<e. &

Teopema 1.3. Abcosiomnaa eauduna cymmvl 08yx
yucen He boavuie Cymmbl abCOAOMHbIX GeAUUUH IMUX
yucea, m. e. |x+y|<|x|+]yl.

O dokasaTenbcTBo. Ilyctb x ® y-—moObie
yucna. CorjacHo cBoicTBy 3°%, IUIi HHX CIIpaBeA/IHMBBI
HepaBEHCTBA

~Ix|<xg|x] 1 —|yl<sy<iyl
cxJjiragpiBags KOTOPBIC MOYJICHHO I10J1y4YaEM
—(Ix1+1yl)<x+y<(x[+iy])

ITo TeopeMe 1.2 310 ABOHHOE HEPABEHCTBO PABHOCHJILHO
HepaBeHCcTBY |x+y|<|x|+|y|. =

3ametuM, uro |x—y|<|x|+]|yl. . HedcTeuTENbHO,
|x—y|=|x+(=y)I<Ix|+|=y|=Ix]+]y] (nposepsTe 310
CaMOCTOATENLHO).

Teopema 14. Abcomomnas eeauyuHa pasHocmu
08yX uucea He MeHbuie DAZHOCMU AOCOAONHbIX 6EAUUH
amux uucea, m.e. |x—y|=|x|—lyl

0 JMokaszaTenabcTBO. Jua MroObIX 4YuCENT X H y
HMeEM

x=y+(x—y).
ITo Teopeme 1.3, cnpaBeaMBO HEPABCHCTBO

x|=ly+x=y)I<Iyl+lx=pl,

OTKyZa -mojy4aeM |x—y|[=|x|—|yl. ®
. 3ametuMm, urto |x+yl=]x|—]y|. HedcTBHTENBHO,
|x+yl=lx—(—y)I=|x|=]|=yl=|x|-|y| (apoBeprTeE 3TO
CAMOCTOSTEILHO).

U B 3axnioucHME OTMETHM, 4TO, KaKOBBI Obl HU OBbLIH
IBa 4MCJA X H y, HMEIOT MECTO COOTHOUICHUS
x| x|

xyl=lx|- " =, ecmu y#0,
|x-yl=1x]-1yl ST y
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KOTODBIE JIETKO IIPOBEPHTH, PACCMOTPEB ClIyYaH, KOT4a X
¥ y-—4YHCIa OJHOro 3Haxa (00a HOJIOKHUTENLHBI WK 06a
OTPHLIATE/IbHBI) U KOTA2 OHM HMEIOT pasjIdyHbIE 3HAKH.
Hanpumep, nposepum |xy|=|x||y| B cIydae, Xorja
x>0, y<0. UmeeM |x|=x, |y|= —y 1 xy<0; cieno-
BaTeNbHO, |Xxy|= —(xy)=x(—y)=|x||y|.

O 1lpamep 1. Haiitn pewenus cnenyrommx ypaBHe-
i 1) [x|=x42; 2) |x|=x—2; 3) x+2|x|=3; 4) x%+
+3|x|—4=0. :

Pemenune. 1)IIpn x>0 mveem x=x+2, OTKya
0=2—mneBeproe pasencrBo. CJenoBaTe/NbHO, peleHnAik
Her. Ilpu x<0 nomysaeM —x=x+2, oTkyma x= —1.
JTO ecTh peleHME YpaBHEHHS.

2) Ilpu x>0 mmeeM x=x-—2, oTkyma 0= —2— pe-
BepHOe paBeHCTBO. CnemosaTenbHO, pemenuii mer. ITpm
x<0 nonyyaeM —x=x-2, otxyma x=1>0, aro NpPOTH-
BODCUHT CACIIAHHOMY NpEanojoxeHnio x<0. Taxum
00pa3oM, ypaBHeHHe He HMeET pELUCHHIA.

3) lpu x>0 mmeeM x+2x=3, oTkyma x;=1. Ilpn
x<0 nmonywaem x—2x=3, otkyma x,=—3. Crenosa-
TEIBHO, X;=1 M Xx,=—3—pelleAus ypaBHeHHUS.

4) Bocnonesyemcs Tem, uro |x|?=x2V. Torma-
Ix]2+3|x|—4=0. 3amenss |x| ma y, momymm y>+
+3y—~4=0, otkynma y,=1, y,=—4. Tak xax y=|x|=0,
T0 y,=—4 He noaxommt. Ocraerca y,=|x|=1, a aro
PaBHOCHJILHO X=—1 B x=1. MoxHo0 pelHTL ypaBEEHAE
H CTaHIAPTHBEIM CHocoboM, paccMOTpeB ciydanm x>0 H
x<0. (Cpenmaiite 3T0 CcaMOCTOSATENHHO.) '

Ilpamep 2.- Nokasats, uto ||x|—|y|i<|x—y].

Pemenme. Tax kak, mo ompeneneHmro, Hxi=Iyll
ecTs mbo | x|—|y|, mbo —(|x|—|y|)=|y|—|x|, To Ans
A0ka3aTeNsCTBA NAHHOrO HEPABEACTBA HAJO IOKA3aTh,
aro: 1) |x|—|yl<|x—y| ®u 2)|y|~|x|]<|x—y|. Ho
HEpaBEeHCTBO 1) f0Kka3aHO B TeopeMe 1.4, a HepaBeHCTBO
2) Taxxe crmeqyer M3 3TOH TeopeMbl H CBOMCTBa 20

Nx=yl=l-(x—y)=ly—x|=|yl-]x]. @
? Bonpocwt gns camonpoaepxu'

1. Uro HasbiBaeTcs abCONIOTHON BENUuUMHONA uyucna?
2. [lokaxuTe paBHOCWNLHOCTL HEPaBEHCTB Ixl<e n e<x<e.

D Nefictsutensro, nonoxus x=g B COOTHOLICHHH lxy|=|x1iyl,
nony M |x[2=|x%|=x% Ttax kak x2>0.
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3. Yro Gonbwe: |2—3| wnn [2]+|-3]?

4. Hangure | —x]|, ecnw x<O0.

5. BepHo nu, uTO Ix3|#[x|? ecnn x<0?
6. flokaxwute, yto |x%[=[x|% J/x*=|x]

7. 3anuwuTte 6e3 3HaKa MOAYNA BbipaxceHne |x—yl, ecnn x<y.

§ 6. METOA MATEMATHYECKOR MHIYKLMH

Metox MaTeMaTH4YecKOd MHAYKIMH OTHOCHTCA K
CcaMbIM BaXHBIM METOJaM MaTeMaTHYeCKUX JoKa3a-
tenbcTB. OH NpHMEHAETCH VIS JI0Ka3aTesbCTBA YTBEPXK-
NeHuil, 3aBHCAIAX OT HaTypambHoro umcna n. Chopmy-
upyeM ero B obmeM Buje: 9TOOBI [0Ka3aTh HEKOTOpPOE
YTBEPXKACHHE, 3aBHCAIEE OT HATYpPaJNbLHOro 4YHCIA n
(manpumep, xaxyio-HabGyms (opmyiry), Hago: 1) mpose-
PHTb €ro CIpaBelJIMBOCTh NpPH n=1"Y; 2) npennonaras
CTIPaBeUTABOCTDh YTBEPXJECHHS U1 HEKOTOPOTo n(n>1),
JI0Ka3aTh €ro CIpaBe/UIBOCTD Uit n-+ 1. 3aTteM nenaercs
BHIBOJ O CHPaBE/UIMBOCTH JAHHOIO YTBEPXICHHA JUIS
moboro HATYpaJbHOTO YHCIZ n.

O Hpumep 1. Jloka3aTh METONOM MaTeMaTHYeCKOH
MEIYKLUHH, 9TO

12+22+32+ +n2=n(n+l)(bl+l)
—e -

Pemenue. 1) ITposepseM BepHOCTH JamHOH dopMy-
mel npr n=1. Jlepas uacth papEa 1. IIpaBas 4acTs
1(1+l)(2-1+1)=1
— =1L

2) Ipeanonaras, 9To pammas ¢dopmyna BepHA I
gexotoporo n(n>1), mokaxem, 9ro mpa n+1 mMmeer
MECTO Takas xe cdopMmyJa:

12422432+ .. +n2+(n+1)=

=(n+l)[(n+l)+ 1}{2(m+1)+1]
5 .

3maunT, dopmyna BepHa mpd n=1.

JeiicTBATENLHO,
124224324 .. +n2+(n+1)2=ﬂ'i%(—2"+—,’)+(n+1)2=
1 Fema npa n=1 yTBepXAcHHE HE HMEET CMBICIA, TO uﬁonepxy

CTIpaBe/I/IMBOCTH YTBCPXNCHHA HANO nenarh AAd HAAMCHBIIECIO 3HA-
4YeHMA N, IPH KOTOPOM YTBEPXACHHC HMECT CMBICIL.
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(n+1)[n(2n+1)+6(n+1)]=(n+1)(2n2+7n+6)= :
6 6

_(a+)(+2)(2n+3)_(a+1)[(n+1)+1][2(n+1)+1]
6 . 6 ?

4ro M TpeboBasoch Ookasath. CienoBaTesibHO, Ha
OCHOBAHHH METOJ2 MAaTeMaTHYeCKOH MHIYKIMH JejlaeM
BbIBOJI, 4TO JaHHas ¢opmyna BepHa i Jroboro
HaTypaJbHOTO HuCJIA 1. @

Meron MateMatmueckoit MHAYKIMH yaobGeH s Ha-
XOXICHHA CyMM KOHEYHOTO 4HCJIA CJIaraeMbix.

O Ilpumep 2. Haiitu cymmy

14345+ ... +(2n—1).
Pemenne. Obo3naunM 35Ty cymmy uepe3d S,, T.e€.
S,=143+5+ ... +(2n—-1).

Yrobbl moMy4nTh i S, BLIpaXKeHHe, He Tpebyrolee
anrebpanveckoro CIIOXEHHS N CJAaraeMbIX, BHIYHCIMM
HECKOJIbKO TNEPBBIX 3HAYeHHMHt ITOH CYyMMBL

Si=1; S;=14+43=4; S;=1+3+45=9;
Sa=14+3+5+7=16.

BunwmM, 4TO 3TO mocnenoBaTebHBIE KBAApAThl HATY-
pajibHBIX 4Mcesa. EcTecTBEHHO MNpeAnooXUTh, 4TO S,=
=n%. Yr1o6bl f0Ka3aTh CIPaBEITMBOCTh 3TOTO PABECHCT-
Ba, BOCHOJIL3YEMCS METOAOM MaTeMaTHYeCKOH HHIYK-
. Umeem: 1) S; =1=12 3nauut, GpopMyna sepHa NpH
n=1; 2) npeanosaras, YT0 OHa BepHA Ui HEKOTOPOTO A,
AOKaXEM, 4TO TIpH n+1 nmeer Mecto dopmyna S, ;=
=(n+1)*. [elcTBHTEIBLHO,

Spr1=8,+ [2(n+1) =1]=n?+ (2n+1)=(n+1)?,
4ro M TpeboBasock nokxazath. CliefoBaTeaLbHO, HA
OCHOBAaHMM METOJa MAaTeMaTHYeCKOM WHAYKIMH JejlaeM
BRIBOA, 4TO ¢opmyna S,=n? BepHa mand mo6oro
HATYPaJILHOTO 4YHC/IA B H

143454+ ...+ (2n—1)=n* @
Vopaxnenwe. Haiitu cymmy % + 5% F+ ..+

1
n-{n+1)°

R 1 1 i n
Oomg. — 4+ —+..+————=—_ VkazaHHE:
( l-2+2-3+ +n-(n+1) n+1
3aMEHUTE KaX/JO€ CIaraeMoe Ha pasHOCTb 1o ¢Gopmy-
1 1

i .
=-—-—— HJIA TPHMCHHTEC HHAYKIHUIO.

Jic -
nn+1) 'n n+l
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. Bonpockl Ans CamorpoBepKu

1. B uyem COCTOMT METOh4 MaremMaTU4ecKon WHARYKLuu?

2. MeToiOM MaTemaTMHecKod WHAYKUMW [AOKaXuTe, uTo Ans
moboro HaTypanbHOro n cnpasepnusa opmyna
n(n+1)

1+2+3+ .. +tn= >

§ 7. PAKTOPUAJT H ®OPMYJA BMHOMA HBIOTOHA

1. ®akrtopnan. [lyna BBLIYMCJICHUA CYMMBI NEPBBIX N
HaTypaJbHLIX YHCEeJa uUMeeTcs yJoOHas ¢opmyna

_n(r+1) 1)

42434 . +n="0

Jina mpou3BeieHHs MEPBbIX 1 HATYPaJbHBIX YHCEN
Tako# GOpMyJIBI HET, HO 3aTO 3TA 4aCTO BCTPEYAIOLIANACH
B XOMOMHATOpPHKE M B JPYTHX pa3fieiax MaTeMaTHKH
BEJMYMHA MMEET crenuainbHoe obo3navenue: n! (oH
daxtopuan). Mrax, mo omnpeaencHuro,

1-2-3-...-n=n!

Buibop mis 00O3HAYeHHS BOCKJIHMLATENILHOTO 3HAKa,
BO3MOXKHO, CBS3aH C TEM, 4YTO JaXe s CPaBHHUTENILHO
H660nbmux 3HAYEeHHH n YUCI0 n! OYEHL BEJIMKO: YTOOBI
NPOJEMOHCTPHPOBATL, Kak ObICTpo pacTeT n! ¢ pocToM
n, BpIOMmIEM 3TH ukMcna jqis n ot 1 go 10
1!=1” N=1-2=2, 31=1:2-3=6, 41=31-4=24, Sl=
=4!-5—120 6! = 720 71=15040, 8!=40 320, 9'=362 880,
10!=3 628 800

M3 onpepenennst n! cienyer, 4To (akTOpHalbl JIBYX
COCEHHX HATypajJbHbIX uuceJl n H n+1 CBA3AHBI
dbopmynoi

(n+1)1=n!-(n+1). (0

3aMeTHM, 4YTO €CJIH B 3TO DPAaBeHCTBO MNOACTABHTL
n=0, to nomyuum U!=0'-1, nosTomy nonararoT

ol=1; (2)

9TO COrNAILEHHE YaCTO OKa3biBaeTCsd yAOOHBIM B pa3jiMv-
Hpix o0iMx Qopmynax.

Y Tlo onpeacncuuio nosararor 1'=1.
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O Ilpamep 1. oxasats dopmyny (n+1)!—n!=n!-n.

Pewmenue. Bocmonb3yemca MeTonoM MartemaTHye-
ckoit muaykumu. Mmeem: 1) npu n=1 (1+1)!—11=1!-1,
oTkyna 1=1, 3mauur, popmyna BepHa; 2) mpemmonaras
€€ BEPHOCTDb IS HEKOTOPOTO 7, NOKaXeM, 4TO HpH n+ 1
umeeT Mecto dopmyna (n+2)!— (n+1)!=(n+1)!(n+1).
Heiicreutensno, mo ¢opmyne (1) nomyvaem

(n+2)! = (1) =n!(n+1)(n+2) —n!(n+1)=
=n!(n+1)[(n+2) ~1]=n!(n+1)(n+ )=(n+1)!(n+1),

4To ¥ TpeboBanocs mokasarh. ClemoBaTeNbHO, Ha
OCHOBaHHH METOJa MaTEMAaTHYECKOH HHIYKUMH 3aKJIO-
¥acM, 4T0 ¢opMyna BepHa A JHOGOro HATYpaJbHOTO
YHCcHa n. '

Tlpamep 2. Haiitm cymmy 1-1'42-2043-314 ...
wetn-n!

Pemenne. 3aMennM kaxmoe crnaraemoe pa3HOCTBIO
no ¢opmyne (n+1)!—n!=n!-n (cm. npumep 1), mony-
yaeM ‘

I+ 1) =1+ Q+1)1=214 3+ 1)1 =31+ ...
et (A1) =l =2 1431 -2 434 .+ (n+1)1—
—nl=(n+1)-1,

TaK KaK BCE Clara€Mbi¢ B JICBOH 4YacTH paBEHCTBA, 3a
HCKIIIOYCHHEM BTOPOrO H MPEANOCAEHEr0, B3aKMHO
yanyroxaiorcs. CnemosatenbHo, 1-1'42:-2143-314 ...
wFn-nl=(n+1)-1¢@

Vopaxnenne. Halith cymmy % + 517 + % +o+ ”n_—vl

] .
(Ome. 1- = VYka3zaHue: 3aMEHHTE KaXIOe clarae-
ni

MOE pasHOCTBIO 1o Qopmyne *—t=_1 !
P pMy nt (p—=1 At

2. ®opmyaa 6unoma Hulorona. B MatemaTtuke mmpo-
KO MCIOJB3YIOTCS 3aMevaTesIbHbIE YHC/Ia, Ha3biBaeMble
OGunoMuanbHEIMH  kK03ddunuenTamu. OHM HMEIOT Crie-
uManbHOoe obGo3Hadenwe CF m HaxomsTca 1o dopmyne

C'f:l:!(n_—'—kﬁ’ (3)

TJie n-— LieJIbIE HEOTPHLATENIBLHBIE YHCIA, @ K — IeJIble HEOT-
PHIIATENIbHBIE YHCIA, YIOBJIETBOPSIOLIHE yCi0BHI0 0 <k < n.
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Ec/id YACIATENh H 3HaMeHaTeNb ApobH (3) COKpaTHTH
Ha (n—k)!, To momydrM Qopmyiry
L _n(n=1)...(n—k+1)
Ca= k! ’

KOTOPYI0 YHAOGHO 3aIOMHHTh H C TOMOILIBIO KOTOPOH
npolle TPOM3BOMTH BHIYHCICHEA. B 3HaMenarenb JToH
Ipo6H BXOAMT IPOM3BEICHHE BCEX MEPBHIX kK HATypasb-
HBIX YHCEN, 2 B YHCIHATENL— OpOH3BEJCHAE K HATypajb-
HBIX Yucell, 3aNMCAHHBIX B MOpAJKe yObIBaHHMs HAaYAHAs C
gquciaa n. B xombmEaTopuke 3Ta opMyna ompeneser
GMHOMHAJIBHBIT Ko3pummeRT CF Kak uucto couemaruii
u3 n asemenmos no k

O Ipumep 3. Buamcmrs CPo.

Pemenue. MMeeM

200 20-19-18-17-16-15
Cg°—6!l4!— 1-2-3-4-5-6 =38760. ®

C nomomplo GMHOMHANBHBIX K03(pQHUIHEHTOB I0Ka-
3LIBAIOTCH MHOTHE MAaTEMAaTH4YeCKHE YTBEPXKJCHHS H, B
YaCTHOCTH, OYECHbL BaxkHas giopmysa bunoma Hviomona®

(@+b)"=CPa"+Cla" b+ ... +Cha" B+ ... + CIb", (4)

C Ha3BaHMEM KOTOpOi CBA3aHO M Ha3BaHHE Kod(pduumen-
toB Ck

0 dopMmyny (4) noxaxeM METOJIOM MaTeMaTHYECKOH
MHIYKIMH, HO IIPEJBAPATENLHO MOKAaXeM, 9To A1 GuHO-
MHAJBLHBIX KO3(HIMEHTOB BBHINONHSCTCS COOTHBOIICHHE

U CGi=CREL (%)
JeficTBHTENBLHO,
k+1 g ok n! nt
GG T (k+ 1) {(n—k—1}! + Ki(n—k)
_ n! n! _ n! 1
Tk k1) (n—k—1)! t k!(n—-k—1)!(n—k)—k!(n—k—l)! (k+l +
+_L B nl(n+1) )
n—k) Kn—k=1)Ik+1){n—k) (k+1)(r—k)
(n+1)! k+1

T ) o) — (e I

n+1ls

1 Heloron Hcaax (1642—~l727)-—-nemnﬁ anramiickuit (GHU3AK,
MEXaHHK, aCTPOEOM H MAaTeMaTHK. :
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9T0 H TpeGOBaJOCH MOKA3aTh. : ’
Hokaxem Teneps ¢opmyny (4). 1) ITposepsem
BepHOCTb opMymst (4) mpu n=1:
(a+b)'=CPa+Clb=a+b,

g1
6!—1!—-1, C‘ —TO!=1.

2) Nlpemmonaras, aro dopmyna (4) epna s Bexo-
TOpOro n, JOKaxeM, YTO HpA n+1 HMeeT MecTo Taxas
xe ¢dopmysa, T.e. 9TO

(@+5)"* 1 =C01a"  + CLy 1a"b + ... +CHHia" Mty
v +Crpab"+ Criipntt, “ ()]
B camom pere, ,
(@+8)"*'=(Cla"+Cla" b+ ... + Ca"*pF 4 ...
e +Cab")(a+b)=Cla"* 1 +Cla"b+ ...

v+ G l@ A L L CRab" + Cla ...

v HCRa" Y L Cr b+ CR =
=Cla" '+ (CQ+Cl)a"b+ ...+ (CE4+-CEH ) atpr+ 1y

e+ (Cr 14+ CR) ab"+ C2b" Y,

1
TaK KaK B CHJTy cornauienus (2) C?=

OTKYA3, B CHIY TOro 4to CP=1=C?,,, CO+Cl=Ch,,,
G+G*=CHL, a1ty cr= at1, Gi=1=CM1 (cm.
dopmymr (2), (3) (5)), cnenyer $opmyna (6). M3 1) r 2)
Ha OCHOBAHHH METO/la MAaTEMaTHYeCKOH HHAYKIMH 33-
xmosacM, 910 Qopmyna (4) sepEa mns moboro HaTy-
PalLHOTO 9HCNA 7. B ‘ ‘
®opmyny (4) oObIYHO KOPOTKO 3amMCHLIBAIOT Tak:

(@+b)r =¥ Crampr,
k=0

[CamBon I (rpeveckas Gyxsa «curma») o6osmnagaer :max
CYMMHDOBAHHSA (CJIOXCHHS). ]

M3 dopmymt (4), B wacrHOCTH, npe n=2 R n=3
HOJNIYYa€M XOPOWIO 3HAKOMBIE (POPMYJIBL:

(a+8)*=C2a>+ Ciab+ C2b*=a®+2ab + b?;
- (a+b)*=C9a®+Clab+ C2ab? + C3b3=
=a’+3a%b+3ab? +b3.
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Vopaxnenne. Hanummte pa3joxeHue IO (bopmgne
6uoma HptoTona (a+b)°. (Oms. a®+6a°b+15a*b* +
1204363+ 15a2b* + 6ab> + b°.)

?

. Bonpocki AnNs Camonposepku

1. Yto o3xauaet sarucb ni?

2. Hangute uucno n! gns n=11, 12.

3. MoxeT nu n! KOH4YaTeCA POBHO NATHK HynAMKU?
4. DokaxuTe chopmyny 6uHoma HbioToHa.

§ 8. KOHTPOJILHLIE 3AJAYN

1.1. Joxaxute, urto MHuoxkectBo X=(0, 1) - orpaHHycHO. Kaxue
yucna sensrorcs rpanamu? HafiTh TOYHYO BEDXHIOIO TpaHb 3TOTO
MHOXCCTBA. :

1.2. JoxaxuTe, yTo MHOx)ecTBo X ={..~3, =2, =1, 0,1, 2,3, .}
BCEX IIeJibIX YMCEJ] HE OrpaHM4eHO HM CHH3y, HH CBEPXy, T.¢.
supX=+o n infX=-—o0.

1.3. Jokaxure, uTto MHOxectBo X={l, 2, 3, ...} HaTypasbHbIX
qMcen He OIPaHMYEHO CBEpXy, T. €. Sup X= +0o.

1.4. JloxaxuTc ™ clenyionlee YTBEDXKJICHHC: Kakogsl Obvl Hu OvLru
yucaa a u b, 0<a<b, cywecmsyem maxoe yeoe uucao n>0, umo an>b.

1.5. Ilycrs X u Y-—jBa HEMYCTBIX YHCJOBBEIX MHOXECTBA.
Jokaxure, uto ecmu Y < X, To sup Xzsup Y.

1.6. Ilyc1e X u Y-—zBa "HENMYCTHIX HHCIOBbIX MHOXCCTBA.
JTokaxute, uto sup{z|z=x+y; xe€X, ye Y}=sup X+sup Y.

x— x—1

1.7. Pemnute ypaBHEHME |——|=—r.
x+1] x+1
| 1.8. Pemute ypaBHeHue |(x2+2x+5)+ (x—5)|=|x>+2x+5|+

+ |x=5}.

1.9. Pemuute ypaBHeHue |sin x| —sinx=2.

1.10. Peumre ypaprerme |(x*—4) — (x?+2)|=|x*—4| — |x*+2].

1.11. Peumrte ypaBHeHHs, packphis Moayim: 1) |x+4|=|x—4];
2) |x—1 +|1=2x{=2]x]; 3) l|3=2x|~1]=2]x].

1.12. Pemnute HepaBencrso |x2—3x|>{xZ|—|3x].

1.13. Peumte nepasenctBo |x—3| + |x+3|>8, packphiB MOXynH.

1.14. JloxaxuTe METOOM MAaTeMAaTHYECKOH HHAYKIMH, YTO 4">n?
s moboro HaTypajbHOIO 7.

1.15. JIokaxuTe METOJOM MaTeMaTHYCCKOH MHIYKLUH, YTO n!'>2"
s n>3.

1.16. Jokaxute METOZOM MaTeMaTHYeCKOM MHIYKLHH HCPABCHCT-

Ba \/;1_<1+L ——1——<2\/r7 s n>1,

1
\/5+?_.:‘;—+...+\/’7

1
1.17. Haiiqute cymmy 14346+ ...+ n(n2+ );
1.18. Haiiaute ¢ ! + ! + o+ !
18. 1Te CYyMMy — + —— + . + ;.
Aadte MY 137375 @n—1)-(2n+1)
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To, uwmo moxmem npessuams
2eomMempwio, npesviuaem Hac.

b. ackasw
T'JIABA 2
AHAJIMTUMECKAS TEOMETPHA HA

IUVIOCKOCTH »

AHa/mTHUECKAS reoMeTpHA —o61acTh  MaTeMaTH-
KH, H3ydalollas reoOMCTpHYeckHe o6pa3m anreGpamdec-
kuma meroname. B XVII B. ¢pammysckum martemary-
koM [lexaptoM 6bu1 paspaGoram u [epBhic NIPHMe-
HCH MCTOA XOOpIMHAT, AaBUEH BO3MOXHOCTH CBH3aTh
ApYT C JpyroM TrcoMeTpHieckHe H airebpaHuccxhe
IIOHATHA. ‘ S

§ 1. METOA KOOPAMHAT

B ocmoBe Meroma xoopmmmaT nexmT nocrpoenue
CHCTEMRE! xoopauBat. Taxux cucreM cymectyer Muoro.
Io3maxomumcs ¢ mpamoyrosnsgoil (a1 nexaproBol) M
TNONAPHOH CHCTEMaMM KXOODIHHAT.

1. Hanpasiemmiie orpesxs m mx sewummn. Ocmon-
Bo¢ Toxpectso. HanommmM, wro MBOXeCTBO. TO-
3¢k TpAMOH, cocTosmiee M3 IBYX IPAHHYHBIX TOYCK H
BCEX TOYCK, JIEXAIIAX MEXIY HHMH, Ha3bIBAETCH ompes-
KOM.

OnEEM H3 OCHOBHMIX mHOHATHIf aHANHTHYCCKOH reo-
METDHR ABJISETCA HOHATHE HAaOpaBJICHHOTO OTpe3ka.

3CCMOTDHM  OPOH3BOJLHYIO NpAMYI0. YxaxeMm Ha
Hell Ba  B3aMMHO NPOTHBONOJOXHBIX. HanpasJec-
HHA. BuibepeM ommo H3 HEX B Ba pEcyHke 0003Ha-
iaM cro crpenxoit (puc. 1). ITycrs, xpome Toro, Bhi-
Opama emummMua Mmacurraba mis H3MEPCHHA JHH OT-
Pe3koB.

Ilpamas ¢ Bu6panELIM Ra meif HaOpaBJICHAEM HA3hI-
BaeTcs ocvio V),

. Y 3nech m panee UPCANONAracTct, 9T0 OChb PACHONOXEHA Io-
PH3OHTAJILHO H NONOXHTE/LHLM HANPABICHECM SBJISCTCR HAnpasncHEC
CnicBa Hanpaso. : .

2.
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Ocb ‘ -n
Pac. 1 Puc. 2

PaccMOTpEM HA OCH JBE IPOH3BOJNBHBLIC TOTKH Au B.

Onpenenenne 1. Ompe30k ¢ 2pAHUYHBIMU MOUKAMU Au
B Ha3vieaemca HANpasAeHHbIM, eCAu YKA3aHo, KAKaa us3
mouek A u B cuumaemca HA4AA0M, A KAKAA——KOHYOM
ompeska.

HanpapienHblif OTPE30K C HavajJoM B TOYKe A n
KOHIIOM B Touke B 06o3mauum AB Y u Gymem cuATaTh,
YTO OH HaNpaBjleH OT Hadaja K KOHHY.

B samucu AB Oyxsy, 00O3Hadarollyl0o Hadaji0 Ha-

NpaBieHHOTO OTPE3Ka, MAINYT Pepnoﬁ, a 6yksy, o6o3Ha-
4aIolyiI0 €ro KOHeEl,— BTOPOH.

JlmMHaa HaGpaBJICHHOTO OTPE3Ka AB o6o3nagaercs
tax: |AB| wm |AB|.

Jind HanopaBiieHHBIX OTPE3KOB, JICKAIMX HA OCH,
BBEJEM BaXHOE TOHATHE BEJIAYMBLL HANPaBJICHHOTO
OTpe3Ka.

Onpenenense 2. Beauuunoii AB nanpasaennozo ompes-
xa AB Hna3vieaemcAa eewjecmeeHHOe YUCAO, PABHOE |4B |,
ecAu HanpasAeHus ompes3ka u OCU coenaoaiom, u pas-
Hoe—|AB |, ecau 3mu HanpagAeHus npOMUEONOAOHCHbL.

W3 onpenenguns clelyer, 4TO BEIHYAHbI HANPABJICH-
HBIX OTpe3koB AB B BA mpH mo6oM HanpasjICHAH OCH
OTJIMYAIOTCA TOJIBKO 3HaKaMH:

-AB=—BA.

3amerum, qto | AB | u | BA | 0603Ha4aI0T OXHO H TO Xe
9HCII0.

TlycTs MaHbl Kaxas-HAGYMb OCh, MAacITaGHAA C/MHH-
ma H touks A, B, C, D, pacmojoxc¢HHEIC Tak, 49TO
paccTosEHe MeXny- A H B paBHO IBYM, MEXIy Cnu
D—TtpeM_(puc. 2). Toraa HanmpapjiCHAC HAOPaBJICHHOTO
OTpeska AB M OCH_COBNAJAIOT, 3 HANpABJICHWE HANDAB-
JIEHHOTO OTpe3ka CD ® ocd mporuBononoxHo. Ciexosa-
tensHo, AB=|AB|=2, CD=—|CD |=-3. Ecim pac-

—

1 Ynoraa obospauaror AB.
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CMaTpUBATh HaNpaBeHHbIE OTpe3ku BA u DC, To BA =
=—|BA|=~2, DC=|DC|=3. Mpu srom |BA|=
=|AB|=2 u |CD |=|DC |=3.

Ecnu touku 4 u B HanpaBJICHHOTO oOTpe3ka AB

COBNAAAIOT, TO BEJHYHHA HanpasJICHHOT O OTpE3Ka AB

PaBHA HYJIO, A HANPABJICHHE HE ONpEIeseHO.

B nanpueiiiuem Hanpasnenusie OTPE3KH OCH Oyaem
Ha3bIBATE NPOCTO OMpeskamu, ONycKast CIOBO «Hanpas-
JICHHBII».

OcHoBHoe ToxaecTBo. Jua mobbix mpex mouex

A, B u C na ocu seauuuna ompeska AC pasuna cymme
seauuun ompeskoe AB u BC, T.e.

AB+BC=AC. (1)

0O JokaXeM OCHOBHOE TOXECTBO. ITyctb cHayana
ToYkd 4, B u C pasnuyubl. Torga, 4ro0Obl goKazaTh
paBeHCTBO (1), HYXHO paccMOTpeTh IiecTh ciiyyaes
B3aHMHOIrO pacnoJIoxenuss Touek A, B u C Ha ocu!
(puc. 3). Cnyuait I ouesmpen. PaccmorpuM, Hanpuwmep,
cnydait II. UmeeM AB—CB=AC. Ho— CB=BC. Cne-
RopaTenbHo, AB+BC=AC, T.e. nomyueno paBEHCTBO
(1). Ocranbubie ciyuanm pokasbiBaroTcy 2HAJIOTHYHO.

Ilycts Teneps HekoTOpBIE M3 Touck A4, B n C cosna-
AQlOT, HanpuMmep To4ka B cosmanaer ¢ Toukoit 4. Torzma

AB+BC=AA+AC=0+A4AC=AC,

T. €. CHOBa TOJy4eHO paBeHCTBO (1).

HTtak, ycranosneno, uto paBeHCTBO (1) meiicTBUTEND-
HO CHpaBCUIMBO NpH JIFOGOM pacnoioxeHuu Todek A, B
H C Ha ocu. m

2. Koopmuuater ma npavoii. YuciioBas opsvasn, Pac-
CMOTpUM KaKyrO-HHOyIb mpsMyro. BoiGepem Ha Heil
HanpaBjieHUE (TOTa OHa CTaHer OCbI0) M HEKOTODYIO
TOUKy O (Ha4ajo KOOpIMHAT). Ipsamas ¢ BeIGpaHHBIM
HAIIpaBJICHUEM M HAYaJIOM KOOPAMHAT HA3KIBAETCH Koop-
ounamuoii  npamoii (npu 3TOM cuMTaeM, uro CHHNIA
Maciuraba BeIGpana).

Hycte M —npoussonbhas Touka Ha KOOpMHATHOIA
npsamMoit (puc. 4). ITocTaBUM B COOTBETCTBHE TOUKE M

D Tak kax 3 TDCX  TOYEK . MOXHO COCTaBHTb Py=3!=
=1-2:3=6 mnepecranosox.

3
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A B [4
I
A c B
Vg o
8 A (A
n - >
B [ A
[V -
C A 8
4 - -
c
Vi B A .
AB+BC=AC 0 M -
Puc. 3 Puc. 4

BelleCTBEHHOE YMCIO X, paBHoe BenuimHe OM oTpeska
OM : x=0M. Uucno x Ha3bIBaeTCA KOOPOUHAMOU TOYKH
M. U3 onpeneneHuss BEIMYMHBI OTpe3Ka CJIEOYET, HTO
ecnn HanpaBieHne oTpeska OM coBnajaeT ¢ HampasJie-

HUEM OCH, TO TOUKAa M PpacrojioxeHa npasee TOUKK O H
KOOPAMHATA X MOJIOKMTENbHA, €CIM HE COBNANACT —TO
Toyka M pacmosioxesa sesee Toukd O H KOOpauMHATa X
OTpHMIATENIbHA, €CIIN e Touka M COBNANaeT € Toukoit O,
TO KOOpAMHATa X paBHA HYJIO.

Tor ¢akt, 4yro Touka M MMEET KOOpPAMHATY X,
CHMBOJIHYECKH 3alMCHIBAIOT B Buae M (x). )

Taxum 06pa3oM, KaxaoH TOYKE KOOPAMHATHOH mps-
MOl COOTBETCTBYET ONPEAC/IICHHOE BEILECTBCHHOE YHC-
70 —ee xoopaunata. CrpaBeUIMBO ¥ 0OpaTHOE, KaXao-
My BELIECTBEHHOMY YMCIY X COOTBETCTBYCT HEKOTOpad
TOYKA HA KOOPAMHATHOH NPAMO#H, a HMEHHO TaKas TOYKa
M, xoopmuHaTa KoTOpOil paBHa x. Takoe COOTBETCTBHE
Ha3bIBACTCH B83AUMHO OOHO3ZHAUHBIM.
"~ HWTak, BEUIECTBEHHBIE 4YHCIA MOXHO M300paxaThb
TOYKaMH KOODAMHATHOH NPsSMOHM, T. €. KOOpAHHATHAA
npaMas CIyXHT H300paxeHieM MHOXECTBA BCEX BELICCT-
BeHHBbIX uyncel. [103TOMy MHOXECTBO BCEX BELIECTBCHHBIX
yuce] HA3LIBAIOT Yuc1060i npamoi™, a moboe YHCIO —
Toukoi oToM mpsamoi. Oxojlo TOYKH Ha YUCJIOBOH
NpsMOM YaCTO YKa3blBalOT 4YHCJAO—€€ KOOPIAWHATY.

U3o6paxeHue BEILECTBCHHBIX 4HMCEJ B BHAC TOHCK
YHCJIOBOM TPAMOH J€JaeT TEOMETPHYCCKHM HArJIAAHO
IpeNCTaB/eHHe O YHMC/IAX M HMX CBOMCTBAX. YHCAOBBIM
HPOMEXYTKaM TCOMETPUYECKH COOTBETCTBYIOT TNpOME-

) Hago 3aMeTHTh, 4TO KOODIMHATHBIX TPAMBbIX MHOro, a
9uC/I0BAs NpPAMAs OJIHA-— MHOKECTBO BCUICCTBEHHBIX 4uces. Inoraa
HHC/IOBYIO TIPAMYHO Ha3bIBAIOT YHCIOBOMH OCBIO.
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0
M M0 My A=y oy e g

a r [ x Y

Puc. § Puc. 6

XYTKH Ha 4HC/10BO# npamoit. Hanpumep, orpesox [q, b)
u306paxaercs Ha 4ACNIOBOH npsaMoi otpesxom M, M, B

BUAE TO4YeK M (X), PpACHOJIOXCHHBIX MEXAY JBYMsA
ToukaMn M, u M, (puc. 5), ofHa M3 KOTOPBIX H300paxa-
€T YHCIO a (MMEEST KOOPAWHATY 4), Apyras-—suHcio b
(umeer xoopmumatry b), T.e. HAna moboro xe€ [a, b]
BHIMIOJIHAIOTCA HCPABEHCTBA a<x<b.

PaccMoTpum eme omum nprmep. Csoiictso Henpe-
PHIBHOCTH BemnecTBenHbIx umcen 13° mmeer mpocroit
reoMeTpHYeCKHH cMbica. [leficTBHTENbHO, ecM  B3ATH
YHC/IOBYI0 MNpPAMYIO, TO Ha HeH Kaxzgas Todka xe€X
pacnosioxkena siesee xaxzgo# ToukH yeY. IMostomy
MHOXECTBO X DPaclo/IOKEHO LETHKOM JieBee MHOXECTBa
Y. CornacHo CBOHCTBY HETPEPHLIBHOCTH, MEXXY MHOXe-
ctBaMH X m Y ecTb TOYKA ¢, «OTACAAOMIAS OOHO
MHOXECTBO OT apyroro» (puc. 6). Ilpn 3sroMm Touxa ¢
MOXET NPHHAIEKATH KAK MHOXECTBY X, TAK H MHOXe-
CTBY Y, a TagXe He NPAHAMIEXKATH HH OXHOMY H3 HMX.
Taxum o6pazom, uHc/OBas mpaAMas ABAAETCA KaK Obi
cromHoi ymuucH 6e3 «anipox». B xaxom 6 MecTe MBI
BH «pa3pe3ajn» NpsAMylo Ba ABE YacTH, pa3pe3 mpoiiger
4epe3 OAHY H3 TO4YEK NPAMOIL.

[lycts a—npon3sonbHad TOYKa 4HCIOBOM OH H
8" —nonoxurensHoe w4HCNO. Harepsan (a—o, a+9d)
Ha3bIBAaCTCA -oxpecmmuocmovlo mouxu a (puc. 7).

Ha uucnosoii nmpaMoil orpanmienHOoe MBOXECTBO X

APEACTABJAET Co6OA MHOXECTBO TOUEK, IPaHAMHA KOTO-
poro ABJIAKOTCA KOHIUBI MPOMEXYTKOB, COAEPRKAIIMX BCE
TOYKH 3TOrO0 MHOXECTBa,
- O lNpumep 1. TlocTpoHTs Ha wHCNAOBOH mpAMOlH
TOYXH, KOOPAHHATHI KOTODPHIX YROBJICTBOPAIOT C/IEAYIO-
wAM ypasHeHHAM: 1) [x]=2; 2) |x—1|=3; 3) |2x=3|=
=2x~3; 4) |[1=x|=2; 5) {2+x]|=2.

Pemenne. 1) Ypasnenn: | x|=2 pasaocaabHo ABYM
YPaBHEHHAM: x=2 H x= ~2, C1eA0BaTE/ILHO, HMSEM B
‘TouxH M, (—2) n M, (2), KOOPAMHATH KOTOPHX YIOB-
JICTBOPAKOT HAHHOMY YypaBHEHHIO (pHC. 8).

Y 8 —rpevecraa Gyxpa «aeasran.
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o /—\ M, g‘l Mz M‘;
a8 a a+8 My Ms o
Puc. 7 Puc. 8
2) Vpasuenue |x—1|=3 paBHOCWJILHO IBYM ypaBHE-
HuaM: x—1=3 1 x—1= -3, orkyaa Haxogum x=—2 n

x=4 M COOTBETCTBYIOLIME TO4YKH M;3(—2) m M, (4)
(puc. 8), KOOpAMHATHI KOTOPLIX YAOBJIETBOPSAIOT HAaHHO-
MY YPaBHEHHIO.

3) Tak xak |x|=x npu x>0, To ITaHHOE PABEHCTBO
CpPaBEJUIBO [UIA TEX X, MPH KOTOPIX 2x—320, oTkyna

3
noJiyiaeM x>§' CnenoBaTenbHO, TOYKH, KOOPIMHATHI

KOTOPLIX YIAOBJIETBOPAIOT JAHHOMY YPaBHEHHIO, pacrno-
3
JIOXEHbI CIIpaBa OT TOYKH M (5), BKIOYasA TOYKy M.

B ocTajibHBIX Ciiydasx peiuenus aHajoravnsl. (ITocrpoii-
T€ OCTajJbHbIE TOYKH CaMOCTOSATENLHO.)

Ilpumep 2. OxapakTepH3oBaThb pacloOJIOXKEHHE Ha
YHCJIOBOM NPAMOH MHOXECTB TOYCK, KOODAHHATH KOTO-
PhIX YIOBJIETBOPSAIOT CNEAYIOIIMM HEpaBeHCTBAM: 1) x>
>2; 2) x—3<0; 3) 2x—3<0; 4) 1<x<3; 5) x2—9<0;
6) x2—5x+6<0; 7) 12—x<0; 8) 3x—5>0; 9) —2<x<
<3; 10) x2—8x+15<0; 11) x*—8x+15>0; 12) x*—
—25<0; 13) 16—x2<0. K xaxaoMy ciy4alo caenathb
PHMCYHOK.

Pemenue. 1) ToukH pacnosoxeHbl cnipasa OT TOYKH
M, (2). :

2) Mpubasnas x xaxoi yactd HepaBeHcTBA X—3<0
yucao 3, noayunMm x < 3. CuneposatesbHO, TOYKH pacmo-
JIOXEeHEl CleBa OT TO4YkH M, (3), Bxmodas TouKy M,.

3) Ilpubasnas x kxaxaoi#i YacTH HEPABEHCTBA 2Xx—

3
—3<0 9Hcio 3 ¥ Jens NOWIEHHO HA 2, IOJIYYHM xsi.

CnenoBaTenbHO, TOYKH PAcCHOJIOKEHBI ClIEBA OT TOYKH

3
Ma(i)’ BKJIIOYas TOWKYy Mj.

4) Touykd pacnojioxeHbl BHYTPH IPpOMEXYTKa, orpa-
HHYEHHOTO Toukamu M, (1) m M, (3), BKmoYaa TOUKY
M

5-
S) JlaHHOE€ HEpaBEHCTBO pPAaBHOCHJILHO HEPAaBEHCTBY
x2<9. Tax kak /x?=|x|, To |x|<3 wm —-3<x<3

4
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(cM. Teopemy 1.2). CnesroBaTensHO, TOUKH PacrnonoxeHsl
BHYTpH NMPOMEXYTKA, OrPAaHUYEHHOro ToukaMu Mg (—3)
H M.(3). - .

6) HalineM KOpHM TpexunieHa, CTOSIEro B JieBoii
YaCTH NaHHOTO HEPABEHCTBA X;=2 W X,=3, W npeacra-
BHM €ro B BHJE

(x~2)(x-3)<o0.

[Tpoussenenne nsyx MHOXHTenelk OTpHUATEIbHO, KOraa |
3TH MHOXHTE/IH MMEIOT pasHbie 3Haku. CnesoBaTenbHo,
BO3MOXHBI [Ba Cyvas:

aub x—2<0, u6o x=2>0, IlepBass cucrema
°© 1x=3>0, " x~3<0, P

HECOBMECTHA (HE WMeEET pEIUEHHs), pelueHHe BTOpOi
2<x<3. CnenoBaTenbHO, TOUYKM pacnoJioXeHsl BHYTpH
NIDOMEXYTKA, OTPAHHYEHHOTrO ToukaMu Mg (2) u M, (3).
B ocTanpHBIX Cyyasx pelwieHHs aHaNOTHYHBI. (BbinoJinu-
TE€ HX CaMOCTOSTENLHO.)

Ilpumep 3. OxapaxTepusosats pacrnoyioxenHe Ha
9UCJIOBOM NMPAMON MHOXECTB TOYEK, KOODPIMHATBI KOTO-
PBIX YIOBJIETBOPSIOT CJEAYIOIUIMM HEPAaBEHCTBAM:

D Ixi<b 2) |x]>2 3) |x|<2; 4) |x—2|<3:
) Ix—=1122; 6) [x2=5x+6[>x2=5x+6; 7) |x|<x+1.

Pewenne. 1) [dannoe wuepasenctso PaBHOCHJILHO
HepaBeHCTBAM —1<x<1 (cM. teopemy 1.2). Crnemopa-
TCILHO, TOYKH pacloJIOKEHbl BHYTPH IPOMEXYTKa,
OrpaHHYEHHOro ToYkaMH M, (—1) u M, (2).

2) Ecmu |x|>a (2>0), To 5mbo x>o, 16O x< —o
(nokaxure CaMOCTOATeNIbHO). B panHoM cnyyae x>2
MMM x < —2. Takum 06pa3oM, TOYKH DACHOJIOKEHBI BHE
NpOMEXYTKA, OrPaHHYCHHOTO TOYKaMH . M;(—2) wu
M, (). , . 4

3) Hannoe HepaBEeHCTBO PaBHOCHJILHO HepaBeHCTBAM
—2<x<2. UtaK, TOUKH pacnosioxemsl BHYTpH TnpoMe-
XYTKA, OrpaHHYCHHOro ToYkaMu Ms(—2) u Mg (2),
BKMoYas Toukun Ms u M} - ;

4) annoe HepaBeHCTBO, PaBHOCHILHO HepaBeHCTBAM
—3<x-2<3. Ilpubasnas K KaxHIOH YaCTH HTHX Hepa-
BEHCTB 4YHUCJIO 2, mony4yaeM — 1 <x <S5, CnenosaTtenbHo,
TOYKH PpacroioXeHbl BHYTPH NpPOMEXYTKa, OrpaHHYeH-
HOro Toykamu M, (—1) u Mg (5).

5) Eciu |x—1[>2, To'umbo x—1>2, nubo x—1<
< —2. Pewas kaxIoe M3.3THX HEPABEHCTS, Moy4aemM
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mbo x=3, nubo x< — 1. CnenosarenbHo, TOUKH pacno-
7OXeHbl BHE TPOMEXYTKa, OIPaHW4YEHHOro TOMKAMH
My (—1) u M,,(3), Bkuouas TOHKH My u M.

6) Tax kak | x|>x TO/IbKO NpH x <0 (cM. CBOHCTBO 3°
2A6COMOTHON BEJHUMHBLL YHC/A), TO JaHHOE HEPAaBCHCTBO
cripaBeUIMBO Ul TeX X, NpH KOTOPLIX xt1=5x+6<0.
Kak cieayeT u3 npumepa 2, ciydaw 6), pelueHHe 3TOro
nepaBeHcTBa 2<x<3.

7) Mpu x>0 paHHOEe HEPABEHCTBO paBHOCUJILHO
HepaBeHCTBY X<X-+ 1, KOTOpOE YIOBJCTBOPACTCA TIpH
Bcex 3HaueHusx x. [lpy x <0 HepaBeHCTBO paBHO-
CHABHO HepaBeHCTBy —X<x+!. Pewas ero, nojnyiaem

1
N> — 5 Taxkum o6pa30M, TOYKH pacroIoXKCHbI cripaBa

1
OT TOYKH M“<—;>. Y

B sakjroyeHHe JOKaXKeM [IBE BAXHBIC TEOPEMBI.
Teopema 2.1. Karogwr 0Obl Hu Obliu 08¢ MOUKU
M, (x,) u M;(xy), eceeda cnpased.Iueo pageHcneo

M M,=x,—X;. (2)

0 JokaszaTenbcTBo. PaccMOTpUM TpH TOUKH 0,
M,, M, (puc. 9). CornacHo OCHOBHOMY TOXICCTBY (1),

0M1+M1M2=0M2,

oTKyla
M1M2=0M2‘—0M1.
Ho OM,=x,, OM,;=x; Ce10oBaTejbHO, M\ M,=
=Xx;—X;. W -
Teopema HMeeT TPOCTOH CMBICI yT0oOBl HAHTH
seanunny MM, orpeska M M,, Hano OT KOOPIHHATHI

ero KOHLA OTHATHL KOOpAMHATY Hauaja.
Teopema 2.2. Ecau M, (x;) u M, (x,)— mobvie dse
mouxu u d— paccmoanue Mmexcoy HuMu, TO

d=]x,—x1]. 3)
0O Jloxa3aTeabCTBO. Mo Tteopeme 2.1,
MIMZZXZ—'XI.

Ho paccTosiHne MExXIy TOYKaMHu M, n M, paBHO NJIMHE
orpeika MM, T. €. MOAYJIIO BEMHHHBI 3TOTO OoTpe3Ka.
CrnenoBaTesibHO,
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M, [ My
T emp— - . 0 X
Xy A2 x A
Puc. 9 Puc. 10

d=|MM;|=|x;—x;|. ®m

3aMevanue. Tak kak uHcna X3—X; H X;—X,
GepyTcs mo MoAyNM0, TO MOXHO HHCATD d=|x;—x,].

[Ipunumas BO BHHMaHHe 3aMeuaHwue, Teopemy 2.2
MOXHO C)OPMyJTMPOBATH TaK: YTOGHI HAHTH pacCTOAHUE
MEXNy TOYKaMH M, U M,, Hal0o OT KOOPAMHATHI OXHOM
M3 HHX OTHATL KOODAMHATY APYroH H MNOJIYYEHHYIO
Pa3sHOCTL B34Tb NO MOAYJIO,

O Ilpumep 4. Nlaner Touku A (5), B(-1), C(-39),
D (2). Haiitn Benwuunbl orpeskos AB, CD u DB.

Pewenune. Ha ocHopanum Teopembl 2.1 umeem

AB=—1-5=~6, CD=2—(-8)=10,
DB=—1-2=-3,

Ilpumep 5. Hannt Touxu A(3) u B(-2). Hantu
pacctosiuve d MeXAY HHMH.
Pemenne. Ha ocHoBanuu Teopemsr 2.2 mmeem

d=|-2-3|=|-5|=5. @

3. Ipsmoyromuas (WM aekaprosa) cHCTeMa Koop/H-
HAT Ha IJIOCKOCTH. [IBe B3aHMHO NepreHIMKyJISPHBIE OCH
Ox u Oy, umeromme obmee Havano O u ONIUHAKOBYIO
eauuuly macmraba (puc. 10), obpasyioT npsmoyrob-
Hyl0 (WM [€KapTOBY) CHCTEMY KOOPAHHAT Ha ILIOC-
KOCTH. .

‘ Ocb Ox Ha3wbiBaercs ocelo abeyucc, och Oy —ocoio
opouram. Touka O nepeceueHHs ocell Ha3LIBACTCH Haua-
A0M Koopounam. TInoCKOCTb, B KOTOPOH pacmosiokeHsl
ocH Ox u Oy, Ha3biBacTCH KOOpOuHamuoti naockocmeoio "
obosHawaetcs Oxy.

’ [lycte M —npou3sBonbHas Touka ILIOCKOCTH. Onyc-
THM U3 Hee nephneHANKYasspel MA u M B cCOOTBETCTBEHHO
Ha ocH Ox ¥ Oy. ITpamoyzonsnbimu KoopduHamamu x 4 y
TOYKH M GyaeM Ha3bIBaTh COOTBETCTBEHHO BEJHYMHEL
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OA n OB nanpasnenntix orpeskos OA w OB: x=04, -
y=0B. .

KoopmuHathi X H y TOYKH M Ha3bIBalOTCA COOTBETCT-
BEHHO €€ abcyuccoti M opounamou. :

Tot ¢akT, 4T0 TOYKa M HMeeT KOOPAMHATH X H Y,
cuMBONMHYeckH ofo3madator Tak: M (x; y). Ilpa atoM
nepsoit B cxobkax yka3bipaloT abcumccy, a BTOpOH—
opamuaty. Hayano xoopauHat uMeeT KOOPAHHATHI (0; 0).

Taxum obpa3om, npH BeiGpaHHOH CHCTEeME KOODIH-
HaT Kaxao# Touke M TIUIOCKOCTH COOTBETCTBYET mapa
uucen (x; y) — ee NpAMOYro/ibHLE KOOPIHMHATH H, 06paT-
RO, Kaxaoll mape umcen (x;y)! cooreercTByeTr, H
TIPHTOM OMIHA, To9Ka M Ha ruiockocTH Oxy Takas, 4TO ee ™
abcumucca paBHa x, a OpAMHaTa—y. ~

HTax, npsiMOyrosibHas CHCTEMa KOOPAMHAT HA ILIOC-
KOCTH YCTaHaBJIKBa€T B3aHMHO OJHO3HaYHOEC COOTBETCT-
BHE MEXIY MHOXECTBOM BCEX TOYEK IUIOCKOCTH H
MHOXECTBOM Nap 4mcesl, KOTOpoe MAaeT BO3MOXHOCTH
IPH PELICHNH reOMETPHIECKHX 3aa4 NPHMERATH are6-
pandecKkue MeETOMLL. .

Ocu KoOpAMHAT pa3bMBaIOT IUIOCKOCTb Ha HETHIpE
YaCTH, WX Ha3bIBAlOT uemeepmAmu, Keéadparnmamu WIH
KOOPOUHAMHBIMU y2Aamu’¥ HYMEPYIOT PHMCKMMH Lubpa-
mu I, II, III, IV Ttak, xak noka3aHo Ha puc. 11.

Ha puc. 11 yxasanbl Takke 3HaKH KOOpJHHAT TOYEK B
3aBHCHMOCTH OT MX PpAacroJIOXEHHs B TOH HIM HHOHU
YeTBEpPTH.

4. TMpocreiilline 33]a4H aHAJIETAYECKOH reoMeTPHH HA
IIOCKOCTH. PacCMOTpHM. HEKOTOpbIE MPOCTEHIIHE 3aKaYH
Ha NpPHMEHEHHE NPAMOYIOJILHLIX KOOPAMHAT Ha TUIOC-
KOCTH. .

I. PaccTosHue MeXAy ABYMS - TOYKaMH.
Teopema 2.3. [z mobuix d8yx movex M, (X1, y1) #
M, (x3; y2) naockocmu paccmosnue d mexcdy Humu
gvipancaemca Popmyaoii

d=/(x2=x1)7+ [2=21)*. @
O JoxasaTenscTBo. OmycteM E3 Todek M, u M,
nepneHaukyaspsl M,B W M;A COOTBETCTBEHHO Ha OCH

‘1) Peyr, umer 06 ynopsacucHHOH mape uuces (YmOpAAOHEHHOM
MHOXECTBE), T. ¢. O Habope M3 ABYX 4HCeJ, B KOTOPOM yKa3aHO, KaKoc
YHCNO NBNACTCA HEPBLIM, a kaxoec — BTOPHM. Ecaw x#y, To napu
(x: y) u (y; x) pasnuunu, Tak xak B TICPBOH M3 HHX TEPBHIM HCIIOM
ABJACTCA X, a BO BTOpOH —y
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yA
Vi 7 gy
. M,
x<Q, y>0 x>0, y>0 /
- d
0 X /// 4
mn v / 0 x
x<0,y<0 x>0, <0 o — P
]
Puc. 11 Puc. 12

Oy n Ox u obo3HauuM uepes K TouKy mnepeceueHus
npameix MB u M,A (puc. 12). Touka K wumeer
koopauHaTtel (x;; y;). Ilo Teopeme 2.2,

_ | M\ K|=|x;—x;[; |M:K|=y;—py1] _
Tak kak TpeyronbHuk M M,K npsiMOYrojibHBIH, TO, TO
teopeme Iludaropa,

d=IM, M2]=\/|M K|*+ |M,K|? =

—\/\,—\1 1—ri)?.

O Ipumep 6. Haiitu paccrosHue d Mexay TOYKaMH
M, (-2; 3) u M,(5; 4).
Pewmwenune, Ilo dopmyne (4) nmeeM

d= B @3 =/50=57.

II. Mnoutans Tpeyronbﬂnxa. Teopema 24,

~Maa mobvix mpex mouek A(xy; y1), B(x35;, y2) u C(xs;

V3), He aexcawjux Ha OOHOU npAamol, naowads S
mpeyzoavhuka ABC eviparncaemca  gopmyaon.

1

=3 |l =) (3 =31) = (xs =) G2 =0)] | ()

-0 JokasaTtenbcTBo. [lmomanbs TpeyronbHHKa
ABC, uzobpaxenHoro Ha puc. 13, MOXHO HaHTH Tak:

Sasc=Sapec+ Secer — S4prp, -~ (6)

rae SADLC, SBCEF, S 4rp— TJIOLIAAN COOTBETCTBYIOLINX
Tpaneuuii. ITockosnbky
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{4AD} + |CE|_(X3—X1)()'3+,V1)

Sapec=|DE|" : = ! ,
Speer=| EF| JAEC| “ZF l'BF|=(Xz—X3)2(y;+y3),
SABFD-lDFl 14D] ;' | BF| (Xz—xn)z()’n+}’z)’

TOJICTABHB BBIPAXEHHs [ ITHX Miowanci B paBeHCTBO
(6), nonyunm dopmyny

~

S=% [(xi=x2) (1 +y2) + (x2—=x3)(r2+y3) +

+ (x3=x1) (r3+y1)]|>

U3 KOTOPOI mocje HecJOXHBIX npeobpa3oBaHui cieayer
dopmyna (5). Ana moboro Apyroro pacnoyioXeHUs
tpeyronsHuka ABC dopmyna (5) Aoka3biBaeTCs aHaso-
TUYYHO. W

O Tpumep 7. Haunt Touxku A (1; 1), B(6; 4) u C(8; 2)
Hakditd miomaabs S TpeyroasHuka ABC.

Pewenne. Ilo cbopmyne (5),

s=1[6-1@-1) - #-1)@-1)] 1_-‘[—16]| 8.

HUrak, S=8. @

III. lenenne oTpe3ka B AaHHOM OTHOIe-
Huu. [1ycTh Ha MJIOCKOCTH AaH NMPOH3BOJILHLIA OTPE30K
MM, u nyctb M-—mobas Touyka 3TOro OTpe3ka,
OT/NMYHAasA OT TOYKM M, (puc. 14).

Yucsio A, ONpeacsiseMoe paBEeHCTBOM

_IM M|
T IMM,)

HA3LIBAETCA OMHOWeHUeM, B KOTOPOM Touka M [OeauT
oTpe3ok M, M,.

3amada O [EjIEHHM OTpe3ka B JaHHOM OTHOIUCHHH
COCTOMT B TOM, 4TOOBI MO [aHHOMY OTHOLIEHHIO A H
JaHHBIM KOOpIWHATaM TOYEK M { H M, paiiTn xoopmma-'
Tbl TOYKH M.

Pemuty 3Ty 3dAavy’ NO3BOAsET cCaedyroilas Teo-

pemMa.
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Y=
Y ——b——— =38
b, £ A
7 X Xy Xz X 0 X
Puc. 13 ' Puc. 14

Teopema 2.5. Ecau mouka M (x; y) deaum ompesox
MM, ¢ omnowenuu A\, mo Koopounamsl 3moti mouxu
onpedeasromea  gopmysamu

Xy +Ax, Yi+iys
= : = 7
14+’ 1+2 ° )

X

2de (xy; yy)—kKkoopounams: mouxu M, (x3; y2)—xoop-
Ounamet mouku M,.

O HoxasatenbcTBo. Iycts npaMas M, M, He
TNEPNCHANKYISPHA ocH Ox. OnyCTHM NepueHMKyYIAphl W3
Touek M,;, M, M, Ha ocb Ox M 0603HAYMM TOYKH HX
TIepecetyeHns ¢ ocbl0 OX COOTBETCTBEHHO 4epe3 P, P u
P, (puc. 14). Ha ocHoBanun TEOpPEMBI 3/IEMEHTapHOM
TCOMETPHH O NPONOPHHOHAILHOCTH OTPE3KOB NpPAMBIX,
3aKJIIOMCHABIX MEXRY NMapasieIbHbIMH NPAMBIMH, HMeeM

|P1P|=|M1M|____
|PP;| |MM,|

Ho, no Teopeme 2.2,
| PyP|=]x—x,|, | PP;|=|x;—x].

Tax xax uncna (x—x,) n (X2 —Xx) MMEIOT omuit M TOT e
3HaK (P X; <X, OHH TOJIOXHTEIbHbI, 2 npu x; > x,

X=X X=X X—X
OTPHLATENLHBI), TO bxoxnl_x—x IMostomy 1=},
. |x3—x| xp—x X3—X
Xy + M:
OTKYJA X = Tt Ecnn npamas M, M, NepreH MKy nsp-

Ha OcH Ox, TO X;=X,=X H 3Ta dopmyna Taxxe,.
O4CBMIHO, BepHA. Haiimema nepsas u3 dopmysn (M.
Bropas ¢opmyna maxommrcs amamormumo. m
Cnencreme. Ecau M, (x,; Y1) u My(x3; y,)—.
Ose npoussossvie mouku u mouxa M (x; y)— cepeduna
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)
bl

v~
X

my

Puc. 15 ' Puc. 16
ompeska M M,, m.e. |MM|=|MM,;|, mo A=1 u no
gopmyaram (7) noayuaem

=X1+Xz =)’l+}’2
2 2

Takum 06pa3oM, Kaxcoaa KoopouHama  cepeouHsl
ompe3ka pashHa NOAYCyMMe COOMBemcmeyouux Koopou-
Ham.

o MNpumep 8. HManel Toukn M, (l; D u M,(7; 4).
Haiita Touky M (x; y), KoTOpas B [Ba pa3za bJmxke K M,,
yeM K M,.

Pemenue. Vickomas Touka M AemHT OoTpe3ok M M,

1
B OTHOIUCHHUH )»=§. IMpumenss ¢opMysl (7), HaXoAAM

KOODAMHATHl ITOM TOUKH: X=3, y=2.

5. ITonspunie KoopammaThl. PaccMOTpuUM Temepb IMo-
JISPHYIO CHCTEMY KOODAMHAT. JTa CHCTEMA COCTOMT H3
HekoTopoil Touku O, Ha3LIBAEMOMN noalocomM, U HCXOOS-
mero u3 Hee jyda OFE, Ha3bIBAa€MOTO NMOAAPHOU OCbIO.
Kpome Toro, 3afaercs eIMHHLA macuitaba nis u3Mepe-
HUS JUTMH OTPE3KOB.

IMycTs 3agaHa MonApHas CHCTeMa KOOPAMHAT H NyCTh
M — Ipou3BONIbHAS TOYKA MIOCKOCTH. OOO3HAYHM HEpE3
p paccTosiHME TOYKH M OT TOUKH O, a uepe3 ¢ —yroin,
HAa KOTOPBIA HYXHO TOBEPHYTh MPOTHB 4acOBOH CTpEJIKH
NIOJIAPHYIO OChb JUISA COBMELIEHHSA C JIy10M OM (puc. 15).

' Hoanpubimu KoopouHamamu TOYKM M Ha3bIBAlOTCH
yHcna p M @. YHUC/IO ‘p CYHTAIOT TIEPBOH KOOpIMHATOH H
HA3LIBAIOT NOAAPHbIM PAOUYCOM, WUHCJIO @ —BTOPOH
KOOPAMHATON M HAa3bIBAIOT NOAAPHBIM Y2AOM.
~ Touka M ¢ mNONAPHBLIMH KOOpAMHATaMH p H
obo3navaercs Tak: M (Pp; ©¢).

OO6BIYHO CYMTAIOT, YTO NOJNAPHLIE KOOPAWHATHL P H @
H3MeHsIOTCA B ciaeaylommx npexmenax:. 0<p<+o0,
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0<@<2n. OnmHako B pAne ciyyaes NPUXOIUTCA paccMaT-
puBaTh Yriwl,, Oonpline 27, a Takke OTpHUATEbHbIE
YFJIBL, T. €. YIJbl, OTCYHTBIBAEMBIE OT MOJISPHOH OCH NO
YacOBOH CTpeJIKe.

YCTaHOBHM CBS3b MEXAY NMOJISPHBIMM KOOPAMHATAMH -
TOYKH H €€ NPSIMOYroJibHbIMU KoopauHaTaMu. [lpu atoMm
Oynem npeamnosiarath, YTO HAYAJI0 NPAMOYroOJbLHON CHC-
TEMbl KOODIMHAT HaXOAUTCA B IOJIIOCE, 4 NOJIOXHTEb-
Hag Mnojyoch abcuucc coBMagaeT ¢ NOJIAPHON OCHIO.
ITycTs Touka M MMeeT NpAMOYIoJibHLIE KOOPAMHATHI X
U ) H NOJIAPHBIE KOOpAHHaTHl p U ¢ (puc. 16). Oue-
BHIIHO,

X=pCcosQ, y=psin@. ®)

®opmynbt (8) BbIpaXaKT NPAMOYTOIbHbIE KOOPAHHA-
Thl Y€PE3 NOJIAPHBIE, a BHIPAXKEHHE NOJAPHBIX KOOPAMHAT
uepe3 MpPAMOYroJibHbIE CJIEAYEeT W3 3THX ¢opMy:

p=y/x*+y%, 1go=1. )
®opmyna tg @ =y/x onpenenser ABa 3HAUEHHS MOJSAPHO-
ro yrjia ¢, Tak Kak ¢ u3Mensercsa or 0 go 2n. M3 atux
ABYX 3HAYEHUH yrjla @ BBIOWPAIOT TO, NMPH KOTOPOM
YAOBJIETBOPSIIOTCA paBeHCcTBa (8).

O Ilpumep 9. /[laHB NPAMOYrOJIbLHbBIE KOOPAMHATEHI
TOYKH (2; 2). HaliTn ee mosisspHble KOOpAMHATBI, CHMTAS,
YTO MOJIIOC COBMELIEH C HavajJoM MpPAMOYroJbHOM
CHUCTEMBI KOODAMHAT, a MNOJMpHas OCh COBHNAAdaeT C
NOJIOXKHUTENBHON noNyochlo abcumce.

Pemenue. Ilo o¢opmynam (9) umeem p=2\/2_,
tge=1. CornacHo BTOPOMY M3 3THX DaBEHCTB, @ =m/4
i @ =5n/4. Ho Tak kak x=2>0u y=2>0, To cneayer
B3ITh @=1/4. @ '

?

. Bonpocel gans camonposepku

1. Y70 Ha3bIBAETCA HaNPaBNEHHBLIM OTPE3KOM W ero BeNUYUHON?

2. Y10 Ha3biBaeTCA OCHOBHLIM TOXaecTaoM? flokaxxute ero.

3. Yo Ha3LIBAETCR OCbIO W KOOPAMHATHOW NPAMOIR? :

4. NMoueMy MHOXECTBO BCEX BELJECTBEHHbLIX 4YUCEN Ha3biBaloT
4ucnoson npamon? .

5. PackpoiTe reoMeTpU4eCKnit CMbICN CBOIACTBA HENPepbIBHOCTH
BEWECTBEHHbIX 4ncen.

6. HYemy pasHbl BeNM4MHA HANPABNEHHOrO OTPE3Ka M PACCTOAHNE
Mexay AByMA TOuKaMn Ha 4YMCNoBO® npAMon?

7. Yto Takoe npAMOyrofibHas cuctTema KoopauHart?
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8. Mokaxute, KaKk ¢ NOMOLbLIO NPAMOYFONLHOW CUCTEMbl KOOpAU-
HaT YCTAHABMNWBAETCA B3AaMMHO OAHO3HAYHOE COOTBETCTBAE Mexay
MHOXXECTBOM BCEX TOMEK NMIOCKOCTH M MHOXECTBOM YNOPAZOYEHHLIX
nap uucen (x; y).

9. MpveeguTe NpocTeAWME 3afayvyu aHanUTUYECKOA reomeTpuy,
KOTOpbiE€ pelatoTCa MEeTOAO0M KOoopAuHarT. ’

10. Yto Takoe nONApHas cucTeMa KoopauHaTt?

11. Packponte cBA3b MEXAY NPAMOYrONbHOR W NONAPHOA cUcTe-
MaMu KOOpAUHaT.

§ 2. MHOXECTBA TOYEK HA NMJOCKOCTH
U UX YPABHEHHMA

1. Onpenenenne ypasHennsi Jimuud. PaccMoTpuM COOT-
HOlLIEHHE BHUOA

F(x, y)=0, | 1

CBSA3BIBAIOILEE MEPEMEHHbIE BEJIMYMHBI X M y. PaBeHCTBO
Buaa (1) OyneM Ha3biBaTh ypasHeHuem ¢ 08YyMA nepemeH-
HbIMU X, Y, €CJIH 3TO PABEHCTBO CHPAaBEAJIMBO HE A BCEX
nap uucen x u y. IlpuMepsl ypasHenmit: 2x+3y=0,
x24y?—25=0, sinx+siny—1=0.

Ecnu (1) cnpaBeaiMBo U1 BCEX Map 4ucen x u y, TO
OHO Ha3bIBaeTCA Mmoxcoecmeom. IIpUMEPBI  TOXIECTB!
(x4y)2=x?=2xy—p2=0, (x+y)(x—y) —=x*+y*=0.

Vpasueuue (1) OyaeM HasblBaTb ypagHenuem MHoxce-
cmea mouek (x; y), €CJIH 3TOMY YPaBHEHHIO yIOBJICTBODS-
0T KOOpIMHATBI X M y M000H TOYKM MHOXECTBA M HE
YAOBJIETBOPAIOT KOODAMHATBHI HHKAKOH TOYKH, HE NpH-
HaJJIeXalpe 3TOMY MHOXECTBY.

BaXXHBIM TOHATHEM AHAJHTHYECKOH T€OMETPHH SBJIA-
€TCs TOHATHE ypaBHeHHs JIMHHU. [lyCTL Ha IUIOCKOCTH
3ajaHbl NPAMOYroJibHAS CUCTEMA KOODAMHAT M HEKOTO-
pas sunus L (puc. 17).

Onpenenenne. Ypasnenue (1) nazvieaemca ypagHeHuem
aunuu L (8 3a0annoii cucmeme Koopounam), ecau ImMomy
ypasneHulo  y006.1emeopaiom Koopounamel X u y aobou

; mouku, Aexwcaweit na aunuu L, u ne yoosremeopaiom
KOOpOUHAMbI  HUKAKOU MOYKU, He Jexcauyed HA IMou
AUHUU.

W3 onpeneJieHHs CAEAYET, YTO JHHUS L npeicTaBiseT
cob0oif MHOXeCTBO BCEX TeX TOYeK IUIOCKOCTH (X; V),
KOOpIMHATHI KOTODBIX YHOBJETBODAIOT ypaBHEHHIO (1).

Ecnu (1) sBaseTcs ypaBHeHueM JMHHH L, To Oyiem
roBoputh, uTo ypaBHeHue (1) onpedessem (3adaem)
nuuuio L.
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Jlunns L MOXET onpelensitbcs He TONBKO ypaBHe-
HueM Buna (1), HO W ypaBHeHHeM BHaa

F(p, ¢)=0,

COZIEPXALUMM TNOJIAPHbIE KOOPAMHATHI.

PaccMoTpuM  Heckosibko  mpocTeiitmx TIPHMEPOB
ONpENE/ICHHs JIMHHIA ypaBHEHMSAMH.

O 1) x—y=0. 3anucaB 3T0 ypaBHeHHEe B BHE y=x,
3aKJIIOYaeM, 4YTO MHOXECTBO TOYEK, KOODAMHATHI KO-
TOpbIX YNOBJICTBOPSAIOT J[IlaHHOMY YPaBHEHHIO, TNpej-
crapnser coboit Guccextpucet I u 111 xoopamHaTHBIX
YIJIOB. JTO JIHHHSA, ONpElEeSeHHAst YPAaBHEHHEM X — y=0
(puc. 18).-

2) x*—y?=0. [IpeacTaBHB ypaBHeHHE B BHAE (x—y)x
X (x+y)=0, 3akm04aeM, 4TO MHOXECTBO TOYeK, KOOp-
AMHATBl KOTOPBIX YAOBJIETBOPAIOT JaHHOMY YpaBHe-
HHIO,—3TO JBE MNpAMbIE, COAEPXKAIIME OGUCCEKTPHUCHI
YETLIPEX KOOPAHHATHBIX yrioB (pHc. 19).

3) x?+y?=0. MHOXeCTBO TOYEK, KOOPAMHATHI KOTO-
PHIX  YOOBJIETBOPAIOT 3TOMY YPaBHEHHIO, COCTOHT U3
onuo rtoukn (0; 0). B mamnoM cnywae. ypaBHEHHE
ONpelieNIfAeT BbIPOXACHHYIO JIMHHIO.

4) x> +y*+1=0. Tak xaK npn MobHIX x K y wuCia
x? u y? HeoTpuuaTenbHbI, TO X%+ p?+1>0. 3HaquT, HeT
HU OJTHOH TOYKH, KOOPAMHATBI KOTOPOH YROBNETBOPSIOT
AQHHOMY YDaBHEHHIO, T. €. HHKAKOTO e€OMETPHYECKOro
00pa3a Ha MJIOCKOCTH aHHOE YpaBHEHHE He omnpenenser,
OHo ompenenser «nycroe» MHOXECTBO TOUEK.

5) p=acos @, Tlle a— NONOXUTENLHOE YHCIO, nepe-
MEHHBIE p M @ —NOJApHBIE KoopAMHaThl. O603HaYMM
9epes M TOYKY C NONSPHBIMH KOOpJMHATaMHu (p; ¢),

" uepe3 A-—TOUKYy C NONAPHBLIMH kKoopauHatamu (a; 0)
(puc. 20). Ecaum p=acosq, rae O0<ep<m/2, TO yroa
OMA npamoi, u o6patho. CrnefoBaTeILHO, MHOXECTBO
TOYEK, NOJAPHEIC KOOPAMHATBI KOTOPBIX YAOBJIETBOPSIOT
AaHHOMY YDAaBHEHHIO, €CThb OKPYXHOCTh C AHAMETPOM
0OA (puc. 20). B :
© 6) p=a@, rae a-—TNONOXHTENBLHOE YHCJIO, p H
¢ -—nonspHbie koopaHHaThL. O603HaunM uepes M Touky
C TNONADHBIMH KoopAuHaTaMu (p; ¢). Ecnm ¢=0, ToO
p=0. Takum o6pazoM, npu yBenuYeHHH yrna @ Touka
M (p; ¢), HavaBmIas CBOE JBMXEHME B MOJIIOCE, ABHKETCH
BOKDYT HEro, OJHOBPEMEHHO YAaisisiCb OT TNOJIIOCA.
MHOXeCTBO TOueKk, NONAPHBIE KOOPAMHATHI KOTOPBIX
' YAOBAETBOPSAIOT YPAaBHCHHIO Pp=a(, HA3LIBACTCH CHu-
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paavio Apxumeda (puc. 21). Ilpu sTO0M npeanonaraercs,
YTO @ MOXET NPHHHMAThL JIIoOble HEOTPHUATENLHBIE
JHAYEHHS. h

© Ecnm Touka M coBepluaeT OAMH NOMHBIA 060-
pOT BOKpYr moJjoca, TO @ BO3pacTacT Ha 27, a
p—Ha 2am, T.e€. cnupasb paccekaeT Jobyio mpsmylo,
NIPOXOAAIIYIO Yepe3 MOJIOC, Ha paBHble OTpe3kH (He
CYMTasi OTPE3Ka, COAEPXKALIEro MOJIOC), KOTOpbie HMEIOT
JUIMHY 2an. @

46

CopepxxaHue



B paccMOTpenHBIX mpuMepax o 3aIaHHOMY ypaBHe-
HHIO JIMHHM OBUIM HCCIEOBAHbLI €€ CBOMCTBA W TeM
CaMbIM YCTAaHOBJICHO, 4TO npencrasaser coboit 3r1a
JHBYA. '

PaccMoTpum Tenmepbh oGpaTHyio 3amavy: aas 3agan-
HOTO (KaKHMH-TO €ro CBOHMCTBAMM) MHOXKECTBA TOYEK,
T. €. U1 3aJaHHOW JIMHMK L, HalTu ee ypasHeHHe.
- O llpumep 1. BbiBectu ypaBHeHHMe (B 3aaHHOI
NpAMOYTOJILHOM CHCTEME KOOPAMHAT) MHOXECTBA TOYeK,
Kaxias H3 KOTOPBIX OTCTOMT OT Touku C(o; PB) Ha
pacctosHUH R. HMHBIMH Cl0BaMM, BBIBECTH YpaBHEHHE
OKPYXHOCTH pammyca R ¢ unentpoM B Touke C(a; PB)
(puc. 22).

Pemenue. Paccrosune oT npousBonbHoil ToukH
M (x;_y) no Touxu_C Beruncasietcs no popmyne | MC|=

=/ (x—2)2+ (y—B)2. Ecau Touxa M nexut Ha OKpYX-
HoctH, TO [MC|=R unu MC?=R?, T.e. KOOpAMHATHI
TOYKM M YyIOBNETBOPSIOT YPaBHEHHUIO

(x—a)?+.(y—B)2=R2. (¥}

Ecnu xe Touka M (x; y) He Jexur Ha JaHHOM
OKpYXHOCTH, TO0 MC?# R? T.e. KOOPAMHATHI TOYKH M
HE YNOBIETBOPAIOT ypaBHeHuro (2). Takum ob6pa3som,
HCKOMO€ ypaBHEHHME OKpYXHOCcTH umeet Bua (2). ITona-
rag B (2) a=0, B=0, noay4nM ypaBHEHHE OKDYKHOCTH
‘pagmyca R ¢ LEHTpOM B Hayajle KOOPAMHAT:

X +y2=R% @

2. Ipumepbl Ha HaxoxkIeHwe MHOXecTB Touek. Pac-
CMOTpDHM €lIC HECKONLKO NPHMEPOB HAa HAXOXKACHHE
MHOXECTB TOYEK IO YPaBHEHHSAM M HEPABEHCTBaM,
CBA3LIBAIOLIMM HMX KOOPAMHATSI. :

@ Ilpumep 2. Haiitu MHOXeCTBO Touek (x; y), Koop-
AMHATBl KOTOPBIX YAOBIETBOPAIOT YPaBHEHHUIO | X| + | y|=

Pemenne 1. Tak xak |—m|=|m|, To BMecTe C
TOYKOH (a; b) HCKOMOMY MHOXECTBY NMPUHAMIEKAT TAKKE
TOYKHM (—a; b), (—a, —b), (a; —b). D10 O3HA4YaeT, 4YTO
Ox m Oy—oCcH CHMMETPHH MCKOMOTO MHOXECTBA.
ITosTomy naiinem ero wacrs, nexauryro B I werseprH, a
OCTaJIbHOE NOJIyYUM, CHMMETPHYHO OTpa3uB 3Ty 4aCTh
OTHOCHTEJILHO OcCeil KOOpAHHAT.

B I yetBeptnt x>0 1 y>0, nostomy |x|=x, |y|=y u
JaHHOE ypaBHEHHE npvHMMaeT BuA x+ y=1. Hapucosas
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4acTh 3TOH mpsMoil, nexainyro B I 4eTBEPTH, M OTPa3uB
ee CHMMCTPMYHO OTHOCHTEAbHO ocel Ox ®H Oy, nony-
YAM HMCKOMOE MHOXECTBO — KBaIpaT, H300paXxeHHbIA Ha
puc. 23.

Pewenue 2. PaccMoTrpaM ypasrerue | x|+ |y|=18
KOOpPAHMHATHLIX YETBEPTHX.

1) B I werpepte x>0 u y>0, nmoatomy |x|=x u
|y|=y u ypaBuenne npHHHMaeT BHA X+ y=1. Muoxect-
BO TOYEK, KOOPAHHATHI KOTOPBIX YHOBJIETBOPSAIOT ITOMY
ypaBHEHHIO, ecTh npaMasd. CreaosaTenbHO, K HCKOMOMY
MHOXECTBY To4eK | 4eTBepTH MPHHAIEKHT y9acTok AB
sToit mpamoit (puc. 23).

2) Bo II uerseptn x<0, y=0, mostoMmy |x|=—x,
|yl=y u ypaBHeHue mpmHUMaeT BHA -—x+y=1. Takum
06pa3oM, MCKOMOMY MHOKeCTBY Todek B mpedenax 1l
YCTBEPTH NPHHAUIEXHUT y4acTok BC mpamoit —x+y=1.

3) B III 4ersepru x<0, y<0, nosromy |x|=—u,
|yl=—y ® ypaBHcHME NpPHHUMAET BAL —x—y=1.
CnenoBaTebHO, HCKOMOMY MHOxecTBy Touek B IIT uer-
BEPTH TNpPHHAMIEKHT ydacTok CD mpamoik —x—y=1.

4) B IV uersepr x>0, y<0, mostomy |x|=x,
|y|= —y u ypaBueHne npuuaaMaet Bua x—y=1. Creno-
BaT&IbHO, HCKOMBIM MHOXSCTBOM Toudek B IV dersepTn
sBRseTCc y4actok DA npsMoit x—y=1, 3aMuIKatoLui
kBaapat ABCD. @ \

[pu pewleHur npuMepos ciexyeT obpaulats BHAMA-
HAE HA CHMMETPHIO HCKOMOTr0 MHOXKECTBA TOYCK OTHOCH-

" TeJIbHO KOOPAHWHATHBIX OCEHl.

o INpumep 3. Haiitm MAOKeCTBO TOMCK (X; )),
KOOpAAHATH KOTOPhIX YHNOBJETBOPAIOT  YPaBHEHMIO
x| =lyl=1.

Pemwenne. Tak kak HCKOMOE MHOXECTBO TO4EK
CHMMETPHIHO OTHOCHTEJIbHO KOOPAMHATHBIX OCedl Oy M
Ox, TO MOXHO MCMOJb30BaTh JHoboe H3 IBYX pELICHHH
npumepa 2. [Ins KPaTRKOCTH PacCMOTPHM MEpBOC peliie-
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mue. B 1 werseptn ypasmemme |x| —|y|=1 npummmaer
Bl x—y=1. CnenosarebHO, X HCKOMOMY MHOXECTBY
To4YeKk B I 4eTBepTH mpHRamnexuT yyacrok AB npsamoii
x—y=1, OTpasHB €ro CHMMETPHYHO OTHOCHTEJILHO
KOODJMHATHBIX OCEH, MO.Ty4aeM BCE HCKOMOE MHOXECTBO
TOYCK, H300paxeHHOE BHa puc. 24.

_ (Bropoe pemenue 3TOro npamepa BBIMOJHHUTE CaMo-
CTOATENLHO.) '

TNpamep 4. Haiitw MHOXCECTBO TO4EK (X; y), KOOpIH-
HaThl KOTOPLIX YHOBJETBOPAIOT HEPABEHCTBY (x —2y)x
x(2x~y+1)>0. :

" Pemenrue. INponsseacine AByx coMROXMTENCH mO-
JIOKHTCIBHO TOrJA ¥ TONLKO TOTAA, KOTAa Y HHX
ONNHAKOBbIC 3HAKH, T. €.

x—y>0,
{2x—y+l>0 @) wm {

Hepasencteo nepsoif crenemum Ax+By+C>0 3a-
HAaeT MNONYMIOCKOCTh, OTPaHMYEHHYI0O MPAMOHM Ax+
+By+C=0 (cm. § 3, n. 4). ITosToMy perenne xaxnoit
3 cucteM (3) u (4)—nepecedeHHe COOTBETCTBYIOLIMX
HOJTYIUIOCKOCTEH; NMONydacM OTBET: NApa BEPTHKAJILHBIX
yrnos Ha pHc. 25,

Tipumep 5. Tloxasats, 9to ypasHenme x2+2x+y2=0
3a/1a€T HA NIOCKOCTH HEKOTOPYIO OKpYXHOCTh. HaiiTH ec
HCHTP M paaHyc.

Pemenne. IlpeacraBuM maHHOE ypaBHEHME B BHJE

(*+2x+1) +p*=1 um (x+1)3+y%=1.

x—-y<0,

2x—-y+1<0. @)

Tenepsb sCHO, 4TO ITO YPaBHEHHE OKPYKHOCTH C NEHTPOM
B touke C(—1; 0) u paguycom 1. '

IIpumep 6. Ycrauoambi KaKoe MHOXECTBO TOUCK
3a/1a€T HEpaBeHCTBO x2+yZ<gdx+4y.

Pemenne. IlepenuiueM 3T0 HepaBeHCTBO B BHIE

x*—4x+4+y*—4y+4<8 wm (x—2)2+ (y—2)*<8.
OTO HEpABCHCTBO MOKAa3LIBAET, 4TO pAaCcCTOSHHE OT
KaXO0H TOYKH HCKOMOTrO MHOXECTBA JO TOYRH (2; 2)
MEHbIIIE HJIM PABHO \/2_3- . OueBnAHO, YTO TOYKH, YIOBJIET-
BODSIOLLHE 3TOMY - YCJIOBHIO, 3aMOJHAIOT KPYr pajmyca

8 ¢ uenTpoM B TOuKe (2; 2), Tak Kak B HEpPaBECHCTBE
AOTYCKAETGH pAaBEHCTBO, TO [IPAHMUA Kpyra TaKxke
HPHHAUIEXHAT HCKOMOMY MHOXECTBY.
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TMpumep 7. Ha mioc-
KOCTH OaHbl TOYKH A H
B. ' Hafitu MHOXECTBO

Toyexk M, ylajneHHbIX OT
A BOBOE Oajnblue, UeM
ot B.

Pemenue. Boibe-
peM CHCTEMY KOOpPAMHAT
Ha MJIOCKOCTH Tak, 4TO-
Obl Ha4yajg0 KOOpPAMHAT
gonano B TOuky A, a
HOJIOXKHUTEJILHAs TIOJIyOCh
abeuucc mnoumia or A kB 3a  eauHuuny Mac-
wrtaba BO3bMEM AMHHY oTpeska AB. Torpa Touka
A umeer kxoopauHatsi {(0;0), Touka B-—xoop-
nate (1; 0). KoopamHatst Toukn M 0003HAUYMM Hepe3
(x; y). Ycnosue | AM|=2| BM | 3anuiuemM B KOOpAHHATAX

Tak:
VeSS NI

31ech Mbl BOCNOJB30BaHCh Gopmynoii (4) § 1. Tlomyde-
HO ypaBHEHUE MCKOMOTrO MHOXECTBA TOUEK. Yrobsl no-
HSATb, KAKOE MHOXECTBO ONHCHLIBAECTCS 3THM YPaBHEHHEM,
npeobpasyeM €ro Tak, 4YToObl OHO TPHHAIO 3HAKOMBIR
BiA. Bo3Boss o6e 4acTH B KBaApaT, PackpbiBasi CKOOKH H
npuBOAsA TOJOGHbIEC WieHbl, I0JIy4a¢M paBHOCHIIBHOC
ypaBHEHHE A

Puc. 25

3x2—8x+4+3y?=0.
D10 pAaBEHCTBO MOXHO TNEpEnUcaTb B BUAC

4

., 8. 16
x2—Zx+— ==
Xty TV =g

MM B CJIEAYIOLIEM ‘BRIOC.

(8-

IMocnenHee ypaBHEHHE HABJIAETCA YPaBHEHHMEM OKpYX-
4 2
HOCTH C UECHTPOM B TOYKE (5; O) W pajMycoMm :. Takum

06pa3om, HCKOMOE MHOXECTBO TOYCK ABJAETCH OKPYX-
HOCTBIO (MJIM €€ YacThlo).

Jlns pellieHus HECYLIECTBEHHO, 4TO |AM| MMEHHO B
aBa pasa Oonbwe |BM|, noatomy Ha caMOM J€je
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pemieHa obuias  3apgaua.
WUmenno, ' goxaizaHo,  uTo
MHOXECTBO To4ek M, oT-
HOUIEHHE ~ PacCTOAHHI Ko-
TOPHIX [0 HaHHBIX TOYCK A
u B nocrosHHO

1AM _
|BM|

Puc. 26

(k—3anmannoe HOJIOXH-
TEJIbHOE 4YMCJIO, He paBHOE ), sSBAAETCA OKPYXHOCTBHIO.

Mbr uckmouyunu caysait k=1. B astom cnyuae
HCKOMOE MHOXECTBO — npsiMas (Touka M paBHOygajeHa
oT To4ek A u B). (JokaxuTe 3TO aHATHTHYECKH.) @

PaccMoTpeHHbIE MpUMEpBI IOKA3LIBAIOT, KAK METO/ KO-
OPAMHAT NMO3BOJIET NPHMEHAThL ajarebpanyeckue MeTOAb!
TNpPH peILeHHH reOMETPHYECKUX 3a1a4. Tenepb paccMOTpUM
npuMep, Koraa anarebpanyeckyro 3aJaqy MOXHO pPeLUUTH
rCOMETPHYECKH C TOMOUIbIO METOJa KOOpAMHAT.

O Ilpumep 8. VYcraHOBUTBH, OpH KaKMX 3HAYEHUAX
napamerpa a CucTeMa

x4yi=]1,
X+y=a

HE HMECT pELICHHH, HMeeT EIHHCTBEHHOE pellEHHE,
umeeT OecuncnenHoe MHOXecTBO pelucHuit. Kakue erue
C/Iy4al BO3MOXHBI?

Pewenue. NepBoe ypaBHEHHE CHCTEMBI —ITO ypaB-
HEHHE OKDYXHOCTH C UEHTPOM B Hayajle KOOpIAMHAT
u pamuycom 1. Bropoe ypaBHenne sBiseTcs ypas-
HEHHEM MNPSIMOM, OTCEKAIOIIEH Ha OCSX OTPE3KH, pPaBHbIE
a. PemmnMTh CHCTEMy —3HAYHT HAHTH TOUKH, KOOpMIM-
HaTel KOTOPBIX YAOBJETBOPAIOT KaK MEPBOMY, TaK M
BTOPOMY YPaBHEHHIO, T. €. HaHTH TOYKH TNepeceyeHHs
npaMoit x+y=a u oxpyxHoctu. U3 puc. 26 cnenyer,
YTO NpH @>./2 M npH a< —ﬁ npsaMas He mepecekaer
OKDYXHOCTH, T.€. CHCTEMa HE MMEET pelUeHHMH; npH
a=i\/2_ NoJIy4aeM KacaTe/lbHble K OKPYXHOCTH, T. €.
CHCTEMA HMECT EIHHCTBEHHOE ([IBOHHOE) pellieHHE; MpPH
—\/5<a<\/2— npsaMasl NepecekaeT OKPYXHOCTb, T. €.

CHCTEMa HMEET 1Ba pelueHUs. [{pyrux ciyyaeB He MOXET
OLITL. @
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?

. : Bonpochl Ans caMonpoBepKn

1. YTO Ha3LIBAETCA YypaBHEHWEM C [IBYMA TEepeMeHHbiMU #
Toxgecrsom? MMpueegure npuMmepsl.

2. lanTe onpepeneHue YPABHEHUA NWHUM U CAMON  NUHUK.
Npusegnte npumepsl.

3. BuiBeauTe ypaBHEHME OKPYXHOCTM C UEHTPOM B AaHHOW
TOMKE.

§ 3. MPAMBIE U JUHEAHBIE YPABHEHMA

1. YpaBuenne npsamoii ¢ yriaoBbiM KoddpduuuenTom.
IMycTs JaHa HexoTopas npsMasi, HE NEPNEHAMKYsApHas
ocu Ox. HazoseM yeaom nakaona NaHHOH NPSAMOH K OCH
Ox yron o, Ha KOTOpPbIi HYXHO MNOBEPHYTh OCb OX,
yTOOBI NOJIOKUTENbHOE HaNpaBJIeHUE COBNANO € OIHUM
W3 HanpaBjleHHH TOpaMoH. Yroa o MOXET HMEThb
pa3auyHble 3HAYEHHS, KOTOpPblE OTJHYAKOTCS [OpYr OT
Apyra Ha BEJIMYMHY +Ah7, TAE n-— HATYpaJbHOE YHCIO.
Kak npaBujio, B Ka4ecTBe yrjia HakJoHa OepyT HaWMeHb-
uiee HEOTpHLATE/ILHOE 3HAYEHME Yrja o, Ha KOTOPbIH
HYXHO MOBEpHYThH (MPOTHB 4acoBoil cTpenku) ock Ox,
yToBGbl €€ NOJIOKUTEILHOE HAMpaB/ieHHe COBMANo ¢
O0JHMM M3 Hanpasienuit npsMon (puc. 27). B ostom
cayuae 0<a<m.

Taurenc yrja HakjJoHa npsiMOit K ocH OX Ha3bIBAKOT
yea08biM KOIPPuyuenmom ITOR npsimoit U obo3HauaroOT
6ykBo# k: / ‘

k=tga. (H

U3 dopmynst (1), B wacTHocTH, creayeT, 4to ecnn a=0,
T.e. mpsmas napajienbHa ocH Ox, Tto k=0. Ecmu
a=n/2, T.e. npsaMas NepneHAuKyjaspHa k ocu Ox, TO
BoIpaXkeHue k=tga Tepser cMbica. B Takom ciyvae
rOBOPSAT, 410 YI/0BOH kK03bdHUMEHT «obpaiaercs B
OECKOHEYHOCTDY.

BriBefieM ypaBHEHHe NaHHON MPAMOM, €C/IM M3BECTHBI
ee yrnoBoil ko3hduunent k U BeauuuHa b oTpeska OB"Y,
KOTOpbiif oHa oTcekaer Ha ocH Oy (cM. puc. 27).

Ob6o3nayuM uvepe3 M NpPOU3BOJILHYK TO4YKY IJIOC-
KOCTH € XoopauHaTaMd x U y. Ecim nposecTH mnpsivble

__ " Bonee TouHo, b sBnseTCs BENHYHHON HANPABJICHHOrO OTpe3ka
OB na ocu Oy. OaHako ans xpatkocth 6yneM TFOBOPHTR MPOCTO
«BeaH4KHHA oTpedka OB».
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BN u NM, napaiienbHble 7 M
ocsaM, To obpasyercs nps- |
MOYTOJILHbIH TpPEYTrOJIbHHK Ny
BNM. Touka M nexur Ha i
npsMoif Toraa M TOJBKO s\ __)
TOrAa, KOraa BeJHIHHBI X
NM u BN ynoBjieTBOpSIOT . e :
YC/IOBHIO I
) / 0 e X
NM
BN . Puc. 27

Ho NM=CM—~CN=CM-0B=y—b, BN=x. Otcioaa,
yuaTbiBas ¢opmyny (1), nomysaem, aro Touka M (x; y)
JIEXHT Ha AAHHOM OpAMOM TOr[a M TOJLKO TOrAa, Koraa
€c KOODAMHATHI YIOBJIETBOPSAIOT YPaBHEHHIO

y—b
=k

.KOTOpoe mocje npeoOpa3oBaHHA NPHHUMAET BHA
y=kx+b. )

Vpasaenne (2) Ha3bIBAIOT ypasHeHUem nPAMOL C Y2 A06bIM
koagppuyuenmom. Ecma k=0, TOo npsamas napaJuesbHa
ocH Ox W ee ypaBHEHHE HMeeT BHA y=b.

Hrak, mobas npsMas, He nepneHauKyaspHas ocu Ox,
HMeeT ypaBHende BHAa (2). OueBuaHO, BepHO M 0obpat-
HOe: yno0oe ypaBHeHHe BHIA (2) onpeaenseT NpsSMylo,
KOTOpasi HMeeT yriaoBoi koddduumenT k ¥ orcekaer Ha
ocd Oy OTpe30K, BeJIM4YMHA KOoTOporo.b.

O Ipamep 1. CocraBuTh ypaBHeHME NpsiMOli, oTCe-
Karoleil Ha ocu Oy oTpe3ok b =3 u obpasyrolles ¢ OCbIo
Ox yron a=mx/6.

Pewenue. Haxogum yrnosoit xodbomment: k=
=tgoa=tg (n/6)=1/\/§ . lloacrasnsas k u b B ypaBHCHHE
(2), nonyuaeM HCKOMOE YpaBHEHHE MNpAMOM:

=L | —x—3/3=
y ﬁx+3, wim  3y—x 3J3— 0.

\ lmeLlpm\aep 2. ITocTpouth npsMyio, 3aJaHHYIO YpaBHE-

3
y—zx+2.

53

CopepxxaHue



y M Pemenune. OrnoxuM Ha ocu
Oy otpe3ox OB, BeJMUHEA KOTOPO-
ro paesHa 2 (puc. 28); nposeaeM
yepe3 TO4YKy B mnapaienbHo ocd

/B N Ox OTpe30K, BEIMYHHA KOTOPOro
- BN=4, n uepe3 touky N napan-

3 > JiefibHO ocH Oy OTpe30K, BeJHYMHA
kotoporo NM=3. Tlocne 3rtoro

Puc. 28 OpoBOAMM NpsaMyio BM. Dto H

€CTh HCKOMas npamMasd. Ona umeer

" . 3
JaHHbIA yrioBo# ko3bduUMEHT k=Z M OTCEKaer Ha OCH

Oy oTpe3ok BenuynHbl b=2, @

2. Ypabacune npsMol, npoxoismel deped JaHHYIO
TOYKY, ¢ JaHMLIM YrjaoBbiM Kkodpdumsentom. B psane
CIy4aeB BO3HHKaeT HeoOXOHAMMOCTb COCTaBHTh YypaBHe-
HHE NpPSAMOM, 3Has OJHY €e TOUKy M, (x,; y;) H yrjioBo#
ko3pPuiHeHT k. 3amHIueM ypaBHEHHE npsAMoit B Buae (2),
roe b noka HewsBectHoe wmcio. Tak kak mnpsaMas
NIPOXOIUT uepe3 TOUKY M, (x;; ¥1), TO KOOPAHHATHI 3TOH
TOYKH YIOBJICTBOPAIOT YypaBHeHMIO (2): y,=kx;+b.
Onpepenss b M3 3TOrO0 paBeHCTBA H TMOJACTABIsASA B
ypaBHeHHe (2), mojy4aeM HCKOMOE YpaBHEHHE MNPSMOIi:

}”‘J’l'—'k(X—'xl)- €))

3amevanue. Eciu npsMas npoXoguT yepe3 TOUKY
M, (x,; y,) nepnenaukyaspHo ocH Ox, T. €. ee YIJiOBOH
ko3pduuenT obpainaercs B GECKOAEYHOCTD, TO YpaBHe-
HHE NpsAMoR HMeeT BUI x — X, =(. PopMansHO 3TO ypas-
HEHME MOXHO NOJYYUTh U3 ypaBHeHus (3), eCnu pa3fgenuTh
ypaBHeHHe (3) Ha k ¥ 3aTEM YCTPeMHTDb k K 6ECKOHEYHOCTH.

O Ilpumep 3. CocTaBHTh ypaBHEHHE NPSMOM, NPOXO-
Oalei depes Touky M (2; 1) n obpasyromeii ¢ ockio Ox

T
on a=-.
yr P

Pemenne. Haxomum yrnosoit kxoapduumenr: k=

=tga=tg E =1. TloacraBnss naHHBIE. KOOPOHHATHI H

3Ha4YeHHE YrnoBoro kodpduumenta k B ypasHenme (3),
NoJyYaeM HCKOMOE YPaBHEHHE NPAMO:

y—l=x-=2 HITH y—x+1=0. @

3. YpaBnenne npsumoii, mpoxoasuieii Yepe3 aBe JaHHLIE
Touku. Ilycts manbl aBe Toukm My (x; y1) 4 M, (x3; ya).
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[Tpunss B (3) Touky M (x; y) 3a M, (x3; y;), HONY4YHM
y2—y1=k (xz-—x,).
Onpenenss k M3 NOCNENHEr0 pPAaBEHCTBA M MOACTABIIAA
ero B ypaBHenue (3), moJiyiaeM HCKOMOE YypaBHEHHE
npsAMOii:
Y2—=)s
—y=—=(x—xy).
Y—=ni -\'z—Xl( 1)
JT0 ypaBHEHHe, €CIH ) #y,, MOXHO 3amucaTh B BHJE

YR XX 4)

Y=y Xi—Xy

Ecnu y, =y,, TO ypaBHeHHEe UCKOMOI NpPAMOIl UMeECT BHI
y=y;. B sToM cnyyae npsmas mnapaniensHa ocu Ox.
Ecnun x; =x,, T0 npsaMas, npoxoasuias depe3 TOYKU M,
n M,, napannensHa ocu Oy, ee YpaBHCHHE MMEET BHA
X=X1.

O TMpumep 4. CocTaBUTH ypaBHEHHE MPSMOM, NPOXO-
nsamed uepes Touku M, (3; 1) mu M, (5; 4).

Pemenue. [Moacrasiss HaHHbIE KOOPAMHATHI TOUEK
M; u M, B cooTHoueHHe (4), Mojy4aeM HCKOMOE
YpaBHEHHE MNpAMOii: . ‘ '

=3 y-1 '
‘2 =}_-3— uim . 3x—-2y—-7=0. @

4. Obwee ypasnenne npamoii. Teopema 2.6. B
NpAMOY20abHOU cucmeme Koopduram Oxy aobasa npamas
3adaemcAa ypagHenuem Repeoll cmeneHu

Ax+By+C=0 ()

u, obpamno, ypasHernue (5) npu npous3eoavHslX KO3 duyu-
enmax A, B, C (A u B nue pasguvl Hyato or)HoepeMeHHo)
onpe()emem HEKOMOPYI0 NPAMYIO 6 NPAMOY20AbHOL Cuc-
meme koopdunam OXxy.

‘0 JokazaTtenscTso. CHauanma [OKAXeEM MeEpBOE
yrBepxaenne. Ecnn npsmas He NepIeHIHKYIAPHA OCH
Ox, To, KaK Obl10 moka3aHo B 1. |, oHa ompenensieTcs
ypaBHeHHEM TIepBOH cTemeHu; y=kx+b, T.e. ypaBHe-
HueM Buaa (5), rne A=k, B=—1 u C=b. Ecnn npamas
neprneHanKynsapHa ocu Ox, TO BCE €€ TOYKH HMEIOT
ONMHAKOBLIE abCLHCChl, paBHBIE BEJIMYMHE a OTpE3Ka,
OTCceKaeMoro npsMoil Ha, ocu Ox (puc. 29). YpaBHeHue
3TOH MNpsAMOM MMeeT BHI X=da, T.€. TAKXKE SABJIAETCA
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ypaBHEHHEM nepBo# cteneHn Buaa (5), rae A=1, B=0,
C=—qg. TeM caMbIM nepBOE YTBEpPXACHHE IOKa3aHO.
HoxaxeM obpaTtHoe yTBepxaenue. I[lycth maHo ypas-
HeHue (5), npuyeM xoTd Ovl oauH U3 kK0dhdHIHEHTOB A H
B ue paBen Hym10.
Ecim B+#0, 710 (5) MOXHO 3amucaTh B BHIE
A C A C
y=—=x—=. Hlonarag k=—=, b=— =, nojyyaeM
B B B B
ypaBHeHHe y=kx-+b, T. e. ypaBHeHue Buaa (2), xoTopoe
ONpEAeNeET NPAMYIO. c
Ecin B=0, To A#0 u (5) npuHUMaeT BUR X = -
Ob6o3nauas — % yepes a, NMoJIy4aeM x=a, T. €. ypaBHEHHE

npsaMoH, NEpneHIukyaspHod ocn Ox. &

Jlunuu, onpenenseMbie B TPAMOYTOJLHOH CHCTEME
KOOpIMHAT YpaBHEHHEM TMEPBOM CTENEHH, Ha3LIBAIOTCH
AUHUAMU nepsozo nopaoka. Takum oOpa3zoM, kxaxaas
npsMas €CTh JIMHMS TIEpBOTO HOpAOKa H, oOpaTHO,
KaXxJas JMHUS TNEPBOTO MOPAOKa €CTh MNpsamas.

Vpasuenne Buga Ax+ By+ C=0 Ha3nBaeTca obwyum
ypasHeHuem NpAmoi (AU NOAHBIM YPAGHERUEM RPAMOIL).
- Ipu pasnnunbix 3HaueHHsx A, B, C oHo aqnpegenser
BCEBO3MOXHBIE TIPIAMBIE.

QO Ipumep 5. lano obuice ypaBHeHue npsMoOH
12x—S5y—65=0. Hanucars ec ypaBHEHHE C YrJIOBbIM
Ko3pdHIIHEHTOM.

Pemenue. Paspeluns vpaBHeHHE NpAMOH OTHOCH-
TEALHO y, TNOJYy4aeM YpaBHEHHE C YIJIOBbIM K03¢-
dunueHTOM:

=]—%x—13.
5

12
< b=—13. @

5. Henosnoe ypaBHeHme mnepBOit cTeneHH. Y paBHeHHe
npamoii «@ oTpeskax». PaccMOTpHUM TpH 4acTHBIX Ciayuas,
Korjga ypasHeHHEe Ax-+ By+ C=0 sBIjAETCA HEMOJIHBIM,
T. €. Kako#-To H3 k03(pQHUMEHTOB paBEH HYJIIO.

1) C=0; ypaBHeHue uMeetr Bua Ax+By=0 u on-
pelenseT NpsAMYIO, TPOXOASAIIYIO Yepe3 HA4alao Ko-
OpIOHHAT.

2) B=0 (A#0), ypaBreHue uMeer BUA Ax+C=0 u
onpeneaseT npaMmylo, napamenasHyro ocu Oy, Kax Ovino
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NOKa3aHoO B TeopeMme 2.6, 3TO ypaBHEHHME NMPHBOIMTCA K
C "
BUAY X=a, TOe a= — > @~ BE/MYHAA OTpe3Ka, KOTOPBI

OTCeKaeT npaMas Ha ocH Ox (cm. puc. 29). B wacrHOCTH,
ecnn a=0, To mpamas coBmazaer ¢ ockio Oy. TakuMm
obpazom, ypasaenne x=0 onpeneiser ochb OPIAMHAT.
3) A=0 (B#0); ypaBHerue uMeer B By+C=0 u
ONpEAesET NPSAMYIO, MapaieibHyio ocH Ox. ITOT dakT
YCTaHABIMBAETCS AHAJOTHYHO NpEAbIAYIIEMY CIydalo.

: c
Ecmu nonoxure — E=b’ TO YpaBHCHHME NPHHAMAET BHA

y=b, rme b—BenMuMHa oOTpe3ka, KOTOPBbIf OTCeKaeT
npaMas Ha ocH Oy (puc. 30). B wactrocth, ecmm b=0, T0
npsamas coenajaer ¢ oceio Ox. Takum o6pasom,
ypasHenne y=0 onpenmenser och abcimcc.

ITycts Tenmepnr mano ypaesemme Ax+ By+C=0 npu
YCIOBHM, 4TO HM OAMH H3 kodbhduumentoB A, B, C ge
paeeH Hymo. IIpeoGpazyem ero k Buny

LI G|
< <
A B -
(o C
BBons obo3navenns a= — e b=— 7 noJjyy4aeM
42 6
~+3=1 (6)

VYpashenne (6) Ha3bIBaeTCH ypasHenuem npAMoil «8
ompeskax». UYncna a wm b SBNAIOTCA BESIAYMHAMK..
OTPE3KOB, KOTOpPBIC NpsAMas OTCEKAET HAa OCSX KOOPIH-
Hat. OTa $opMa ypaBHEHHS yROOHA Ul T€OMETPHIECKO-
ro NOCTPOEHHS NpPAMOM. o

O Ilpumep 6. Ilpsamas 3anaHa ypapHeHueM 3x—S5y+
+15=0. CocraButs mns 3Toil npsMoif ypaBHeHHE «B
OTpe3Kax» H NOCTPOHTb HPAMYIO.

Pemenne. Jina paHHO# mnpsaMoli ypaBHEHHE «B.
OTpe3Kax» HMeeT BHJ

X
— T

W«

YT10o6bl MOCTPOMTL 3Ty NPAMYIO, OTJIOXKHM Ha OCHX
KoopaMHaT Ox B Oy OTpE3KH, BEJHYHHB KOTOPHIX
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Puc. 29 Puc. 30

COOTBETCTBEHHO PaBHLI a= —35, b=3, u mposeneM mnps-
Myio 4epe3 Touku M, (—S5; 0) 1 M, (0; 3) (puc. 31). @

6. Yroa Mexay asyms npsmbiMu. PaccmMoTpuMm aBe
npambie L, m L, Ilycte ypaBHenue L, uMeeT BHA
y=k,x+b,, roe k,=tga,, a ypaBHenue L,—BHI
y=kox+b,, roe k,=tga, (puc.32). Ilycte ¢ —yron
Mexnay mpaMbiMH Ly, u L,: O0<op<m. , ,

U3 reoMmerpuueckux coobpaxeHHI YCTaHABIHBAEM
3aBHCUMOCTb MEXIY YTJaMH 0y, Oy, @ 0;=0;+@ HIH
Pp=0,—0y, OTCHOAA

_ _ tgay—tgoy
-tg(p—tg(az—ozl)-— 1+tgatga,’
Wu
ky—ky ’
tg o= 7
A 1+kok, ( )

Qopmyna (7) onpenenser OOHWH H3 YIJIOB  MEXIy
npsaMbiMH. Bropoit yros paseH m—@.

O INpumep 7. [IBe npsMble 3aJaHbl YPaBHCHHAMH
y=2x+3 m y=-—3x+2. Hafitu yron Mexay ITHMH
NMPAMBIMH. ‘

Pemwenne. Ouesnnno, k; =2, ky= —3, no3ToMy no
dopmyne (7) nHaxooMm ‘

1+ (-3)2 -5
TakuM o6pa3oM, OAMH H3 YIJI0B MEXAY HAaHHBIMH
NpsSMBIMH paBeH n/4, npyroi yron n—mn/4=3n/4. @
7. YcioBua napaieILHOCTH H NepHeHIRKYJIAPHOCTH
mByx npambrx. Ecmm npsmeie L, u L, napasnneibHsl, TO
¢=0mu tgo=0. B 5ToM ciyyae 9HMCIMTENb NPaBOH YacTH
¢opmynsi (7) paBen Hymio: ky—k;=0, oTkyAa

\kz =k1.
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0
A

Puc. 31 Pnc. 32

Takum obpaszoM, ycnoBHEM mnapasiejbHOCTH ABYX Nps-
MBbIX SBJSETCA PABEHCTBO HX YIJIOBBIX kK03 duLHEHTOB.

Ecnu npsameie L; u L, nepneHIHKYNSApHBLI, T. e,
o=mn/2, To u3 (7) HaxomuMm ctg @=(1+k,k)/(ky—k,).
B stom cayuyae ctgn/2=0 u 1+k,k; =0, oTkyna

kz - - —l—
ky

Takum o6pa3oM, yciaoBHe NeprneHAUKYASPHOCTH ABYX
NPSIMBIX COCTOMT B TOM, YTO MX YIJIOBble KO3 PHUMEHTHI
oOpaTHBI 10 Be/JIMYMHE W NPOTHBOMOJIOXKHBI 110 3HAKY.

O Tpumep 8. ITokazars, 4To npsaMeie 4x—6y+7=0H
20x—30y—11=0 napanje/bHbI.

Pemenue., Ilpusens ypaBHeHHe Kax ol npaMo kK
BUJy YpPaBHCHHA C YIJIOBbBIM Ko3(pdHuHeHTOM (2), 10-
Jyuaem

2
H y=§x

[ W]

5
y=3x+ 30°
VrnoBble KO3pOHUMEHTH! I3THX NpPAMBIX paBHbl k=
=k,=2/3. Otcioga 3akawoyaeM, HTO NOpsAMble Napa-
JICJTBHEI,

Ilpumep 9. Ilokaszatb, uTo mpsmble 3x—S5y+7=0 n
10x+6y—3=0 nepneHIUKyJSpHBI.

Pewmenne. Ilocne npuseneHnss ypaBHEHMIl K BHAY
ypaBHeHMst € YriaoBbiM KkoddduuueHTOoM (2) nosydaem

3 .7 5 1
y—§x+§ . H }——3.\+5.
3nece ky=3/5, k,=-5/3. Tax kax k,=-—1/k;, TO
OpsIMble NEPNeHIHKYISIpHLI. @
8. Paccrosnie or ToukM a0 npamoii. Teopema 2.7,
Paccmoanue d om oannoit mouku M (xo; yo) 0o npamvoit L,
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3a0aHHol ypagHeHuem
Ax+By+C=0, na naockocmu
onpedeasemca Popauyaot

g Axo+ Byo+ C|
JA*+B?

Npes nokasartenbcTBa 3TOM
¢opMyJIBI COCTOMT B CJIEAYIO-
mweM. PaccMoTpum Ha npsMoit L ABe NpPOU3BOJILHBIC
toukd E m F ¢ xoopmmuatamu (x;; v;) ¥ (X35 y2).
Beluncnum pomHy ortpeska EF M mnomiaab Sygp TPeE-
yronoHuka MEF (bopMynbl 11 HAaXOXAEHUS [IMHBI
OTpe3ka W TUIOIIAQ¥ TpEYrosbHUKA H3BECTHBI). Torna
paccTosiHHe OT TOYkH M 1o npamoi L —3To AJIMHA
BLICOTHI A TpeyronbHuka MEF (puc. 33):

®)

Puc. 33

2SmerF
d=h= .
IER

0 Joka3zaTenbCTBO. 3anuileM YpaBHEHHE TNps-

Mo#l L yepe3 koopauHaThl (X3 yy) ¥ (x3; y2) Touek-Eu F
no ¢opmyne (4):

OTKYyZa
. ()"‘}'1)(X2—X1) _('V—-’“l)()’l”}"l)=0' )

IMnomaas Sypr Tpeyrosbuuka MEF 3anumeM no ¢op-
myne (5) u3 § 2

2SMEF =| [(xz — Xy ) (,Vo “}’1) - (xo — Xy ) ()’2 — Vi )] [
Kpome Toro,

|EF|=/(xs—x1)2+ (12— y1)? .

Torna
d= | [(-VZ —-xy) (,."0",1‘1) — (xo—x ) ra—n )] I ) (10)
\/(.\';——.\‘1)2+ ()'2—‘)’1)2
C nomombio ypaBHenus (9) BbIpasMM Tenepb ko3(pdu-
uventhl A, B, C ypaBHenns Ax+ By+C=0 npsmon L

yepe3 KoopauHaThl To4ek E u F. Jlns oTOro nepenuuiem
ypaBHeHue (9) B BHAE

1=y2)x+ (2 —x1) p+ [xx (r2=»1) =0 (xz—xl)]=0,
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OTKyAa mojy4aeM, 410 A=y,—y,; B=x,—x,; C=
=x1(2—1) —»n (xz—x,)_ Toraa

2Suer=|Axo+ Byo+C|; | EF|=./A*+ B>
n ¢dopmyny (10) MOXHO nepenucaTs B BHIE
d='Axo+B)’o+C|

JA*+B?

4TO M TpeboBanoch A0Ka3aTh. W

O TIlpumep 10. IlycTb npsamas L 3amaHa ypaBHeHHEM
3x—4y+10=0 u mana Touka M (4; 3). Haittu paccros-
‘HHe d oT Toukm M po mnpsmoi L.

Pewenue. Ilo dopmyne (8) mmeeMm

d=l3-4—4-3+101=£)=2_

Takum o6pazoM, mckoMoe paccTosiume paBHO 2. @
9. B3aumHoe pacno/iokKeHHe JBYX NPSMBIX Ha NJOC-
koctH. [lycTs npsmble L, w L, 3a1aHbl ypaBHEHHSMH

A1x+Bly+C1=0, (ll)
A2x+Bzy+ C2 =0.
PaCCMOTpHM 3TH YpaBHCHHA Kak CHCTEMY JBYX

YPaBHEHHH NEPBOH CTENEHU C ABYMS HEHM3BECTHBIMH X H
y. Pemas 3Ty cucreMy, Haitmem

x_BlCZ_BZCl _AZCI_AICZ
A\B,—A,B,’ AB;—A,B,’

Mycrs A;B,— A,B, #0. Toraa HaiineHHbIe dopMmynnl
HaloT pemieHne cucteMsl (11). 3To 3nauuT, 94TO NpsMbIe
L, n L, He napajenbHbl U NEPecekaloTcs B OAHON TOUYKe
C KoopaMHaTaMH (X; ).

IMycte Tenepy A,B,— A,B,=0. Bo3MoxHbI [Ba ciy-
yas. l) AzCl‘—AIC2=O n BICZ—Bzcl =0; 2) AZCI—
—A,C,#0 (B,C,—B,C,#0).

B nepsom cnyuae umeeM A,=pd,, B,=pB,, C,=
"=uC; uiH ' ‘

rae p#0—HekoTopoe uHuci10. ITO O3HAYAET, 9TO KOI-
(pMLHEHTBI ypaBHEHUH NPONOPUHOHANLHLI, OTKYAA ClEdy-
€T, YTO BTOPOE YPaBHEHUE MOJYYaeTCs M3 MEpBOrO
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YMHOXEHHEM Ha 4HC0 . B 3TOM caydae npamsie Ly u
L, coBnamaioT, T. €. ypaBHEHHA ONpPEIC/AIOT OMHY K TY
xe npaMmyro, Ouesnano, cucteMa (11) umeer Geckoneudo
MHOTO PpelleHHH. ‘

Bo BTOpOM cnydae, eciaH, HanpuMep, 4,C,— A4,C,#0,
TO, NONMYCTHB, 4YTO CHCTEMa MMeeT peieHHe (Xo; Jo),
noay4dM NpoTHBOpeyHe. B caMoMm nene, noacrasnssa B
ypaBHEHHS BMECTO X M y 3Ha4EHHA Xo M yo, YMAOXad
nepBoe ypaBHEHHE Ha A,, BTOpoe —Ha A4, W BbIYHTAas U3
nepBOro ypaBHeHHA BTOpoe, noaydum A,C,—A,C,=0,
YTO NPOTHBOPEYHT MNpeancroxeHHio. Takum obpasom,
cucreMa (11) pewienns He umeet. B aToM cnydae npsmeoie
L, u L, He HMEIOT TOHYEK MNepecedeHus, T. €. OHH
napajienbHbl. ’

Htax, nse npsMble Ha I OCKOCTH JIHOO mepecekaroTcs
B onmHoii Touke, /60 coBrangaior, AUOO -nNapase/NbHBIL.

Vnpaxuenwe. HaiiTn ypaBHeHue npsaMoi, nmpoxoasuiei

yepe3 TOYKY mnepecedeHus NpaMbix 2x—3y—1=0 u

3x—y—2=0 nmnepnesaukynapHo mnpsMoit y=x+1.

(Oms. Tx+7y—~6=0.)

10. Ipamepn! peileHRst reoMeTPHHECKHX 32124 MeETO-

oM xoopauHar. PaccMOTpUM TreoMeTpHYECKHE 3adauu,
KOTOpbie YROOHO pelaTh ¢ NMOMOWIBLIO METOAA KOOPAH-
HAT M KOTOpbIe [OBOJBHO CJOXHO pEIIHTh YHCTO
FEOMCTPHYECKHMH METOJaMH.
’ O Hpamep 11. Halith MHOXECTBO TOYEK IJIOCKOCTH,
CyMMa KBaJpaTOB PpAacCTOAHHH OT KOTOpBIX A0 MABYX
IPOTHBOMOJIOKHBIX BEPIIHH [JAHHOIO TNPSMOYrOJbHUKA
paBHa CyMMe KBaJpaTOB pPacCTOSHMHA 0O ABYX APYTHX
€ro BEpLIMH.

Pemenue. BeereM Ha MIOCKOCTH CHCTEMY KOOp/IH-
HaT Tak, 4Tobbl ee Havano G6bINO UEHTPOM JAaHHOIO
npaMoyroasHuka (puc. 34). IMTycte M (x; y)—npomus-
BOJILHAA TOYKAa HCKomoro MHoxectsa. [Ipumenss ¢op-
MyJIy PaccTOSHHA Mexnay AByMs Todkamu (4) us § I,
uMeeM

|IMA?+ | MC*=(x+a)*+ (y—b)*+ (x—a)>+ (v +b)?,
|MB|*+ |MD|*=(x—a)?+ (y—b)*+ (x+a)*+ (y+b)*.
IIpupaBHHBas NpaBbleé YaCTH TOJIyYEHHBIX paBEHCTB,
nonysaeM toxaectBo 0=0. CnegoBaTenbHO, HCKOMOE
MHOXECTBO TOYCK —BCA IJIOCKOCTbD. )

IIpumep 12. YcTaROBHTH, KAaKyIO JHHHIO OMHCHLIBAET
cepequHa OTpE3Ka MEXIY ABYMS MHEIEXOJaMH, HAYLIHMH
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g4 B(0:5)
Al-a;8) B(a;:8) '
7] x g
Ala;0 x
D(-a;-8) Cla;-6) )
- Puc. 34 Puc. 35

NG [ABYM B3aUMHO MNEPHEHIMKYNAPHBIM JOpOraM cC
OAMHAKOBOW CKOPOCTBIO.

Pemenune. [Iycrs nepsuiil nemexon IBHKETCH BAOJD
ocnt Ox u3 Toukd A (a; 0) co CKOpOCTBIO ¥, @ BTOPOH —
Bloab ocu Oy u3 touku B(0; b) ¢ TOiHl Xe CKOPOCTHIO
(puc. 35). Torga B MOMEHT BpeMEHH ! NEPBBIH MEWIEXOHd
HaxoauTcs B Touke (a+vt; 0), a Bropod—B Touke (0;
b+uvt). Obosznauum uepes (x; ) KOOPAUHATHI CepeHHBI
oTpe3ka Mexnay nemexojamu. B cuny cnenctBus u3

_ TeopeMsl 2.5 nosydaem
a+ut
==
_b+ut
5

HUcxsmouuM H3 3THX PAaBEHCTB [
_2x—a (= 2y—b

’ - ’
v v

OTKyZa

2x—a 2y—b b—-a
= HIIx =X+ —.
v v 4 + 2

TakuM o6pa3oM, HMckoMas NHHHS — NpAMas, napas-
JieJibHasi OMCCEKTpHUCE Yrjla MeXJIy HanpaBjICHHAMHU ABH-
WEHUA TELIEXOIOB,

3ameuanue. OTMETHM, UTO €CH cxopocm Tnienexo-
OB HE PaBHbI, TO, aHAJOTHYHO, NOJIYYEHHOE ypaBHEHHE
MCKOMOH JINHUH 6y;1eT UMeTb BHI .

| —avy

y= ’C+ 7
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T. €. 3TO TaKXe npsaMas, HO
8(0;a) yroji ee HakJioHa K oce Ox
yxe papyrofi (3mech vy H
v; —CKOPOCTH  JBIDKCHHSA
neIuexoAos).

INpumep 13. Ha#tn
MHOXECTBO CCpeIAH OTpe3-
/ KOB, KOHI{H KOTOPBIX Jic-
D(0;-a) XaT Ha pa3HbIX JHMaroHa-

JNAX KBamgpara. '

Puc. 36 Pewenue. Buibepem

CHCTEMY KOOpDIOWHAT, Kak

noxka3aHo Ha pHc. 36, rae ABCD— paHHbIl KBajAparT.

Tlycts Touxn M (0; y) 1 N (x; 0) —npon3BoAbHBIC TOYKH

COOTBETCTBEHHO Ha oTpe3kax OB u OC (nmonoBWHax
nuaroBaneii keagpara). Toraa

0<x<aq,
0<y<a,

%
7

A(-a;0)

7

otpe3ok MN sexut B 1 4eTBepTH H CepeAMHBI OTPE3KOB
MN umerorT xoopmuHathl (x/2; y[2), rnoe

0<x/2<a/2,
0<y/2<a/2,

T. e. 3amonHsT kBaapatr OEFP. Bocnons3oBaBmmch
cuMMeTpuell JaHHOTO KBajpaTa, NMoJjIy4aeM, YTO HCKOMOE
MHOXECTBO — KBAaJpPaT C BEPIUMHAMH B CCpPEAMHE €ro
CTOpOH. @

C nomMoupio METOAa KOOPAMHAT JIETKO pellaloTca H
MHOTHe 33734l LIKOJLHOro Kypca Marematnxd. [Ipuse-
JIeM mIpUMEp.

O Hpumep 14. Jlaunl [Be OKPYXKHOCTH, KMEIONINE
BHEIUHEE KacaHWHe. YCTaHOBHTb, KaKOE MHOXECTBO TOYEK
06pa3yioT TOYKHM, M3 KOTODbIX MOXHO NPOBECTH K ITHM
OKPYXHOCTSM KacaTe/IbHble PaBHOH JUIMHBIL.

lF'eomMeTrpuieckoe pemenne. ToYkH, NpAHaAC-
KallHe NpAMOMH, NMEPNEHANKYJISPHOH IMHHM LEHTPOB M
npoxopsiueil 4epe3 obulyl0 TOYKY ITHX OKPYKHOCTEH,
obnanaror YKa3aHHbIM CBOHCTBOM. HeticreaTeNbHO, CO-
F/IACHO CBOMCTBY OTPE3KOB KacaTENbHBIX, NMPOBEJCHHLIX
M3 OJHOM TOUKH K OKPYXHOCTH (pHC. 3

IMA|=|MC| =m |MC|=|MB|
oTkyna | MA|={MB|.
64

CopepxxaHue



S

Puc. 37 _ Puc. 38

re

JokaxeM, 4TO TO4YKA, HEe NpPAHAANEKAUIHE ITOM
npsMoit, He 001aJaOT paCCMAaTPHBAEMBIM CBOHCTBOM.
Jna 3TOro BO3bMeM NPOM3IBONABHYIO TOYKY N TLIOCKOCTH,
HC NeXalyl0 HA MEPNECHIAKYISApPe K JIMHHH LEHTPOB
0,0,, nposencHHOM 4epe3 C—oOUyl0 TOYKY JBYX
oxpyxmocrei‘l {puc. 38). TIposenem mnpsmyto NC. Ilo
TEOPEME O MPOMIBE/ICHHH JUTHHBI cexymen Ha e¢e
BHEUIHIO 4acts! nosysaeM

[NA|?=|NC||ND| =u |NB|2=|NC|.|NE|,

INA|#|NB|. .

HMrak, HCKOMOE MHOXECTBO TOYEK, H3 KOTOPBIX
MOXHO NPOBECTH K ITHM OKPYXHOCTAM KacCaTe/bHbIE
paBHOH IIHHMI, -€CTh NpAMasd, NEPNEHAAKY/IApHAL JIMHAK
LUEHTPOB 4 NpOXOAAIiaA dYepe3 oGuxyro TOYKY ITHX
OKPYXKHOCTEH. .

Bo3nmkaer BOOpPOC. KaKoBO MHOXECTBO TOYeK, H3
KOTOPBIX MOXHO NMPOBECTH K ABYM OKPYXHOCTSM Kaca-
TenbHAbIC PABHOK MIMALI (118 MPOH3BOJILHO PACMONIOKEH-
HBIX OKpYyXHOCTEH)?

Ecan B3iThb ABE nepecexatownuecs B Toukax C m D
OKpPYXHOCTH (pHC. 39), TO nerxo noka3aTh, 4TO UIHHBI

1y OTPE3KOB KACaTeJbHBLIX, MPOBEACHHBIX U3 TOYKM M
npamo#t CD, pasanl (pedb MOET O TeX TO4YKaxX 3TO#
npAMOR, H3 KOTOPbiX MOXHO IPOBECTH KacaTe/IbHBIE).
HeficTBUTENbHO, TO T1€OpEMe O NPOU3IBEACHHMH [UTHHBLI
OTpe3Ka cexyiieli Ha e¢ BHEUIHIOIO 4acTh,

|AM|*=|MD|{MC| =u |MB|>=|MD||MC|.
CnenoBaresbHo, |AM|=|MB|.
! Ecnm wa Tourm, nexaieii B¢ OKPYKHOCTH, TIPOBEACHB! K Hei
KacaTe.IbHAS H Cexywiad, TO KBagpaT IUIMHH KacCaTeAbHOH paBeH
TIPOW3BCACHHUIO - [UTHHBI Beeit cexyimied Ha JUIHHY ee BHemmHeH wacru.
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Teneps cnenycr J0oKa3aThk, 4TO
BHe npsmoit CD HeT Touek, o6ia-
JAIOILAX YKa3aHHBIM __CBOHCTBOM.
Onnaxo OKa3BiBAETCH, YTO CAEJATh
3TO YUCTO TE€OMETPHYECKH TPYIHO.

Ecnn xe paccmarpusath 9Ty
3ajaqy Iy Caydas ABYX Hemepece-
KaloIHXCA OKPYXHOCTeH, TO OKa-
3bIBACTCH, YTO NPH PEHICHUH TPY.-
HO ONMpaTbCsA Ha IpHBEACHALIC

Puc. 39 TEOPEMBI O CBOMCTBAax KacaTesbHOM

U TMpPHXOHNUTCA HMCKAaTh HOBBIH Me-

ToA pemienrs. Kpome toro, Hago ydects, 4TO Teopema o

KBaJpaTe JIMHBI KacaTeJbHOH He BXOAUT B 0Dg3aTelik-
HBI - IIKOJIBHBIH KypC.

Taxum o00pa3oM, 4YHCTO TIEOMETPHUYSCKOE pelleHHe
3a/laui JOBOJNBLHO CNOXHO. IIpHMeHAM MeTOoA Xoop.u-
Hat. HWrtax, pemmm cremyiomyro 3agavy.

l'lpmuep 15 (0606menne npuMepa 14). Haun
Be OKPYXHOCTH. BBISACHUTBH, Kakoe MHOXKECTBO TOYEK
o0pa3yloT Te TOYKM, M3 KOTOPHIX MCXHO IIPOBSCTH K
3THM OKPYXHOCTAM KacaTejbHble PABHON JJIMHEL

Pemenue. Ecsm MN u MP-—oTpe3ku KacaTelbHbIX
K OKPYXHOCTsM C ueHtpamu O u O, (puc. 40), T0 Hago
HaWTH MHOXECTBO Todek M Takmx, uro |MN|=|MP|.
3amerTuB, 4TO

|MN|*=|MP|* |MN|*=|MO,|*—|O,N|* |MP|*=
_ =|M0,|* —0,P |,
NEpenuIUeM yCAOBHE 3aad TaK:
MO, |~ |O\N|*=| MO, |*— | 0,P|?,

AH
|MO,|*~ | MO,|*=|0,N|*~ | 0,P|?,

a TOCKOJIBKY
|O(N|?>—|0,P|*=R*—r?=C=const,

3ajady MOXHO chopMy/MpoBaTh HHAYe Tak.

IlTpamep 16. Halitn MHOXeCTBO TO4YEK, IS KOTOPBIX
pa3sHOCTL KBaJpaToOB pPACCTOSHMH IO MABYX 3aAaHHBIX
Todek O; H O, NOCTOAHHA.

Pemenne ¢ noMombio MeToa KOOpPAMHAT.
Hampasum o¢bp abcumec no npamoii 0;0, m Hawalo
KOOpAMHAT BhiOepeM B cepemuHe oTpe3ka Q,0, (puc. 41).
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0 0 0z

Puc. 40 Puc. 41

Iycts |0,0,|=d;, Torma (— ;; 0>-Koopmmaru

d
ToukH Oy, a <§; 0)—-1<oop1mﬂa'n>1 Toukn 0,. Bo3pMeM

NPOU3BOJIbHYIO TOYKY muiockocTd M (x; y). Ilo popmyine
paccTOsHUA MeXAy OByMs Toukamu (4) u3 § 1 mosayuum

2 d\? 2 2 A
| MO, | =(x+§> +y% | MO,| =<x—5) +y%
OTCHOAa
2 2
MO, 17— M0 2= (x+ £) +y7 = (3= £) —y?=2xa

Tak xak |MO;|*—|MO,|’=C, 10 nns HCKOMOrO
MHOXECTBA TOYEK TOJYYHM ypaBHEHHE NMEPBOil CTENEHH:

2xd=C.
Eciu d+#0, TO HCKOMBIE TOYKH MPHUHAIIEXKAT NPAMOM

C o ”
=Zi’ napanneibHOM OCH OpAWHAT, T.€. IPIMOH,

nepneHauKyspHOH fpsMoit 0,0,.
OGpaTHO: B3SB TOYKM, NpPHHA/UICKAIIUWE MPAMOMH
C

X=_", M BBINIONHHB BCe npeobpa3oBaHuss B 0OpaTHOM

nopsaKe, NOJIyYuM, 4TO JUIf 000l TOUkHM 3TOH NpaMoi
| MO, |*>— | MO, |*=C.

WUrak, monyueH ciemyromuidl pesynbrar. MBOXECTBO

TOYEK, PAa3HOCTh KBAJpaTOB pacCTOSHMI KOTOPHIX IO

4  JIBYX 3a[laHHBIX TOYEK NOCTOSIHHA, €CTh NpsAMas, NEpIEH-
JUKYysipHas NPAMOMN, COeNUHSIOIEH 3aJaHHbIE TOYKH.
Tenepb BO3MOXHO JIErKO OTBETUTh Ha BONPOC NPHUME-

pa 15 o MHOXecTBe TOYEK, U3 KOTOPBIX MOXHO NpOBEC-
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TH K JIBYM OKPYXHOCTSIM KacaTeJlbHble PaBHOM IJIHHLI
g 1oboro caydas B3aHMHOTO DPacriofioXKEHHs OKpYyk-
HOCTef.

Pemenue. HMcnonsdyem pesyabtat npuMmepa 16, B
KOTOPOM [OKa3aHO, YTO MCKOMOE MHOXECTBO -— NpsAMas
(Bo3mMOxHO, 06e3 HekoToporo uHTepBana). I[loatomy
JOCTATOYHO BBIACHHTB, TJe MNPOXOAWT 3Ta mpsaMas,
HanpuMmep HalTH naBe ee Touku. Kpome Toro, BoOC-
nosgp3yeMcs TeM (akToM, 4YTO OOlMe TOYKH [ABYX
OKPYKHOCTEH YIOBJIETBOPAIOT YCJIOBHIO 33aJa4H — U3 HHUX
MOXHO MNpOBECTH KacaTesibHble JUIHHBI Hyabk. PaccMoT-
pHM BCE BO3MOXHBIE CIy4aW B3aUMHOTO pacrosIOKeHHst
JaHHbIX OKPYKHOCTE.

1) IlycTb naHHBIE OKPYXHOCTH pPacCnoJIOXKEHBI OJHA
BHe Apyroit (puc. 42). Toukm M u N (cepeawHbl HX
oOlIMX BHELIHHX KacaTe/bHbIX) YIOBJETBOPAIOT YCJO-
BHIO, NO3TOMY npsMas MN —uckomMas. (Kak crneactsue
(cM. npumep 16) oTcloma mnoaywaeMm, 4HTO TWpsMas,
Npoxoasiuas uyepe3 cepeliMHbl oOIUX BHEIHUX KacaTesb-
HBIX K JBYM OKPYXXHOCTSM, NEPNEHAUKYISAPHA HUX JIHHHH
UEHTPOB.)

2) TlycTb HaHHBIE OKPYXHOCTH KacaloTCS BHEINHHM
obpaszom (puc. 43). Paccyxaas aHaJOTHYHO, 3aMETUM,
4TO cepeIrHa M oOuieil BHEIUIHEH KacaTeNbHONH M TOYKA
N KacaHHs OKDYXHOCTEH YIOBJICTBOPAIOT YCJIOBHIO
(BMecTO ToukH N MOXHO ObLIO B3STH CEpeAMHY BTOPOit
obieit BHewHeH KacaTesnbHOH, KoTOpas Ha puc. 43
n3obpaxeHa IUTPUXOBOW JMHHEH), NO3ITOMY mpaAMas
MN —uckoMoe MHOXecTBO. (OIHOBPEMEHHO MbI TONY-
YUJIM, YTO MpsMasi, NPOXOasillas depe3 cepeAHHy oOuieit
BHEIIHEH XacaTeJbHOM OBYX OKPYXHOCTEH HepIEHANKY-
JIAPHO HX JIMHUM LEHTPOB, MPOXOAUT M Yepe3 MX obLIyro
TOYKY.)

3) Ecau okpyxHocti nepecekatorcs (puc. 44), o, rax
KaK TOYKH M U A ynoBIETBOPSAIOT YCAOBHIO, HCKOMOH
aBngeTcs npsmas MA Oe3 mHTepBana AB (M3 Touex
3TOTO0 MHTEPBajJa HeNb3d TMNPOBECTH KacaTebHBIE X'
okpyxHocTaM). KpoMme Toro, TeM caMbIM J0Ka3aHO, 4TO
Toukn M, A w B nexat Ha OAHOM npsMoOif, koTtopas
NEPreHINKYJSpHa JIMHHU LEHTPOB,

4) IlycTb Teneph OKPYKHOCTH KacaroTCs BHYTPEHHHUM
obpasom (puc. 45). Uckomas npsmas — obiasi kacaTesib-
-Has, TaK Kak OHa MpOXOJUT uepe3 TO4Ky N, yHAOBJIETBO-
PAIOLLYIO YCIOBHIO, H MEPNEHAUKYJISPHA JIMHUH LIEHTPOB
(puc. 45). D10 nerko mnokaszaTe M MHAve: A 00O
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TOYKH 3TOH MpPAMOi [MA|=|MN|=|MB|, raie A u B—
TOYKM KacaHHA.

5) Tenepb paccMOTpHM cnyqau KOrga OgHa OKpPYX-
HOCTb JISKHT BHYTPH JApYyrod H MX ueHTpbl O; u O, He
coBnagaoT (puc. 46).

CeeaeM 31OT cCayyait kx caydaro 3). Jas aroro
NPOBEAEM OKPYXKHOCTb C LEHTpoM O;, HEe NMpHHAIJIEKA-
nmM npamoit 0,0,, Kotopas mnepecekaeT 00e RaHHBIE
OKPYXHOCTH. PaccMOTpHM mnpsMble, Ha KOTOpbIX JieXKaT
obume xopasi OKpyxHocTe#t ¢ ueHTpamu O, H 05, O, H
O;. Ilyctb M —TouKka nepeceueHuss 3THX NpaAMBIX. ITo
IOKa3aHHOMY B cCiy4ae 3),

| MO, |2~ | MOs|*= RE—R%; |40 |*~ | MOs |* =
. =R}-R}
OTKyAa ,
| MO, |2~ | MO, |*=R}— RS,

T. €. TOYKa M DNpPUHAMIEKUT HCKOMOMY MHOXKECTBY,
NO3TOMY BCE HCKOMOE MHOXECTBO — MpsiMas, NpOXos-
was 4epes Touky M nepneHaukyssipHo npamoit 0,;0,.

6) Ecnn OkpYyXHOCTH SBJSIOTCA KOHLEHTPHYECKHMH,
TO HCKOMOE MHOXecTBO mycto. B camoM nene, MHO-
KECTBO TOYEK, M3 KOTOPBIX MOXHO IPOBECTH K IEpPBOM
OKPYXHOCTH KacaTeJbHble HaHHOH - JJIMHBI,— OKPYX-
HOCTb, KOHLIEHTPHYECKAad HAHHOM; 11 BTOPOM OKpyX-
HOCTH —TaKXe KOHLUCHTPHYECKas el OKpYXHOCTh, HO
apyroro paauyca (puc. 47). OOmHMX - ToYeK Yy I3THX .
MHOXECTB HET.

3ameuanue. [Ipamas x=(R2—r?)/(2d) naspiBaeTcs
PaouxkanbHol  ocbl0 ABYX JHAHHBIX OKpyxXHoctei. Hs
Kax/Jo# ee TOYKH, BHEUIHEH MO OTHOLUEHHMIO K JAHHBIM
ABYM OKDYXHOCTSM, MOXHO nposecm K HUM paBHbIE
KacaTe/ibHbIEe. @

Tenepr MoOxHO ©6€3 Tpyda peLUHTD - C/IERYIOLLYIO
3agavy (MHCTO reomeTpnqecxoe pemerue KOTOpOH TaKXe
JOBOJABHO TPYIHO).

O Ilpamep 17. Jaubl TpH OKPYXHOCTH, l(a)lC}.‘laﬂ u3
KOTOpHIX mnepecekaeT ABe Apyrue. JlokaszaTb, 4T0 Ips-

s MBI, KOTOPLIM NPHHAMIEKAT UX OOILIHE XOpAbl, mepece-
KaroTcss B OJHOM TOUKeE.

Pemenne. 3agaua pemaercs aHaJIOTHYHO CiIy4aro S)
u3 npumepa 16 (puc. 48). Touka M nepecedenns oOIIMX
XOpI OKpYXHoOCTei ¢ ueHTpamMu O; H O H O, B O3
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obnanaeT TEM CBOMNCTBOM,
paccTosimii oT Hee no Towek O, u O, (0, u 03)
[IOCTOSHHA, & HMEHHO ‘
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Puc. 44

Puc. 46

Puc. 45

|MO,|>— | MO,|*=Ri— R},
| MO, |2~ | MO+ |*= R} — R3.
CoXHB NOYIEHHO 3TH PaBeHCTBA, TOJIYYHUM
| MO, |*~ |MO;3{" =R{ —R3,

YTO pasHOCTh KBaJApaTOB



0 C(.a;bj/
T )

a0 o] 8o %

Puc. 48 : Puc. 49

T. €. ToYka M IOJKHA JIEXaTh HAa APAMOM, Mpoxoasie
YEPE3 TOUKM NEPECEUCHUS OKPYXKHOCTEH ¢ ueHTpamu O, u
O3, ¥ npuHamnexath OOLIEH XOpae JITHX OKPYXHOCTEIA.
CnenosaTenbHO, TOYKa M NEXHUT HA NEpPECeYCHUU Tpex
NpAMBIX, KOTOPBIM MNPUHALIEXKAT MX OOILLHE XOpPBL.

ITpumep 18. Halith MHOXeCTBO TOuek, cymMMa KBagpa-
TOB pPAaCCTOSHHM OT KOTOPBIX 10 BeplidiH A u B
TpeyroyibHHKa ABC paBHa KBaapaty pacCTOSHHUA [0
TpeTheH ero BeplUIUHbI — TOYKH C.

Pewenue. Beeaem ciucremy koopauHat, Kak nokasa-
HO Ha puc. 49; BepwirHa A MMeeT KoopauHaTel (—1; 0),
BepwnHa B—koopaunatel (1; 0). IMycts sepmmuna C
MMEET KOOpAHHATHI (a; b) U M (x; y)—npou3Bo/bHas
TOYKa HCKOMOIO MHOXECTBA. TOrAAa YCHOBHE 3aJauM
MOXKHO 3aM{CcaTb Tak:

|MA|*+ |MB|?=| MC|>.

[Tpumenus Qopmyny paccrosHus mexay IByMs TO4YKa-
MH, HOJyYHM

[+ 12 4+02] + [(x= 1)+ 2] =(x~a) >+ (y—b)2.
PackpsiB ckOGKM ¥ ‘TIpuBENs NOAOGHBIE WIEHBI, MOXKHO
npeoGpa3oBaTh MOC/HEAHEE ypaBHEHHE TakK:

(x+a)2+(y+b)2=2(a2+b2——l). (12)
Teneps BuamHo, uto ecnn a?+b*—1>0, To HCKOMOE MHO-
"XKECTBO — OKPYIKHOCTb C UEHTPOM B Touke D(—a; —b) u
pamuycoM /2a>+2b2—2; ecniu a’+b%=1, To uckoMoe
MHOXECTBO COCTOWT U3 OJHOH TOYKH D (—a; —b); eciau
a’+b>—1<0, TO HCKOMOE MHOXECTBO nycTo.

3amMeTHM, uTO Touka D cHMMeTpuuHa Bepiune C

OTHOCHTELHO Hadajga koopauHat O (puc. 50). Otcrona
BBITCKAET, 4TO LEHTP D HAaWACHHON OKpPYKHOCTH— Bep-
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Yron C- oCTpbin

o

muHa napauienorpamMma ACBD, npoTHBONOJIOXKH2SA BEp-
mmnee C.

BuiscHMM Tenmepb CMBICT YCJIOBHM, IpPH KOTOPbIX
NIOJIyYeHBl pa3sHbIE OTBETH Ha Bompoc 3ajauu. W3secTHo,
uT0 a?+b*=1-—ypaBHEHHE OKDPYXHOCTH €IWHHIHOTO
pamuyca ¢ LIEHTPOM B Hauaje KOOpAMHAT, HEPAaBEHCTBA
a’+b2>>1 n a?+b*<1 3a0a10T COOTBETCTBEHHO BHEIL-
molo o61acTb M BHYTPEHHOCTb EAMHHYHOrO Kpyra,
OTPaHUYEHHOTO 3TOH OKPYXHOCTBIO.

OTrcroza BHITEKAET, 4TO HCKOMOE MHOXECTBO TOYEK —
OKPYXHOCTb, TOYKa WJIH NMyCTOE MHOXECTBO, B 3aBHCH-
MOCTH OT TOTO, JIOXXUT Ju BepiunHa C BHE €OUHHMYHOIO
KpyTa ¢ LUeHTPOM B Havuaje KOOPAMHAT, HA OrPaHHYHBAIO-
el ero OKpYXHOCTH (XOHeuyHO, 6e3 Touek A M B) uim
BHYTPH 3TOrO Kpyra COOTBETCTBEHHO.

Ecnn pepmnna C JIEXHUT HAa YKa3aHHOHW OKPYXHOCTH,
T0 yron ACB=90° xak BNHMCaHHBIH B Hee YroJ,
onuparoumiics Ha guamerp. [loatoMy wuccnenopanue
ycJIOBH#, TPH KOTOPBIX MNOJIYYarOTCS Ppa3Hble OTBETEI,
‘33KJIFOYAETCA B BBISCHEHMH TOrO, OCTPBIH, MPSIMOH MK
tynoit yron C B Tpeyronsauke ABC (puc. 51).

Haxonen, 3aMeTHM, 4TO :

2(@*+b*~1)=[(a=1)>+b*] + [(a+1)*+5*] -4

(uTo6b1 B 3TOM yOeaWTBCA, HANO PaCKpbiTh CKOOKH B
NIpaBo#f 4aCTH MOCNEXHETO PABEHCTBA H IPHBECTH NMOA0G-
Hele unens)). Ho

(a—1)2+b*=| BC|% (a+1)2+b>=|AC|% 4=|4B|%,

NO3TOMY pagyc OKPYXHOCTH (12) papeH
JIBC|*+|AC|*— | AB|>.
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Hrak, ecmu yron npu Bepumne C ocTpsii, TO
MCKOMOE€ MHOXECTBO NpEACTAaBASET COOOH OKpYXHOCTD
pammnyca \/ |BC|2+]AC}*—~ | AB}? ¢ UEHTPOM B BEpILIMHE
D napannenorpamma ACBD; - o

ecnu yron mnpu BepmnHe C npsMoil, TO HCKOMoOe
MHOX€CTBO — BepiuuHa D napasnenorpamma ACBD;

ecid yron mnpu Bepmu#e C Tynod, TO HCKOMoOeE
MHOXECTBO MYCTO.

3ameuanne. [TonyTHO ycTaHOBNEHO, YTO eciH a, b,
¢— JUITHHBI CTOPOH TPEYroJIbHHKA, TO:

ycnosue a’+b*>c? o3mawaer, 4ro yron IPOTHB
CTOPOHBI ¢ OCTpHIii; :

yenosue a’+b>=c? o3Hawaer, 4TO yron mnpoTHB
CTOPOHBI ¢ MOPAMOI;

ycnosue a’+b%<c? o3navaer, 4TO Yron NpoOTHB
CTOPDOHBI ¢ TYNoH. @

ITocnenuve 3amaum—wvacTHele cnywaum cneayroweit
O0wIeH TEOpEMbI, KOTOPYIO TaKXKe MOXHO [JOKa3aTh
NOMOIIBLI0 METOAA KOOPIMHAT. :

Teopema o kBaaparax paccrosmmii. Ecmu
3adanvl mouku Ay, A,, ..., A, Ha naockocmu u wucaa Ay,
A2, ers Any W, MO MHOMCECMBO Mouex M, Oan KOMopbix
8bINOAHAEMCA yCAOBUE

MIMA P +0, [ MA 2+ .. +A, | MA,|* =,

Asasemcs aubo oKpymcHOCmbIo, Aubo RpAMOoiL, Aubo 0oL
moukoii, aubo 6cell nNAOCKOCMbIO, AUBO NYCMbIM  MHO-
acecmeom V. . ‘

PaccMoTpuMm, xak MoxHO ¢ nomowso MeTona
KOODAHHAT pPEIUHTbL CHCAYIOUIYI0 3ajady, Mpeiaras-
IIyIocs Ha BCTYNMTENbHBIX 3K3aMeHax B 1970 r. (MIY,
xuMdax). .

O Ilpumep 19. B Tpeyronbuuke ABC u3BecTHO, 4TO
yron ACB=60°, pamMyc OnNMCaHHOH OKPYXHOCTH paBeH

Zﬁ . Ha cropome 4B mB3ara Touka D Tak, uTO
|AD|=2|DB|, npugem |CD|=2./2. Haiitu nnomanms

Sasc-
Pewenue. IMyctb O—uentp onucaunoii OKPYXHOC-
TH. BBemem cucremy koopmmHaT ¢ HauanioM B Touke E

"' CMm. § 2 xu.: Bacuaves H. 5., T'ymenmaxep B. JI. Tipambie u
kpusbie. M., 1978. .
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E[D/8 | %
A\C\~y8/
1\ J/
-y -
Puc. 52

(cepenuHa oTpe3ka AB), ocM KOOPAMHAT HAMpaBHMM, Kak
[MOKa3aHo Ha puc. 52. Bpluucnum JIHMHBL CHEYOLIMX
OTPE3KOB!

. _l f— . : _R_
|AB|=R./3 =6; |DE|=|4B|=1; ‘05"5‘\/?'

B BuiGpannoii cucreMe koopauHaT Touka C HMeer
KoopaAuHaThl (x; y), xoopauHaTel Touek O U D cooTBer-
creeudo pasuet (0; /3) u (1; 0). '
Jins BblUMCAEHHS IUoWanu TpeyrojbHuka ABC Hyx-
HO HaWTH €ro BLICOTY, T.e. opauHaty Toukd C.
IMockonbky Touka C NPUHAUIEKUT ONMCAHHOM OKPYX-
HOCTH, €€ KOOpPAWHATHl YAOBJETBOPAKOT YPaBHEHHUIO

x4+ (=3 =2 /3)2

ﬂ.ﬂﬂ HAXOXACHHUSI OPAWHATBHI TOYKH C coCTaBUM CH(}TCMy

YpaBHEHHUH: .
fromren,
(x=1)2+4y%=8.

PewiB 3Ty cucTeMy, MnoJiydaeM y=\/2— (3HaueHue y=

:—-\/5, TAKXe YHOOBJETBOPSAIOLLIEE CHCTEME, HE ro-

——
OMTCH, Tak Kak B 3toM ciayuae AC,B=120°, uTo He
COOTBETCTBYET YCJOBHIO 3aJayM).

Urtak, BricOTa TpeyronsHuka ABC pasHa \/2_,
CJIeIOBATEABHO,

SAI)‘C = 6\//5/,2 = 3ﬁ
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[IpuseneM Temeph Ul CpaBHEHHS TeOMETPHYECKOE
peleHHe 3To# 3ana4u (puc. 53). Tax xe, kak H B IIEPBOM
pelllcHHH, HaiiieM cHadasa, 4To |AB|=6; Torna | AD|=
=4, | BD|=2 (E—cepenuna xopasl AB). [To Teopeme o
XopJax, nepeceKkarolUXcs BHYTPH Kpyra,

|AD||DB|=|DC||KD|,
OTKyZa

_|AD||DB| _ _
|KDI—W_2ﬁ—ICD,|,

T. €. .D—cepenuna xopast KC. Otciona cpa3sy nojydaem,
4TO '

[oD] L[KkC]V. (13

H/yc\n CM —pBricota Tpeyronbuuka ABC, Toraa
CDM=EOD (3 (13) 1 u3 Toro, uro [OE)L [4B],

ClleAyeT, YTO PaCCMaTPUBAEMbIEC YTJIbI HMEIOT COOTBETCT-

BEHHO NEPNEHAMKYJAApHbIE cTOpoHB). Ho nerxko mHaltn

yron EOD: '
|ED| _1_|OE|

—~ 0.
EOB=6O s 'BDI‘—'Z'—IOBIa

nosaroMy OD—6uccektpuca yrina EOB, 3HavHT,
EOD=30°=CDM,

OTKyHaa ciremyet, 4to |CM i=(l/2)|CD|=ﬁ H 3ajada
pelieHa. @

[IpuBeneHHbIE TPHMEpPHI NOKA3bIBAIOT, YTO HCIOJL3O-
BaHHE METOJA KOOPJAWHAT MpPH PEIlEHHH reOMETPHIECKHX
3a/1a4 OKa3bIBAE€TCA OYEHDb MOJE3HBIM. ‘

Ero npeumymiectBa o4eBHOHBI OCOGEHHO B Tex
ciryqasix, KOrga pellicHHe 3aaY# YHCTO FeoMeTpHYECKH-
MH Crocob6amH cloxHO WiH TpeGyeT UpUMEHEHHS MAJio
H3BECTHLIX TEOPEM; KOODAMHATHBIH METOH MO3BOJISET
NoJIyYaTh PELUEHHE 3afa4M B oOuIeM BHAE, B TO BpEMSA
KaKk reoMETPHYECKOE pellieHHe TpeGyeT paccMOTpeRHs
4acTHBIX CJy4aes OTAeAbHO (Tak, B mpumepe 19 wHCTO

' O6o3naueune [OD ] o3nadaet oTpe3ok npaMoii ¢ kouaMi OB D.
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reOMETPHYECKOE pelUeHHe MPH APYTHX YHCIOBBIX JAHHBIX
OYeHb TPYOHO).

H Bonpocki AnA CaMonpoBepKH

1. Yo TaKoe TaHreHc yrna HaknoHa npamod x ocu Ox?

2. BuiBeguTe ypaBHEHME NpPsMOiA C YINosbiM KOo3(E@HUUEHTOM.

3. Boisegute ypaBHEHWE NPRMONA, NPOXOAAWeA depes pse
AaHHBIE TOUKMW.

4. Yto TaKkoe ypaBHEHME NPSAMON «B OTpe3Kax»? .

5. CchopMmynupyiTte yCnosua napannensHOCTM U NepneHAuKynsp-
HOCTW [BYX NPAMBIX. .

6. Kak onpegenseTtca paccTosHue OT TOUKM A0 APAMON?

7. fokaxuTte, 4TO ypasHeHvwe NPAMOA BCerAga BbIpaAXaeTca
ypaBHEHWEeM Nepeoit CTENeHu n, 06paTHO, BCAKOE YPABHEHWe nepsoil
CTENeHN eCTb ypaBHEHWe NPAMOA.

8. B YyeM COCTOMT rEOMETPMYECKWUA CMbicn napameTpos k u b 8
yPaBHEHMM NPAMOR C YrnosbiM KoddduuneHtom?

9. Wccneayite obwee ypasHenwe npamon Ax+By+C=0 npu
A=0, npu B=0 u npu C=0. :

10. Kak BbipaxaloTcsi ypaBHEHUA NPAMbIX, NapanfefibHbiX OCAM
Ox n Oy, a TakXe ypaBHEHus CamMux OCed KOOPAWHAT?

11. Kak npusecTn ypaBHeHue C YrnosoiMm Ko3(p@PUUNEHTOM K
obujeMy ypaBHEHWI0O npAMon? )

12. Kak MOXHO HaiTh TOYKY NEpeceveHus ABYX NpaAMbIX?

§ 4. JUHUM BTOPOIO NOPAIAKA

PaccMoTpuM TpH Bua JIMHHMIA: 3N1IMAC, THnepGosy
1 napaboJiy,— ypaBHEHHS KOTOPbIX B npxmoyronbgoﬁ cHC-
TeMe KOOPAHHAT SBJIAIOTCS YpaBHEHHSMH BTOpOH crenme-
uu. Takue TMHUM Ha3LIBAIOTCS AUHUAMU 6MOPO20 NOPAOKA.

1. Daaunc. .

Onpenenenne. JDaauncom Ha3bleaemca MHONCECMEO
8cex mouex NnAOCKOCMU, 018 KOMOPLIX CYMMA PACCMOAHUI
om 08yx OaHHbIX MOYeK, Ha3bleaemblx {PoKycamu, ecmo
8CAUYUHA TMOCMOAHHAA, OOABWIAA - PACCMOAHUA MeNCOy
goxycamu. ) :

JIns BpIBOJAA ypaBHEHHs JJITMICA BBEAEM Ha TUIOCKOC:
TH NpPAMOYTOJbLHYIO CHCTEMY KOODAMHAT Tak, 4TOObI
dokychl aumMnca Jiexaad Ha ocH abcumce, a Havajno
KOOpAMHAT Jeauao 6bl paccrosHMe MexRy ¢oxycamu
nonosnam. BuiBeieM ypaBHeHHE 2/aMnca B BbIOpaHHOMN
CHCTEME KOOpIHHAT.

O603nauuM ¢oxkycsl anuunca yepe3 Fi u Fi (puc. 54).
IMycts M —npousBoibHas Touka dJuiAnca. Paccrosmue
| FiF2| mexay ¢okycammu o6o3HayuM 4eped 2 ¢, CyMMY
paccTosiHuii OT ToukM M no ¢oxycos—uepe3 2a. Tax
Kak, MO OMNpPEACJICHHUIO,
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[FiM| + |F,M|>|F,F,|, yA
TO 2a>2c¢ wm a>c.

O6o3nauum, ganee,
Yepe3 r; M r, pacCTOSHHE
oT TOYKH M 1o doxycos
(i =IFMI, 1= FMD) e .
Yucna ry u r, HasbBatoT- £, (~c0) O R(c,0) X
ca gokabhbimu paduyca-
mu Toukn M. U3 onpene- Puc. 54

JICHAsE CJICAYET, YTO TOYKAa M (X; y) JIEXHT Ha NAHHOM
 OJUIMICE B TOM H TOJBKO B TOM CIydae, Koria

ry+ry=2a. (H

Uto6el monyyHTH MCKOMOE ypaBHeHHeE 3JUIMNCA, HYX-
HO B paseHcTBe (1) 3aMeHHTDH NEpEMEHHbIE 7y H ry MX
BLIDAXECHUAMH Yepe3 KOOPAMHATH X M y. Tak xak F; u
F, pacnonoxenbl Ha ocH OX CUMMETPHYHO OTHOCHUTEIIb-
HO Hayana KOOPHIHHAT, TO OHH HMEIOT COOTBETCTBEHHO
koopauHaTh! (—c; 0) # (c; 0); npUHAB 3TO BO BHHMAaHHe U
npuMenss dopmyny (4) § 1, Haxoaum '

ri=(x+c)*+y?, ra=/(x—c)*+y2. )

[loncraBnas 3TH BbIpaXeHHS B PaBEHCTBO (1), nony-
qaeM ' '

)

V(x+e) 42 +/(x—¢)*+y% =2a. (3)4

VpapHenue (3) H ectb HCKOMOE YDaBHEHHE 3JLIHIICA.
OnHako m1A MPaKTHYECKOro UCNONL3OBAHAS OHO Heynob6-
HO, MOJITOMY YPaBHEHHME O3JUIHNCA NPHBOMAT OOBIYHO K
Gonee npocromy Bumy. JIns 3Toro mepeHecem BTOpOii

, KOpeHb ypaBHEHHs (3) B NpaByl0 YacTb ypaBHEHHs, a
-3aT€M BO3BeCM O0e 4YacTH paBeHCTBA B KBajpar.
ITonyyaem

(x+¢)*+y*=4a~da/(x— )2 +y? + (x—c)*+y2,

HWIH
a\/(x—c)*+y? =a*—cx. 4
CHoBa Bo3BeIeM o0e 4YacTH paBEHCTBA B KBaJpar:
a’x?~2a%cx+a*c?*+a%y?=a*—2a%cx+c2x2.
Orcrona
(@*—c?)x? +a?y?=a?(a®—c?). %)
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BseneM B paccMOTpPEHME HOBYIO . BEJIHUHHY
b=/a*-c?, = . . (6)

reoMeTpHecknii CMBICI KOTOpOH packphiT nanee. Tax
KaK, N0 YCNOBHIO, a>¢, TO a*—c?>0 u, clefoBaTe/IbHO,
b—uncno nosioxuTenbHoe. W3 paseHcTBa (6) HMMeeM

1_ .2
b =a —c?,
03TOMy ypaBHeHHE (5) MOXHO IEPENHCaTb B BHIE
b*x*+a%y?=a%b?. '

Pasgesme oGe wacTH Ha a?b?, OKOHYATENHHO MNONYYHM

xz 2

Tax xak ypapuerue (7) momydeHo u3 ypasHeHHs (3), TO
KOODAMHATHI JTI00OH TOYKM 3JMIICZ, YAOBJIETBOPSIOIIME
ypaBHeHuio (3), 6ymyT yaoBNETBOPATH H YPaBHCHHIO .
Onnako mpu ynpomeHun ypaBHenus (3) oGe ero gacTn
mBaX bl OLLIM BO3BEREHBLI B KBAJApaT H MOIJH MOSBATHCS
«IMIIEME» KOpHM M YypaBHeHHe (7) MOIJIO OKa3aThCA
HEpaBHOCHJILHBIM YypaBHeHmio (3). Y6eaumcs B TOM, 4TO
ecld KOODIAWHATH TOYKHM YHXOBJIETBOPSIOT YPaBHCHMIO
(7), TO OHH YHOBIETBOPSIOT M ypaBHEHHIO (3), T.e.
ypasrenus (3) u (7) paBHOCHILHEL [Ins 3Toro, oyeBHAHO,
JIOCTaTOYHO MOKA3aTh, UTO BEJIMYAHBI ry M ry AasA moboi
TOYKH, KOOPAMHATHI KOTOPOH YNOBJIETBOPSIOT YypaBHe-
amio (7), ynosaersopsioT cootHowennto (1). HeHcrsu-
TEJLHO, MYCTh KOOPAMHATHI X H Y HEKOTOPO# TOYKH
ynosnerBopsitoT ypasmenmio (7). Torma, moncrasiss B

2
X

BhIpaxenue (2) Js ry, 3Hadenme y’=>h? (1— —2—), noJy-
: a

yegHoe u3 (7), NOCJE HECIOXHBIX Tpeobpa3zoBaHMi

. ¢ :
HaiimeM r;= (a+ —x) . Tak xak |x]<a [3r0 cnemyet
a
: c ) c.
m ()] ¥ -<1, To a+ -x>0 ¥ no3roMy r;=a+ x.
a a a

. . c
AHAJNOTHYHO HaimeM, 910 ry=a— -x. CxiageiBas
a

NOWIEHHO 3TH PaBEHCTBa, NoJyuaeM cooTHomenue (1),
4TO M TpeboBaIOCH YCTaHOBHTH. TakuM 06pa3zoM, mobas
TO4Ka, KOOPAMHATHI KOTOPOH YAOBJIETBOPSIOT YpaBHE-
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mmo (7), fipmmannéxir " af-
jmncy, ®u Haobopot, . T.€¢ ..
(7)— ypaBaenne 3JLAMIICA.
Vpasacaue (7) BaswBacTes
Kanonuveckum (HNME: npocmeii-
WuM)  ypPaBHCHHEM:. JJUTHICA. .
Taxum o06pa3zoM, smwmnc—

: JJHAHA BTOPOro mopsamxa. ‘

Hccnenyem Teneps opmy Puc. 55

JJUMIICA MO €ro KaHOHMUECKOMY ypasHeHHIO (7). 3ame-
THM, YTO0 ypaBHcHME (7) COAEPXHT 'WIEHH TOJIBKO C
YETHWMH CTCNICHAMH XOOPAHHAT X H Y, NO3TOMY 3JLIHIIC
CHMMETPHYCH OTHOCHTEJILHO oced Ox ®m Oy, a Takxe
OTHOCHTEJIbHO Hadajla KOOpPIMH3T. B cmiy cxasaHHOro,
Oyner m3secTHa OpMa BCErO 3IJLTMIICA, €CJIH YCTAHOBHTD
BHJl TOH €ro 4acTl, xoTopas Jjexur B I xoopmmEaTHOM

yrae. Jins 3toro paspemsm ypasrerue (7) OTHOCHTENBEO
b A

y:y—;l_-;?/» a”~x" B, ymrnBag, 910 B I YeTBepTH >0,

PaccCMOTpHM ypaBHEHHE '

—-x2, ' 8)

b 3
}'—; f’

W3 pasencrsa (8) smirexator cnemyiomme yTBepx-
ZICHAN: :

1) ecma. x=0, To y=b. Cnenoparensno, Touxa (0; b)
Jexur Ba Jumnce. O6o3pauAM ee vepes B; '

2; HpA BO3pacTaHHH x OT 0 10 a y ymeHbmIaeTcs;

3) ecmm x=a, To y=0. Caeposatensno, Touxa (a; 0)
JiexHT Ha Jumnce. O0o3HawaM ee depes A;

4) up x>a noxyyaeM MHAMEIC 3uavenus y. Cneno-
BAaTEJIbHO, TOYCK 3JUMNCA, Y KOTOPhIX X>a, HE Cy-
MECTBYeT. - '

HTax, wacreio 3jumnca, pacnosioxenHol s I xoopIm-
HaTHOM Yyrie, sBasercs nyra BAY. ’

Orpaxas 3Ty Ayry CHMMETPHYHO OTHOCHTENLHO
06enx XOOpDAMHATHBIX OCel, NONAY4aeM Bech DJLIHIC
(parc. 55).

3amewanne. Ecmu ga=b, To ypaBHeRHe (7) opuan-
MaeT BuA x2+y*=g2. D10 ypaBHEHHe OKpYXHOCTH

"B rn. V Gyner pmencno nounsre HAOPABNEHMA BMIYKJIOCTR
. Synxmm y-=f(x) R moKa3aHo, 410 Ayta BA nanpasmena
BLIYKJIOCTBIO BBEDX.
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paauyca @ Taxam 006pa3oM, ORPYKHOCTh — 4ACTHBIA
cay1ait anamnca. 3aMeTHM, ITO JLIANC MOXHO HOJNYHHTH

M3 OKPYXHOCTH PajJxyca 4, €C/Id CKATh €e B % pa3 BXOJIb

ocn Oy. Mpa TaroM cxkarua Touxa (x; y) mepedper B
X ;

Touky {(x; y,), rae n=y-. IMoacTasnas y=y,§ B

ypaBHEHHE OKPYXHOCTH, MOJIyHacM YpPaBHEAME IJLIHNCA:

" x? v )?
;7+L;2) =1,

OcCH CHMMETPHH JJUTAINCA HA3LIBAIOTCA €ro OCAMU, A
HEHTP CUMMETPHH (TOYKE MEPECCYCHUA OCEH)— yermpom
sumnca. TOYKH, B KOTOPHIX JJUTHIC TIEPECEKAET OCH,
HA3BIBAIOTCA €ro eepwunamu. Tak Xax Ha OCHOBAHHW
paserctea (6) a=b, 10 2a—pmHa Oonbuwio ocH
CHMMeETpHM 3amnca, 2b—manoit ocn. CreqoBaTeNLHO,
yicna a M b SABJAAIOTCA JUIMHAMH © COOTBETCTBCHHO
6oaplION M Mano# monyocedl InMICA.

_ BsemeM emie ONHY BEJHYHHY, XapaKTEepPH3YIOMIYIO
dopmy asnunca.

Onpeaenense. IKcyeHmpucumemom 344UNca HA3biea-

c
emca  omHowienue -, 20e ¢-—NoA0BUHA PAcCmoRRUR
a

mencdy oxycamu, a—6oabwas noayocs asaunca.
IKcueHTpHCHTET OObIYHO 06Go3Ha4YaroT OykBoH € €=

[y
==, Tak kak c<a, o 0<e<], T.e. SRCUECHTPHUCHTET
a

5/JUTANCA MeHbILe eaMHuLbL. [IpMHEAMAas BO BHHMAaHHE,
yro c¢i=a?—-b? naiigem

OTKyJa

W3 nocaeaHero paBeHCcTBa JIErKO NOJIYYHTb EOMCTpHte-
CKOE WCTOJIKOBaHUE DJKCLeHTpHcuTeTa 3umnca. Ilpu
OveHb MajlIoM € YMC/Ia @ @ b NOYTH paBHbl, T. €. IJUIHIC
6ip130k Kk okpyxHoctH. Ecitd xe € 6jH3k0 K equHuue, TO
quciio b Majio N0 CPaBHEHHIO C HICIOM @ M 3JUIMNC
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CHBLHO BHTAHYT BAOAb Oonbiuel ocH. TakEM oGpasom,
SKCUCHTPHCETET JJUIHNCA XAPaKTEPU3YeT Mepy BLITHAHY-
TOCTH 3JUIMIICA. v T
Kak H3BeCTHO, MNaHeTH M ° HEKOTOPbiE KOMETH
ABHXYTCA MO 3/UMNTHYeCkMM opbuTaM. OxaspiBaercs,
- YTO 3KCHEHTPHCHTETH MIaHETHBIX OPOMT BeChbMa MaJlkl, a
KOMCTHBIX — BCJIHKH, T. €. O/M3kH x emmmune. Taxam
obpa3om, nnaHeTbl OBUXYTCA NOYTH MO OXPYXHOCTH, a
koMeTsl To nprbmaxarorca x Connny (Coanne HaxouT-
CcA B ogHOM W3 (OKYycOB), TO YAANAIOTCHA OT HEro.
O Tpsmep 1. CocTaBATH KaHORHYECKOC YPABHEHHE H/LIHAT-
ca, MPOXOANAIIEro Yepe3 ToUKn M, (2; 3) m M, (1; 3ﬁ 12).
Pemenue. Ilycrb HCKOMOE ypaBHeHWe 3JUIHANCA
2 2 . :
:’:7 + %: 1. 3romy ypasHenmso YAQBJIETBOPAIOT KOOPAH-
HaTh! AaHHbIX TO4eK. [ToncraBnasa BMecTo x M y cHavana
KOOpAMHATHI TOYKH M, a 3aTe€M KOODAMHATHI TOYKA M,
noJjiy4aeM CHCTEMY YpaBHEHHIA:

4 9. 1 45

atp=b atg=t

1 o A '
——,=n, HNPpHXOOHM K CHCTEME

N
O6o3nauas —=m;
a b

4m+9n=1,
45
m+a— 1,

peimias  koropyro Haxomum m=1/16, n=1/12, orxyna
a’=16, b*=12. CaenorarensHo, YPaBHCHHC 3JUIHIICA
HMEET BHA o

) yz_ )
| ta= l.e
Vopaxnenne. IToxaxure, 4ro ypasrenue 3x2+16y2=
=192 onpepenser annunc. Haiaure ero NOJIYOCH,
' . 2 2
doxycs ® skcuenTpucuter. (Oms. %+%=1; a=3$;

b=2/3; F,(2/13; 0), F,(~2/13; 0); e=—‘/41—_3.)

2. I'mepGona. .
Onpenenesme. 'unep6ooii Ha3BIBAEMCA MHONCECMEO
6cex. moueKk nAOCKOCMuU, OAA KOMOPbIX MOOYAb pasHocmu
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yA ’ <" paccmoaHuti om 08yx dan-

HbIX MOYeK, HA3bIBdeMblX

) oM goxycamu, ecmov sesuuu-

5 Ha NOCMOAHHAR, MEHL-

r Waa pacCmoAHUA MeXNC-
/ oy goxycajuu. '

y; : > Jis BBIBOZIA ypaBHeE-

frreo) © F(C0) X HUS rHnep6oImH );gsenem

Puc. 56 Ha TUIOCKOCTH NpsSMO-

YrOJNILHYH0 CHCTEMY KO-

opauHAT TaK, 9ToGhl okychl runepbonsi JiEXanH HA OCH

abcuyce, a Ha4ano0 KOOPHHHAT Jenwyio Obl paccTOsHHE

Mexay ¢okycamu nonosiaM. BoiBeieM ypaBHEHHE ramep-

606l B BLIOpaHHOH# CHCTEME KOODAMHAT.

O6o03naguM dokychl runepbonbi wepes Fy n F,
(puc. 56). Ilycte Touka M — npou3BOJIbHAsA TOUKA THOEp-
6osbl. Paccrosnue | F, F,| Mexay ¢oxycamn obo3masam
yepe3 2 ¢, a MOAY/Ib Pa3sHOCTH PacCTOsHMA OT ToOukH M
1m0 ¢dokycoB—uepe3 2 a. Tak Kak, N0 ONpPERCNCHHIO,
i F,M{~|F,M||<|F,F,|, To 2a<2c wm a<c. Yncna
| F,M| u |F,M| Ha3blBalOTCA (HOKAIbHbIMU paduycamu
Toukd M ¥ ob6o3HaualoTCa Yepe3 r, u r,. 3 onpenene-
HMA cieayer, 9To. Touka M(x; y) sneXWr HA AaHHOM
runepbone B TOM M TOJIbKO TOM cClydae, Koraa
|ry—ry|=2a. Orcrona

Mo aHanoOruM ¢ 3JUTMNCOM, YTOOBI NMOJYYHTH HCKOMOE
ypasHenue runepGobl, HyXHO B paBeHCTBE (9) 3aMeHHTH
HepeMEHHbIE 7y H 7, HX BHID2XCHHAMM 4epe3 KOOPAMHATH
x 1 y. Tak xak dokycsl F, u F, pacnonoxenst Ha ocu Ox
CHMMETPHYHO OTHOCHTEJLHO HAayajia KOOpAMHAT, TO OHH
HMEIOT COOTBETCTBEHHO koopauHathl (—c; 0) 1 (¢; 0). Ilo
dopMmyne (4) m3 § 1 maxommum

ri=Jx+e) +y% rp=Jx-*+y% (10

[oacrasnss 5TH BRIPAXCEHHs B PaBeHCTBO (9), mosydaeM
ﬂx+c)2+y2—\ﬂx—c)2+y2=12a. - (1Y

Vpapuenne (11) sABiISe€TCS HNCKOMBIM ypagHeHuem 2unep-
604bl. YIPOCTHM 3TO YDaBHEHHE AHAJIOMMYHO TOMY, Kak
610 ynpoweno ypasuenue (3) ana anmnca. [leperecem
BTOPOH KOpEHb B NpaBYi0 4aCTb ypP4BHEHHUsS, & 3aTEM
po3peneM obe vactu B kBajpar. [lomywaem
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(x+efP+y2=4a’+4a/(x—c)? +y2+(x—c)* +y?,
wm
cx—al= ia\/m. )
CHOBa BO3BeleM 00¢ YaCTH YpaBHEHHS B KRALpaT:
2x?—2a%cx+a*=a’x?-2a%cx +aic? +a’y2.

Orcrona
(c*—a?)x?—a?y*=a?(c?-a?). (13)
BBemeM B paccMOTpeHHE HOBYIO BEJMYHMHY
b=\/ Cz—az, (14)

T€OMETPHYECKHH CMBICII KOTOpOif OymeT packpeiT Ianee.
Tak xak c¢>a, T0 ¢2—a*>0 H b YHCIIO MOJIOXKUTENLHOE.
W3 pasenctsa (14) umeem

b2=c2—a2
Vpasuenue (13) npunumaer BHA
b2x2_a2y2=a2b2
WM

2
—Z—2=1. (15)

Q,k
ol

OTO W €CThb KAHOHUYeCKoe ypasHeHue 2unepb6obl.

Kak u mna oniunca, MOXHO [OKa3aThb PaBHOCHJIb-
HOCTh YypaBuenwii (15) u (11). (Caenaiite 3ro camo-
CTOSITEJILHO.)

Hccnenyem dpopmyny runepbossl mo ypasuenuro (15).

Tax xak ypaBuenue (15) comepXHT WIEHBI TOJLKO C
YETHBIMU CTENEHSAMH TEKYIIHX KOOPAMHAT X H y, TO HO
aHAJIOTMH C J3JUIMICOM JOCTATOYHO PAcCMOTPETh JMILB
4acTb runepbonkl, Jexamyro B I XoopauHaTHOM yrie.
Paspeunm ypaBaenue (15) otHocuTensHoO y, cunras y=0.

ITonyyaem
y=§./x2—a2. (16)

M3 pasenctsa (16) BoITEKAOT CJEHYIOUIHE YTBEPXK-
“AeHus:

1) ecnn 0<x<a, TO y MMeeT MHHMBIE 3HAYEHNS, T. €.
Touek rHiepbdonsl ¢ abecniiccamu 0K x<a. HeT;
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Iy
p N
M M
8
o e A . X - ~ ?
Puc. 57 Puc. 58

2) ecnu x=a, To y=0, T. e. Touka (aq; 0) nmpunane-
xuT runepbosne. Obosznaunm ee vepes A,

3) eciiu x>a, To y>0. Ilpn BO3pacTaHUH X TAKKE
BO3pacTaer y M y—+o mnpu x—-+oo. Ilepemennas
Touka M (x; y) Ha runepbone mepeMelnaeTcs ¢ pocToM X
«BOPABO» M «BBEpX», NPHYEM ee¢ Ha4aJbHOE IOJIOXE-
Hue —T1ouka A (a; 0) (puc. 57). 3nech HeoOX0AUMO YTOU-
HUTh, KaK MMEHHO TOuYka M «yXOMUT B OECKOHEYHOCTBHY.
Jlns aToro xpoMe ypaBHeHus (16) paccMOTpUM ypaBHEHHE

y=2x, (17)
a

KOTOpO€, KaK YyX€ HU3BECTHO, ONpEACACT IpPAMYIO C

b
yraoBLIM  KO3GbOHUHEHTOM Kk=-, NPOXOAAUIyI0 dYepe3
a

Hayajno KoopauHaT. Hacth 3TOH NPSAMOM, PacnoyioXeH-
Has B | koopamHaTHOM yrie, uzobpaxeHa Ha puc. 57.
Jns ee MOCTPOEHUS MOXHO HCIONb30BATH npﬂMoyronb-
Hbli TpeyrojbHUK OAB ¢ xatetamu |OA|=a u |AB|=b.
TloxaxeM, 4To Touka M, nepemMeinasch 1o rxmep60ne
B GCCKOHC‘lHOCTb HEOrpaHUYEHHO npu6nnx<ae7ca K Hpﬂ-
Moii (17), xoTopas sBAsETCA acumnmomoii 2unepbovt )
Bo3bMeM NpoM3BOJILHOE 3HaueHHE X (X > a) HpaCCMOT-

puM zase Toukn M(x; y) u N(x; Y), rme y=§ /x2_a? u

b . .
Y="x. Touka M nexur na rumepbosic, Touka N—Ha
a

DB rn. V, § 15 n. 5 maHo onpeaeseHue acuMnToTht rpaduka
b

dyuxuun y=/(x) # nOKa3aHO, YTO NPAMUA y=—X ABJIACTCH ACUMNTOTOH
a

rinepbonbl, A B M. 4 PACCMOTPSH BOTPOC O HAMPABICHHH BBINYKOCTH
runepbobL.
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npsimoit (17). IMockonbky obe TOYKM MMEIOT OmHY M Ty
xe abcumccy x, mpsMas, coeguHsomias Touku M u N,
nepneHauKkynapHa ocd Ox (puc. 58). Haitnem mnuny
oTtpeska MN. ‘

[Ipexne Bcero 3ameTuM, 4YTO NpU x=a

b b b
Y=-x=-/x*>-/x*—a%’=y.
a a a 3

OTo o3HayaeT, YTO NMPH OJHOM M Toil e abcuucce Tovka
runepOosIbl fieXHT NOA COOTBETCTBYIOLIEH TOYKOM acCHMII-
ToThl. TakuM ob6pasom,

MN= Y—y=§x—§. [x7=a?=2(x—/xT—a?)=

=2(x—\/x2—az)(x+\/x1—-a2)= ab

a x+./x%-a? x+./x%—a?

W3 nonyueHHOro BIpaXKeHus creayer, 4TO Apo6hL npH
X—+00 CTpEMHTCA K HYyMO, TaK Kak 3HaMeHaTesb
pacTeT, a YHCAUTEIIL — NOCTONHHASA Benu4uHa ab. Cneno-
BaTeNbHO, | MN|=Y —y CTPEMHTCH K HYJIIO NIPH X— + 00.

O6Go3naunM uepe3 P OCHOBaHME NEpNEHAUKYJISpa,
ONYIIEHHOTO M3 TOYKH M Ha npsmyio (17); MP—pac-
CTOSHHE OT TOYKH M Jpo a3toit mpamoil. OueBuaHO,
|MP|<|MN|, a Ttak xak |[MN|-0, To m mnomasHO
|MP{-0 npu x— + 00, T.e. Touka M HEOrpaHHYECHHO
npubnmxaerca x npsmoit (17). A 3To MBI H XOTeNiH
NOKa3aTh. AHAJOTHYHOE PACCYXACHHE MOXHO IPOBECTH-
ansg moboro KOOpOMHATHOrO yrja. :

HUTak, BeTBb paccMaTpuBaeMoil runep6oJIbl, Nexamas
B | KoOpIMHATHOM yrJie, NPOXOAUT Yepe3 Touky A (a; 0) u
HanpaBJicHa «HANpPaBO» H «BBEPX», ACHMITOTHYECKH

npubnuxasch K NpAMO# y=§x (cM. puc. 57).

Bun Beeit runep6onbl Tenepb MOXHO JIETKO yCTaHO-
BHTb C MOMOLIBLI) CHMMETPUH OTHOCHTEJILHO KOOP/IMHAT-
HpIX oceil (puc. 59). 'mnepbosa cocTOUT M3 ABYX BeTBeit

o . b
(npaBoif M neBOH) M HMMEET ABE ACHMHOTOTHL y=-X H
a

b
y=—-Xx, neppas H3 KOTOPbIX YyX€ PpacCMOTpeHa, a
a

BTOpasi NPEACTABJISET COOOK e CUMMETPHUYHOE OTpaxe- .
HHE OTHOCHTENBHO ocH Ox (mmu ocu Oy).
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Yy Ocn caMMeTpHH
X 2 HA3bIBAIOTCA OCAMU
N 2 eunepboabl, a UEHTP
e = CUMMeTpHH (TOYKA
niepeceyeHus oce)—
yeHmpom 2unepbo.bl.
Onna M3 oceil mepe-
cexaercs ¢ runepbo-
Jio B JABYX TOYKaXx,
KOTOpbIE Ha3bIBalOT-
ci ee eegéaunamu
Ha HC. OHM
Puc. 59 S)Goaﬂa?qem,l 6ykBa-
MH A’ 1 A). DTa OCb Ha3bIBAETCA OelicmeumenbHOl OCbIO
runepbonpl. dpyrags och He HMeeT OOIMX TOYEK C
runepbood H Ha3BIBACTCA MHUMOU OCbl0 THOEPOOILL.
IpAMOYT OJILHUK BB'C'C co croponamu 2a u 2b
(puc. 59) Ha3LIBAETCH OCHOBHLIM NPAMOY20ALHUKOM TH-
nep6osel. BennunHbl @ ¥ b Ha3BIBAIOTCE COOTBETCTBEHHO
OeticmeumenvHoii W MHUMOU noAyocAmu THNEpOOIBI.
YpasHeHHE

Pyt
~

y X

2 2
ol
nepectabiigis OykBbl X H y, a H b, MOXHO NPHBECTH K
ypasaerno (15).. Orcroga scHO, 4TO OHO ONpeAcaseT
runepboJly, pacmojioKeHHyI0 Tak, KaK MOKa3aHO Ha
pHC. 59 IITPHXOBLIMH JIMHMSAMH; BEPILUHHBI €€ JIEXaT Ha
ocH Oy. Dta runepbona Ha3bIBACTCA CONPANCEHHOU TO
orHomenuio k runepbone (15). Ob6e 3tm runepbosnnl
HMEIOT OOHH H T€ Xe aCHMIITOTHI

Iunepbona ¢ paBHbiMH mnonyocamu (a=b) Ha3bl-
BaETCS PABHOCMOpPOHHeil, ¥ ee KaHOHWYECKOE YPaBHECHHE
HMEET BHI

xl—y?=a?

Tak kak OCHOBHOM NPAMOYTOJILHHK PaBHOCTOPOHHEH
runep6oJIbl ABJISETCA KBaZpaTOM, TO aCMMINTOTHI paBHO-
CTOpOHHE#H runep6oNbl NEPNEHAMKYJISPHBI OPYr IPYTY.

Onpeaenenne. Jxcyenmpucumemom 2unepboabt Hasbi-

P .
eaemca omuouieHue -, -20e €—noAoGuUHAa paccmosrun
. a

Mexcoy d¢oxycamu, a— oOelicmeumeabHans noAyoch 2u-
nepboswi.
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OKCUEHTPUCHTET rUNepbossl (kKax u 3/iaunca) o603Ha-
unm OykBoit €. Tak kxak ¢>a, TO €>1, T. €. IKCUEHTPHU-
CHTET FI/meGOIlbl 6om;me eaunuunl. [lpunumas Bo
BHUMaHue, 41O (2 =a 24+ b2, Haiizem

OTKy[1a

M3 nocnegHero paBeHCTBA JIEMKO MOAYYHTbL FEOMET-
pHYECKOE MCTOJIKOBAHHME OKCLEHTPHUCHUTETA THNEepOOJIbl.
UeM MeHblIE 3KCUECHTPUCHTET, T. €. OJIMXE OH K €IUHM-

b
e, TEM MCHBLIC OTHOILUCHHE -, a 3TO O3HAYacCT,
a

YTO OCHOBHOH NpAMOYTroJibHHK OoJiee BBITAHYT B Ha-
NpaBACHUM HeHCTBUTENbHOH ocH. Takum o0OpazoM, 3kc-
LEHTPHCHUTET TUNepOobl XapakTepusyeT GopMmy ee oc-
HOBHOTO NpAMOYIOJIbHHKA, a 3HaYuT, U (opMy camoit
runep06oibl.

Hns paBHOCTOpOHHEH runepGonsl (a=») nonydaem
e=/2.

O, Ilpumep 2. [lavo ypaBHeHHE TruUnep6oJIbI 3x2
—4y?=12. Haiitu ee neiCTBUTENbHYIO H MHHMle
nojyocH, KOOPAHHaThl (OKYCOB, IKCUEHTPHCHTET, CO-
CTaBUTb YpaBHEHHE €€ AaCHMMNTOT.

Pewenne. INpusenem ypaBHenue runepbosbl K Ka-
HOHMYECKOMY BHIY

=1,

3 4y? 2 2
Y =1, unm r_r
l2 12 4 3

OTKYAAa HAxXoIOuM, 4YTO AEeACTBUTENbLHASA oJnyoch a=2, a -
MHHMas NoJayocChb b=\/§ Tak kak acHMNOTOTHI runep-

b.
Gonbl  MMEIOT ypaBHeHHs y=+-x, (OKYCbl — KOOP-
- u : )
¢
mHatel (—c¢; 0) w (¢, 0); oskcuewTpHcHTET E£=-, a

a

c=, /(12+b2=\/7, TO AN JaHHOH runepdoasl noayyaeM
' 87
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KoopaMHATHI Goxycos (—ﬁ; 0O)n (ﬁ; 0); sxcuenTpucu-

Al JT
TET vs=—2’— H YPaBHEHHE aCHMITOT y= iTx. )
VYnpaxuenne. CoctaBbTe ypaBHeHHE runepbobl, ecim
H3BECTHO, YTO pacCTOSHHE MEXIAY €¢ BepIUMHAMH
paBHO 16 M ¢okychl ee HaxoaATcs B Toukax (— 10; 0)
xZ y2
u (10; 0). { Oms. —=——=1.
100, (0ms. 532
B cnenylomeM NyHKTe pacCMOTPHM BaXHO€ CBOHCTBO
3NNMIICA U rHnepOoJIbI.
3. /inpexTprchl 3JLIHOCA H THNEPOOJILI -
Onpenenenne 1. [Jse npamvie, nepnenouxyaapHvle
boabwoli OCU IAAUNCA U PACNOAONCEHHBIE CUMMEMPUUHO

a
OMHOCUMEABHO YeHmpa HA paccmosHuu - om Heeo,
€

Ha3b186alOMCA oupexmpucamu daaunca (30ecb a— 6oavwan
noaAyoch, €—— IKCYeHmpucumem 344unca).
VYpaBHeHAe AMPEKTPHUC IJUIMICA, 33aJAAHHOTO KaHOHH-
YeCKkUM ypaBHeHueM (7), MMeeT BHJ
a

a
X=—-H X=-.
A4 €

a s
Tak xak anga sumnca e<l, 1o ->a. Otcroma
€

cineqyeT, 4TO NpaBas JUPEKTPHCA pAacNoJIOXKEHAa npasee
npaBoH BEPIUMHBI JJUIMICA, a JNeBas — JIEBEE €ro JiEBOH
BepinHbl (puc. 60). )

Onpenenenne 2. [Jee npambie, nepneHOuKyaapHole Oeii-
cmeumeAbHOU ocu 2unepboabl U PACNOAONCERHbIE CUMMEN-

a
PDUYHO OMHOCUMEABHO YeHMPA HA pAcCMoOAHUU — Om Helo,
€

Hasviearomca oupekmpucamu 2unepboavl (30ecb a— Oeii-
cmeumeabHafA noAyoch, €— IKCYeHmpucumem zunepbo.vl).

VpaBHeHHEe AMpEKTPHC runepboibl, 3aAaHHON KaHO-
HAueckuM ypaBHemeM  (15), mmeer BuI

a a
X=—-H X=-.
€ €

. ‘
Tax xax pas runepbossl £€>1, T0 -<a. Orcioma
€

CIEAYET, 4TO TpaBad OUPEKTPHCA PACIIOJIOXKCHA MEXITY
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»

HEHTPOM M INpaBoO# Bep-
IIMHOH rUnepbobl, a Je-
Basi—MeEXAy  LEHTpOM
) G (3:T) BEPLUINHOMK
(puc. 61).

C nomolupio NnoHATHIL
JUPEKTPHCHI M 3KCLEHT-
PHCHTETa MOXHO cdop-
MYJIHpOBaTh 0o0lliee CBOM-
CTBO, NNPHCYLIEE JUIHNCY K
runepboise. UmeroT MecTo

. CNIEAYIOIIHE IBE TEOPEMEI.

Teopema 2.8. Ecau r— paccmosrue om npoussoav-
Hou mouku M aasunca 0o Kaxozo-nubyds ¢oxyca,
d— paccmosanue om moii xce mouxu 0o coomgemcmeyro-

4
L]

Puc. 60

- r
weti smomy poxycy oupexmpucei, mo ommuouseHue 7 ecmy

NOCMOAHKAA 8eAUNUHA, PAGHAA IKCYeHmMpucumemy 3.-
aunca.

O Hokasareancrso. Hpeanonoxum s ompe-
ACNIEHHOCTH, 4TO peYb MAET O mpaBoM ¢okyce F, u
npaBoi aupextpuce. Ilyctes M(x; ¥)— npou3BonLHas
"TO4Ka 3mumnca (cm. puc. 60). Paccrosnne ot Touku M no
NpaBoOd IMPEKTPHCHI ONpEAESISeTCs PaBEHCTBOM

o .
d=2-x, S s

KOTOpOE€ JIErkO YCTaHABJIMBAETCA M3 pHCYHKa. M3 pa-
BeHCTBA (2) H (4) umeeM '

r=r,=/(x—c)*+y? =a—afx.
Ilonaras c/a=e¢, nonywaem dopMyny paccrosuus or
ToYkH M no mnpasoro ¢okyca; :
r=a—gx. (19)
U3 cootrowennit (18) u (19) mmeem

Teopema 2.9. Ecau r— paccmosnue om npousgons-
Holi mouku M zunepboast do Kakoz0-nubyds dokyca,
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7 d— paccmosnue  om
moii  ce MoOUKU 00

| .
> coomaemcmayoueti
d/M/ amomy okycy Ou-

|
(o
G

X

PEKMPUChl, Mo OMmHO-

P
2 BN ¥ uenue - ecmy seutu-
g Ha NOCMOAHHAA, pa-
- HaA 9IKCYyeHmpucume-

my 2unepboabl.
Puc. 61 Odoka3aTenb-

ctBo. IpeanosoxuM s ONpeNesICHHOCTH, YTO peyb
uaet o npasoM ¢okyce F, u npasoit mupexrpuce. Ilycrs
M (x, y)—NpoU3BONIbHAs TOYKA TUMEPOObI (puc. 61).
PaccMoTpuM fABa chiyvas. :

1) Touka M HaxomuTcs HA NPABOH BETBU THNEPOOJIBI.
Toraa paccrosHie OT TOYKM M [0 NpaBoOil AMPEKTPUCHI
ONpesc/seTCs pPaBEHCTBOM

d=x—g, (20)

KOTOpOE JIerko ycranasnusaerTcs u3 pucynka. M3 pa--
serctB (10) w (12) umeem

r=r,= (x——c)2+y2=5x—0.

IMonaras c/a=g¢, nosaysaemM ¢GopMyay pacCTOSHHA OT
Toukn M [0 mnpaBoro Qokyca:

F=gx—a. @2n

M3 orTHowenuit (20) u (21) nmeem

2) Touka M HaxoAMTCS Ha jeBOil BeTBH runepOOJIbL.
Torpa paccrosiHde OT TOYKH M [0 NpaBod JUPEKTPHUCH
ONPEJEAETC PAaBEHCTBOM

d=—x+g. (22)

W3 pasencts (10) u (12) umeem
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r=r= Vx+e)+yi= —(gx—a).

Monaras c/a=g¢, noay4aeM GopMyay pacCTOSHMA OT
ToukM M no npasoro ¢okyca:

r=—(ex—a) (23)
W3 coortHowenuit (22) n (23) umeem

r_ —{ex—a)_(—ex+a)e _
d a  (-ex+a)
—.\‘+E

YcTaHOBREHHOE CBOWCTBO 3nymnca M runep6ossi
MOXHO NOJIOXHTb B OCHOBY OOLIErOo OnMpeneneHHs 3THX
JIMHHH: MHOXMCECMBO mMoueK, 048 KOMOpPbIX OMHOWeHUe
paccmosnuti 00 gokyca u do coomsemcmeyloweii oupexm-
Ppuchl A643emcA 6eAUNUHOU NOCMOAHHOU, pasHOl €, ecmb
daaunc, ecau €<, u ounepbosa, ecau €>1.

Bo3nukaer Bonpoc, 4TO mpeacTaBiaseT coboit MHO-
KECTBO TOYEK, OMpEACIIEHHOEC aHaJIOTHYHLIM obpa3zoM
npu ycnoBun €=1. Oka3biBaeTcs, 3TO HOBafg JIMHHUS
BTOPOro mnopsfka, Ha3biBaeMas mnapabosoii.

4. TlapaGoaa.

Onpenenenne. Ilapaboaoii Ha3vieaemca MHONCECMEO
6cex moueK naockocmu, Kaxcoas u3 Komopwlx HaxooumcA
HQ 00UHAKO8OM DACCMOAHUU oM OAHHOU MOYUKU, HA3bléde-
Moii  okycom, u om OaHHOli nNPAMOL, HA3bIEAEMOLE
oupexmpucoii u He npoxodawjeii uepes gokyc.

Hns BhIBOJAa ypaBHeHHA napaboJsibl BBEAEM Ha MJOC-
KOCTH NPSAMOYTONbHYIO CHCTEMY KOOPAMHAT TakK, YTOOBI
oce abcumce npoxoxnna deped Goxkyc neprneHAUKYJISPHO
JpexTpHce, H OyaeM CHHTATh MOJIOKHTEILHBIM HanNpas-
JIEHMEM HanpaBbJieHHe OT OUPEKTpHCHl kK (OKYCy; Hayasio
KOODJMHAT PacnojiokHM NOCEpeaHHe Mexay PoKycoM H
aupekTpHcoH. BeiBenem ypasHeHue napaGonbl B BLIOpaH-
HOM CHCTEME KOOpIHWHAT.

Iycte M (x; y)—npousBonbHas Touka mNapaboJbl.
O603na4uM uepe3 r paccTosHHe OT TOYkH M no ¢okyca
F(r=|FM|), vepes d—paccrosuue OoT TOoukH M 10
JUPEKTPHCHI, a uepe3 p—paccTosHHe OT ¢okyca [0
aupexkTpuchl (puc. 62). BenuuuHy p Ha3bIBalOT napamem-
pom napaboabl, €0 reOMETPHYECKMH CMBICI PacKpbIT
nmanee. Touka M 6yner nexarThk Ha JaHHOR napaGone B
TOM W TOJILKO TOM Ciyuae, Korja
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ya r=d. (24)
YT1o0B! NOAYYUTH HCKOMOE YpaB-
q M HeHHe, HY)XHO B paBeHcTBe (24)
3aMEHHTDb TiepeMeHHble r H d HX
BLIPAXECHAAMH Yepe3 KOOpAMHA-

gl e
2|2 W x W y. Pokyc F umeer
of (55,00 ¥  Xoopaumathl (p/2; 0); mosromy

no ¢opmyne (4) u3 § 1 HaxoauMm

P 2
Puc. 62 r= <x—-§) +y2. (25)

O6o3nayuM 4vepe3 () ocHOBaHHME NEPHCHAMKYJIApA, OMy-
LIIEHHOTO H3 TOYkH M Ha aupekTpucy. O4eBHAHO, TOYKA
Q uMeet koopauHathl (—p/2; y); orciona u u3 Gpopmynsi
(4) § 1 nonydaem

2
d=|MQ|=\[<x+’2—’) +(y—y)2=x+§. (26)

3amenss B paBeHcTBe (24) r U d uX BbipaxeHHAMH (25) U
(26), Haiigem '

P 2_x42
(x 2) +y x.+2. 27

310 M ecTh HCKOMOe ypaBHeHHe napabonbi. [lpusenem
ypaBHenne mnapaGonbl k 6onee ymobHOMy BuMAy; s
3TOro BO3BeAeM 00e wacTH paBeHcTBa (27) B KBajpart.
IMonyuaem :

2 _ r’ 2_,2 r’
x px+7+y =X +px+7,

WM
y2=2px. (28)

ITpoBepuM, uTO ypaBHeHHe (28) nociie BO3BEACHHS B
kBaZpaT oDOeux uacTeit pasencTBa (27) He mpmoOpeno
«IHIIHHMX» KOpHeH. Jlns 3TOro QOCTaTOYHO IOKa3aTh,
4YTO s 000 TOYKH, KOOPAMHATHI X M y KOTOPOM
YIOBJIETBOPAIOT ypaBHEHUHIO (28), BLINOJHEHO COOTHOLIE-
Hue (24). [elicTBUTENbHO, U3 ypaBHEHMs (28) BBLITEKAeT,
uro x>0, mO3TOMY A TOYEK C HEOTPHUATEIbLHBIMH

abcruccaMu d=g+x. Ioncrapnsas 3nasenue y2 u3 (28) B
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Bbipaxenue (25) ons r M yuuTe- YA
Basg, 4ro x>0, nomyyaem, 94to

r=12—’+x, T.€ BEJHYHHB r U d

paBHBI, YTO U TpeboBanoch moka- © x
3aTe. TakuM o6pa3oM, ypasHe-
HHIO (28) ymOBNETBOPAIOT KOOp-
JMHATHI TOYEK HAHHOH mapabosinl Puc. 63
A TOJNBKO OHM, T.e€. ypaBHCHME :
(28) sBnseTCA ypaBHeHWeM maHHOH mapabowi.

Ypaprenue (28) HasbiBaeTCA KaHOHuuecKum ypasHe-
Huem napabosvl. ITO ypaBHEHHE BTOPOMl cTeneHH. Takum
0bpa3oM, mapa6ona €cTb JHMHHA BTOpPOro nopsaka.

Hccnenyem Teneps ¢opmy napaGosnmt mo ee ypaBHe-
Huto (28).

Tak xax ypasrenue (28) conepXHT y TONBKO B YeTHOM
CTENCHH, TO napabosa CHMMETPHYHA OTHOCHTELHO OCH
Ox. CnemoBaTenbHO, JOCTATOYHO PacCMOTpETh TOJILKO
€¢ HaCTb, JEXKalllylo B BepxHeH moaymwiockoctH. s
3TOH 4acTH y>0, MO3TOMy, pa3pemias ypaBHEHWe (28)
OTHOCHTENILHO y, NOJIy4aeM

y=/2px. (29)

W3 pasencrsa (29) BmiTexaroT ciemyromme yTBEpXK-
JEHHUA:

1) ecnim x<0, To ypashemme (29) maeT MHHMBIE
3Havenus y. CrefoBatenbHo, nesee och Oy HHM  OIHOM
"TOYKM napabosnl HeT; '

'2) ecmn x=0, T0 y=0. Takum obpa3zoM, Hayano
KOOpAMHAT JIEKHT Ha mnapabose U sgBiIgeTcS camoii
WIEBOH» ee TOUKOIL;

3) npu Bo3pacTaHMM X BO3pacTaeTr W Y, TIpHYEM eciiu
.X~>4+00, TO H y—+00. )

Takum o6pazom, nepemennas Touka M (x; ), nepeme-
INAoWAACs no napabose, HCXOAMT M3 HAYala KOOPAMHAT
C POCTOM X M JBHXETCA «BNPABO» H «BBEPX», MpPHYEM
NpH X— + 00 Touka M GeckOHEYHO ynanseTcst KaKk OT OCH
Oy, Tak U ot ocu Ox. :

CHMMETPHYHO OTpaxas pPacCMOTPEHHYIO 4acTh napa-
Gonel OTHOCHTENLHO OCH O, nony4yaeM BCro napaGosy
(puc. 63), 3aganHyio ypaBHeHHeM (28).

Touka O Ha3bBaeTcs sepwiunold  napaboaw, och
cummeTpun (0cb Ox)—ocvio napaboavt. Yucio P, T. e
NapaMeTp napabosibl, kKak H3BECTHO, BHIPAXKAET PaccTos-
HHE OT (oKyca IO AMPEKTPHCH. BBISCHAM, Kak BJMSeT
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0

a) 8

Puc. 64

napaMeTp napaGoibl Ha ee gopMy. [lis 9TOTO BO3BMEM
KaKoe-HHOYIL oOmpe/esieHHOe 3HaueHue albClLMCChI, Ha- -
npuMep x=1, ¥ HalileM W3 ypaBHeHus (28) cooTser-

CTBYIOILIME 3HAaueHuWs opauHATRL: y= t+./2p. Ilonmydaem

na napa6one ase toukn M (1; +./2p) n M,(1; —/2p),
CUMMETpPHYHBIE OTHOCHICIBHO €€ OCH, PacCTOSHHME MEX-
Ay HuMH paBHO 2,/2p. OrcCioma 3aKJio4aeM, 4TO 3TO

pacctosHue TeM Gosbure, 4em Oonbue p. Crnenosa-
Te/IbHO, MApaMETP p XapakKTepH3yeT «HpHHY» 00iacry,
orpaHud4eHHON napabosoil. B 3TOM U COCTOMT 2eomempu-
yeckuti cmbvica TIapamMerpa p.

IMapabona, ypaBHEHHE KOTODOH y2=-—2px, p>0,
pacroNioXeHa cieBa OT OCH opAauHaT (pHC. 64, a). Bep-
IUMHA 3TOi nmapaboJibl COBMAAAET C HAYaJIOM KOOpAMHAT,
OChIO CHUMMETpUM sBisieTcss och Ox.

Mo aHanorud ¢ NpeObIAYLINM, MOXHO YTBEPKIATH,
yTO ypaBHeHMe x> =2py, p>0 sABASETCS YPaBHEHHEM
napabosisi, BepUIMHA KOTODOH COBMAajJaeT € HAYaloM
KOODAMHAT, a OCBIO CHMMETpuH sBiseTci ock Oy
(puc. 64,6). Ora mapabosa JIEXHT BBILE OCH abcnucc.
Vpasuerue x2=—2py, p>0 onpenenser napabouy,
nexamyro Huxe ocu Ox, C BEPIIMHOA B Hauane
KoopaMHaT (pHc. 64,6). YpaBrerne napabosi, u3obpa-
KEHHOM Ha pHC. 65, UMeeT BHA

x*=2p(y—a), p>0, a<0,

a mnapabombi, M300paxeHHOH Ha puc. 66, Clle Ay rOLIMH
BUIL

y2=2p(x—b), p>0, b>0.

o Tipuvep 3. Jano ypaBHeHHE mnapaboJibi y*=6x.
CocTaBHTh YpaBHEHUE e€e AUPEKTPUCHI M HAMTH KOOpIH-
HaTht ee (oxyca.
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Puc. 65 Puc. 66

Pemenne. CpaBHuBas HaHHOE ypaBHEHHE C KAHOHHU-
YeCKHM YpaBHEHHMEM mnapabosbi (29), 3akmouaeM, 4TO
2p=6, otkyna p=3. Tax xax dokyc napabosbl HMeeT

KOOpMHAT b '\g; 0 ), a mupexTpuca-— ypaBHEHHE X = —g,

TO Q18 JaHHOW mnapalosbl MnosyuyaeM KOOPAHHATHI
) 3
¢oxkyca %; 0] n ypaBHeHHE IMPEKTPHCHI X=-:. 0

I ana:»lcneljne. Hanummre ypaBHenue mnapabosinl ¢
BCPIIMHON B Hayasic KOOPAMHAT M YpaBHEHHE JHPEKT-
PHCBI, €C/IM M3BECTHO, YTO OCELIO CHMMETPHH SABJISETCS
ocb OX H 4YTO TOYKA NEPECEYEHHUS NPAMBIX y=X H
X+y=2 nexur Ha napabone. (Ome. y?=x; x=—1/4.)
B 3axsrouenue pacCMOTPHM e€le HECKOJBKO IpUMe-

POB Ha HaXOXIEHUE MHOXECTBA TOYEK MO YPaBHEHHUSM,

CBA3LIBAIOLIUM HUX KOOPAMHATEI.

O Ilpumep 4. Namnt Toukn A4(—1; 0) u B(2; 0). Tou-
Ka - M{x; y) nsuxercs Tak, 4to B TpeyrdmpHuke AMB
yron ABM octaercsa Baroe Gonbine yrna MAB. Onpene-
JMTb TPAEKTOPHIO TOYKH M (puc. 67).

Pewenne. Bripasum tgB u tg A vepes KOOpAMHATHI

"Touek A, B u M:

y Y
x~(~1) x+1°
CocraBuM ypaBHeHHe aBuxenus Ttoukd. Ilo ycioBHio,
B=24, cneaoBaTenbHO, ypaBHeHME HMeeT BHX tgB=

=tg2A4, nim

—__‘}i_’ =
tg B—z_x, tg A

2tg A
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[MopcTasiss B ypaBHEHUE HAaii-
NEHHbIC BHIpAXEHMs [is tg B u
tg A
v 2p/(x+1)
2—x  1=p¥{l+x)?*’

nocne YNpoUIeHWK NOJayYaeM

T. €. TPAaeKTODHA [BHXEHWS TOUKH — runepbosa.

Tpumep S. {ana OKpYKHOCTh M TOYKa A BHYTpH Hee.
HaiiTh MHOXECTBO UEHTPOB OKPYXKHOCTEH, Kacarolmxce
NAHHOW OKDYXHOCTH M NPOXOAfIIMX 4Yepe3 TOuKy A.

Pemenne. Iycts M —npou3sofbHasg TOYK2 HCKO-
MOTO MHOXECTBa, TOrJa OKpYXHOCTb paauyca MA
Kacaerca JaHHO# okpyxHocTH. [TycTh O — LEHTp AaHHOM
OKPYXHOCTH, R— 1UIHHa ee paauyca, B— TOYKa KacaHus
(puc. 68). Torma |OB|=R=|OM|+|MB|=|0OM|+
+|MA|. Uiak, pns Toukn M

|MO|+|MA|=R,

T. €. CyMMa PaccTOSHHH OT Hee /10 JBYX MaHHbIX ToYex O
H A nocrosHHa. 3Ha4MT, TOYka M JEKHUT HA IJUIHNCE C
doxycamu B Toukax O M A (CM. ONpEAENEHHE DITHICA).

TlokaxeM, uYTO BCe TOYKM YKalaHHOTO JJUIMMCA
NpUHAIIEXaT UCKOMOMY MHoxecTsy. Tlyctb N-—mnpous-
BOJILHAS TOYKAa JTOro osjnunca, T.e¢. |NO|+|NA|=R.
3ameTuM, 4YTO TOYKa N fIeXKHT BHYTPM JAHHOrO Kpyra,
tak kak |ON|<|ON|+|NA|=R. [Iyctb ayd ON nepe-
cekaeT AAHHYIO OKpyxHocTh B Touke C (puc. 69). Tax
kak |ON|+|NC|=R u |ON|+|NA|=R, 10 |NC|=
=|NA|. T1o3TOMY OKPYXHOCTb C UEHTPOM B TOUke N H
paguycoM NA npoxoaut uepe3 Touky C H Kacaercs B
Hell NaHHON OKpPYXHOCTH.

INpumep 6. [okasarb, 4TO eciaH ocH JAByX mapabon
B3aMMHO MEPNEHIXKYJIAPHBI B NapaboJibl NEPECceKaroTCa B
YeTBIpEX TOYKAX, TO ITH TOYKH MNEpEceYeHus JiexaT Ha
OOHOU OKPYXHOCTH.

Pewmenue. IIpumem ocu naHHbIX napabon 3a OCH
xoopaunat Ox u Oy (puc.70). Torma ypasHeHHA
napabon umMme:oT B

yi=2p(x—a) ' 30) *
96

CopepxxaHue



<

Puc. 70

H

x"=2q(y—b)_. 31)

Cnoxap mowneHHO ypasuerud (30) n (31), nonyuam
x%+y?=2px—2pa+2qy—2gb,

OTKyAa |

(x=p)+(r—q)*=p*+q*>—2pa—2gb. (32)

Ho ycnosmo, napaGonm mepecexaroTcs B 4eThipex
TOYKaX, 3HAAT, KOODAWHATH 3THX TOYCK Y/IOBJIETBO-
PAIOT B YpaBHEHHIO (5,0), R ypasrenuio (31), nosromy u
ypasdesmio (32).

Ho ypasren®e (32) 3ajaer B 3aBHCHMOCTH OT 3HaxKa
IpaBoH €ro YacTH WM OKPYKHOCTh (EC/IH NpaBas 4acTh
Gonmemie Hynd), WM TOUXy (eC/IM mpaBas NacTh paBHa
HYJIO), WA NMYCTOE MHOXeCTBO. Tax Xak KOOpAMHATH
TOYEK yIOBJICTBOPAIOT ypasHesmio (32), TO OHO 3amaer
OKPYXHOCTh, HA KOTOpDOM OHH JIeXAT. @

?

4 Bonpocw ans éauonposepxu

1. Baitre onpegenexne annunca u BLIBGAUTE €r0 KaHoHMYecKoe
ypasHeHue.

2. Viccnepynte diopmy annvnca no ero KaHOHUYECKOMY Ypas-
HeHWO. .

3. Y7o TaKoe IKCUEHTPUCHTET INNWNCa M KaKoe ero reomeTpn-
yecKknit cmbicn? .

4. flaite onpepenexue runepbonul u BLIBOAUTE €70 KAHOHMYe-
CKO€ ypaBHEMMe.

§. Uccnepyire copmy runepBonst no ee KAHOHWMECKOMY ypaB-
HEHWIO.

8. Yto Takoe aKCuenTpucwTeT runepbonbt M Kaxos ero reo-
MeTPUYEeCKUH cMmbicn? .

7. Kaxnm BaXHbiM CBOACTBOM OGNAfaloT 3nnMNC M runepbona?
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8. [lante onpepeneHwe napabonbi U BLIBEANTE € KaHOHWUYECKOS
ypasHeHue. )

8. Wccneayite opmy napabonel NO €e KaHOHW4YecKoMmy ypas-
HeHuo.

10. Yemy paBeH akcueHTpucuteT napabonbi?

11. B 4eM COCTOMT FEOMETPUHYECKHA CMbICn napametpa p 8
ypasHeHun napabonul? )

12. Mouemy annunc, runepbona u napaGona HasbLiBAOTCA nNK-
HuAMW BTOpOro nopsiaka?

13. Kak HaiTn TOuKYy nepeceyeHus napabonsl ¢ NpAMoW, C
OKPYXHOCTbIO, £ 3NNIUNCOM W C APYro# napa6onon?

14. Kakas CBA3b MEXAY 3ANUNCOM M OKPYXHOCTbIO?

§ 5. OCHOBHbBIE ®OPMYVYJIbI U ®AKTbI AHAJIMTHYECKON
TEOMETPHHM HA IUIOCKOCTH

1. Ecom M, (x,) m M,(x,)— aBe TOUKHM HHCIIOBOH
npsMoi, To (opmyna

M \M,;=x;--X,
BLIpaXKaeT BENMYMHY orpeska M,;M,, a ¢opmyna
d=|M M,|=|x,—x,|

— paccTOSIHAE MEXZY TOYKAMH.

2. Kak TONbKO Ha TUIOCKOCTH BbIOpaHa CHCTeMa
xoopauHat Oxy, KaXHOH TOYKE IIOCKOCTH CTaBHTCH B
COOTBETCTBHE Tapa umcen (x; y)—ee koopaunaThl. CooT-
BETCTBHE MEXJY TOYKAaMH TUIOCKOCTH W MapaMH H4HCeNl
B3aHMHO OJHO3HAYHO: KaXIO¥ TOYKE COOTBETCTBYCT
omHa mapa uucen # obGpaTHO. _

3. PaccTosHue Mexay Toukamu 4 (x,; y,) ¥ B(x;; ¥,)
HaxomuTcs no ¢opmye

| ABl=/(x,— %, +(r,—r1)*

4, TInowans TPEYrOJbHHKE C BEPIUHHAMH B TOYKaxX
A(xg; 1), B(xz; y2) m C(xy; y3) naxomurca no popmyie

SABC=';'l [(xz“'xl)(J’3 —J’l)“(xs_xx)(J’z "}’1)] 8

5. Ecmm Touka M (x; y) IEJIMT OTpPE30K C KOHLAMH

MM
M, (x3; y;) ® M,(x;; y;) B OTHOIICHHH A= MM
. - [ MM,

_Xithn, o pithy

1+4 1+ °
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6. MHOXECTBO TOWEK, KOODIMHATHI KOTOPbIX YAOB-
JETBOPSIOT YPABHEHHIO

» Ax+fo+C=0,

rae A, B 1 C—HeKoTopbie 4mcia, ngmeM'ﬂA:’n' B e
. . R2

PaBHbl HyJIO ONHOBPEMEHHO (T.e. A*+ B*#0),—mnps-
Mast. OGpaTHo, kaxnas npsMas L 3amaeTcs ypaBHeHHeM
BHAA

' Ax+By+C=0.

IIpy 3TOM uncna A, B u C onpelensiorcs [y JaHHOM
NPAMOH# OJHO3HAYHO C TOYHOCTBIO IO HPONOPLMOHATb-
HOCTH: €CJIH YMHOMXHTB BCE 3TH YHCJIAa HA OJHO H TO Xe
uncio p (p#0), To mnonyyeHHOEe ypaBHeHue

(n4)x+(puB)y+pC=0
ONpeNeNseT Ty Xe mnpsaMmymo L.
7. YpaBHeHue NpAMOi, MpOXOAsiiell yepes JaHHYIO

TOUKY (x;; ¥;) ¢ JaHHBIM yrioBeM kodbduuuentoMm k,
HMeEET BH/ :

y=yi=k(x—x,).
8. Vpasnenue mnpsmoii, nepecekaromeii ock Ox B
Touke (a;0), a ocb Oy B Touke (0; b), UMeeT B

NI gy |
b
—YpaBHEHHE INpPAMOH «B OTPE3KAX».
9. YpasHenue npsaMoif, npoxoasmieil wuepes TOYKH
(xi; 71) B (x5; y,), Takoso:
Y= _ X=X
V2=V Xp—Xx
10. Ecniu mpsimass L, umeer yrioBoit KO3(pdMIHEHT .
ki, a npsMas L,—yrioBoit xo3douument k,, TO:
1 2 2
a) ky=k,—ycnoBue mapasmieNbHOCTH TPAMBIX L, M

29
0) ki k,=—1—ycnoBue nepneHAMKYJIAPHOCTH Mpsi-
Mbix L, u L,.
11. Paccrosnme d ot Touku M(x,; y,) no mpsamoit L,

3aaHHOH ypaBHEHHeM Ax+ By+ C=0, BBIYMCIAETCA MO

tdhopMyie
d= | Axo+ By, +C|
Ny
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12. Ilpsamas Ax+ By+ C=0 pa3buBaeT mI0CKOCTb HA
JBE TOJYIUIOCKOCTH: MHOXECTBO TO4eK (X; y), Iuis
KOTOPbIX Ax+ By+ C>0, © MHOXECTBO TO4YEK (X; y), s
KoTophix Ax+ By+C<0.

13, MHoXecTBO TOYeK (X; y), KOOPAMHATHI KOTOPBIX
YIOBJIETBOPSIOT yPABHEHHUIO

(x—a)*+(y—b)*=R?,
rne a u b-—npannble 4Hcia, R>0-—O0KpYXHOCTb C.
ueHTpOM B Touke (a; b) pammyca R.

14. MHOXeCTBO TO4EK (X; y), KOOPAMHATHI KOTODBIX

YIOOBJIETBOPAIOT YPABHEHUIO

x? yr

atE=h
rae a U b— MaHHble NMOJIOXKHTEIbHBIC YUCJIA,— JJIIMIIC C
NOJAYOCAMH 4 W b M LEHTPOM B Hawalle KOODIMHAT.

15. MHoxecTBO TO4YeK (x; y), KOODIMHATBI KOTOPBIX

yIOBJIETBOPSIOT YPABHEHUIO
2
X y

1,

2
5=

b

Q

rIe a ¥ b— JaHHbIe NOJIOXHTENbHbIE YUCIa,— Tunepbona
¢ JIEHCTBUTENbHOW W MHHMMOW TonyocamMu a M b u
HEHTPOM CHMMETPHM B HA4YajJe KOOPIUHAT,

16. MHOXeCTBO TOUYEK (x; y), KOOPAMHATBI KOTOPBIX
VIOBJIETBOPSIIOT YPABHEHHIO

2 2
y2=2px(x*=2py),
rac p——}laHHOC YHCJI0,— napa6ona C BepIﬂHHOﬁ B HayaJjic

KOOPAMHAT ¥ OCbio cumMmeTpud Ox (OCbIO CHMMETPUH
oy).

§ 6. KOHTPOJIBHBIE 3AJIAYM

2.1. Iocrpoiite Touku A4(2; 3), B(4; —1), C(—1;7), D(~2; —3),
E0; 2), F(40).

2.2. He crpos Touky A (1; —3), BbIACHHTE, B KAKOH YETBEPTH OHA
pacronoxeHa. )

2.3. B xakux 4YeTBEPTAX MOXKET HaXOJUThCA TOYKa, €CIM €e
abcuucca MosoxuTenbHa?

2.4. Ha ocu Ox B3sTa Touka ¢ koopauHartoit (—35). Kakosni ee
KOODJMHATHl Ha IUIOCKOCTH?

2.5. Touku A(3;2) u B(a; —1) pacnojioxeHsl Ha TNpaMoii,
napajuiesibHoit ocu Oy. Haitaure 3Hauenue a.

2.6. Touka M saBasercs cepenuHoil orpeska OA, COCAHHSAIOWIETO
Hayano koopauHar O c Toukoi A(—35;2). Hallnute KoopanHaThl
ToukH M.
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Prc. 71 . Puc. 72

2.7. lanut Touxu A(x; y,) u B(x,; y,). oxaxure, ar0 topmyna
PACCTOSHHA MeXAY TOYKaMM A4 H B He 3aBmcHT OT 3HAKOB HX
KOOD/IHHAT.

2.8. a) Kaxas To4ka Jaibiue oT ocH Ox: A(2; —5) wm B(3; 4)? 6)
Kagas w3 5THX TO4Y€K nambie oT ocH 0y? B) HeMy paBHH paccCTOSHHS

- OoT ToukH A(a; b) mo oceit Ox m Oy cooTBeTcTBEHHO?
2.9. Iocrpoiite Tonxu 4 (4;1), B(3; 5), C(—1; 4) 8 D(0; 0). Ecom
- TOYKH IOCTPOEHEL NpaBAILHO, TO noiydeH xsagpar. Kakopa . ero
wiowans? YeMy paBHA IiMHA CTOPOHHM 3TOro xBaapara? Haiiqure
KOODIHHATHI CEPEIMH CTODOH KBazpaTa.

2.10, HaliTH XOOpAMHATH IIEHTPa TAKECTH OOHOPOJHON IUIaCTHH-
KH, EMelolledl GOpMy TpeyroNbHHKZ C BEpIHEHAMHA A(2; 4), B(0; 1);
C(4; —2) (puc. 78.

2.11. Touxn A(-2;1), B(2;3) u C(4; —1)—cepenunn cropoH
TpeyronbHuka. Haliqure koopadmaTsi ero Bepuimm.

2.12. Ha mnockocrn mamsl Towkn A (0; 0), B(xy; yg) u D(x,; y,)
(puc. 72). Kakne XOOp/MHATH JIOJKHR HMETh TOWUKa C, 49robn
YCTHPEXyroibHak ABCD 6wy napasuterorpamMMom?

2.13. Inomagp TpeyromsmmKa pasHa 10 xB. €1., IBe €ro Bep-
BN —T0ukA A(S5; 1) m B(-2; 2). Halimure KOODIHHATHl TpEThEi
BCDUIMHEI, €CJIH H3BECTHO, 9TO OH2 JIEKHT Ha OCH abCmuce,

2.14. HaiiTh miomafi YETHIPEXyro/IbHEKE C BEPIUHHAMA B TOYKax
A(3;1); B(4;6), C(6; Y r D5 =2). :

2.15. [daBsl mONApHBIE KOOPAAHATH TOYKH: p=10; ¢=30°. Haimu-
Te ¢¢ NpAMOYIOJpHHIEC NEKapPTOBK KOODOMHATHI, €CJIH H3BECTHO, YTO
TIOJOC NONAPHOH CHCTEMBI HAXOQHTCA B TOWUKE (2; 3), a nonspEas ocb
nmapajuiensHa ocu abcmuce. :

2.16. Halinute paccTOsHHE MEXAY TOMKAME, 3Has BX MOJIAPHBIC
KoopAMHATH: p, =3, @,=30° p,=5 ¢,=120°

2.17. HaiigaTe MHOXECTBO TOYCK, KOOPAMHATH KOTODPHIX CBSI3aHLI
CrenyroumMu cooTHomenuamu: 1. a) y=|x|; 6) x=|y}; 8) |y|=|x].

2. I_i—|=|_y—| 3. x+lxl=p+lyl 4 (x—y)(x—2y)=0. 5. (x—12+

4 g ' x—y>0,
2=0. 6. . 7. . 8o x—y<l. 9. ’

+(y+1) 0. 6. x+y>0. 7. x+y>1. 8 x~y<1. 9 {x—2y>0.

10. sx—y)((/x—2y)>0. .
.18. CocTaBsTe ypaBHEHHS, KOTODHIC ONHCHIBAIOT CIICAYIOHIHE
MHOXCECTB2 TOYek: a) IPAMYIO, DApaUIeNILHYIO OCE abeimec, OpOXOfA-
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L7

~ec(1;-2)

Prc. 73 o Puc. 74
pryio gepe3 Touxy (1; 0); 6) mpsmylo, mapanesbHyIO npsMoil y=x H
npoxoasuty1o gepe3 Touxy (—3; 7); B) MHOXECTBO TOYEK, HAXOMAIIHXCA
na paccrosHHH 2 oT ocH Oy.

2.19. Tpugymaiite COOTHOLICHAR MCXIY X W y, KOTOpHE 324a10T Ha
KOODAMHATHOR IUIOCKOCTH: a) Hapy OpaMux y=3x ® y=x-3; 6)
npaMylo y=Xx H To4Ky (—1; 2); B) BCIO 9aCTh ILIOCKOCTH BhilIlE npsaMoit
y=x (BImoYas 3Ty NpPAMYIO); F) HacTh IUIOCKOCTH MCXAY NPAMBIMH
y=0 # y=1 (6e3 3TEx nupsMuix); A) BHYTDEHHOCThL KBajapaTa ¢
sepumnamu B Touxax (0; 0), (0; 1), (1;1); (1;0).

2.20. Ha miocxocts nann TpH Touxn: A (3; —6), B{—200; 400),
C(IOOO; —2000). loxaxuTe, 4TO OHH JjieXaT Ha OIHON npAMON.

2.21. Haiigure, xaxue Tpr u3 Touex A(1; 3); B(—2; 1), C(—1;7),
D(3; 1) nexar Ha opnHOH NpAMOI. .

2.22. Ilpumennre dopmyay AR PacCTOAHHS MEXIAYy ABYMS TOU-
XaMH Ha KOODJAMHATHOH TMJIOCKOCTH K 10Ka3aTeNLCTBY CHEAyIOouIeH
TeOpeMH: B TAPAJNIENOTpaMMe CyMMa KBaJpaTOB [UIMH AMaroHaici
paBHa CyMMe KBAApaTOB UIHH BCEX CTODOH.

2.23. YcraHoBHTe: a) NexKT NR Touxa N(4,1; 1,9) Ha OKpYXHOCTH
¢ uentpom C(l; —2) u pammycoM 5 (nonpobyiite BOCTIONL3OBATHLCA
pHc. 73); 6) nexcut au Touxa K(0; 2\/3-2) Ha 3TOil Xe OKPYXHOCTH; B)
nexur m Touxa A(160; —1) na oxpyxuoctr ¢ nenrpom (147, —6) u
pammycom 13.

2,.24. Hanumure HEHHE OKPYXHOCTH C 1€ M C(—-2;3) n
pamycoM, papusiM 5. HM3pectHO, 9TO Touxa A (g; —1) nexHT Ha aTol
oxpyxnoctd. Haitxure a.

2.25. HanuumTe ypaBHCHHE KaXao# M3 HETHIpEX NMpAMEIX, H306pa-
XEHHLIX Ha pHuc. 74.

2.26. HamnumTe ypaBHeHHE NpSMOil, MapanensHoi 6uccextprce 1
XOOPHMHATHOTO yTfia M mpoxonsuiedi depes Touxy (0; —3).

2.27. HamvmuTe ypaBHCHHE NpAMOH, NapajUIe]bHON MpsMOi
y=2x+1 B, xpome TOrO: a) nroxomnnei uepes touxy (0; 2); 6)

- mpoxopasuueit sepes Touxy (1; —I).

2.28. Nlana npamas 2x+y—6=0 u na Reii aBe TouxH A ® B ¢ op-
IMHATaAMH y,=6 B ypy=—2. HanummTte ypaBHCHRe BHICOTH AD Tpe-
yrom-ruxa AOB, HaiimuTe ee [MHY W IUIOWAAL Tpeyromnamka AOB.

2.29. Haiigute aBHCHHE TpPAMOMH, mpoxopsmeid =epes ToO9-
xy (—1; 1) Tax, 9ToO0HL cepenmnHa e OTpe3XAa MCEXAY UPSMbIMH X+
+2y—1=0 B x+2y—3=0 nexana Ha mpsmol x—y—1=0.
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2.30. Haiiqute ypaBHEHMS OHCCEKTPHC YIioB MEXIY NPIMbIMU
Ix+4y—1=0 u 4x—-3y+5=0.

2.31. Haiiqute MHOXeCTBO Touek M, pasHOCTD KBaJpaTOB pac-
CTOfHUA KOTOPHIX MO [BYX NaHHBIX To4eK A WU B paBHa HaHHOil
Beyuunne a. Ilpy Kakux 3HAYEHMAX a 3ajaYa MMeeT peiueHue?

2.32. Haitnute KOOpAMHATHL TOYKH, Jexalliedl Ha OKDPYXHOCTH
x*+y?=1 M ONMHAKOBO YJA-ICHHOH OT TOYeK (;3) u (=2;2).

2,33, HaiiauTe ypaBHEHME KacaTelbHON K OKDYKHOCTH x?+4yp2=5,
npoxoasueit yepes Touky (1; 2).

2.34. CocraspTe ypaBHeHHe OBl XOpabl OKpyXHOCTeH X2+ 2=
=2ax u x*+y?=2by (a#0, b50).

2.35. CocTaBbTe ypaBHEHMS OOIUMX KAcaTelbHBIX K OKDYXHOCTAM
x¥+ypi=6x u x1+pr=6y.

2.36 CocrapeTe ypaBHeHue mapabonsl, mpoxoasuieit 4epe3 TOYKY
(6;9), ¢ BepumHOll B Hauajie KOODAHHAT M OCHIO cumMeTpuu Oy

2.37. OpaMHaThl TOMEK OKPYXHOCTH X2+ y*=136 yMmeHblICHH B ABa
pa3a. HaiiuTe ypaBHCHHE NOMY4EHHON KpPHBOIL.

2.38. Haitnute nomyocn amaunca 3x2+5p2—30=0.

2.39. Haiinute ypaBHeHMe J/TMNcCa, NpPOXOASLLErO 4epe3 TOUKH
(1;4) u (7;2) n CHMMETPUYHOTO OTHOCHTEMLHO ocell Ox H 0y.

22

X
-2.40. Jdan 3naunc ?+?= 1. Ha#taute ypaBHeHne rumep6oss,

MMEIOLLEH POKYCH B BEPIIIMHAX AAHHOTO 3/L1MNCa, 4 BEPUIUHLI - -
B ero Qokycax.

2.41. Haiiaute ypabHenne nuaMeTpa OKpYXKHOCTH x2+4 324 dx—
—6)—17=0, nepneHAMKYNAPHOTO NPAMOI Sx+2y—13=0.

2.42. HallauTe HaHMEHbIUEE U3 PACCTOAHMIA OT TOUKM M, x0 Touek
okpyxHoctu I', ecsu:

a) My(6; —8); T: x24y%=9;

6) Mo(~T,2); It x*+y*—10x—14y—151=0.

2.43. Onpenenute, nepecekaeT nM 3aaHHas npsmas L JaHHYIO0
OKpYXHOCTb I', kacaeTcs ee WM MpOXOAMT BHe ec:

a) L: 2x—y—3=0; I x2+y?—3x4+2y—3=0;

6) L: x=2y—1=0; T: x2+p2—8x+2p+12=0;

B) L x—y+10=0; I'; x24p2—1=0.

2.44. Toctpoitte anaunc 9x2+25y2=225. Haitgute: a) monyocw;
6) KoOpmUHaTEI POKYCOB; B) IKCUEHTPUCUTET; ) YPAaBHCHUS QUPEKTPHC.

2.45. Onpenenute, mepecekacT JM 3ajaHHAs npaMas L naHHBIA
anaunc I', kxacaercs ero WM NpOXOAHT BHE ero:

2y

a) L: 2x—y—-3=0, I —+—=1;

16 9
x? y2
6) L: 2x+y—10=0, T: ——+—-=1;
9 4
x? y?
B) L: 3x+2y—-20=0, I} —+—=1,
) i 2010
2.46. Ioctpoitre runepbory 16x2—9y2=144. Haiiaute: a) neii-
K CTBUTCIBLHY0 H  MHHMYIO TOJyocH; 6) koopauHAaTel (DOKYCOB;
B) JKCUCHTPHCHTET, I) YPaBHCHHA acHMNTOT, 1) ypaBHeHHA JHpEK-

TpHC.
2.47. TMoctpoiite runep6o:ty 16x*—9y2= —144, «conpsxenHymo»

runepbonte 16x°—9y? =144 3anaun 2.46. Haiinute: a) IKCLEHTPHCHTET;
6) ypaBHEHMS JMPEKTpHC.
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2.48. HaiinuTe MHOXECTBA TOYEK, KOOPJAMHATBHI KOTOPbIX CBA3AHBI
COOTHOIUCHHSIMH: :

9x2+25y% —225<0, x2+4y2—16>0, 2 A2
a) {3x+5y—15<0, 6) {y+3>0, » {5 ;‘y ];>8j
y+2>0; Xx+y—2<0; x+3y—12<0;

9x2—16y2+144>0, y2—10x<0, x2+8y<0,

r) 42x—y—6<0, a) 45x—3y—15<0, e¢) 42x+3y+6<9,
3x+y+12>0; ~2<0; 16x%2—9y*> 144,
2.49. Haiigute MHOXECTBO TOUYeK, M/ KOTODbIX HNPOHM3BEACHME

paccTosHmil [0 HBYX JAHHBIX TIEPECCKAIOUWIMXCA TPAMBIX  PaBHO

C=const.

2.50. HaiiauTe MHOXECTBO LEHTPOB OKPYXHOCTEH, NPOXOAAIIHX

yepe3 OAHHYK TOUYKY A M Kacaloluxcs naHnoit npsmoit L.
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be3 3nanus mamemamuxu Heab3na
NOHAMb MU  OCHOB - COBPEMEHHOI
mexHuKu, HU mo20, KAaK y4eHble
usyualom npupooHsie u coyuatb-

Hole AgAEHUA.

A. H. Koamozopos

TJABA 3
TEOPUSA TNPEAEJIOB

B aT0it rmaBe paccMOTpeHa OCHOBHAs TEOpUA MaTe-
MAaTHKH — TEOpHs NPENeNioB. JTa TEOpHS ABNsgeTCA (QyH-
JAaMEHTOM, Ha KOTOPOM MNOCTPOEHO BEJIMKOJIENHOE COO-
pyXeHHe, HOCAIIee Ha3BaHHE «MAaTeMaTHIECKHH aHaJH3y.
MartemaTuyecknit aHajU3 B HACTOsIIee BpeMs SABJIACTCA
HE3aMEHMMbBIM HMHCTPYMEHTOM MHCCJIEJOBAHHSA B CaMBbIX
pa3nu4HbIX 00JACTAX HAyKM M TeXHUKH. 3Hamme audde-
PCHIMANbHOTO M HHTETPAJIbHOTO MCYHCIIEHHA ceHdac
HEOOXOMMO KaXAOMY HHXEHEpY W HayyHOMY paboTHH-
Ky. Ho s Ttoro 4roObl H3YyYHTh MaTEMATHYECKHi
aHaJM3 ¥ HAYYUTHCH NPABHILHO €ro NPHMEHATb, Heob-
XOJUMO CHa4dajla OCBOMTb TEOPHMIO NPEJENIOB.

Hadano wu3y4YeHHS TEOpPHM NpENEOB MNOJIOKEHO
B JJIEMCHTAapHOH MaTeMaTHKe, IJi¢ C IOMOIIBIO Ipe-
JENbHBIX TEPEXOAOB OMpENENNeTCa IIMHA OKPYXHOCTH,
o0beM NWJHHIpPA, KOHYyca M T. i OTa TEOpHA TaKXe
HCTIONb30BaHA IPH ONPEICNICHHH CYMMBbI OecKOHedHO
yObiBaromeli reomerpudeckoil mporpeccun. Omnepanus
OPEEeNIbHOTO IIEPEX0oJia ABJIAETCA OHHOH H3 OCHOBHEIX
omepauuit MaTteMaTHYecKoro aHamm3a. B Hacrosmei
raBe OyAeT paccMoTpeHa mpocreiiinas ¢opMa onepanuu
TpEJeNbHOrO TIepexola, OCHOBAHHAA HA IOHATHH mpe-
JAeJia 4MCIIOBOH INOCIEe/I0BaTEILHOCTH.

§ 1. YMCJIOBBIE NOCJIEAOBATEJIBHOCTH

' 1. UncnoBuie noc/1e10BaTeTLHOCTH H apHpMeTHYEeCKHe
Aeficteus maa numu. Ilporpeccmn. Yucnoseie nocyieno-
BaTeJbHOCTH BCTPEYalOTCH YXKE B NpOrpaMMe cCpenHei
mxobl. IlpuMepamMu Takux noOCiIEIOBaTENLHOCTER CIiy-
kaT: 1) mocienOBaTEAbHOCTL HJIEHOB apU(METHYECKON H
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reOMETPHYECKOH MPOrpeccHi; 2) IocC/IeR0BaTeIbHOCTD
[NEPHMETPOB MPABHJIbHLIX 7-YTOJILHUKOB, BIHCAHHBIX B
JaHAYI0 OKPYXHOCTb; 3) MOCIEAOBAaTEIBHOCTL Xy =1,

x,=14 x;=141, .. #DpuOIMXCHHBLIX 3HAYECHHH ﬁ
YTOYHMM H pacuUIMpUM IOHATHE 4YHUCIOBOH TMOCIEHOBA-
TEeJIbHOCTH.

Onpenenenne 1. Ecau xaxcoomy uucay n u3 Hamy-
PAAbHO20 pAOA uuces

1, 2, 3, .., n, ..

nocmaeneHo 8 coomeemcmeue eewjecmeerHoe 4Yucao x,, To
MHOMCECMBO 6E€UJECHBEHNbIX UUcCen

Xgs Xg5 X35 ey Xpp oo : 1

HA3bIBAEMCA YUCA08O nocnedoaameﬂbuocmbw uAu npocmo
nocaedosamenvrocmuio ).

Yucna x,, X, X3, -y Xn .. OyNEM Ha3BIBaTh

semenmamu (WK uyaeHamu) mocnenoBatenbHOocTH (1),
CUMBOJ X,— 00wum 3aemenmom (HJIH u/teHOM) noce-
JOBaTENLHOCTH, @ 49HCIO n—ero Homepom?. Cokpa-
IEHHO TocnenoBaTenbHocTh” (1) Oymem 0603Ha"aTh

' 1
cumBoiioM {x,}. Tak, HANpUMEP, CUMBOJI { - ¢ 0OO3HaYaeT
- [

i

1
’ 31 veey '_19

dopmyna, 3amaromas X, HasblBaeTca  gdopmy-
a0t obwezo Itemermma (WM YAeHa) TIOCJIEHOBATEb-
soctH {x,}. Hanpmmep, nocnenosatensHocts {n’}
3agaHa ¢opMmynoit x,=n>. C nomompro 3T0H Gop-
MYJIbl MOXHO BBITHCIHT mo60n JJIEMEHT TOCJIE KO-
BaTENbHOCTH: X, =12=1, x3=52=25 x,;,=102=100
HT I

O Ilpamep 1. [lama q)opmyna obmero a3neMeHTa

NnOCJAENOBATENBHOCT 1,

SRR

IIOCJICAOBATC/IBHOCTH! x,,=——+—l. Hanucate narte NEPBLIX
n

3JIEMCHTOB MOCJACAOBATCIBHOCTH.

) NlpyruMu CnOBaMH, HHCIOBYIO NOCHEAOBATEIBHOCTh MOXHO
ONPCICTHTL KAK MHOXECTBO mHap 4Hced (n; X,), B KOTOphIX NepBoe
YMCJIO MPUHMMAET MOCHENOBATENLHO  3HaueHud 1, 2, 3, .., n.., T. €.
(1 x) (25 x3), (35 x3), s (7 X,),

2 HoMmep snemeHTa Ha}xo TNOHMMAaTh B OOBIMHOM CMbICE, Ha-
NPHMEP, KAaK HOMEpP, TOJ KOTOPHIM BBICTYNaeT XOKKCHCT HJIH
¢yrbonucr.
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Pemenmne. ITonoxkns nocnemosarensuo n=1, 2, 3,4,
5 B obmeM aJeMeHTE X, MOJyYaeM x;=1/2, x,=2/3,
x3=3/4, x,=4/5 x5=5/6. @

Vnpaxkunenns. Hanucate ngth NEPBBIX 3JIEMEHTOB
Kaxa0H H3 NOCIEeNOBaTeNLHOCTEH, 3aJaHHBLIX HX 06-
IMUMH  3JIEMECHTAMU: ‘

1
1. xn=m. Ome. x,=1/3; x,=1/5, x3=1/1,
xys=1/9, x5=1/11))
2 x,=21% (Ome. x,=3/2 x,=4i3, x,=58,

 x,=6/65, x5=17/126.)
3. x,=:17. (Ome. x,=1/22, x,=2/23, x,=3/2*

2..+1'
X, =4/25, x;=5/26)
4n=(-TTE Ome x=% x=-3Y

x3=4/3%, x,=—5/4%, x,=6/52)

O TIlpumep 2. 3Has HECKOJNILKO TEPBBIX 3IJIEMEHTOB
NOCJIENOBATENbHOCTH, '~ HAIMCATh bj obmero
S/IeMeHTa mocnefoBatensHocTH 1; 1/3% 1/5%; 1/7% ...

Pemenne. 3HaMeHaTenn 3aNaHHBIX 3JIEMEHTOB MO-
CJIEAOBATEILHOCTH 00pasyloT MOC/IEeROBaTENLHOCTL BCEX
HEYETHBIX HATYpPaJbHBbIX 4Hucen B crenenn 2. [Toatomy B
Ka4eCTBE HMCKOMOW MOXHO BLiGpars opmyy

X = 1

to@n-1p
Onnako 3HaHME HECKOJIBLKHMX TEPBHIX 3JIEMEHTOB MOCTIe-
JOBaTEJILHOCTH €lle He OINpeleiifieT caMy NocieaoBa-
TensHOCTh. [losToMy pammylo 3amady cnemyer pac-
CMAaTpHMBaTh KaK 3aJa9y OTLICKAHHS HEKOTOPOM MpoCTOi
HHAYKTHBHOH 3aKOHOMEDHOCTH, COrJiacyromieficd c 3a-
JaHHBIMH 3JIEMEHTAaMH [I0CJIEXOBATENLHOCTH. @

YopaxkHenus. 3Has HECKOJILKQ TEPBBIX 3JIEMEHTOB

) NIOC/IEAOBATENLHOCTH, Hammucath ¢opMyny obimero
9JIEMEHTA TAaKUX IOCHIEAOBATELHOCTEIH:

1 1

. ]. .
l.l,ﬁ,—

1
23 T2 o Ome %=r3)
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2
I 7 1 6 2n—1
2.1; 2-; 22 3 —; 3— ; .. . =|-—].
? 4’ 99 3 16’ 3 25 9 (Ome xﬂ ( n )
32 52 72
?; ?; F; S B

3. 2; 10; 26; 82; 242; 730; ... (Ome. x,,=3"+g— 1y.
Vkasauue: 3—1; 3241; 33-—1; 3*+1; 35-1;
3415 .00 ,
dopmyna, 3amarlas x,, He SBISETCA €XUHCTBEHHOM.
Takx, wanpuMmep, nocienoBatenbHocTh—1, 1, =1,1,
—1,1, ... 3amaerca popmynoi x,=(—1)" um dopmynoi
x,=cosnn. He Bceria mocienoBaTenbHOCTh {X,} MOXHO
3alaTh AHAJMTHYECKH, HAMpHUMEpP NOCIENOBATEILHOCTH

NpuOJIMKEHHBIX 3HAYCHHUI ﬁ

TMocnenosatenbHOCTh {x,} cuMTaeTCA 3a/IaHHOM, €CIIH
ykasaH cnoco® nomydeHus moboro ee anemenra. Ha-
npumep, ecnu x,=1+(—1), To nocienOBaTENLHOCTD
samumercs B Buge 0, 2, 0, 2, .... Obpamas apobs 1/3 B
JIECATHYHYIO, TaKXe IOJIydaeM MOCJeI0BaTENbHOCTD

x,=03, x,=0,33, x,=0333, .., x,=0333..3...

L_.V__l
n TPOEK.

Yacro MCNoONB3YIOT pPeKyppeHTHbIH crnocob 3amaBms
NOCJIEAOBATENLHOCTH {X,}. ITOT CIOCOO COCTOHT B TOM,
4TO Jaercsi: 1) mepBbIf 3NIEMEHT NOC/IEAOBATEILHOCTH X,
(MM HECKOJILKO MEPBBIX 3JIEMEHTOB) H 2) dopMyna (amm
PEKYPPEHTHOE COOTHOIICHHME), YyKa3blBalolas, Kakme
-AeHCTBHS HYXHO BHIIIOJIHUTB, YTOObI BBLIYHCIHATH CJIe-
OyIONMid 3J1eMEHT (MJIM HECKOJIBKO CJIEAYIOIHX 3JIeMeH-
ToB). Tak, ecH U3BECTHO, 4YTO: 1) nNepBbIH 3/1EMEHT X, =1
u 2) npu mobom n>1 x,.;=(n+1)x, TO, mOCHEnMO-
BAaTENILHO BBHINOJHAA ACHCTBHS, ONpEIeICHALIE XaHHOHK
dbopMysolt, HaxoauM

‘Yxazanue: I;

n=1) x,=x;4+1=(141)-x,=2-11=21,
n=2) x3=Xx4;=(2+1)"x,=3-21=6=3|,
n=3}) x,=x3+1=(3+1)-x;=4-31=24=4),
n=4 x5=X4+1=4+1 'X4=5'4

TakuM 06pa3oM, JaHHOE PEKYPPEHTHOE COOTHOINEHHE
OHPCJ.‘[CJIHCT nocienosatenbaocts 1!, 2!, 31, 41, 5, .., n!
...,.), B KoTOpo#M oOmmii 3neMeHT 3amaercs QopMyiok

1) Hanomuum, uto' n! —coxpaleHnoe 0603HaYeHHe MPOH3BEACHUS
1:2-3-...-n; no onpegenenuro 1!'=1.
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X4 Xy Xg X, X
a)
A1t 11 1
-1 357% 64 7
X XsXsX;  XgX, Xy X
P
‘Puc. 75

x,=n! 3aMeTUM, 4TO IIPH CTPOrOM BHIBOZAE (OPMYIEI
o0uIero 37eMeHTa HAafo NPUMEHHTh METOJ MATEMATH-
4eckoil MHAyKuuu. (CnenalTe 3TO CaMOCTOATENBHO.)

Ynopaxuennsn. Hanucate nsTh nepBbIX 3J1EMEHTOB M
¢opmyny obimero osneMeHTa TaKHX NOCIEZOBATENb-
HOCTEM:

Lox=1, X, ;=x, (Ome. 1, 11, 11, 11, 1!, x,=11)

2. x;=1, Xpyy=x,+3. (Oms. 1, 4, 7, 10, 13;
X,=3n—2.)

[IpuBenem eme omun npumep. ITocnegoBaTeILHOCTE
{x,} 3amaercs AByMs nepBeIMH dneMeHTaMHK X, =1, x,=1
M DEKYPPEHTHBIM COOTHOWIEHHEM X,=X,_;+X,_, HpH
mobom n>3. 3mech peKyppeHTHOE COOTHOLICHHE CBS-
3bIBACT X, C ABYMs NpeAbiAylIUMH. [ noayveHHs
TOCNIEIOBATENIBHOCTH HYXHO 3HATh JBA NEPBLIX 3JIEMEHTA
MOCIEAOBATENPHOCTH. 3aNHMIIEM €€ HECKOJIBKO MEPBBIX
3JIEMEHTOB:

1, 1, 2, 3, 5, 8 13, 21, 34,

OTa nocnenoBaTeNbHOCTh 06/1aaeT PIIoM HUHTEPECHBIX
H BaxHbIX CBOHCTB. Ee 3jeMeHTHI Ha3bIBAIOTCA uuciamu
Qubonayuu (10 HUMEHM UTAJBLIHCKOTO MATEMAaTHKA
XII—XIII BB.). Ecn B nepsoM mpuMepe HaiTH tdbopmy-
Jly OOLIero sjaeMeHTa, 3HAsA MEPBBIE H PEKYPPEHTHOE
COOTHOLICHHE, JIErKO, TO s 4uces dubonayuym HaWTH
¢opMmyny obuiero assnemMeHTa HOBOJBLHO TPYAHO L.
FeoMeTpuyeckn nocienoBaTeab-HOCTD {x,} wu306pa-
KAeTCd HAa YHMCIOBOH NpsMOA B BHAE IOCIEIOBATEND-
. HOCTH' TOY€K, KOOPAMHATHI KOTOPHIX PaBHbL! COOTBETCT-
BYIOIMM 3jIEMEHTaM mocienoBarenbHocTd. Ha puc. 75

Y C uncnamu OuOGOHAYMH U HX CBOJCTBAMH MOXHO O3HAKOMHTD-
Cs, HanpuMep, B kuure: H. H. Bopo6ves. Uncaa ®dubonauuu. M., 1984,
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1
n306pax<em>1 COOTBETCTBECHHO IIOCJICAOBATCIBHOCTH {—}
’ n

e

MoxeT oOKa3aThCd, 4YTO OJHA H Ta Xe ToYka
YHCJIOBOH HPSAMOM COOTBETCTBYET HECKOJLKHM JJIEMCH-
TaM TOCJIEOBATEILHOCTA, HANpHUMEDP AJist INOCIEI0Ba-
TENBHOCTH ¢ OOLIMM 3JIEMEHTOM x,,=€ —1)" Bce aeMeHTHI
¢ YETHBIMH HOMEPAaMH MONAJyT B TOYKY C KOODIHHATOM
1, a ¢ HeueTHHIMH HOMEpaMH—B TOYKY € KOOpAMHA-
TOM — 1; 1% HOCAEAOBATENLHOCTH € OOIMIAM 3JIEMEHTOM
X,=5, T.e€. mocnenoBaTeAbHOCTH 5, 5, 3, 5, .., BCe
3JIeMEHTHbl MONMAXYT B OOHY M Ty € TOYKY C KOOpAMHA-
TOM 5. '

BBeneM mnoHATAE apupMeETHYCCKHX MACHCTBHHA Haa
YHCIOBBLIMH TOcHenoBaTenbHOCTAMH. IIycTs mamer mpo-

H3BOJLHBIE TOCHEAOBATEILHOCTH X;, X3, .y Xpuo H-
VYi» Va» s Yuo. IIpoussedenuem TOCNEAOBATENb-
HOCTH X;, X3, ., X .. Ha UHCIO m Ha30BEM
IOCNeNOBATEILHOCTD

mx,, mx,, .., mx,
CymMmoii JaHHBIX TIOCJIENOBATEALHOCTEH Ha30BEM IOCIIe-
JOBATEJLHOCTH

X1+Y1s Xp+Yas s XtV oo
Pa3HOCMbl0 — NOCTIENOBATENFHOCTD

xl—'yl, xZ-‘yz, crey xn_yn, ...;
npouseedeuueM — HOCNEAOBATCIIBHOCTD
X1°V1s X2 V25 oevs Xy Vpy oens

YacmubimM — NOCJICAOBATCABHOCTD

s g eesy g ey
Y1 Y2 n

€CJIM BCE 2JJICMEHThI IOCJIEHOBATEJIBHOCTH, HA KOTOPYIO

AT, OTJIMMHLI OT HYJIA.

Vka3zaHHble MOElCTBHSA HAJ IOCNEAOBATEIBHOCTAMH
CAMBOJIMYCCKH 3aNMHMCBIBAIOTCA TakK:

m{x}={mx.}, {x.}+{ya}={xtra}s
{xn} - {yn} = {xn—yn}’ {xn} ) {yu} = {xn 'yn}a
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fv 1 .
B9 A
: ": . ’ .Vn5 0”'
Was Vn

ApubMeTtnueckas nporpeccus. Onpene.e-
wue 2. [locaedosame.wrnocms {x,}%, onpede.racsas nep-

6biM J.1€MeHNI0M Xy U PEKYDPCHRNIHbLM - COOMHOWUCHIIEM
-\‘n +17 '\.n + da

ede d—nocmosnnoe yuc.1o, Hazsieaemcs apugiemuuec-
kot npocpeccueti. Hucio d  wazvigaemca  pasnocimvio
apug.iemuyeckoii npozpeccuu.

Pexyppentioe cooTHoweHue, ompenenstomee apud-
"METHYECKYIO MPOI'PECCHIO, C10BaMu HOPMYIIHpYETCs Tak:
8CAKUIL u.len apudmemuueckoll npozpeccuu, HAYUHAA CO
8/M0P020, PaseH NpeodbiOyiyeMy, C.I0HCeHHOM)' C NOCIOIH-
HbLM  YUCIOM ¢
. 3amdmeM HECKOJBKO MNEepBBIX WIEHOB apudMeTnyec-
KOH MpOrpeccuu: N;=x;, X,=Xx,+d, Xxy=x,+d=x,+
+d+d=x,4+2d ut. 1. Kaxnaeii pas npuGasasem ewue
oaHO ciaraemoe d. Hanpumep, 4eTHble 4HCia 06pasyioT
apUQMETHIECKYIO NIPOTPECCHIO C MEPBBIM YIEHOM X, =2
H_ pa3sHOCTbiO d=2:

2; 4; 6; 8, 10; 12; 14;
O [oxkaxkeM MeTOAOM MaTeMaTHYeCKOil HHIYKLHH
Gopmyny obwero wieHa apudmerHyeckoit MpOT PecCHu

x,=x,+d(n—1). ).

1) Insa n=1 umeem x,=x,+d-0, T. e. popmyna (2)
BEpHA. '

2) Ilpeanonaras cnpaBeainBOCTL GopMynbl (2) s
HEKOTOPOTO 1, JOKAXEM, YTO OHA CIpaBeNMBa IS n+ 1,
T. €. JiokakeM QOpMyNy X,.i=x,+d[(n+1)—1].

HeACTBUTENBHO, O ONpedeseHHIO apudMETHYECKOMH
NPOrpeccn, X, =X,+d. OTclona, ucnosnssys Gopmyny
(2), Haxomum

Xur1=Xy+(n—1)d+d=x,+d[(n+1)-1],

4T0 M TpeboBanoch mokaszath. Ha ocHoBaHmM Mertonma
MaTeMaTHYECKOH HHAYKIMH 3aKimodaeM, 4T1o Qopmyna
; (2) cnpasemmsa s aroboro .

D p,#0 o3HauaeT, UTO 3HAYEHUS Yn OTJIMYHBL OT HY.IA NPH Jito6oM
n. ‘ :

2 Unorna wuneHsl nporpeccuit o6o3nauaroT OykBoit a.
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BuiBeneM (GopMy/ay CyMMbI n WICHOB apHdMeTHyec-
xoit mporpeccud. [IpeaBapuTeilbHO /IOKaXeM OCHOBHOE
CBOMCTBO WJIEHOB KOHEYHOil apudMeTHIECKOH nporpeccuut
X1y Xgy ey Xyl CY VMBI U.IEHOE RPOCPECCUU, PAGHOOMCMOA-
wux om KOHYO8. DAGHbI, M. e.

X,+X, =X+ X,

eciu m+n=k+l1
JeficTBuTeIbHO, MCIIO.IL3YyS QopMmy.y (2), noiyqum

Xpt+x,=x,+dm—1)+x,+d(n-1)=
=2x, +d(m+n-2)=2x, +d(k+1-2)=

4T0 H TpeboBajsoch J0Ka3aTh.
Hajinem Ttenepb cymmy S,. 3anuuieM ee IBaxnbl,
PACCTaBUB CAracMbic B Pas’tioM MNOPSIKeE:

S, =X+ Xt X+ Xy,
Sp=Xp+ Xy +.+ X+ X
CkiaabiBas MOWIEHHO M MCIOJB3ys AOKa3aHHOE CBOMCT-
Bo u dopmyay (2), HaxoguMm

28, = (2 +%,) (X2 + Xu- 1)+ oo (Xnm 1 +22)
+(x,+x)=n(x, +x,)=n[2x;+d(n— 1)),
OTKyJa TiojydaeM cCheaytomme xse Gopmysbl

S, =(f'.f2;_.."") a8, = [2x +d(2"— 1)]-n

L]

o HNpumep 3. Hamucats ¢opmy.ly oduero wieHa
NOCNENOBATENLHOCTH, €CJAH M3BSCTHbI HECKOJIBKO €€
nepsuix unenos: 3, 5, 7, 9, 11, .

Pemeuue. 3aJaHHbIE 4YMCIA o0pa3yoT apudmern-
YeCKyl0 NPOTPECCHIO C NEPBLIM WIEHOM X;=3 H pa3-
HocThiO d=2. 1o dopmyie (2) uveeM x,=3+2(n—1)=
=2n+1. :

Ipumep 4. Cymma mepsbix n WICHOB MNOCIEAOBA-
TeNILHOCTH BhIpakaeTcs GopMy10H S,=23n%. [doka3aTb,
YTO T2 MOC/IEAOBATEILHOCTH ABIACTCA apupMeTHISCKOH
nporpeccueii; HaliTH €€ NEpBBbIH 4WICH M Pa3HOCTD.

Pewenue. Mmeem x,=S,—S,_;=3n*-3(n—1)*=
=3n*-3n*+6n-3=3(2n- 1) Tak xak  pa3HOCTb
X,—Xp-1=3(2n=1)=3(2n-3)=6n-3—6n+9=6 He
33BUCHT OT N, TO JaHHAsf MOCACAOBATEILHOCTD ABJIACTCA
apudMeTHIecKOH nporpeccuel ¢ pa3sHocTbIO d=6. Ilep-
BHIi WiIeH mnporpeccuu x,=S;=3. @
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‘ume 3. ITocaedosameabnocms {x,}, onpede.ieHnan nepeviu
. 3MEMEHMOM X, U DEKYPPEHMHbIM COOMHKOUCHUEM

xll+l—x °q,

20e g—nocmoannoe uucao (q+#1), nasvieaemes zeomem-
puueckoti npozpeccueii. Yucao q Hasvieaemca 3HameHa-
meAem 2eoMempuveckotli npozpeccuu.
PexyppeBRTHOC COOTHOIICHHE, ONPEAC/INIOMEe TEOMET-
PHYECKYIO NPOTPECCHIO, CIOBAMH pMYJIHDYETCS Tak:
| 6CAKUIL YACH 2e0MEMPUNecKOli npozpeccus, HAuUHAA CO
8mopo20, pasen npeoviOyuemy, YMHONCEHHOMY HA noc-
" MOAHHOE WUCAO (.
3amMmieM HECKOJBKO NEPBBHIX WICHOB reoMeTpHiccrol
NPOTPECCHA: Xy =X, X;=X; "¢, X3=X, §=X; qq=X,q"
A 1. . Hanpamep, ancna 2, 6, 18, 54, 162, pasylor
TFEeOMETPHYECKYIO IIPOrPECCHIO CO 3HAMeHATENEM g=3n
NEPBBIM WICHOM X, =2,
®opmyna onero YjieHa reoOMeTpuYeckoli mporpeccu

I'coMeTpuueckas n{:orpeccxu Oupenene-

, X, =x,q""! (3)
JOKa3bIBACTCA TOYHO TaK Xe, rfmyna obmero
4ineHa apudmerHIcckoil nporpeocnn (ITpoaenaiire 3to

CaMOCTOSTENBHO.)

: O BuiBegem d)opMyny CYMMBI 7 WIEHOB TEOMETpH-
4ecKo nporpeocma . Jdns 3TOro pacCMOTPHM CyMMY

Sa=Xi+X3+...+x, 4)
H yMHOXHM obOe uvactH paBenctBa (4) Ha ¢. Tax kax
X1@=X3, X2§=X3, .y X,d=Xn+1, TO

Sy g=xq+x9+... +X9=X3+ X3+ ... + Xp41. (5)

Buritem nounesno 3 paseHcTsa (5) paseHcTBO (4). Boe
WICHE, KPOME X, 3 =X,4 H X, yAHYTOXal0TCH. ITo3ToMy

noaysaem
Suq—sn=xll+l—x1= wd — X35
OTKyZa
—Xd X3 —X1—XA
S,= oy wE S,= = .(6)
2 Tax xak x,=x,4"" %, To dopmyms (6) MOXHO 3amHCaTh B
: APYTOM BHJE: o

D Busox dopmym cymvm Gecxonewno yGuiBaiomeit reomeTpm- 7
weckolf mporpeccRM naE B ciaemyiomeMm maparpade (cM. mpumep 7).
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X (g"—1 x {1—
§,=00=1) ypy g -2l-0) g %)
q-1 1-q

O Ilpamep 5. B reoMerpuueckoit mporpeccun 1; —2;
4, —8; 16; waut 11-f uwiem m cymMmy 6 4UNeHOB.
Pemenne. HalinemM cHadana 3HaMeHaTeslb TE€OMET-
puueckoii mporpeccud. s 3TOro BOCHOJB3yeMCs De-
KYPPEHTHBIM - COOTHOIIeHHEM. HiMeeM
__Xa+1 Xs 16

; q=_=_= —2.

X, x, —8
Mo ¢opmyne (3) Buiuwcum 11-ff 4nen:
. Xy =x,¢"1"1=1(—2)12=1024,
a 1o nepBoit u3 d)OpMyTI (7) BLIYKCITAM CYMMY LUECTH 4JIEHOB:

_1I=2°-1]_64—1_
2 = —21. @

ObpamaeM BHUMAaHHE, YTO JajbHeifllee - ycneumHoe
H3yUeHHEe MAaTepHaia BO3MOXHO TOJIbKO NpH YCIOBHH
NOJIHOTO TMOHMMAHUS ONpPEJEsIEHNs MOC/IEOBATENBHOCTH.

2. Orpanuvennble H HEOrpaHHYEHHbIE MNOCJIEJOBATE b~
HOCTH.

Onpenenenme 4. ITocaedosamesvnocms  {x,} Ha3bl-
8aemcAa 0ZPAHUYEHHOL ceepxy (CHU3Y), ecau cywjecmgyem
yucao M (vwucao m) maxoe, umo a1060ii 31emenm x, Imoi
nociedogamesbHOCmMyu  y0ogiemgopaem  HepageHcmsy
x, < M(x,=m).

Onpenenenne 5. Iocaedosamenvnocmev {X,} Ha3zbl-
eaemca 02PAHUYEHHON, eCAU OHA O02PAHUYEHA U C8epXy U
CHu3y, m.e. cywecmsyiom uucaa m u M makue, umo
a060tt 3temerm x, 3moti nocaedesamebHOCMU yOo8Aem-
eopAem HepageHcmeam m<x,<M.

O6o3naunM A4 =max {lml, |M|}. Torma yciosue
OTrpaHUYEHHOCTH IOCJIEOBATEIBHOCTH MOXHO 3amucaTh
B BUIE |x,|<A unn —A<x,<A. JeACTBATENBHO, Tak
Kak AZ|M|2M, a —A<—|m|<m, TO nmna Bcex
3JIEMEHTOB IOC/EOBATENBHOCTH {X,} BBIIONHSIOTCHA He-
paBeHCTBA — A< X, <A.

Oupenenense 6. Ilocaedosamensrocms {X,} Hasbi-
8aemMcA HeozPAHUYEHHOU, ecau 048 A106020 nosoucumens-
Ho20 wucaa A cywecmeyem 3aemerm X, 3moii nocaeaoea-
meavHoCMu, yoaeiemeopatowuii nepasercmsy |x,|>A Y

Y Ecnu | x,|>A (4>0), To 1460 x,> A4, :mbo x,< —A (noxaxure
3TO camocroxrenbuo)
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W3 naHBBRIX onpelnencHUil .caenyer, uTo €CJId IocCie-
JHOBaTEJILHOCTh OTPAHHYEHA CBEPXY, TO BCE €€ JIEMEHTH!
TIpHHAUIEXAT NpOMExXyTKy (—o0, M], a ecam mocre-
JIOBATEJLHOCTL © - OTpaHMYEHA" - CHH3Y — NPOMEXYTKY
[m,. +00), a B CHayyae . OrpaHHYCHHOCTH H' CBEpPXy H
CHU3Y —IpOMexyTKy [m, M. Heorpanmuensas moc-
JIeI0BATENBHOCTD -MOXET ObITh OrpaHU4eHa CBEpPXYy (CHM-
3y). PaccMOTpuUM HECKOJIbKO NPHMEPOB. ‘

o 1. TlocnenoBaTenbHOCTS {n}, UM, YTO TO Xe, 1, 2,
?, ...,1;1, ..., OTPAaHHY€HA CHU3Yy, HO He OTpaHU4YEHA CBEPXY
m=1).

2. TlocnenoBaTeJbHOCTD {—n}, WIH, YTO TO X€, —1,
-2, -3, .., —n, .. OrpaHdvYeHa CBEpPXy, HO HeE
orpaHHyeHa cHu3y (M= -—1),

- 1 1
3. TlocnenoBaTeNnbHOCTH ;}, WM, YTO TO Xe, I, >

1 .
3 © v OTPAHMYCHA, TAK Kak mo6oil INEMEHT X,
3TOll MOC/ENOBATEABHOCTH YAOBJICTBOPAET HEPABEHCTBAM
0<x"<l('.n=0’ M=1)..

4. TMochenosatensHocts {(—1)"n}, wim, 410 TO IXKe€;
-1, 2, -3, 4, -5, .., (—1)"n, ..,—HeorpaHHYcHHaA.
B camMoM gene, KakoBo Obl HH OnlIO wHciaO A, cpeom
3JIEMEHTOB X, 3TOH MOCJEXOBAaTENbHOCTH HaiayTca die-
MEHTHI, Ul KOTOPLIX OYIET BHINOJHATHCA HEPABEHCTBO
|x,|>4. @ : :

Vnpaxuennn. OrpaHuveHs! JIH NOC/eA0BATENLHOCTH:
1. (’—"')-} (Ome. JIa)) 2. {2n}. (Oms. Her.) 3. {Inn}.
(Oms. Het.) 4. {sinn}. (Oms. Ha.) 5. 1,0, 2,0, 3,0, 4,

0, 5 .. (Oms. Her) (OtBernl obocHyiite).
3. Beckonewno Oojbline H 0OeCKOHEYHO MaJjible NOC-
J1IeI0BATEILHOCTH.

Onpenenene 7. ITocredosamenvnocms {x,} Haswi-
saemcAa beckoHeuno 6Goavwioti, ecau 048 06020 noAo-
scumenvro20 uucaa A (cxkoav Goabuuusm 661 Mbl €20 He'
63a4u) cywecmsyem womep N makoii, wmo npu n>NY
8bIN0.IHAEMCA HepageHcmBo | X, |> A. :

3amevanue. OueBngHo, 4TOo Jsobas OECKOHEYHO
Oonbluas NOCIeNOBATENBHOCTh SBIACTCA HEOTPaHUYEH-

) «Ifpu n>N»—o03HauaeT AJIA BCEX IEMEHTOB MOCIEA0BATEIb-
HOCTH C HoMmepaMu n>N. .
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HOH. OHaKO HeorpaHHYEHHAs IOCJIEZOBATEIHLHOCTh MO-
ET M He ObITh OeckOHeuHO OOJILIION HOCHeI0Ba-
TeapHOCTBIO. Hanpumep, HeorpaHdveHHas TmoCeaI0Ba-
TenpHOCTL 1, 2, 1, 3, ..., 1, n, 1, n+1, ... He gBiseTca
GeckOHEYHO 00JIBIION, MOCKOJIbKY NP A > 1 HEPaBEHCTBO
|x,|>A He wmMeeT Mecta s BCEX 3JIEMEHTOB X, C
HEYETHBIMH HOMEpPaMH.

Onpenenenne 8. Ilocaedosameavnocms {o,} Haszvi-
saemcsa OecKOHEUHG MAAot, ecau 04a 00020 noAo-
HCUMEAbHO20 YUucAa € (CKOAb MaAablm €20 HU 83AMb)
cywmecmgyem Homep N maxoti, umo npu n>N e8binoana-
emcAa HepageHcmso |, |<e.

O Ilpumep 6. Vicnonw3ys omnpeneneHue 7, XOKa3aTh,
YTO MOCNENOBATENLHOCTh {n} sBIAETCA OECKOHEYHO
Gonpioi.

Pemenue. Bossmem moboe wumciio A>0. U3
HepaBeHCTBA |X,|=[n|>A nonysaem n>A. Ecuu
B3dTb N>=A, 1O mia Bcex n>N Oyner BLIHOJIHATH-
Cs HEPaBEHCTBO |Xx,|>A4, T.e., COIJacHO OIlpejaene-
HUIO 7, IIOCJENOBATEIbHOCTh {n} OGeckoHeyHO 6OJIb-
uas. @

Vnpaxuenns. Ilosb3ysich onpejcienueM 7, N0Ka3aTh,
yro mocnenosatenabHoctn: 1. {—n}. 2. {n?}. 3.
{(=1y*'n} —sBnsroTcss GECKOHEHHO GOMBILIAMH.

O Ilpumep 7. Ucnonw3ys onpeneneHue §, Q0Ka3aTh,

1 .
YTO HNOCICAOBATCIBHOCTD - SABJISETCH OECKOHEYHO
n

MaJio#. )
Peuienue. Bo3zpMmeM mroboe uncio £€>0. M3 He-

1 1
paBeHCcTBa |a,|=|-|<& mnomydaemM n>-. Ecim B3sTH
n €

1)

1

N =[—:| , TO g Bcex n>N OyAeT BHINOJHATLC
€

HepaBeHCTBO |a,|<e. (I1pu 8=]—]6 nosnyuuM N= [10]= 10,

npu £=4/15 umeem N=[15/4]=3, urt1. n) Takum
00pa30oM, COrJIacHO oOfpedelicHUio 8, mnocieaoBaTesib-
HOCTh {1/n} OeckoHeyHO Manas. @

D Cumson ch] obo3Hayaer Haubonbllee LENOe YUCIO, HE Mpe-
spocxoaswee x. Hanpumep, [1]=1, [3,1]=3, [0,7]=0, [-0,5]=—1,
[-172,9]=~173, [rn]=3, [lg2]=0 urT. &
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Yopaxuenns. Mcnoab3ys -onpeaesiende 8, I0Ka3aTh,
SBJIAIOTCH. JId OECKOHEYHO MajIbIMH TaKHE IOC/IEAQ-

BaTeapHOCTH: 1. {(‘_an} 2. {%} (k>0). 3. { 2n }

{n*+1
(YkazaHnue: BOCIIOJIL3yHTECH. HEPABEHCTBOM;
2n < 2n 2 ) '
n?+1 n? p

B xoHnEe gaHHOrO MyHKTa JOKa3aHa TeOpema, ycTa-
HaBJIMBAOIAA CBA3b MEXJy OecKoHeyHo GoapluaMH H
GECKOHEYHO MaJIbIMH HOCJIEOBATENLHOCTSAMH.

Teopema 3.1. Ecau {x,}—6eckoneuno 6oavwan
nocae006amebHOCMb U 6ce ee YAeHbl OMAUYHBL OM HYAR,

1
x,#0, mo nocaedosamesvnocmo {a,}={—p Geckoneuno
. X,

"
mansas, u, obpammo, ecau {a,}—6eckoneurno masan
nocaedgsamenvHocms, o,#0, mo nocaedosamenvrocme

H
{x,}=4—¢ Oeckoneuno 6omvuwas.
a’l
O Hoxaszartenabcrso. Ilycrs {x,}—6Geckoneyno
Gonbinas MOC/IEXOBATENLHOCTh. Bo3bMeM mo6oe 4uCIiO

.

€>0 u nosoxuM A=-. CoriacHo onpefencHuo 7, mis
P

aroro A cymecrsyer Homep N Takoif, 4to mpu n>N

_ | ]
BBINOJIHSETCS HEPaBeHCTBO |Xx,|>A. Torma |a,|= ;—I=

1 1
=—<-=¢, T. € |0,|<€ mig Bcex n>N. A 3TO 3HAYHT,
lx,| 4 "

Xa

1
YTO HNOCIENOBATECIABHOCTH {——} OeCckOHEYHO MaJasl.

Hoxa3aTenbCTBO BTOPOH YacTH TeOpeMbl aHAJIOTHY-.
HO. B

Bce mpoBeneHHbIE JIOKAa3aTeNbCTBA MOCTPOECHBLI HA
NpOBEPKE BLINOJHEHMS YCJIOBHH, CHOPMYJHPOBAHHLIX B
onpenenenrsx. IToastoMy obpaniaeM BHEMaHHE HAa YETKOE
TMOHMMAaHHE NAHHLIX Ope/IesICHHIA.

3 4. OcHoBHBIE CBOHCTBR GECKOHEYRO MAJLIX HOCICHO-

BaTEJILHOCTEH. .

Teopema 3.2. Cymma u pasnocmv 08yx 6eckoneuno
Maablx nocaedosameavhocmeti ecmv 6eCKOHeUHO madvie
nocaedosameabHoCMuU. :
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0O Mokasatensctso. Iycrs {a,} n {B,} —Gec-

KOHEYHO MaJmle mocneaosatensHocTH. Tpebyercs noka-
3aTh, 4TO mnocnegoBatenbHocTh {a,+B,} OGeckoHeuHo
Manasg. IIycTe € — NpON3BOJILHOE MOJIOXHTEIBEHOE YHCIIO,
N, —HoMep, HauuHas ¢ koTtoporo |a,|<eg/2, a N,—
HOMEp, HauuHasg ¢ xortoporo |PB,|<e/2. (Takue HOMEpa
N, u N, HaiinyTcs no onpeaencHNio 6eCKOHEYHO MaJioH
MoCJeA0OBaTENbHOCTH.) Bo3sMeM N =max {N o Nokh
Toraa npu n> N OyayT OZHOBPEMEHHO BHINOJHATHCA [Ba
HepaBeHCTBa: |a,|<¢g/2, |B,|<¢€/2. CnemoBatenbHo, npu
n>N

Ia..iB,.ISIa,.I+|B,,|<§+;= 0y

DT10 O3Hayaer, 4ro mocieaoBaTenbHOCTh {a,+P,} Gec-
KOHEYHO Majias. B
CaencreHae. Aazebpauueckan cymma 06020 Ko-
Heunoz20 uucaa beckoHeuHo Maawvix nocaedosamebHocmeil
ecmb OecKOHeuHO MAAAA NOCAe008AMENLHOCMb.
Teopema 3.3. Ilpoussedenue 08yx beckoweuno ma-
AblX nocaedogamesbHoCmel ecmb 6eCKOHEUHO MAAAs noc-

nedogameibHOCM®.
' 0O Hdoxasatensctso. [Mycrs {a,} = éB,,}——
GeckoHeYHO Mauble TnociefoBaTenbHOCTH. Tpeoyercs

nokaszatb, 4ro {o,-'B,} —OeckoHeuHo Manas mnociaeno-
BaTenbHOCTh. Tak kak nocnenosatensHOCTh {0} Gecko-
HEe4HO Majasf, To s moboro umcia £>0 cymecTByet
HOMep N, -Tako#, 4t0 |o,|<e nmpHw n>N,, a Tak Kak
nociaefoBaTenbHocTh {B,} ToXe OecKOHEYHO Mauas, TO
s €=1 cymecrsyetr Homep N, Tako#, urto |B,|<1 npu
n>N,. BozbMem N=max{N,, N,}; Torna npu n>N
Oyayr BmIOJIHATECS o0a HepaBeHcTBa. CnenoBaTeNLHO,
npu n>N

{0 Bal=]0, 1B, | <& 1=k.

D70 03Hauaer, 4TO MOCHENOBAaTENLHOCTH {at, B,} Gecko-
HEYHO Manas. B

Cunencrene. Ilpoussedenue 06020 KOHEUHOZO HucC-
Aa Gecxoneuno maawlx nocaedosameavrocmeti ecms becko-
HEeYHO MAAGA NOCAe008aMENLHOCMY.

3ameganme. YactHoe 1ByXx OECKOHETHO MaJIbIX
nocjiefoBaTeNibHOCTEN MoXeT ObITH JOGOH mocnEmoBa-

1 37ech  HCHONB3OBAHO  CBONMCTBO  AGCONMIOTHRIX  BEJTHYHH:
Ix+yl<lxi+]y] (ecm. Teopemy 1.3).
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TENLHOCTHIO M MOXeET HE MMeThb cMmbicia. Hampumep,
eciu o,=1/n, B,=1/n, TO BCe 3JEMEHTHI IOCJEIOBA-
TeapHOCcTH {0,/B,} paBHBI eAMHMLE M JaHHAs MOCJIEHOBa-
TENBHOCTh ABJSETCS orpanuveHHoi. Ecmm o,=1/n, B,=
=1/n?, TO mnOC/NENOBATEIBHOCTD {cx,,{ B, OGeckoneuHo
6onbluas, M Haobopor, ecim o,=1/n*, a P,=1/n, 1O
{ot,/B,} — OeckoHeuHO Manas mociegoBaTenbHOCTh. Ecu
HAayuHAas C HEKOTOPOro HOMeEpa 3JIEMEHTHI IOCJIeJ0Ba-
TenbHOCTH {f,} paBHBI HYJNIO, TO IMOCJEAOBATEILHOCTD
{a,/B,} He MMeeT cMbicna.

Vupaxuenne. [Toxa3aTh, 4yTo yacTHOoe IBYX OeckoHeu-

HO GoJbIIMX mocnefoBaTenbHoOCTEH {X,} M {y,} MOXeT

ObITb JIIOGOM IMOC/IEAOBATENLHOCTBIO, HCIOJIB3Ys B

KauecTBe MPYMEPOB MOCIENOBaTeNbHOCTH {n} u {n?}.

Teopema 3.4. Ipoussedenue oepanuyeHHOU nocaeoo-
eamebHOCMU HA BGECKOHEUHO MAAylo echb  OecKOHeuHO
Maaasa nocaed08ameabHOCHb.

0O AoxasarenbcTBo. Ilyctb  {x,} — orpannyes-

Hasi, a {o,}—GEeCKOHEYHO MaJjas MOCIeJOBaTEIbHOCTD. .

TpebyeTcst [0Ka3aTh, YTO NOCJAEAOBATENBHOCTH {X, q,}
Oeckoneyno Manasi. IlocnepoBartensHocts {x,} orpa-
HHYEHA, NO3TOMY cCylecTByeT uucio 4>0 Taxoe, 4ToO
mo000# 3JIEMEHT X, YHOBJIETBOPSET HEPABEHCTRBY | X, | < 4.
BospmeM moboe umcno €>0. Tak xak {o(j—6ecxo-
HEYHO MaJjas NOCJIe0BATEbHOCTh, TO I NOJIOXUTEIb-
Horo uyucia &£/A cyuwectsyer Homep N TakoH, 4TO NIpH
n> N BbInoJHsAETCA HepaBeHCTBO |o,|<&/A. Torma npu
n>N
£ .
| X o =] x, 0", | <A —=E.
A
3710 o03HayaeT, HYTO MOC/EAOBATENBHOCTH {X,'d,}
b6eckoHeuHO Masas. M
Cnencreue, Ilpoussedenue OeckomeuHo maaoi no-
€1e008aMeAbHOCIU  HA UYUCAO ecmb DecKOHeuHO Maaas
noca4e008ameAbHOCHb.

M Bonpocbl gna camonpoBepku

1. Cchopmynupynute onpepenelne nocnegoBaTenbHOCTH.

2. Korga nocneposaTenbHOCTe cuuTaeTcs 3apaHHon? lpusegute
npumepsbl.

3. B, ueM 3aknwyaeTcs peKyppeHTHOE 3ajaHue nocnefosartenb-
Hoctn? [lpuseguTte npumep. ’

4. NaitTe reoMeTpUYECKYIO UHTEpPNPETaYVIO NocnefoBaTenbHOCTH.
Mpueegute npumepsb:.
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5. [lante onpepenenne apugpmeTHHECKUX AEACTBUA Hap nocne-
AoBaTENnbHOCTAMM.

6. Mouemy n3 onpegeneHns NocnefoBaTenbLHOCTH CREAyeT, uTo
OHa KUMeeT OecKOHeYHOEe YUCNO 3NEMEHTOB?

7. ChropMynupyiiTe onpegeneHne apumMeTMMECKOR Mporpeccuy.

8. Buisegute (oOpMyny CyMMbli 71 UYNEHOB apuMeETUIECKOoH
nporpeccun.

9. Copmynupy#te onpegeneHne reoMeTpudecKkoi nporpeccum.

10. BuiBegute OpMYyNy CyMMbl /1 YAEHOB [EOMETPUYECKON
nporpeccuu.

11. ChopmynupydTe OnpepfeneHns OrpaHU4eHHOW M HeorpaHu-
YeHHO! nocneposatenbHocT. [laikTe reomeTpudeckylo wHTepnpera-
LMo 3TUX onpeneneHun. .

12. Npusegute npumep OFpaHUYEHHON NOCNRE[OBATENLHOCTH, KO-
Topas: a) UMeeT M HauOOMBbILIMA U HAUMEHLLIMA 3ANEMEHT, 6) uMeet
HanbonbluNiA, HO He WMEeT HAaWMEHbWEro 3JNeMeHTa; B) wMeeT
HauMeHblunA, HO He umeeT HaubBONbLIEro anemexTa.

13. Coopmynupyite onpegeneHus GECKOHEYHO Manon W 6ECKO-
HEe4YHO GOnbWOoi NOCNeaoBaTeNbHOCTH. [flaiTe reOMETPUYECKYIO WH-
Tepnperaynio aTux onpegeneHuni. ’

14. Mpveeante npuMep HEOrpaHWMYEHHOW MOCNEA0BATENbLHOCTH,
He saBnsiiowencn 6eCKOHeYHO OGONbLIOW. -

15. MoXHO nu Ha3BaTb GECKOHEYHO ManoW MOCREeACBATENbHOCTL
¢ obwum snemeHtoMm x,=07?

16. MpvBeaute npumep, KOr4a 3Ha4YeHust ANEMeHToB BECKOHEUHO
manow nocnegoBaTensHOCTH, BO3pacTad, CTPEMATCA K Hymo. Kak
Ha3bIBAETCA Takas nocnefoBaTefibHoOCTL?

17. MNpusegute npumep, Koraa 3HayveHUA 3NEMEHTOB GECKOHEYHO
6onbwoi nocneposatenbHOCTH NpW BO3pacTaHun n ybpiaioT. Kak
Ha3biBaETCH Takan MnocnegoBatenbHOCTL?

]
18. [lana nocneposartensHoCTb 1; 5; 2, =03 = 4 oo

1
—; .... Nouyemy aTa nocneaoBarTenbHOCTL He ABNAeTCA 6eckoHe4Ho
n

Manoi, HeCMOTpPst Ha TO 4TO, Kakoe Obl manoe uucno £>0 Mol HU
B3NN, CPeAU 3NEeMeHTOB NocnefoBaTefnibHOCTU BCerga Hamgytes
9NEMEeHTbI, NO MoAyMmo MeHbwmne yem €? [lovyeMmy ara nocnegosa-
TENEHOCTL He aABnseTca 6ecKoHeyHo 60ONbLUOA, HECMOTPA Ha TO 4TO,
Kakoe 6bi 6omnbloe uucno A>0 Mbl HU B3SINW, CPEAN INEMEHTOB
nocnegoBarenbHOCTH  BCErAa HaWfyTCs 3MEeMEHTbl, MO MOZYNI
6onblwmne yem A? Kak Ha3niBaeTca 3Ta NocnefoBaTenbHOCTL?

19. Aesnserca nu BeckoHeuHO Manas NOCNEAOBATENbLHOCTL Orpa-
HUYEHHON?

20. WasecTHO, YTO NOCNeAOBaTeNLHOCTL {X,} ABNAETCA: a) 6ecko-
HeuHo manown, 6) 6eckoHeuwno 6Gonbwoi. CnegyeT nu oTCIO4d, 4TO
nocnegosarensHocts {1/x,} (npu ycnosuu x,#0 pna scex n)
ABNAeTCA. a) 6eckoHeyHo OGonblioW; 6) GECKOHeYHO Manoin?

§ 2. CXOASIMHECA MOCHEAOBATEJBHOCTU

B sTtoMm naparpade paccMOTpeHO OHO U3 BaXHEHIINX
B MaTeMaTHYECKOM aHajM3e NOHATHI — NMOHATHE Ipe-
Iiesla MHCIIOBOH TOCNeNOBAaTENIbHOCTH. ~
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1. IlonsTRe. cxonselicR NOC/IeN0BATEILHOCTH.

Onpenenenne. Jucio a Hasbvisaemca npeoesom Hucao-
60ii nocaedosamesvhocmu {x,}, ecau 04 awbozo
nosoxcumeavHo20 wucaa & cywecmeyem womep N makxotl,
ymo npu n>N evinosHaemcs HepaseHcmso )

| x,—al<e. : 03]

IIpr 3TOM NOCHEAOBATEJILHOCTh {X,} Ha3bIBaeTCA CX0-
oawetica. o

Ecnu nocnexoBarenbHOCTh {X,} CXODATCA M HMeeT
CBOHM TpefejioM YHCJIO d, TO CHMBOJHYECKH 3TO
3anHCHIBAETCA TakK:

lim x,=a", wwm x,—a npu n—co.
n—aw ) -

IMocneqoBaTENLHOCTD, HE SBJIAIOLIAACS CXOALIEHCS,
Ha3BIBAETCA pACXo0AueticA.

W3 onpepeneHus mnpenesia CleAyer, YTO, KakKuM Obl
MaJbiM MBI HH B3sUIM YHCJIO £>0, HaYMHAs C HEKOTOPOTO
Homepa N BCe 3JIEMEHTHI .IOCIENOBATENBHOCTH {X,}
OyAyT OT/IHYATBCA OT YHCI2 @ MeHble 4YeM Ha €, T. €.
|x,—al<e npu n>N. 31O M O3HAYaeT, 4TO 3JEMEHTHI
IOCJ/IEIOBATEALHOCTH {X,} HeorpaHMYeHHO NpHGIIKa-
I0TCS K YHCJIy @ TpH HEOTPAHHYEHHOM BO3PACTAHUH
HOMepa n.

B onpejenieHHM HE COY4ailHO OTMEYEHO CJIOBO (UHO-
Goro», Ha 3TOM CJIOBE «AEPXKHUTCS» BCE ONpeeJicHHE.

Jlia mpuMepa paccMOTPHM BONPOC O HpeAene No-
CJIEOBATEILHOCTH :

—1, 1, =11, —1,.., (=D ....

C pocTOM n 9Ta NOCNAENOBATENBHOCTD NpEAEia HE HMEET,
TaK Kak xoyieOnercs Mexay 3HaueHHsMH +1 m —1 u Hu
K KakoMy 4HCiy He mnpHOmmxkaercs (CTporoe mgokasa-
TEJILCTBO CM. B 3aMe4YaHHH K Teopeme 3.6). ‘
«JdokaxeM», HUCIOJBL3YS OIpeNesieHHe, YTO MOCIENO-
BaTEJLHOCTh HMeeT «mpedes, paBHeii O». [lelicTBh-
TeNbHO, JUia £=2 HepaseHcTBO |(—1)"—0|<g& BbInON-
HseTcs JUia Bcex HoMepoB n. ClienoBaTesbHO, MOXHO
B3aThb N=1 ®m Bce «moxaszano». Oumbka 3akmoYcHa B
TOM, 4YTO, Hampumep, 1ns €=1/2 HepaBeHcTBO |(—1)"—
3 —0|<€& yxe He BBINOJHAETCA HHM IS KAaKOoro n, T.e€.
OpPH «OKa3aTeJIbCTBE» HAPYIIEHO OCHOBHOE TpeboBaHHE

D Limes (1aT.)—npeles. 3Ta 3anuCh 4YHTACTCH TaK: @IpEAen X,
OpH n, crpemsiieMcd K GeCKOHEYHOCTH, paBeH a».
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olnpejeeHus; YTOObI HEPAaBEHCTBO |X,—a|<€ BHINOJHA-
Jock Obl g A0 60ro €>0, B 4aCTHOCTH, H IUIA £=1/2,
xorss Obl HaudHas C HEKOoTOpOoro Homepa N.

ChopMynapyeM CIeRYIOLIEE ONPEACICHHE. YUCAO a He
AensemcA  npedeaom nocaedogameavhocmu  {x,}, ecau
cywecmeyem g>0 makoe, umo Oana a1w0bo20 HO-
mepa N naidemca nomep n>N makoti, umo evinoa-
HAemcA HepageHcmso |x,—al=e.

CpaBHHBas [aHHbIE ONpENENICHHS, BHAHM, 4YTO IS
NOCTPOEHHA OTPHIAHHA HANO CJIOBA «CYIIECTBYET» H
«Wnoboro» B3aHMHO 3aMEeHHTb, @ HEPABCHCTBO 3aMEHHTH
€My OPOTHBONOJIOXHBIM.

OTO mpaBHI0O MOXHO HCHOJIB30BAaTh H I NOCTpOE-
HHS OTPHLIAHHSA B JIOOBIX JPYTHX ONpEACSICHHNAX, JAHHBIX
B CMBICJIE «&E— N».

O Ilpamep 1. Uicnons3ys onpenmesicHHE npexeia, 0o-
Ka3aTtb, ¥TO '

Pemenune. Bo3zsbMeM moboe umcio £>0. Tak kxak

n 1 "

[x,—1|=|——=1|=——, TO I3 HAXOXJCHHA 3HAUYCHHH
n+1 n+1

n, YAOBJIETBOpAIOUINX HepaBeHCTBY | x,—1|<e€, mocra-

1
TOYHO PCOINTh HEPABEHCTBO ?<8, OTKYJa HOJyIHM
n
l-¢
n>-—. CnegoBarenpHo, 32 N MOXHO B3fTh HEJIYIO

l—¢ 1—¢
YacThb '_mcna T, T.e. N= T . Torna HECPABCHCTBO

|x,—1|<& Gymer Bnmommsarsca npu Bcex n>N. Tax
Kak €—Jmoboe, TO NOKa3aHO, 4TO

Ilo ompenencHwio, @ B JaHHOM INpUMepe paBHO 1.

Jins Gonee 4YeTKOro NOHHMAaHMA ONpEAENICHUA Ipe-
Jcna NpoBEpHM IIPOBEIECHHBIC BBLIMUCICHHA HAa KOHKpPET-
HBIX YHCJIAaX. ’

Bo3bmMmem, HanpuMmep, €=0,01. Toroa N=[l—0,01:|=

0,01
=99 u npu n>N=99 umeem |x,—1|<0,01. B yacrHO-
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ctH, npu n< N (n=97, n=98) HepaBeHcTBO |x,—1|<e=
=0,01 He Brmonusercs. B camom pene, mycth n=98.

Torna
lxgg—1]=198/99—1]|=|—-1/99}=1/99>1/100,
a eca B3ATH n>99, manpumep n=100, TO
[X100—1]=1100/101—-1|=] —1/101|=1/101 < 1/100.

Taxum obpasom, HepaBencTBo |x,—1{<0,01 BbnON-
HAeTCA TOJILKO JJIs HOMepoB n, Ooabliux ueM 99,

Ecmu B3a1h 3HaueHne £<0,01, manpumep £=0,001,
TO 3HavyeHue HoMepa N yeenumuutcsi. B camoMm nene, N=

1-0,001 ‘
=| —5oor =999 u npu n>N=999 nonyuaem |x,—1|<
<0,001.

B 3axiroueHMe MOKAXEM, YTO YHCJIO 2 HE SBJAETCH
mpejesioM JaHHOW mnociemoBaTensHocTH. /Jlnsg a3roro
paccMOTpUM aOCOJIIOTHYIO BEJHYHHY Pa3HOCTH

n+2

n+1

_n+2

X
n+1

"

: n+2
H pCIIUM OTHOCHUTEJIBLHO 7 HCPABECHCTBO ———+1<8. Ho
n

B [aHHOM CJydae 3TOr0 MOXHO HE JeNaTh, TaK Kak
npu mro00M 3HaYeHHH HoMepa n (n MOXeT ObITh
TOJIbLKO YHCIOM HEJbIM H MNOJOXHTEJLHLIM) HHCIO
n+2
_ﬁ>1’ a CrnegoBaTenbHO, OHO HE MOXeT OBITh
n
MEHBLIE TPOM3BOJILHO 3aaHHOTO MOJIOXHUTEILHOTO YHC-
Ja €, Hanpumep €=1/2. D10 ¥ [AOKa3bIBa€T, 4YTO
YHCJIQ 2 HE HBJIETCS NPENEIOM TOCJIeNOBATENHHOCTH
n
nelf’
Tpamep 2. Ucnonb3ys omnpeneneHue mnpejgena, AOKa-
3aTbh, 4TO eChnu [g|<1, TO
lim ¢"=0. 2)
n—ao
Pemenue. Bo3pmem moboe uncio €>0 u ¢#0. Tax
Kak |g"—0|=]|q|", TO @A HaxoXIECHHUA 3HAUYCHUHA n,
YAOBJIETBOPAIOUIMX HEpaBeHCTBY |¢"—0|<¢€, n0CcTaTOvHO
pEeLINTE HEPaBeHCTBO | g|" <& uin, 4yToOBI HE MMETH Zena
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1)1
C OTPHHATEJLHBLIMU JIOrapruhMaMu (|ql<1), (ﬁ) >E'
q

[Tocne norapudmmpoBanus noaydum

nlg ] >lgl
lgl” T¢’
Ig(1/
OTKYAa n>M. CrenoBaTeibHO, ecjiM B3SThL N=
‘ 1g(1/1q1) :
Ig(1
=|:%1(/|/_£)|) , TO mna Bcex n>N OyaeT BBINOJHATHLCA
g(l/lq

HepaBeHCTBO |¢"—0| <e. Tak xak £ — nroboe, To, cornac-
HO onpegesnennto, lim ¢"=0.

n—x
Ecu ¢g=0, To cooTHOweHUe (2) O4EBUAHO, Tak KaK
HepaBeHCTBO |¢" —0}<e BpimoOJIHAETCH NpH JTH000M N,

ITpumep 3. Mcnonb3ys omnpeneneHde npenena, qoKa-
3aTh, 4TO0 lim '{/r-z=1.

N0
Pemenue. [lokaxem, uro mns moboro £>0 cy-
miecTByeT HoMep N Takod, 4TO npu #>N BBINOJIHS-

€TCS HEPABEHCTBO | "\/1; —1|<e. Tak kak '{/; >1, TO
| %——1]= W—- l<e, oTkyma monyusaem n<(l+g)".
Bocnonb3yemes Tem, uto

(1+e)"=1+ne+@82+ +8">@e2 3)

(3mecy npumenena dopmyna 6umroma HeloToma '), u
AOKaXKEeM, 4YTO HepaBeHCTBO n<(1+¢)” BLIIONHAETCS TPU
n>1+2/e*. JIeHCTBUTENLHO, MYCTh n=(1+¢)"; Torna us

: n(n—1) ,
HepaBeHCTBa (3) cienyeTr, UTO n>—2—8 , OTKyIa

n<l-+2/e*. Tosromy mnpu n>1+2/e2 HEPaBEHCTBO
n>(l+€)" He BHINONHAETCS M, CIEAOBATENLHO, BbI-
TIOJIHACTCS HepaBeHCTBO n<(l+¢€)”, a 3HauuT, W He-

PaBEHCTBO {/r—1—l<£. Takum 06pa3zoM, eciam B3ATH

Y Hanomuum, 4to dopmyna Gunoma HbIOTOHA HMeeT BHI

—1 —1){n-2
(a+b)'=a"+n a""b+La"‘2b2+Ma"'3b3+...+b".

2! 3!
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N=[142/¢?], To mpm n>N 6yleT BLIMONHATHCS He-
PaBEHCTBO IVr-z—l|<e. A Ttak xak &—moboe, TO, -

COIJIACHO oOmpeneeHuto, lim w =1. @
n—

Vnpaxnennsa. a) Hcnone3ys onpenenemme mpenena,

. 1 . 2n
Ookaxwure, yro: 1. lim "+2 =0. 2. lim —=2.
n—w N o N+

L | :
3. hm33_ =1. (Yka3aHHe: mNpEeACTaBATH BHIpa-
n—oo

XCHHE OOLIero 3/€MEHTd IOCAENOBATENLHOCTH B
- puge x,=(3"—1)/3"=1-1/3" wm x,—1=-1/3")
at+l —1\n
4 timLi=0. 5 1m0 6 1m 5V
n—w 2 n—o n n—wo3/n+1

2"+]3=2. Haiimure HOMEp N,

6) W3ectHO, uTO lim
n—o0 N

HayvuHass C€ KOTOpOro BBIIOJIHACTCS HCPABEHCTBO

2::13_2 <g, rae €=0,1; 0,01; 0,001. (Oms. Hepa-
BEHCTBO 2%13 =2 l <& BBHINOJHAETCA NOpH n>N=
=[1/e—1]. '

Ilpp €=0,1 HepaBEeHCTBO BLINOJHSETCA HAYHHAS C
N=10, mpu €=0,0l —nauunas ¢ N=100, npu
£=0,001 —nauynnas ¢ N=1000.)

3amevanue 1. Ilycts {x,} cxomurca ® uHmeer
CBOMM _IMpelesioM HexkoTopoe udcio a. Torma pasmocTh
{x,—a}={a,} sBAsETCA Oeckomewno manoif mocienOBa-
TEJIbHOCTBIO, TaK Kak Juid jmoboro £€>0 cymecTByer
HoMep N Takod, 4TO NpH n>N BHIIONHAETCS HEpa-
BEHCTBO | o, |=|x,—a|<e". Cnenosarensno, mo6oii 3ne-
MEHT X, CXOIMINCHCA IOCICAOBATENbHOCTH, HMEIOMEH
OpeAesIOM YHCIO a4, MOXHO TpEICTaBHTL B BHJE

x,=a+a,, ‘ )

‘THE O,—3JE€MEHT OEeCKOHEYHO MaJIOH HOC/IEeN0BATEb-
‘ HOCTH {a,}. O4eBHIHO, CIpaBeAJMBO H OOpATHOE: €CiM

) Orciona, B wacTROCTH, CNELYET, 9TO BCAXAS GECKOHEYHO Maas
TOCHEJOBATENLHOCTh ABJIACTCA CXOMALICHCS M HMEET CBOHM HPEAEIOM
gucio a=0.
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xv MOXHO MNpPeACTaBHTH B BHIE

7 xX,=a+a,, rae {o,} —
a8 @ Xg GrE X . GECKOHEYHO Maias MOCIEHOBa-
Puc. 76 TEJILHOCTD, TO 11m x,=a (noka-

XHTE 3TO CaMOCTOSTENILHO). Hpencrannerme (4) Oynmer
HCTIONMB30BAHO NP JOKA3ATEIBCTBE TEOpEM 37—39 o
mpefeNnax MocieA0BaTebHOCTEH.

O Ilpamep 4. Iloxasats, 9TO mpenes nocnenonarenb-
noctu C, C, C, ... ¢ oGumM wieHOM X, = C=const paBeH
qUCITy C, T. €. hmx =C.

n—x
Pemenue. JleHcTBUTENEHO,  HOCJIEAOBATENLHOCTH
{x,—C}=C—C=0 OeckoHECHHO Majias H MOITOMY, B
CWJly npeacraBiicHus (4), hm x,=C. @

3aMeuanue 2. I'Ipenen 9HCIOBOM MOC/IENOBATE b=
HOCTH HMMEET reoMeTpHYecKoe Hcroykosanne. Hepapen-
ctBo (1) paBHOCHIILHO HEPaBEHCTBAM

—e<X,—a<g, WH g—e<x,<a+e?

KOTOphIE O03HAYaIOT, 4YTO JJIEMEHT X, HAXOOHTCA B
£-OKpPeCTHOCTH To4kH a (puc. 76). IlostoMy ompenenenue
mpeneiia NoCAeIOBaTeIbHOCTH MOXHO CHopMyJHpOBaTh
crenyiomaM obpa3soM: YucA0 a Ha3bieaemcsa npedesom
nocaedogamessnocmu {x,}, ecau 0aa aoboii &-okpecm-
Hocmu mouku a cywecmgyem nomep N maxoil, umo 6ce-
asemenmul X, ¢ Homepamu n>N Haxodamca € 3Imoii
€-0KpecmHocmu. ,

O Ana WUIIOCTpaudA CKa3aHHOIO CHOBa BEpHEMCH K
opumepy 1. Ecom £€=0,01, a n>99, TO BCE WICHHI

n .
IIOCJICJIOB&TCJIBHOCTK ? HavYuHasA C WIiCHa ¢ HOMCPOM
n

n= OO(x 00) MOMAAYT B 3aJaHHYIO &-OKPECTHOCTH 9HCIIA
a=1 b01<x—1<001 wi 1-0,01 <x,<1+0,01),
T. €. Ha YHCIOBOM mpsMoi OyIyT NpHHAJIeXATh HHTEp-
Baxy (0, 99; 1,01). @

Crnefyer OTMETHTb, 9To 4HCA0 N B ONpENENEHHH
npenena HOCHCJIOBaTCJIBHOCTK 3aBHCHT KaK OT paCCMaT-
pHBaCMOK NOCRCAOBATCIABHOCTA, TAK K OT NPOH3BOJIBHO
p3sToro & Yem Membme & TeM Oosbme N (CM.
npuMmep 1), KpoMme cilydasi, KOTrAa HOCIIEZOBATEIHLHOCTD
COCTOMT H3 OOHOIQ JJICMCHTA. Hanpmwep, nmocjacaoBa-

1 Cm. Teopemy 1.2,
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TensHocTh 1, 1, 1, 1, ..., 3a;maHHas oOIMM 371EMEHTOM
X,=1, uMeet cBouM npegenoM uucio 1 (cm. npumep 4) u
HepaBeHCTBO | X, — 1| BhmosHseTcs s moboro unciaa N
HE3aBHCUMO OT  B3STOIO €. .

3aMmeuanue 3. OueBnano, 4Yro OeckOHEYHO O0Jb-
WHE MNOCJeAOBATENBEHOCTH HE MMEIOT Mpejena B TOM
CMbICTIE, Kak I3TOT nmpeden Obui  onpelesieH paHee,
ITosTOMy OOBIMHO CUHMTAKOT, uUTO OecKOHe4YHO Ooibline
NOCNEJOBATEIBHOCTH  MMEIOT TpeAes, paBHBIA £, U
nuIyT

lim x,=oc !,

n—x

Eciu nocienoBaTeNibHOCTh {X,} TakoBa, YTO IS JIHOGOTO
A>0 cymectByer Homep N Takod, 4to mnpu n>N
BLINOJIHACTCS HEPABEHCTBO X,>A(X, < —A), TO nuuwyT
lim x,= + oo (lim x,= — o). Bo Bcex 3THX cayYasx roso-

| d* n—o

pAT, uto OeckoHeuyHO Oonblias . MOC/eI0BaTCIBHOCTD
UMeeT deckoneuHvlil npede.1l, COOTBETCTBEHHO PaBHBIH oC,
+9oC UMM —OoC. »

B cBsA3M ¢ BBedeHHEM MOHATHA «OeCKOHEYHBIH Tpe-
JIE1» YCIIOBUMCSA HA3bIBATDH 1IEPBOHAYAIBHO ONpPEIE/ICH-
HBIH NPEAEn KOHeuHbiMm TIPEIEIIOM.

Vnpaxnenue, [IpuBeaurte npuMepbl TaKUX IMOCIEA0-
BatenpHOCTCH: {X,} M {y,}, yt0 lim x,= + 0, lim y,=
X n—aoc n—o

= —0oC W, KpOME TOro:

. 1
1. ,}Lnl (x,+,)=0. (Oms. {x,,}={n+;} u Ay, ={-n})
2. lim (X ty)=+0w. (Oms. {x,})={2n} n {y,)=

=
={—n})
3. lim (x,+y)=1. (Oms. {x,}={n+1} n {3,)=

={—n}.
4. lim an-i- y,) He cymectsyer. (Ome. {x,}={n+
n—oc

+(=1)" n {y,}={-n}.) (OtseTn OBOCHYiiTE.)

2. OcHoBHBIC CBOHCTBA CXOJAIMXCH MNOCHEI0BATE.Ib-
Hocteil, Tpexxae yem nepefiTi K QOKa3aTeNbCTBY CIeayIO-
mWEeH TEOPEMbI, JOKAXEM JIEMMY.

Y HanomH#M, 4TO 37€Ch NOCIEAOBATENLHOCTL {X,} TakoBa, uTO
npH n>N BHINOJIHAETCS HCPABEHCTBO |, |> 4.
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Jlemma 3.1. Ecau ece s1emenmbl 0eckoHeuHO Maaoil
nocaedogameavHocmu  {0,} pasHel 0OHOMY U MOMY dice
yucay ¢, mo c=0.

7 JlokasatenbcTBO. IIpeaqnonoxum obparHoe,
uro ¢#0. Tlonoxum £=|c|/2. Toraa, mo onpereneHAIO
OeckoHeYHO Majloff MOCNeNOBATEIBHOCTH, CYIIECTBYET
HoMep N TakoH, 4TO mpH n>N BbHIIOJHAECTCY HeEpa-
BEeHCTBO |4, | <&. Tak kak a,=c, a €=|c|/2, TO nocneanee
HEpaBeHCTBO MOXHO Mnepenucatb B BuAe |c|<|c|/2,
otkyna | <1;2. ITonyyeHHOe NPOTHBOpEYHE MOKA3BIBAET,
YTO TPEAnooxeHue c¢#*(0 He MOXET MMETh MecTa. M

Teopema 3.5. Cxodawyasca nocaedosameibHocms
umeem moavko 00uM Rnpedea.

O HoxaszaTtenbcrTro. [IpennonoxuM obpaTHoe,
YTO CXOASINASCH NOC/NENOBaTEAbHOCTh {X,} MMeeT naBa
npeaena a u b. Torga no ¢popMmyne (4) nAnsg 31eMEHTOB X,
MOJTYUUM :

x,=a+o, 4 x,=b+,,

rae o, u B, —oaseMeHTbl GECKOHEYHO MaJIbiX MOC/EI0OBa-
teabHocTed {0,} u {B,}. BrluuTasi U3 MEPBOro COOTHOIIE-
HHs BTOpOe, HaWmeMm, 410 o,—f,=b—a. Tak kax
BCE 3JIEMEHTHI OeCKOHEYHO MaJjiof HOCJIedOBaTEIbHOCTH
):oz,,—-ﬁ,,} HMEIOT OJHO M TO Xe€¢ MOCTOAHHOE 3HAaYeHHE

—a, TO no jJokazanHo#t nemme 3.1 b—-a=0, T.e.
b=a. B

Teopema 3.6. Cxodawasnca  nociedogame.tbHocmb
o2paHuyena.

O AoxkazartensctBo. Ilycts {x,} —cxoasmascs
NOC/IEA0BATENBHOCTD U uucia0 a-—ee npeaen. Ilycrs,
anee, € — IPOM3BOJIbHOE TIOJIOKHTEIBHOE YHCIO U N —
HOMEp, Ha4WHAas C KOTOpPOTO BHINOJHAETCA |X,—a|<E.
Torna mns Bcex n>N

| x,|=l(x,~a)+al<|x,—al+]|al<|a]+&]

Mycry A=max {|a|+¢, |x,], |X;], ..., | xy|}. OueBnnano,
|x,| <A nns Bcex HOMEPOB 1, YTO M O3HAYAET OTPaHH-
YEHHOCTb MNOCNHENOBATEILHOCTH {X,}. B

3amMeyanue. OrpaHdycHHas IOCIEJOBAaTENbHOCTD
MoOXeT U He ObiTh cxomsueiica. Hanpumep, nocsnegosa-
TenpHOCTh — 1, 1, —1, ..., (~1)" ... orpaHAYeHa, HO He
cxoautrcs. IlpoBenem paccyxnmeHus OT NPOTHBHOIO.
IlpeanosiokuM, YTO Ipenes JMOaHHOH TIOC/eNOBaTesb-

D Cwm. cHocky Ha c. 118.
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HOCTH — 9ACIO a. DTO O3Ha9aeT, 4T0 Wi goboro £>0,
B YaCTHOCTH H Juis £€=1/2, cymecTByer HOMep N Taxoii,
wro npH n>N 6yner |x,—a]<1/2. Tak xax x, DpHHH-
MaeT TMNONEpeMEeHHO 3HaYeRMs | m —1, TO MOXHO
sanucath |1—a|<1/2 a1 |(—1)—a|<1/2. Ucnoms3ys 3tH
HEPABEHCTBA, HMEEM

| 2=l1—ata—(-DI|T=al+la~(=Dl<i+i=1,

T. ¢. 2<1. INonysennoe nmpoTHBOpedHe JOKa3hIBaeT pac-
XORMMOCTh JAHHOH IIOCAEXOBaTEILHOCTH.

O Ilpumep 5. U3sectHO, 4TO mOCHEOBATENLHOCTD
{x,} GeckoHewHO GosblLas, a MOCHEIOBATENHLHOCTH {J,}
HMeeT KOHEYHLIA mnpenaei, OTJAHYHBLIA OT Hynsd (y #d}.
YTo MOXHO CKa3aTh O MOCJHENOBATENLHOCTAX: 1) '{x,,+
+yi); 2) {y,./x,.l}; 3) {xu/ya}?

emenue. [) Tax xax mnocnexoBaTenbHOCTH {y,}
CXOQHTCH, TO MO Teopeme 3.6 ORa sABASETCA OrPaHHYCH-
HOMH, T. €. 14 BCEX n BHINOJIHACTCA HEPABEHCTBO |y, |< A,
a Tak Xax NOCJICAOBATENbHOCTh {X,} GeckoHewHO 6oOL-
mas, TO HaYHHAA C HEKOTOpOro Homepa n Oyxer
BHINOJIHATLCA HEPAaBEHCTBO | x, |> A+ M, rae M —moboe
NOJNIOXKHTENLHOE 4HCA0. Toraa HauMHAA C HEKOTOPOIo
HOMEpa n BHINOJNHAETCS HEPABEHCTBO

[ X+ Yal 21X, 1 =1 ya|>(4+ M) - A=M,"

[ 4
T. e |x,+y,|>M, a- 310, no onpexenenuio GeckoHEIHO
6oabImoi moceNOBaTENLHOCTH, W O3HAYAET, YTO MOCie-
JoBarenbHOCTD { X,+y,} Geckoneuno 6ombas.

2) IMocnenosaremHOCTh {y,/X,} GeckoHedHO Manas,
TaK Kak € MOXHO NpPEACTABATH B BHJC {I/x,,}'{y,é, rae
‘mocnefoBarenbHocTh {1/x,}, mo Teopeme 3.1, Becko-
HEYHO Majasd, NOCJIeN0BATENLHOCTD {y,}, COrNacHO Teo-
peme 3.6, orpaHndennas, a no Teopeme 3.4, nocienoBa-
TenbAOCTL {1/x,-y,} Oeckomeuno Mmanas. '

3) Tax xak nociaenosarenbHocTh {y,/X,} (cM. ciy-
" 4aif 2) GecKOREHHO Mauas, To, no Teopeme 3.1, mocneno-
BaTEJILHOCTL {X,/y,} Oeckoneuno Gonbluas. @

. HokaxeM cileqylolliHe OCHOBHBIE TEOPEMBI.
B Teopema 3.7. Cymma (pasnocms) d8yx cxodawux-
ca nocaedoeame.srocmeii {x,} u {y,} ecmv cxodawasca

i pdbol) -

Y 3nech  WCMONB3OBAHO  CBOWMCTBO  AGCOMIOTHWIX . BEJHYHH
|x=ylZ2[x|—|y] (cM. Teopemy 1.4). <
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nocAed06ameAbHOCMb, npedeA KOMOpoi paseH Ccymme
(pasnocmu) npedeaoe nocaedosameavrocmei {x,} u {y,},
m. e.
lim (x,+y,) = lim x, % lim y,.
n—aow n—w n— o
O HoxkxaszartensctBo. Ilycts a u b—cooTseT-

CTBEHHO Npeaessl nocienosartensHoctedt {x,} n {y,}.
Torma, no dopmyne (4),

X, =a-+d, y,,=b+B,,,

rae {o,} n {B,} —OeckoHe4HO MaJble MOCIEAOBATENb-
HocTH. CrenoBaTelNbHO, :

(Xatya)—(atb)=c, £ B,

Io Teopeme 3.2, mocnenosarensHocts {a,+f,} Gecko-
HeYyHO MaJsias. TakuMm oOpa3oM, mNOCIENOBaTENbHOCTD
{(xpty,)—{atb)} Takxke GeckoHewHO Majias M MOITOMY
N0C/IeA0BaTENbHOCTb {X,+y,} CXOOMTCS M HMEET CBOHM
NpenesoM Yucjio atb. B

O Tllipumep 6. N3BectHo, 4YTO MOC/NCAOBATEILHOCTD
X,} CXOmMTCs, a mocneqoBaTenbHocTh {y,} pacxoauTcs.
TO MOXHO CKa3aTh O CXOAMMOCTH MOCJENOBaTENbHOCTH
{xatya}? :

Pewenue. [TpoBeneM paccyxieHus OT NPOTHBHOTO.
[TpeAnooxuM, 4TO MOCIENOBATENBHOCTL {X,+y,} cXo-
mutcsa. Torma, cornmacHo Teopeme 3.7, mociiegoBaTeb-
Hocts {y,} Takxe cxomutcsa, Tak kKak {y,}={(x,+
+y,)—x,}. Ho, mo yciosnio, nocienoBaTeILHOCT {y,
pacxomutca. [lonydeHHoe NpoTHBOpEYHE JOKa3bIBAET,
YTO MOCJiEAOBaTENbHOCTL {X,+),} pPacxomuTci. @

Teopema 3.8. ITpoussedenue cxodawuxca nocaeodo-
eameavrocmeii {x,} u {y,} ecmv cxodawanca nocaedosa-
meAbHOCMb, npedeA KOMOpou paseH npoussedeHuio npeode-
n06 nocnedosamenvhocmen {x,} u {y,}, m.e.

lim (x,"y,)=lim x,- lim y,.
O lokaszaTeancTBo. Ilycts a ¥ b—cooTsercT-
BeHHo mpenensl {x,} m {y,}. Torma, mo dopmyne (4),
Xy=a+0a,, yn=b+ﬂm

rae {a,} u {B,} —OeckoHeyHO MaJbie TNOCIEHOBATENb-
HocTH. CliefoBaTeNbHO,

xn'yn_a'b=aBn+ban+aan'
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CornacHo TeopeMam 3.2—3.4, nOCNEAOBATENbHOCTD
{aB,+bo, +o,B,} Geckoneuno manas. Taxum obpasom,
NOCNeA0BATENLHOCT {X,y,—ab} Taxxe GeckOHe4HO Ma-
nast ¥ 1O3TOMY NOCNENOBATENBHOCTE {X,'y,} CXOmMTCA H
HMEET CBOMM NpedenoM Hucio a-b. m

O Ilpumep 7. Ilycte nocnemoBaTenbHOCTH  {X,} —
reoMETpHYECKas NPOTPecCHs CO 3HAMEHATENEM ¢, NpHYeM
lgl<l n x,#0. HokasaTth, 4TO

lim S, = If“ 5)

o -q.'

Pewenne. Tak kax (cMm. dopmyny (7) § 1)

u lim ¢"=0 (cm. npumep 2), To, nepexoas K npeaeny npH

A0
n—00 N NpHMEHAS TeopeMbl 3.7—3.8;, noaydaem
1 Xy fd

. . X X .
lim S, = lim =~ limg"=2 - 51 .0=21_ o
n—ow n—w 1—9q ~qn—wo l-qg l-¢q l1—¢

Ipenen (5) HaswpiBaOT cymmoit Geckoneuno ybwigaro-

weu 2eoMempuveckoll npozpeccuu M 4acto obo3HawaroT
yepe3s S.

Hanpumep, cymmoit 6eckoneuno ybuiBaroleit reoMer-

- 1 1 1 1

pHUECKOR MporpeccHy 1; 3% 35 gsoee THE x, =1, 9=3;

|
T. €. |q|=§<l, ABJSETCA

. 1 ‘
S=hm S.=m=%

Teopema 3.9. Yacmnoe deyx cxodawuxca nocaedo-
éameavrocmeii {x,} u {y,} npu ycaosuu, umo npedea {y,}
omauwerr om nyaa'), ecmb cxodawanca nocaedosamens-
.HOCMb, npedesn KOMOPpOIl puBeH uACMHOMY npedenoe
nocaedogamenvnocmeir {x,} u {y,}, m.e.

Y Cornacto ycnosuio lim y,#0, 31eMeHTH y, HAUHHAS C HEKOTO-
n—w

poro Homepa N He obpawarorcs B Hynb, mostomy uacthoe {x,/y,}
. HMMeeT CMBLICA ans Beex n>N.

5+ : 131

CopepxxaHue



lim x,
— o

. X,
lim 2= .
n—-oo)’.. hmyn
. — 0
0O doxaszaTtensctBo. Ilyctb a u b b;éog—com-

BETCTBEHHO NpeleNbl NocnenoBaTenbHocTed {x,} 1 {y,}.
Torma, no ¢opmyne (4),

xn=a+am-.yn=b+ﬁm

rae {a,} u {P,} —OeckoHeuHo Maibie NOC/IENOBATED-
HocTH. CnemomarenbHO,

x,,_g:_bx,—ay,,:b(a+a,,).v—a(b+ﬁ,,)=i(an_¢,_:Bﬂ) .

Yo b by, by, I

CorsiacHO CBOICTBaM OECKOHEYHO MaJIbIX nocijacaooBa-

- a
TCJIBHOCTEH, MHOXHTECIb O,—-P,— OeckoHeuHO Majias
npbn .

nocnenoBareabHocts. Ilokaxem, uro {1/y,} ecrs orpa-
HUYEHHass nocjexoBateiabHocTh. Tak kak y,—b, b#0
npd n—oo, To Ang £=|b|/2 Haiinerca Homep N TaKoif,
yto s Bcex n>N Oyner |y,—b|<|b|/2. Torma

N |b] _15)
Iy,.|=|b—(b—yn)l>|bl—|y,-—bl>|bl—7=7,”
oTkyaa |y,|>|b1/2, u, cnepoBarenwuo, |1/y,|<2/1b| nns
Bcex n> N, 4TO U O3HAYaeT OrPaHMYEHHOCThH IOCJIE0BA-
TenpHOCTH {1/y,}.

' 1
ITo Teopeme 3.4, nmocnenoBaTeILHOCTD {—— (an—gﬁ,,)}
¥y

n
6eckoHEYHO  Majias, TO3TOMY MNOCAEJO0BAaTENbHOCTD
{x,/y,—a/b} Taxxe GeckoHeuHo Manas. CieOBaTENLHO,
OCJIeXOBATENILHOCTL {X,/y,} CXOOMTCA M HMEET CBOMM
npenesioM uucno a/b. m

TeopeMerl, 1OKa3aHHbIE B 3TOM NMYHKTE, HMEIOT OYEHL
6onblIOE XKaK TEOPETHYECKOE, TaK M NPAKTHIECKOE 3Ha-
yeane. Ho HecMOTps Ha CBOIO NPOCTOTY, MX NMPaBHILHOE
NpUMEHEHHE TMIPEJICTABNAECT 3HAYKTENLHYIO TPYRHOCTD
Ans MHorux HauuHaromux. Ocoboe BHHMAHHME CleayeT
obpatuts Ha TOT (hakT, 4TO NpUMEHEHHE TeopeM. TpebyeT
CYIIIECTBOBAHMS KOHEYHbIX mnpenaenoB. [lokaxeM, kakue
oMOKH MOXHO CHEaTh, €CAH HE YYUTHLIBATh 3TOT (PAKT.

D Cm. cuocky Ha c. 129.
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Sn+1 .,
PaccmoTpum mocnegosatenshocts { - ). C oauoi
n
CTOPOHBI,
. 5 I . 1 . . |
lim 22t = lim <5+—>= lim 5+ lim -=540=35,
n—oo N n—o0 n n—oo n—aw N

c JApYro CTOpPOHBI,
lim (52+1)

n—x

. Sn+1
lim =12
n—xo A limn

n—x

=21
oC

IMonyyeno HeBepHoe paBeHcTBO 5=1.

n+1 .
PaCCMOTpHM NOoCJAeA0BATENILHOCTH _. C OOHOH
n

CTODOHBI,
lim "1 — lim (1 +1)= lim 1+ lim l=1+40=1,
n—oo N n—w n n—o n—ox N
C JIpyroi CTOpPOHHI,
lim "1 = fim (n+1)- lim 1= 00 -0=0,
n—&o N n—® n—won

INonyyeHo HeBepHoe paBenctBo |=0. :

Haxoneu, paccMoTpuM nocnenopatenbHocTh |, 1, 1,
l,... ¢ obmum anemenroM x,=1. C ogHoit CTOPOHBI,
lim =1, ¢ npyroit cropomsl,

n—ao

lim 1 =lim [(n+1)—n]=lim (n+1)— lim n= 00 — 00 =0.

n—co n—so n—w n—c

Onsate nosyveHo HeBepHOe paBeHCTBO |=0.

Bo Bcex paccMoTpenHbiX ciyyasx momymeHa rpy6Gas
OlINOKA: HENPAaBUJILHO NPHMEHEHb! TEOPEMBI O Mpedeax
YaCTHOIO, MPOU3BEJAECHUSA H PA3HOCTH — NMOCJEIOBATE/Ib-
HoctH {Sn+1}, {n} um {n+1} He HUMelOT KOHewHBIX
Npesesos.

Ewme pa3s nomyepkwem, uro samuce lim x,=oc He

n— o
0003Ha4aeT HMUKAKOrO YHC/IA, a ABJSETCA JIMIUL Bbi-
PaXEHHEM TOro, HYTO 3JIEMEHTHI IOCJICAOBATEIbHOCTH
{x,} mo abGcomoTHoif BenMUHMHE HeOrpaHMYeHHO BO3-
pactaioT. IlosatomMy ¢ cuMBONIOM 00 Heab3s obpamaTthes
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] ©
Kak C uWCIaMu W mucats —=1, wmm 0'0=0, wm
s 6}

0 — 00 =0.

Takoro poaa HETOYHOCTH HYaCTO BCTPEYAKOTCA TpH
HaXOXACHHM TpEIesa MOCNeOBATEbHOCTH, 3aJJaHHOH B
BUIE OTHOINEHMS MM pa3HOCTH JBYX BBbIPaXEHHH.
HanpuMmep, TeopeMy O TnpeieNe 4YacTHOrO Hemocpen-
CTBEHHO NPHEMEHHTh HE YHAETCH, €CAM YMCIHTENb WA
3HaMeHATeNb HE UMEIOT KOHEYHbIX NPEIENIOB WM npeaes
3HaAMEHaTells paBeH Hymo. B Takux ciydasx crexyer
npeABapUTENbHO Npeobpa3oBaTh [OaHHYIO TOC/IENOBa-
teasHocTh. YacTo OblBaeT MNOJIE3HO DA3JeMTh HHCIH-
Tedb W 3HAMEHATesJb Ha OJHO M TO XK€ BBIPAXCHHE WM
YMHOXHTb. DTOT mnpuHeM OyNeT HEOMHOKPAaTHO WHCIOJIb-
30BaH B JajibHEHILEM.

PaccMOTpUM Temepb HauboJiee TUIMYHBIC MPHMEPHIL.

2

o Mpumep 8. Haittu lim M

n—wo In‘—1

Pemenne. Ilpy n—o0 YHCAUTENL H 3HAMEHa-
TeJIb CTPEMSATCH K OECKOHEYHOCTH U Cpa3sy npuMe-
HMTb TEOpEMY O IIpeliesie ,HaCTHOTO Heb3s, TaK Kak
B YCJOBHH 3TOH TeOpeMbl MNPEANOJaraercs CymecTBo-
BaHME KOHEYHbIX npeaenos. Iloatomy cHauana npeod-
pa3syeM [aHHYIO TIOCJeA0BATENILHOCTL, pa3fenB HHC-
JUTENb M 3HAMeHaTenb Ha n’. 3aTeM, NpHUMeEHss
TeopeMsl O Tpedene YacTHOTO K O Tpefesne CYMMBI,
Hailoem

4 2

Camtentl . 24lneipr Am@EInELm)

lim =1 =—

n—oo 3n%—1 n—oo 3—1/n? lim (3—1/n?%)
n—w

lim 2+ lim (1/n)+ lim {1/n?)

[ e 24040 _2
lim 3— lim (1/n?) 3-0 3

Ipamep 9. Haiitn 1im< o +S—m—'-').
n—oo \ N+ 1 n
Pemwenue. B mepsoM ciaraéMoM B BbIpaXXeHUH,
CTOSIIIEM HOJA 3HAKOM TNpejdena, Kak ¥ B npumepe 8,
NPUMEHUTH Cpa3y TeopeMy O Npeaesic YacTHOTO HENb3S.
. IoaTroMy, pa3fennB CHavana YMCIMTENbL W 3HAMEHaTEb
Ha n, a 3aTEM NPKMEHNB TEOPEMBI O Npe/ie/ie YacTHOTO U
o mpenesie CyMMsl, Haiaem
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lim 5
lim 2 =fim 2 w5 o
n—o A+l o 14+1/n ImI+Im(I/n) 140
—wo Lad ]

Bropoe cnaraemoe BblpaxeHus, crosuero mom 3ma-
KOM IipefieJia, MOXHO PacCMaTpPHBATh KaK NPOH3BENEHHUE
OrpaHHYEHHON nocienoBaTenbHOCTH {sinn}(|sinn|<1) u
6eckoHedHO MaJoit él /n}. Tlo Teopeme 3.4, BTOpOE
cjlaraeMoe SABJIAETCA OECKOHEYHO MaJIOH MOCeZOBATE /b~
HOCTBIO M Tpelies ee pabBeH Hyo. CleA0BaTeNbHO,
OKOHYATENbHO MOJIy4aeM

lim (—5”—'+Siﬂ>= lim ="+ lim ii$=5+0=5.

n—o \Nn+1 n n—co N+1 n—0

Bonee kxommakTHO pewenue mpumepa Moxpo 3a-
OHCaTh ClEAYIOIMM obOpasom:

. 5 i . 5 . i

lim { 22 +222 ) _ lim + lim 222~

n—w n+1 n n—owl+l/n n—o N
lim 5

g + lim (sinn-'%):—s-+0=5.

T lim 1+ lim (1/n) | poo 140
o Lt -]
Korna sripabarbiBaeTcs onpenenensniit HaBbIK, NOJ-

pOGH’yIO 3aIHCh MOXHO COKPAaTHTh.

o . 2n-3
~ Ilpumep 10. Haiitu nlggnzﬂ.

Pemenue. Umeem

S—- 2n-3 . 2-3/n
lim S—=lim =0,
n—oo N+l g n+1/n

Tak KaKk NpH N—00 . MOCIENOBATEILHOCTL {2—3/n}
OTpaHMYCHHAA (IOKRXHTE ITO CAMOCTOATENLHO), MOCIe-
NOBaTENBLHOCTL {n+1/n} Geckomeuno 6Gonwpwas (moxa-
XKHTE 3TO CaMOCTOATEIBLHO), a no Teopeme 3.1 mocneno-

1 "
BaTENbHOCTH j—/— ABJISICTCA GCCKOHC‘{HO MaJIoH.
in n

CrenoBaTesibHO, Ha OCHOBAHMH TeopeMsl 3.4,

lim [(2—3)- ! ]='o
n—e n n+lfn|
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o . 2n%+4
HMpumep 11. Haiitu ,.11.12, 5

Pewenue. Umeem
. d4+4 . 2+4/n?
lim SY—=

pew N245  nw ln+5/m '

TaKk KaK NpH n— 00 MOCHeAoBaTeNnbHOCTb {z,} ={244/n}
cxomamascs (z,-2), nocneI0BaTeNbHOCTS {1/2,} orparm-
yeHHas (MOKAXHTE ITO CAMOCTOSTENLHO), NOCIEAOBa-
TenbHOCTb {y,}={1/n+5/n>} Geckoneuno Majas (moka-
XHTE 3TO CaMOCTOSTENBHO), a MO TeopeMe 3.4,

lim %= lim <y,,-l)=o,
n—w Z, n—w© Zn
TO NaHHas NOC/IENOBAaTEALEOCTh, B CHiy TeopeMbl 3.1,
ecThb OeckoHeunHo Oojabmias W €¢ Tpelesi paBeH 0.
142434+ ... +n
n? )

ITpumep 12. Haiitu lim
n—wx

Pemenue. 31ech, XOTA B YHCJIMTEJIE H CTOHT CyMMa,
TEOpeMy O mpejese CyMMBl HETOCPEACTBEHHO NPHMECHHTD
HENb3S, TMOCKOJBbKY YHCJIO CJIaraeMbIX HE KOHEYHO, a
3aBHCHT OT 1 (C YBEJIMMEHHEM n HMCJIO CaraeMbIX TOXe
yBennumBaetcs). I10oaToMy npopeneM npeobpa3oBaHHE.
Tak xak 1+2+3+ ... +n ecTb cymMmma wieHOB apHdme-
THYECKOH MNpOrpeccHd ¢ pa3HocThio d=1 W OHa paBHA

(1+n)n :
2 k]

. 14243+ ...4n . (1+mn_ . n+n?
lim > = lim —=lim —5-=
n—w n n—eo 2" n— o0 2’]

. I+1l/n 140 1

= lim ==,
n—w 2 2 2

. "2 1
HNpamep 13. Haiitn  lim )l
m—o 1 +1/3+1/3% + .. +1/3
Pewenne. Tak kak l+g+g%+... +¢"—cymma
n+1 4ieHOB reOMETPHYECKO# NPOrpecCHH CO 3HAMEHaTe-
neM g (B uncnutene ¢=1/2, B 35aMeHatese ¢=1/3) B oHa

1 _qn+l
paBHa , TO
1-q

lim l+l/2+l/22+...1/2" T (]_1/2n+1)(l_l/3)_
poe THIBEI34 . 413" e (1= 1/2)(1—1/3"7)
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(1-12(1-0) 12 3~

o . 1 1 1
IIpumep 14. Haiitu }Ln; [E+E§+ +WTT)]

Pemenue. UMmeem
. 1 1 1 . 2—1 3-2
lim [n*n* +n—(n+l)]‘,“l§ [Tﬁ??*

+n+|—":|= im [1 _1+1L.1.+1—1+

nln+1) | e 22 3'3 4
1 1 1 1 .
+——- ———]=llm[l—L]=
n—1 n n n+l n—0 n+
. n . 1 1
=lm —=Ilim —=—_=1

n—ol+1l o +l 140

. n3 3n?
ITpumep 15. Haiitu lim (2———>
n—eo \n°+1 3n+1l
) n3
Pemenue. Tak kak lim 2+‘=oo (mokaxuTte 3TO

n—oo N

. 3n?
CaMOCTOATENLHO) H lim -——=00 (mokaxuTe 3TO0 caMo-
n—oo 30+1 .

CT OﬂTCHLHO), TO HPAMCHHTL HETIOCPCACTBCHHO TEOpEMYy O
Ipeaesc pas’sHOCTH HEJIb3sl. l'Ioaromy CHavaja npeoGpa-
3y€M BBIPpaXCHHE, CTOSAIOECE NOA 3HAKOM npenena, npu-
BEOA €0 K oﬁmemy 3HAMCHATCJIIO H pa3ie/INB YUCIUTEb
H 3HaAaMCHaTEJIb Ha n3. 3aTCM, NPpUMEHAS TEOPEMBI O
npeacae 4acTHOro, IMPOH3BECACHHA H Pa3HOCTH, Haiiaem

lim (" R im 1-3/n __1-0 1 °
o \n2+1 3n+l) a o(I+1/n)(B+1/n) (140)(3+0) 3

VYnpaxu . Ha#itu npenensr: 1. lim " cosny.
P CHHS pexe n— 5n+ll+ 10n

n—oq)"+l

1 . 10n . 10n
(Ome. §.> 2. "ll.n:, Pt (Oms.0) 3. lim —.

. 3 _ 2_
(Oms. 10.) 4. lim nlzoil. (Oms. 0.) 5. lim 22
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5-3"

(OTB. ®.) 6. lim 73 (Oms. 5.)
. 14449+...+n? 1 .
7. '}Ln; PR P (Oms. 3. Yka3anne:

npeaBapUTe/IbHO NPeobpa3oBaTh HYHC/IHTENb, HCMONb-

3ys opmyny 12422432+ ... +n2="—-————("+11(2"+l), no-

ka3auHyio B npumepe 1 ra. 1 § 6.) 8. lim (nT:)T-T
(OtsB. 0.)

3. Npeneabnbiii nepexoa B HEPaBEHCTBAX.

Teopema 3.10. Ecau 3semenmbl cx00Aweica nocae-
dosameavnocmu  {x,} HAYUHAA C HEKOMOpo2o HOMepa
ydoeremeopaiom nepasencmey x,=b (x,<b), mo u npedes,
a 3moll nocaed08ameabHOCU  y0081emeopaem HepaeeH-
cmey azb (a<b).

o O HoxaszatenscTBo. Ilyctb BCE 3/IEMEHTH X,
HAuMHAsA C HEKOTOPOTrO0 HOMEpa YAOBJETBOPAIOT HEpa-
BeHCTBY X,>b. Tpebyerca Aoka3aThb HEpaBEHCTBO a>b.
Mpeanonoxum obpatroe, 4T0 a<b. '

Tax xax a—npenen {x,}, To W1 €=>b—a cymecTByeT
Homep N Takoif, uro npM n>N BHINOJHAETCA HeEpa-
BEHCTBO |X,—a|<b—a, KOTOpoe PaBHOCHJILHO CHACAYIO-
umM 1ByM HepaseHctBam: —(b—a)<x,—a<b—a. U3
NpaBoro HepaBeHCTBAa MOJyyaeM X,<b, a 3T0O MPOTHBO-
peunt ycnosuro Teopembl. Cnyua x,<b paccMaTpH-
BaeTca aHaJoruyHo. &

3ameuanue. U3 TeopeMbl cieayeT, YTO 3HAaK He-
CTPOroro HepaBeHCTBa INpH Mepexojie X Npeaeny coxpa-
Hserca. OOHako npH nepexoie K MpeAesy B CTPOroM
HepaBeHCTBe, X,>b(x,<b), MOXeET NOABMTHCA H 3HAK
paBeHcTBa, T.€. a>b (a<b). Bo3pbmeMm, Hanpumep,
nocnegosatensHocts {1/n}. OueBunno, uto x,=1/n>0
gb=0 wis moboro HOMepa h, B TO BpeMs Kak
im (1/n)=0 (a=0).
n—ow

o INpumep 16. Mycts lim x,=a u lim y,=b, npuieM
n—o n—o
HauyMHas C HEKOTOPOro HOMepa H BLIMOJHACTCA Hepa-
BEHCTBO X,<y, JlokasaTs, 4To a<b. :
Pemenne. [eiicTBuTeIbHO, HAUMHAf C HEKOTOPOro
HOMEpPa #, OSJEMEHTbl TOC/JEHOBATENBHOCTH {y,— X,}
HEOTpHULATENbHBl, a MO3TOMY, B ciiy Teopemhr 3.10,
HEOTpHLATENIEH M €€ Npeaes
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lim (y,—X,)=lim y,~ lim x,=b—a>0,

n—oo n—aa n—a .
oTCIOlla Cledayet, 4to a<bh. @
Ynpaxnenns. 1. [Tycte lim x,=c u Bce 371eMEHTHI

n— 0 .

x,€[a, b], T.e. a<x,<b ans moGoro Homepa n.
Hokasatb, 4ro u mpeaen cela, b], T.e. a<c<b.
2. MpusemuTe mpMMep TMOCNENOBATENLHOCTH, KOTAa
IpH NEPEXOle K Upeleny CTPOroe HEPaBEHCTBO He
n

n+1

Cnenylomasi TeopemMa HMrpaeT BaxKHYIO pOjb B pa3-
JIMYHBIX TPHIIOKEHHSX.

Teopema 3.11. Hycms Oanst mpu nociedosamenn-
Hocmu fx,,}, {r.} u {z,}, ceasannvie Hepasencmeamu
X, $Y,<2,—0aa 6cex n. Tozda ecau {x,} u {z,} umerom
ur u mom xce npedea a, mo {y,} makxce umeem npedea

coxpanserca. | Oms. -

0
a.
0O dokxa3zarenbcTBO. Bo3sMmeMm moboe £€>0. Has

3toro € manda {x,} Haimerca HoMmep N, Taxo#, 4TO
n , 1 ,

|x,—al<e mpu Bcex >Ny, T.e.
a—g<x,<a+-e. (6)

s aToro xe € ana {z,} Haiimercs HoMep N, Tako#,
4T0 |z,—a|<e npu Bcex n>N,, T.e.

a—g>z,<a-+e. N

BosbmMeM N=max {N,, N,}. Torma mns n>N Oymyt
OMHOBPEMEHHO BBINONHATHLCH HepaeeHcTBa (6) u (7).
Ucnonb3ys nomuyepkHyThle WX 4YacTH, a Takxe Hepa-
BEHCTBa, MHaHHBIE B YCIOBHM TEOPEMBI, MOXHO
3anucaTh

a-e<x,$y,<z,<a+e nngs n>N.
Orcrona
a—e<y,<a+e ww |y,—al<e ona n>N.

IMocnegnee o3Hauaer, uto npenenoM {y,} gBnsercs a. W
O Tlpumep 17. Halitu mnpemenni nocleAoBaTeNbHO-
CTeH, 3aJaHHbIX OOLIUMH 3JIEMEHTAMH;

n n
Xy =, 2, = e,
Jni+n "o/ntrdl
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1 1 - 1
V= + + ...+

sn = .
Jni+l Jni+2 Jni+n
Pewmenne. HoxaxeMm, uto lim x,= lim z,=1. Heii-
n— oo n— o

CTBHUTCILHO,

lim x, = lim ———= lim ——— = lim ————

n
n— n—'oo\/nz+n n—wo - /1+1/n n—e o /l+ln

Tak kaxk 1< J/l+1l/n<l+1/n, a lim (I1+1/r)=1 n

lim 1=1, 710, no Teopeme 3.11, Im /l+1;n=1.

CaegopatensHo, lim x,=1.

n-—— o0

AHaJlOTHYHO J0KasbiBaercs, 4To lim z,=1.

n— o

HdoxaxeMm Temepb, uto lim y,=1. delcTBUTENBHO, C

H—=oC

OOHOH CTOPOHBI,

S
NZEES Jnt+l N Ay N ST "
N J

n cniraeMoix

Cc apyro# éTOpOHH,
1 4+ 1 _ n
,/n +n ./n +n ,/n2+n Jni+n

T. €. TOMyHaeM Xy <)y <2z A Tax Kak, MO TOJILKO YTO

= Xn,

JoKa3zaHHoMy, lim x,= lim z,,—l TO, MPUMEHSS €lle pa3

n— o n— oo

teopemy 3.11, nomysaem, uto lim y,=1. @

n— o

{x,} ¥ {y,} ynoBieTBOpsIOT HepaBeHCTBaM 0 < X, <y,
JUIS BCEX HOMEPOB N1 M NYCTh NOCJIEI0BATENbHOCTD
{y.} BeckoHeuHO Masias. YCTaHOBUTDb, CYLUECTBYET JIH
fpeses NOoC/e0BaTEALHOCTH {N,}, H €CIM A, TO YeMy
OH paBeH U TOYEMY.

l Ynﬁaxcnemle. IMycTs s/eMeHThl NOCJeR0BaTebHOCTEN
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. Bonpockl Ans caMonpoBepKu

1. Cchopmynupyinte onpeaenenve npefena nocnefoBaTenbHOCTH.
HAainte reomeTpuyeckyio UHTEpnpeTayuio.

2. Npuseante npumepsl, Korga Homep N B onpegenexun
npegena nNoCNeAoOBaTeNbHOCTH 3aBUCHT OT € HE 3aBMCUT OT E.

3. fisnAerca nu GeCKOHEYHO Manas nocnefoBaTeNnbHOCTL CXOfN-
wenca? .

4. flennetcas nu O6eckoHeyHo O6onblias nNoOCNeROBaTeNbHOCTb
cxopauenca?

5. MoxeT nu nocnefoBaTeNbHOCTbL WMETb ABa Pa3HbIX npe-
Aena?

6.. MoXxeT nu HeorpaHu4eHHas NOCneAoBaTenbHOCTb GbiTh CXoAs-
ujencn?

7. NpuseanTe nNpumep OrpaHUYEHHOR NOCNEAOBATENbHOCTH, HO
HE ABNSIOWENCA CXoasiL|encs.

8. Npusegute npumep cxopauledcs M OrpaHU4EHHOR nNocneposa-
TeNbLHOCTM!. .

9. Mpusennte Npumepsl CXOAAWMXCA NOCAEAOBATENbHOCTEN, KOr-
Aa: a) aneMeHTH NOCNeAoBaTeNBHOCTU C POCTOM n NpHOIMXKAIOTCA K
npejeny TONbKO ¢ OJHOH CTOPOHBI; 6) C ABYX CTOPDOH ORHOBPEMEHHO.
Haiite reoMeTpuyecKylo HHTEPNPETALHMIO.

10. Kakas nocnefosatenbHOCTb Ha3biBaeTCA pacxogauledca?

11. MycTb B HEKOTOPO#A OKPECTHOCTH TOHKWH @ NEXUT 6ECKOHEYHO
MHOTO 3NeMEeHTOB -nocnefosarenbHocT {x,}. Cnefgyer Aw u3 atoro’

ycnoeus, 4to lim x,=a?

n—> o0 -
12. Nyctb 8 nM0OGOA OKPECTHOCTH TOMKU a NeXuT GEeCKOHEeYHO
MHOTO 3NeMeHTOB nocnefosarensHocT {x,}. CnegyeT nu otcioaa,

yto lim x,=a?

0

13. MoxeT nu nocnefoBaTeNnbHOCTb C NONOXWUTENbHLIMKU 3Nne-
MEHTaMu UMETb OTpuuyaTenbHbit npepen, a nocnefoBaTenbHOCTb C
OTpULATENbHBIMU  INEMEHTAMKU — NONOXUTENbHLIA npeaen?

14. MNMpusegute npuMep, Xxorga npu nepexoge K npegeny crporoe
HepaBeHCTBO COXpaHAeTCsl (He CcoxpaHsercs).

15. Chopmynupyitte Teopemy O Tpex NOCNEAOBaTENbHOCTAX.

§ 3. MOHOTOHHBIE TOCIEAOBATEJBHOCTH

1. OnpesiesiecAle H DPH3HAK CXOJHMOCTH MOHOTOHHBIX
noc/eA0BaTeILHOCTEH.

Onpenenenne. ITocaedosamenviocmb {xn} Haszbieaemea
eospacmaroweii, ecau xX1<xX2<Xx3< ... <Xn<Xn+1< ... ;
Heybvisaioweii, ecau X1<X2KX3E ... KX Xn+1K .0}
yovisaroweii, ecau X1>X2>X3> ... >Xn>Xn+1> ... He-
go3pacmarowjeii, €CAU X1ZX22X3Z2 ... ZXnZXn+12 ... .

Bce TakHe mociieoBaTENbHOCTH 0O6beamHstoTcs 00-
IIMM Ha3BaHHEM MOHomoHHuie. Bo3pacraromme # y6bi-

_ BaIOIIME NOCJIENOBATEILHOCTH Ha3hIBAIOTCA TAKXKE CMPO20
MOHOMOHHBIMU.
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PaccMOTpHM npuMeEpb! MOHOTOHHBIX IOC/EAOBATEb-
HOCTEH. :

1 1
, ... yObIBaIO-

: 1
o 1) NMocnenoparensuocts 1, 303
n

mass ¥ OrpaHHYeHHasd. :
2) Mocneposatensrocts 1, 1, 1/2, 172, 1/3, 1/3, ...

w 1/n, 1/n, ... HeBO3pacTatoulass ¥ OrpaHHYCHHaS.
3) INocnenposatenbHoOCTh 1, 2, 3, ..., M, ... BO3pacTaio-
1ag M HeOrpaHMYCHHaHd.
4) MocneposatensHocts 1, 1, 2, 2, 3, 3, .., n, n, ...

HeyObIBaOIas M HEOrpaHMYEHHas.
-~ 5) IocnenosatensHocTs 1/2, 2/3, 3/4, ..., nf/(n+1), ...
BO3pacTalollas M OrpaHHYCHHAsA. @

Ilpn ucciienoBaHMHM HA MOHOTOHHOCTb KOHKPETHBIX
MOC/IEAOBATE]LHOCTEH Halle BCEro BBLIACHANIOT 3HAK pas-
HOCTM X, 41 —X, HIH (NS NOJIOXHTEJLHBIX I0C/En0Ba-
TeJbHOCTEH) CPAaBHMBAIOT C €JIMHMLEH OTHOLICHHE Y—x*—’

O INpumep 1. [okasaTh, 4YTO NOCIENOBATEJLHOCTH

n .
¢ oOWMM 3JIEMEHTOM x,,=5——‘;—l MOHOTOHHO BO3pac-
n

Taloulas.

Pemwenne. Hamo noxasarb, ¥TO X,+1>X, I
moboro n. HanneM x,.;, 3aMeHuB n Ha n+1, B
BbIpAXEHHH JUIA X,

_ n+ 1 _n+ 1
et T 41 me3
CpaBHUM 3Ha4eHHA Apobed x,= T g Xn+1= ﬂl—;
2n+1 2n+3
AN 3TOro mNpHBeAeM HX K o6meMy 3HaMeHaTeslo.
ITony4aem : '
2n24+3n+1 2n%+3n
Xn+1= =

(2n+3)(2n+1)’ x"_(2n+3)(2n+1)'

Tax xak 2n%+3n+1>2n?+3n, T0 nepsas apobp Gonblue
BTOPO#, 3HAYUT, X,+3>X, AAA moboro n, 4YTO H
TpeboBanocs HOKa3aTh.

MNpumep 2. Joxa3aTs, 4TO MNOCIENOBATENLHOCThL C

n .
obumM 31eMEHTOM X =7, MOHOTOHHO yObIBaromas.

Pewenune. Hano mnokazatrb, UYTO X,>X,+; OJ4
moboro n. B camMoM nene, pacCMOTpPHUM OTHOLLIEHHUE
MOC/IEOYIOIIET0 4JICHA X,4+; K MNPEIbLAYLIEMY X,
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x, S"titse 5"5n n 5 5 5

CnepoBaTenbHO, X,>X,+; On8 moboro n, u4to H
TpeboBasOCh HOKA3aTh. @

OTMeTHM, YTO MOHOTOHHBIE NOCJEIOBATEILHOCTH
OTpaHUYCHbl MO KpaHHeH Mepe ¢ OJHOH CTOPOHBI:
HeyObIBalOIIME  MOCNENOBATEILHOCTH — CHH3Y (X, > X,
IUTs BCEX n1), HEBO3pAcCTAOLLME — CBepXy (X, <X A/IA BCEX
n). Oka3bIBaeTcs, YTO €CJIH MOHOTOHHAS MOCJENOBATE b~
HOCTh oOrpaHMieHa ¢ oOOenx CTOpOH, T.€. TNpOCTO
orpaHuveHa, To oHa cxoaHuTcs. HeMoHOTOHHEIE nocaeno-
BaTENbHOCTH 3TUM CBOHCTBOM He obnamaror. Hanpumep,
HEMOHOTOHHas M0C/EN0BaTENbHOCTE {(—1)"} orpannve-
Ha, HO He cxoauMTcs (CM. 3aMeyaHHe K Teopeme 3.6).

Mmeer wMecTo. cienyromas OCHOBHas TeopeMa o
MOHOTOHHBIX MOC/eA0BATENLHOCTAX.

Teopema 3.12. Monomounaa ezpanuuennas nocaedo-
8aMeEAbHOCb  UMeem npeoded. ‘

0O [okaszatenncTBo. PaccMoTpuM ciywait MoHo-
TOHHO HeyObIBarolleH nocienoBaTeNbHOCTH. [TycTh X, <
SX€X3€ .. €X, <X+ < ... H CYUleCTByeT yucio M
TaKoe, YTO BCE JJEMEHTH! X, He Gonbue M, T. e. x, <M.
Paccmotpum  uncnosoe MuoxecTBo X, cocTosinee H3
2JIEMEHTOB JaHHOM mocnemoBaTenbHocTH. [To ycnosuio,
3TO MHOXECTBO OrPaHHYEHO CBepXy W Hemycrto. ITosTo-
My, B Cuily TeopeMsl 1.1, MHOXeCTBO X MMeeT TO4YHYIO
BEPXHIOK rpaHb. O003HAYMM ee Yepe3 a U MOKaXeM, YTO
a—npejes AAHHOH MNoC/eA0BATENLHOCTH.

[ockonbky a—TouHas BepxHSs TpaHb MHOXECTBA
3JIEMEHTOB MOCJEA0BATENBHOCTH {X,}, TO, COTJacHO ee
CBOHCTBY, s moboro £>0 Hajizercs HoMep N Takoii,
4T0 Xy >a—¢. Tak kak {x,} — HeyOniBalouas nocneqoBa-
TEIBHOCTb, TO MpH >N uMeeM x,>a—e&. C apyroi
CTOPOHBI, MO ONPEHE/IEHHIO BEPXHEH rpan, x,<a<a+e
ana Beex n. Takum obpasoM, mis n>N nojyyaem
HEPAaBEHCTBA a<E<X,<a+€, H3 KOTOPBIX BBLITEKAET
HEpaBeHCTBO |Xx,—a|<e. TlocnemHee W o3Hawaer, 4TO
YHCJIO @ -—Tpefiel MOCAeN0BaTeNbHOCTH {Xx,}. :

Cnyyait MOHOTOHHO HeBoO3pacTaloLueli MOCIeqOBa-
TEJILHOCTH aHaJIOTHYEH. @

3amevaHue. YcioBHe OrpaHMYEHHOCTH MOHOTOH-
HOH T0CNe0BaTEbHOCTH NPEACTaBAsAeT coboii Heo6Xo-
AMMO¢ H [JOCTATOYHOE YCJOBHE €€ CXOAMMOCTH.
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B camoM jene, eciM MOHOTOHHAs MNOCJIERXOBATENb-
HOCTh OTpaHMYCHA, TO, B CHJIy TEOPEMBI, OHa CXOIUTCH,
€CJIN k€ MOHOTOHHAS MOCIeAOBATENbHOCTE CXOOUTCSH, TO
corjlacHo Te€opeMe 3.6, oHA oOrpaHU4YeHa.

O [pumep 3. Jlokasarh, YTO MNOCIEAOBATENLHOCTL C

n! .
O6HIHM SJEMEHTOM x,,=—' CXOAHUTCA H HAHTH €C NpECIaci.
n

Pemenune. Jlandag nocieI0BaTEIbHOCTD MMEET BHI
-2 1:2-3 n!

1, ST T g JlokaxeM cHadajia CXOJAUMOCTb.
& n

Hns  sToro, oOueBMAHO, JAOCTATOYHO MOKa3aTh, 4YTO
JlaHHas MOCJIeOBATEILHOCT MOHOTOHHA U OrpaHUYEHA.
JlelicTBUTENBHO,

D 5 ) L o L

o DU () D)al @)

a TaK Kak TO Xp+1<X; 3HAYHT, MOC/IEAOBA-

"<l
(n+) =7
TeJILHOCTh MOHOTOHHO Y6sIBaKOLIAs W OrPaHMYEHA CBEp-
xy. Tak xak x,>0, TO OHa OrpaHu4eHa CHH3y, HANPHUMED,
HyneM. CneaoBaTenbHO, NMOC/IEAOBATENBHOCTL MOHOTOH-
Ha u orpammyeHa. [lIo teopeme 3.12, ona cxomures, T. €.
HMeeT KOHEeYHbIH mnpenes. :

Haitnem arort npemen. OGo3HauuM ero 4epe3 a. Tak
KaKk BCE JieMeHTHl x,>0, To, corjacHo teopeme 3.10,
a>0. 3aech BOCNOIb3yeMCa HepaBeHCTBOM beprysum':

(L+h)"=21+nh (h> —1),

JOKa3aTeJbCTBO KOTOPOro mposeaeM no uaaykuuu. Ilpu
n=1 HeEpaBeHCTBO OYEBUIAHO (B 3TOM CiyYae OHO
nepexogMT B paBeHCTBO). [lpeamonoxuM, 4YTO OHO
CTIpaBeUIMBO NPH k=K M [JOKaXEM €ro CnpaBelIHBOCTD
npu n=k+1. VwvHoxas o0e 4YacTM HEpaBEeHCTBa Ha
(1+h) (3Hax HepaBeHCTBA HE H3IMEHUTCH, TAaK Kak
1+h>0), nomyyaeM

(LR 2 (1+kh) (1 +h)=1+kh+h+kh? 21+ (k+1)h

(rak xax kh®>0), dWro u TpebGoBanOoCh JOKa3aTh.
IMpomokas pelIeHUE INpuMepa, UMEEM

n n n

nll

U Bepuynmu Axo6 (1654—1705) — mBeftiapckuii MaTeMaTHK.
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Xa+1 n" 1
—— e K
Xy (n+1) 2
X04ss B nocieaHeM HEPABCHCTBE K apeaciay npu n— oo,

n { R
CnenoratennHo, WH X, < 5 % Iepe-

. 1
TIONy1acM HEPaBEACTBO d<-4, OTKyAa a=0. Takxum

obpasom,  lim "—i=0.

n—ap N
IIpumep 4. IocnenosartensHocTs {x,} 3amana pexyp-
PEHTHBIM COOTHOMICHHEM X = Jf y Xn+1=_/2+x,. Jo-
Ka3aTh, 9TO 3Ta NOC/IENOBATENALHOCTh MMEET npeaed M

Ha#lTH ero.
Pemenne. [laHHas i10C€A0BATELHOCTE MMEET BHA

x,=\/-2_, x2=,/2+ﬁ, x3=\/2+\/2+\/2_, e
X=24V24 . 42, ...

n XOpHei

IIposepuM daxT cymecTBoamus npeaesa. s roro
YCTaHOBHM, 4YTO HOCJICXOBATEILHOCT MOHOTOHHA H
orpanyvena. W3 HepaBencTa o

Xne1=x/24%, > /2%, > /x3 =x,

CHERYET, YTO Xy <Xy+1, T. €. MOCIEAOBATEIHHOCTD MOHO-
TOHHO BO3pacTawuias H, orpanwdeHa cHH3y. [Toxaxem,
9TO NOCJICAOBATEILHOCTL OrPaHAYCHA H CBEpXy. B camoM -
Jleie, TaK KaK x; =./2 <2, T0 X2=y/2+4x; < /242 =2,
x3=\/2+x2.<\/2+2 =2, oo o .

IIpesmonoxnM, ¥TO [OKAa3aHO HEPABEHCTBO X, <2.
TOrna Xn41=+/2+x, <,/24+2 =2, a Tak KaK x; <2, T0
110 HHAYKIHA AQOKa3aHo, 49TO Ui JO060ro n BHIOJIHAETCS
HEPaBCHCTBO X, <2, T. €. NOCNENOBATENLHOCTL OTpaHAYE-
HA M CBEpXY.

Taxum obpa3oM, ycraHOBJIEHO, ¥TO JaHHAS MOCHENO-
BaTeJILHOCT MOHOTOHHA M orpanmyeHa. CorjacHo Teo-
peme 3.12, oHa HMMeeT KOHEYHBIN Npee. Teneps, 3Has,
4TO Npeden CymecrsyeT, Haiinem ero. Ilycts lim x,=a.

n—sw
Torma m lim x,,,=a, Tak xaxk oOmmi snEeMeHT X,

B—s00
P .

145

CopepxxaHue



3a43€T Ty XK€ NOCNCAOBATC/ABHOCTE, YTO H X,. Bo3Boas B

. KBaZpaT PABEHCTBO X,4;=+/2+X,, NOJy4aeM x2.,=
=2+x, [lepexona B 3TOM paBEHCTBE K TMpedeay NpH
n— o

lim x2 ;= lim (2+x,),

n— a0 n—+

NPUXOAMM K ypaBHeHHIO a’=2+a. Pemas moJsydeHHOE
ypaBHEHUWE, HaxomuM a;=2, a,=—1. Tax xak, mno
[0Ka3aHHOMY paHee, MOCJAEAOBATENBHOCT {X,} BO3-
pactaet u no ycnosio x; >0, TO npeaen momkeH ObITH

MOJIOKHTENILHLIM, CIEN0OBaTENLHO, lim x,=2. @
n—

3ametumM, 4TO TeopeMa 3.12 ycTaHaBIMBAET TOJLKO
¢daxT CcyllecTBOBaHHs mpelesia M HU4YEro He TOBOPHT O
caMoM mnpenene. OOHAKO M 3TO B TEOPHH NpPECSIOB
uMmeeT Oosibinoe 3HadeHue. MHoraa BaXHO TOJILKO 3HATH,
4TO Hpelesl CYLIECTBYET.

2. Yncno e. PaccMOTpHM NoCieq0BaTeNbHOCTD {X,} C

l n
obMM 3/IEMEHTOM x,,=(1 + —) :
n

(1+1)%, (1+%)2, (1+%>

M JIOKaXeM, 4TO OHa cxoauTtca. [ 3TOro JOCTATOYHO
NoKa3aTh, YTO MOCJIEAOBATEIbHOCTh {X,} BO3pacTalolias

H OrpaHHYCHa CBEPXY.
Mpumenss dopmyny 6unoma HeploToHa, nosydaem
n(n—-1) 1 n{n—1)(n-2) 1
(=) 1 | =)= L

2! n 3 n?

x,,=1+n-l+ + ...
n

=) a=2).[n= (1-1)] nl

n!

[MpencTaBuM 3TO BhIpaXXeHHE B CEOYIOIHEM BHIE:

Xo=2+ 21!(1— ,l,) + %(1 - %)(1 - %) P %(1—
- %)(1 - 5) "'(l,— "%’) o

AHaJIOTHYHO 3aMHIIEM n+1-#t 37eMeHT:
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- x..+,='2+'A (le;—)+;'(l~$)(l—%)4-...
+ﬁ(l—#)(l—%>(l—%)

k k

Ipexne BOETO 3aMETHM, HTO (l--)<(l-m) npu
0<k<n, T.e. Kakaoe CJIaracMo¢ B BLIPAXEHHH X, 4
Gonblile COOTBETCTBYIOLIErO CJIAraeMOro B BhIPAaXCHHH
Xy, H, KPOME -TOTO, Y Xy+3 MO CPaBHCHHIO C X,
nobaBnsieTCA Cllle OAHO MNOJIOKHTEABHOE CJIaraeMoe.
IMostoMy X,<Xy4+;, T.€. TNOCHCROBaTENbHOCTH {X,}
BO3pacTalomas ¥ OrpaHHYCHA CHH3Y.

Jlina poxaszarennbcTBa OrpaHHuCHHOCTH AaRHON nocne-
IOBaTELHOCTH CBEPXY 3aMCTHM, YTO KaXJOC BLIPAXKCHHE
B Kpyrjasix - ckofkax B cooTHoweHuH (1) ~MeHbiue
€IMHHLLL. Y9ATHIBaA raxxc, uto 1/n!<1/2*" Y npu n>2,
nonay4aeMm

1 1 1 1 1 1
x,,<2+-2—!+-3-!+-...4Tﬁ<1+1+-2-+55+._..+-2.—_{

IMpumennm dopMysy as CyMMBl FeOMETPHYECKOi Ipo-
TPECCHH B nocc/HeM BRIP2)XCHUH; TOraa
' -1z 4 1

=112 »1 <3

Xa<l4

T. €, NMOCJICAOBATCIIBHOCTD OrpaHHYCHA . CBCPX)’
Takum OGPaSOM noxasano, MTO NOCNCAOBATC/IBHOCTD

{(l + - )} MOHOTOHHO Bospacr alolags H OrpaHH4YCHA.

Cornaco Teopeme 3.12, OHa MMeCT KOHEWHBIH npenesn.
DTOT npenen Ha3bLIBAIOT YUCAOM e Cnenonarenwo no -

onpenenenmo
: [
e=lim (l+ l) .
n—e 0 n

Yucno e umMeer 6onbimoe 3HaYeHHE BO Muomx
BOMpOCax TEOPHM M MPaKTHKH. B HacTosem napar 6p
NaHO TONMbKO onpenencHne uucna e. Hdanswe Oyner
NpHUBEAEH Cnoco0® BLIYKCJCHUA ITOro 4ucaa ¢ moboit
’ CTEneHblo “TOWHOCTH.
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3nech NHIUL OTMETHM, H4TO, TaK Kak x,<3 u u3 (1)
HENOCPENCTBEHHO OYEBHIOHO, 4TO 2<X,, TO YHCIO €
3aKkJilodeHo B npenenax 2<e<3. Jloka3miBaeTcs Takxke,
4YTO €— YHCJI0 HppauuoHanbHoe. OHO, B YaCTHOCTH, SIB-
JIAETCS OCHOBAHHEM HATYPaJIbHBIX JIOTapH(PMOB, Mrparo-
LIMX B MaTeMaTHKE BAXHYIO pOJb.

Hatypanenele norapudmsel obo3nayarorea In x (In x=
=log, x). YCTaHOBHM CBA3b MeXay JjorapupMaMH YHCes
no ymobomy ocHoBanMIO a>(0 H HATypaJbHBLIMH JIOTa-
pudMamMH. [I19 3TOrO BOCIOJIB3YEMCS BHLITEKAIOMIAM H3
onpenencHUA orapudMa TOKLECTBOM x=a . Ipo-
JorapupMupyeM obe 4acTH 3TOTO PaBEHCTBA MO OCHOBA-
HHIO €; TOJIyYHM

Inx=Ina"*

*=log, xIna,
OTKyna

log,,x=%a_-lnx, wm log, x=MInx.

Yncno M HasbiBaeTcs MoOyaem nepeaf(f()a.
n
O Ilpumep 5. Haiitu lim (1+%) .

n— a0

. \"
Pemenne. Bocionn3yemcs TeM, 4to . lim (1 + —) =
n— o0 n

=e. Umeem

. 1 nt+1 . 1\" 1
lim {1+ - = lim 1+—)‘ 1+-)|=
n— o n n— oo n n
= lim (1+ 1) - lim (l+ 1): lim <1+ 1) '[lim 1+
n— o0 n n— oo n H— 0 n n—0
. 1 :
+"1Ln:°;:|—e [l+0]—-e.

Ilpumep 6. Haiitu nocnegoBaTenbHBIE LEJBIE YHC-

3, MEXIy KOTOPbIMH CONEPXHTCS BBIPAXKCHHE 6(1—
—1,017199),
Pewenne. IlpeacraBuM maHHOE BBHIpaXEHHE B BHAE

: - 100 . 1 \71o0
6(1—1,01 )=6[1—(1+m) ]

Bocnonieayemca TeM, uro 2<(1+1/n)"<3. Toraa 1/2>
>(1+1/n)">1/3, —1/2< — (1+1/n)""< —1/3. IIpuGas-
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78 K KaXJO0H 4acTH HepaBeHCTBa 1, HaxommMm 1/2<1—
— (1+1/n)""<2/3. Monaras n=100 u ymHOXas nouneH-
HO Ha 6, OKOHYaTeJbHO mNONyyaeMm

1 =100
seofi-(1415) "<

4T0 M TpeboBanoch HaHTH. @

. " Bonpocu gns camonpoBepky

1. CopmynupyiTe onpesenenus: a) Heso3pacrawowen U BoO3-
pacraioujent nocnefosarenbHocTen; 6) HeyGbiBaowe#n n ybbiBaowen
nocnefosaTenbHOCTER. .

2. Mpusegute npuMep HEMOHOTOHHOM nocNeAoBaTeNbHOCTH.

3. MNpusepguTe NpuMep MOHOTOHHOW OrPAHUYEHHOW (HeOoTpaHNYeH-
HOW) NOCNEeAoBaTEeNbHOCTH.

4. [lokaxnTe TeopeMy O CXOQUMOCTM MOHOTOHHOM nocneposa-
TENbHOCTU ANA Cny4as HEeBO3PacTalouUied NOCNeoBaTENbLHOCTH.

5. MNpepen xako# nocnefoBaTenbHOCTY HA3BAH YUCNOM €7

' § 4. TEOPEMA O BJOXXEHHBIX OTPE3KAX

M3yyenne TeopHHM npemesoB 3daKOHYMM  JOKa3a-
TEJILCTBOM TeOpeMbl, KoTopas Oyaer B manbHeiileM
HCOJIHOKPaTHO MCNOJIb30BaHA NpPH J0Ka3aTeNbCTBE [pY-
FHX BaXHBIX TEOPEM. '

Ilycrs nana nocnemoBaTenbHOCTE OTPE3KOB [ay, by],
laz, b3 ], ..., [Gn b,], ... TAKHX, 4TO KaXABI nocyaegayo-
LIMH COAEPXHUTCA B MpeablaymeM: [ay, b, ] > [a,, by]1> ..
w2 @y, by]>, ..., T. e :

0, <8ys 1 <bpiy<b, mna Bcex n, )

u nycrs lim (b,—a,)=0. Ha3zoseM ee nocisedosameas-

n— o0

Hocmblo 610xcennblx ompeskos. UMeeT MecTo crenyromas
Teopema.
- Teopema 3.13. [Jua moboii nocaedosamensnocmu
8A0MCEHHbIX OMPE3K08 cyujecmeyem eOuHcmaEeHHAs mouxa
C, NpUHadedcawan 6ceM ompesKam 3mMoil nocaedoeameny-
Hocmu, m. e. makasa, umo a,<c<b,.

O HokasatenbcTBo. U3 mepaBeHcTs (1) cnenyer,
YTO JIEBBIC KOHLBI OTPE3KOB OOpPa3’yloOT MOHOTOHHO
HeyOLIBAIOLIYIO MOC/IEI0BATENLHOCTD :

a1<a:€a3< .. €4, <1< .0, @

a MpaBblé KOHLbLI— MOHOTOHHO HEBO3PACTAIOIIYIO NOCJIe-
ZOBATEJIbHOCTh
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biZby2bs2...2b,2by 12 ... (3)

IIpu 3TOM mocnenoBaTENbHOCTL (2) OrpaHWYEHA CBEPXY,
a ToCieaoBaTeNIbHOCTL (3) orpaHuyeHa CHM3Y, TaK Kak
a,<b,, a b,za, nna moboro n. CregoBaTenbHO, Ha
OCHOBaHMM TeopeMbl 3.12 3TH mNOCJIEI0BAaTESBHOCTH
umeroT apenenst. Iycte lim a,=c¢’, a lim b,=¢". Torna
n— oo n— T

U3 YCJIOBUS

lim (b,—a,)= lim b,— lim a,=c"—¢'=0

n— o n—w n—

caexyer, 4To ¢ '=c”, T. €. NOC/ieNOBaTEILHOCTH {a,,} "
{ba} mmeroT obummii npegen. Obo3mawas 3TOT mpenen
yepe3 ¢, moJjyuaeM, 4TO Iias aoboro n CnpaselsIMBbI
HepaBeHCTBa a,<c<b,, T. €. TOUYKA ¢ MPHHAMJIEKHT BCEM
oTpe3kaM nochenopartenshoctd (1).

IMoxaxeM Temnepb, YTO TOUKA ¢ ABAAETCA EAUHCTBEHHOM.
JonycTiM, 4TO CylIeCcTBYeET ellie To4Ka ¢, (¢ # ¢), NpHHAA-
Jexallas BceM oTpe3kaM nocnenosatesbHOCTH (1). Tor-
Ja jgias moboro n HOJIKHO BBINOJHATLCS HEPABEHCTBO

b,—a,>|c, —c, n, cnenosatensho, lim (b,—a,)>lc; —c|#0,
. n— o0
YTO TPOTHBOPEYHT YCJIOBUIO TeopeMbl. B
3ameuanue. TeopeMa HeBepHa, €CJIH BMECTO OTpE3-
KOB paccMaTpHuBaTh MHTepBajbl. Hanpumep, ans noce-
JOBATEJLHOCTH BJIOXEHHBIX HHTEPBAJIOB

0, 1)>(0, 1/2)2(0, 1/4)>..2(0, 1/2")> ... (4)

He CyIECTBYeT TOYKH, NMpHHAIJIEXalle# BCEM HHTEpBa-
naM. B camoM pene, xakyio OBl TOYKY ¢ Ha HHTEpBAje
(0, 1) uyn B3aTH, Bcerga Haimercs HoMmep N TakoH, 4TO
npu n>N uMeeT Mecto 1/2"<c u Touka ¢ He Oymer
npuHajA/exaTh WHTEpBalaM nocyenosaTenbHocTH  (4)
HaypHasa ¢ unTepsana (0, 1/2¥). Touka Hymb Takxke He
NPHUHAIIEKAT UM, TaK KaK SBJSETCE OOLIMM .JIEBBIM
KOHLIOM BCE€X HHTEpBajloB.

O Mpumep 7. TlocTpouTh NMOCNENOBATENBHOCTL BJIO-
KEHHBIX OTPE3KOB C TOYKOH ¢=1, nmpuHamexkaie BCeM
OTpE3KaM.

Pemenue. MckoMoil sBisieTCa NMOC/IEA0BATENbHOCTD
BJIOXEHHBIX oTpeskos [1/2, 1], [2/3, 1], [3/4, 1], [4/5, 1], ...
vy [nf(n+1), 1], ..., Tak Kak JieBbIE KOHIbI OTPE3KOB
06pa3yroT nocjenosatebHocTh {n/(n+ 1)}, npenen xoro-
poit mpu n— oo paBeH | (cMm. mpumep | u3 § 2). @
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? Bonpocw ana camonposepxn

1. Chopuynupylite TeOpeMy O BROXEHHBIX OTPEIKax.

2. fante TEOMETPMYECKYIO MHTepNpeTayrio nocnenoaarenmocm
BRIOXEHHBIX OTPE3KOB.

3. Npwesegwre NpuMep . NOCNBACBATENLHOCTH BNOXEOHHbIX orpes-
KO8, CTArMBAICUMMXCA K TOUKE. C=3.

-§ & KOHTPOJIbHBIE 3AIAYM

3.1. MocnenosaTensHOCTs {x,} 32AACTCH ABYMA NEPBLIMH NEMCH-
TaMH x; =0, X2=]1 H PCXYPPCHTHHIM COOTHOIUCHMEM Xq43=Xgs1 —Xs
ans moboro nzl. Haligute Xeo H xggs. N3
32 llonxme. STO HOCACROBATEMLHOCTE {37 ) gmusercd 6ecxo-
Beuro Gojemott. (=1)"

33. nonxme, YTO TMOCNCAOBATEILHOCTD {——-
R : sﬁ +1
Gecronetno Manofl.

3.4. Nloxaxure srOpyIo : eom {o, } — — Gecxonet-
HO Masas nocmnonmuom. (o, #0; TO {x,}c{l/a.} — Gecxoneno
Gonbmas NOCAENOBATENLHOCTD

3.5, Ioxaxre, 4To HeorpamHvcHHAN DOCNCAOBATENLHOCTb {nt17}
HEe SBJIACTCH 6ecxouc-mo 6omsmofi.

3.6. [loxaxure,. wro mocncaosarenbrocts {1+ 1724 ..o+ 1/2"}
HMCET CBOHM NpEmeNnoM Wucio 2.

3.7. Joxaxnre, uro nocnenouwmnom {n/2'} HMCCT - CBOMM "

npemou qucno 0,

3s. Ilonxm'e. 'rro hm.(,/n+l ~/n=1)=0.

- 39, lloxaxm'e wT0 ecom lun X, =4, TO hmlx.l-lal

f e

3.10. ld:uecruo -no noc.nenonarem.nm {x,.} Gecxoneqano 6osb- -
mas, a nocaenosaTeNLHOCTs {y,} MMeer xomewnmit npenen a#0. Yro
MOXHO CKa3aTh O MOCHCAOBATCABHOCTH {X,°V,}?

- 3.11. Mpusemre npamepn TaxHX - nocs/exOBaTENbHOCTEH {x.} |

{ya}, uTOOM lxm x.=0, llm Ya= H, XpoMe Toro: 1) Ilm X" Y= 00;

2) hm X, Ya=0; 3) lunx. Ya=1; 4) lnnx. Ve HE cylnecnyc'r

3 12. M3sectro, -rro nocnenoumaocn {x.} pacxomwrcs, a
NOC/ICAOBATENLHOCTD {y,} MMeeT xonewmutli mpenen a%0. Yto Moxuo
CXa3aTh O CXOZMMOCTH NOCHCAOBATENBHOCTH {X,°J}?

3.13. M3BecTHO, ITO NMOCNCAOBATENLHOCTH {X,} ¥ {V\} pacxowrrcx
MoryT noc;nenosa-re.m.nocm {XatYa}s {Xp°¥.} OuiTH CXODMIIMICK?

pacxoasummuca? OTseTH NPHMEPaMR NOCTEROBATENLHOC-
'reﬁ ta). {(_l)} (- l)‘.“?"m+7 ) n3+1 n+Ss

14. 1) l Ii : im ——;

Bt D s D It )

1 3n 3-n  3n%42
4) h - 3 —_— ).
).Lnl(nm" 6n+l) » . (2n+l 4n’+l)
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3.15. Ooxaxwurte, uro lim /a=1 (a— moboe uncno).

n—m

3.16. Haiigute lim 5%/3n'°.

A—> 0
3.17. Haiigure lim (\/n?+n—/n%=n).
R—> 0
3.18. [Jokaxure, 4TO MOCNAEAOBATENLHOCTh C OOLUHM J/IEMEHTOM
n
Xp== CXOMMTCA H HailauTe ee npenes.
n:

3.19. TMocnegoBaTeabHOCTh {X,} 3alaHa DPEKYPPEHTHBIM COOTHO-
LICHHEM x,=\/f s Xn+1=+/2X,. JlOKaXuTe, YTO 3Ta NOCHEAOBATEC/Ib-

HOCTb CXOJMTCH, M HRHIUTE. ee npenes.
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Boicuwee nasnauenue mamemamuxu
cocmoum € mom, umobsl Haxo-
OQumb ckpeimbiil nopadox 8 xaoce,
Komopwiii Hac okpyxcaem

H. Bunep

TJIABA 4

O YHKLIUA

Ilepexoas Kk H3y4eHHMIO QYHKUWH, OTMETHM, 4TO
NOHATHE (QYHKUHMH SABJIIETCS OCHOBHBIM HE TOJBKO B
MaTEMaTHYE€CKOM aHaJM3e, rieé OHO M3Yy4aeTCA CrelMalib-
HO, HO BO BCCH MaTeMaTHKe B LEJIOM.

§ 1. NIOHATUE ®YHKIHHU

1. Onpenesienre QyHKOMM H OCHOBHbIC NOHSTHS.

Oupenenenme 1. IIyemv X u Y—nexomopsie wuuc-
a08ble  mHodcecmea. Dyukyueii [ Hazvisaemca MHO-
ocecmso  ynopadouennvlx nap uucea (x; y)V maxux,
umo x€X, ye€Y u kawcdoe x exodum & O00Hy u
moAbko 00Hy napy 3mozo MmHONCecmea, a Kajxcooe ¥
éxo0um no Kpaiineii Mmepe 6 0dHy napy. Ipu smom
2080pAM, uUMO HUCAY X NOCMAGAeHO 6 coomeemcm-
eue yucao y u nuwym y=f(x). Yucro y wnazvieaem-
cA  3nauenuem Pynxkyuu f 6 mouxe x. Ilepemennyio
Y Hasvigalom 3a6UCUMOU  nNepemenHOll, a nepemeHHYIo
X — He3asucumol nepemenmoi (uau apzymeHmom), MHo-
Hcecmeéo X — obaacmuio onpedenenun (uau cyupecmeosa-
Hus) dyHkyuu, a muoxcecmeo Y -— mHOMNCECMGOM 3HAYe-
Huti PpyHKyuu. _

B otnenbHBIX yueOHMKax (yHKIHIO MOHHMAIOT Kak
ONpE/ICIIEHHOE COOTBETCTBHE MEXAY 3/1€MEHTaMH IOBYX
, MaOXecTB. IIpH 3TOM NOHATHE COOTBETCTBHS BBOXHTCS
KaK MECpPBHYHOE, YTO, €CTECTBEHHO, BLI3BIBAET HEKOTOPHIE

! Hanomutim, 9TO mapa 9HCEN X M y HA3LIBACTCA ynopadouennoi,
CCJIH YXa3aRO, KAKOE H3 STHX YHCE] CIMTACTCS NEPBHIM, a4 KaKoe —
BTOpLIM. YIOPANOYCHHYIO Mapy WHCEN MBI 3aIHCHIBAEM B BHAE () y),
TA€ X—TNCPBOE YHCIO, y— BTOPOC. _
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TPYAHOCTH B €ro pPackpbiTHH '), a riaBHOe —B H9ETKOM
NOHHMaHHH caMoro nouatus ¢yukuuu. ITpemmaraemoe
Ke onpenesieEHe GyHKUMH Yepe3 TOHATHE MHOXECTBA,
BO-NIEPBBIX, JIIIEHO 3THX HEAOCTATKOB M, BO-BTOPBIX,
OTBEYaeT COBPEMEHHOMY YPOBHIO INpenoAaBaHHUA MaTe-
MaTHKH. ,

Kpome 6ykBbl f misi obo3HauenMit QYHKIME HCIONL-
3yl0T Apyrue GYKBbI JIATHHCKOrO M rpedeckoro ajgasH-
TOB, Hampumep y=y(x), y=g(x), y=0¢(x), y=A(x),
y=F(x) u 1. a. Apyrumn 6ykBamu 0603Ha4aloT 3aBHCH-
MyI0 H He3aBHCHMYyIO nepemennble. MlHOrna 3asECEMYIO
NEPEMEHHYI0 TakKXe Ha3bIBAIOT (QYHKLHEH.

Hapsny ¢ TepMuHOM «(yHKIHA» HCNOIb3YIOT paBHO-
3HaYHBIA TEPMHH «oTOOpaxeHHe» U BMecTO y=f(x)
nMIyT f: X+ y ¥ TOBOPAT, 4TO omobpaxcenue [ omobpa-
Jicaem YUCAO X 6 YUCAO Y, WIH, YTO TO XK€ CaAMOE, YUCA0 y
Aeasemca obpazom uucaa X npu omobpaxceruu f.

Mpu BeuuciaeHusx 3anuck y=f (x) oObMHO ymoGHee
samucH f:x+>y. Hanpumep, 3sanuchp f(x)=x? npowe
HCNOJIb30BaTh MNPH aHAJUTHYECKHX NpeoOpa3oBaHHAX,
yeM 3anuch f:xr>x?. _

Ilyctb Ha HEKOTOpPOM MHOXeECTBE X omnpeaencHa
dyuxima f (x); Toraa 3HaueHue 3TOH QyHKUHH, COOTBET-
CTBYIOIICE HEKOTOPOMY 3HAYEHHIO apryMeHTa Xg, 06o0-
sHayutcs f (xo). Hanpumep, ecnn f(x)=x2, 10 f(3)=
=3%2=9, f(-2)=(—~2)*=4 u 1.1 ‘

OyHKIMA, BCe 3HAYEHHS KOTOpOHM paBHBI - MEXIY
coboil, Ha3bIBaeTcs nocmoannoii. IlocTosnHan
yacto o06o3Havaerca O6yksoit C (f (x)=C).

O d¢ynxkuuu f(x), onpelneneHHOH Ha HEKOTOPOM
MHOXeCTBE X, TOBOpPAT, YTO OHA OrPaHHYEHa CBEPXY
(CHH3y) Ha 3TOM MHOXECTBE, €CJIM CYLIECTBYET WHC-
no M(m) Takoe, 4r0o A JOO00OTO X€ X BHOOMHSAE-
Tcs HepaBeHCTBO f (x)SM(f(x)=m). OdDyskums, or-
paHM¥eHHas CBEpXy W CHH3y Ha MHoxecTBe X, Ha-
3BLIBAETCA O2PAHUYEHHOU HaA IMOM MHoMcecmge. Y CIIO-
BHe oOrpaHuvyeHHOCTH (QyHKUHM f (X) MOXHO 3amHCaTh
B ClelyrollleM BHOe: cyuiecTByer uuciao M >0 Taxoe,
yto ans Joboro x€X BLINOJHAETCA HEPABEHCTBO
|f(x) s M. :

O Ipumepol. 1) Oyuxuus f (x)=sin x orpaHWdeHa Ha
BCcell unCIoBOi npsaMoO#H, Tak xak |sin x| <1 npu mobom x

U Monpobyiite, Hanpumep, OGBACHWTL, YTO O3IHAYACT TEPMMH
«COOTBETCTBHEN.
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(M=1); 2) dynkuus [ (x)=}; He ABJISIETCA OrpaHHYeHHOMR

ceepxy Ha unreppane (0, 1), Tak Kak He CylIeCTBYyeT
uyucna M Takoro, yto mns moboro xe(0, 1) BLIMOAHS-

1
€TCA HEPABEHCTBO -< M. @
X

IMycte ¢yHkuus y=f(x) ompeneneHa Ha HEXOTO-

" poM MHOXecTBe X, a Y-—MHOXECTBO €€ 3Ha4eHMH
M NyCTb OHA OrpaHMYeHa CBEpPXY (CHH3y) HA MHOXECT-

Be X. Torna umcino M (m) m Bcsikoe Gonbluee (MeHb-

IIee) YHMC/IO HA3bIBACTCA @epxHeid (Huxcheil) 2pawvio

MHOMCecmea 3HaveHuli ¢ynkyuu Y, a HauMeHbluee (Hau-

6osbiee) M3 uHMCeN, OTPaHHYMBAIOIKEX MHOXECTBO Y

CBEPXY (CHHU3Y),— mounoii eepxneti (HuxcHell) 2panvio @yH-

Kyuu Ha muoxcecmee X, xotopas ob6o3Hauaetca sup f (x)
X

(inf f (x)).
Ecin MHOXeCTBO Y He orpanuyeHo cBepxy (CHH3Y),
To muwyT supf (x)=+oo (ir}ff(x)= ~00). B atom
X

cnyyae g moboro uuMcna A CymecTBYeT Takas ToOdYKa
x'eX, uto f(x')>A(f(x')<A). .

O Hpumep. dynxuus f (x)=%); B MNpPOMEXYTKE

X=[0, +00) uMeeT TOYHYIO HHXHIOO TpaHb m=0
W TOYHYK BEpXHIOO TIpaHb M=1. [elcTBUTENLHO,
byHxuua orpaHmveHa Ha [OAaHHOM MOPOMEXYTKE, TaK
kak ans moboro ‘xe [0, +00) BHLINONHAIOTCS Hepa-

peHctBa O SH_LX< 1 (m=0, M=1). 3Hauur, m

M M SBAAIOTCS COOTBETCTBEHHO HHXHeH M BepxHel
TpaHsIMM MHOXeCTBa 3Havennit ¢yrkuun Y=[0, 1).
Kpome Toro, rtax xak f(x)>0, 10 m=0-—TOY-
Hasi HHXHSAS TpaHb MHOXECTBA 3HaueHHH (YHKIMH.
HAns  noxaszatenncrBa, u4to M=1—Touynas BEpXHAA
rpanp QyHKUHH f (X), BOCNOJBL3yeMcsi CBOHCTBOM TOUY-
HOM BepxHed rpanu: ans moboro €>0 cymecTByeT 4uc-

X l—-¢-
10 xe[0, +o0) Takoe, uToO T-T—>1_8 HIH X>—0),
X £

T.€. MNpH X, YyIOBIETBOPAIOIUEM MOCJIEAHEMY Hepa-
BCHCTBY, BBINOJIHAETCA HEpaBeHCTBO [f(x)>1—g, a
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g 3TO H JOKa3biBaeTr, 4yTto M=1
=+{1-x2 ABJISIETCA TOYHOH BEpXHe# rpa-

Hpto GyHKUMH | (x)=i—i—, WIH,
X

7 x B TINpPHHATBIX O0O0O3HAYeHHUSX,
X .
1= sup ,a0= inf .
N e [0, +e0) I +x [0, + ) I +x
2 3aMeTHM, 4YTO TOYHAsf BEpPXHsA

rpaib M =1 He TNpPHHALJIEKUT
MHOXECTBY 3HadeHH#H QyHKIHH
Y, a To4yHas HMXHSAA rpaHb m=0 NpuHaIEXUT Y. @

Haxg ¢yHkuusMM MOXHO OpPOU3BOANTL Pa3jIMYHBIC
apubMeTHUeckHe onepaurd. Eciu gaHwl gBe GyHKIHH f U
g, OnpeJesieHHble HA OJHOM M TOM e MHOXecTBe X, a
C —HexoTopoe uucno, To ¢yukuus C-f (x) onpenensaer-
csi Kak (QyHKUHA, NPUHMMAIOLIAS B KaXAOH Touke x€ X
anavenue C-f (x); dyHkuus f+g—xkak QyHKUUA, IPHHH-
Malolias B KaxJoH Touke x€ X 3HaueHHe f (x) +g(x);
f-g—xaxk ¢yHKUMS, NpHHUMAIOWAs B KaXJOH ToOYke
x€X 3nHaueHue f(x)-g(x); f/lg—xax ¢yHKUHMSA, NPHHH-
Marollasi B KaxJao# Touke x € X 3Hauenue f (x)/g (x) (upu
g(x)#0).

Ha miockoctu ¢yHKuMio u3obpaxarot B Buae rpadu-
Ka — MHOXeCTBa To4eK (x; y), KOOpPAMHAaThI KOTOPBIX
CBA3aHbI COOTHOLUEHUEM ) =f (x), Ha3bIBaeMbIM ypasHe-
Huem 2paguka.

Ipaduk GyHKUHM MOXET NMpeacTaBiiTh coboit Heko-
TOPYIO «CIUVIOIUHYIO» JIMHUIO (KPHBYIO HJIH TNPAMYIO) H
MOXeT COCTOATEL M3 OT/HE/LHbIX TOYeK, HanpuMep rpaduk
dyuxuyu y=n! (puc. 79).

3aMeTHM, YTO He BCAKasd JIHHUA SBJIAETCA rpaduKkoM
Kakoit-mn6o ¢yukumn. Hanpumep, okpyxHocTb x2+y2=
=1 He ectb rpaduxk (YHKUHHM, TaK KaK KaxI0€ XE€
e(—1, 1) BxoauT He B OAHY, a@ B ABe mapnl 4ucen (x; y)
3TOr0 MHOXECTBA C pa3sHbIMM 3HA4€HHUAMH )@y, =
=+ /1—=x? u y,=-—/1—x%, 4TO NPOTHBOPEYHUT
TpeGOBaHHUIO OJHO3HAYHOCTH B OMNpelesieHHH (YHKUUH
(puc. 77). OpnHako 4YacTb OKPYXXHOCTH, Jexalnas B
HHXKHEH NOJYNIOCKOCTH, fBJsAeTCs TpadMKoM (YHKLUUM

2

y=—/1—x*%, a opyras ee uactp, Jexallas B BEPXHEH

NOJYNIOCKOCTH,— rpadukoM QYHKIHH y= +./1—x?2.
2. Cnoco6bi 3amanusi ¢pyukumii. 3amath Qyskuuio f—

3HAYHUT yKa3aTb, KakK [0 KaXXJIOMy 3HA4Y€HHIO apryMEHTa

Puc. 77
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-

ol X -1 0 ! x
a) J)

Puc. 78

X HaxXoNUTh COOTBETCTBYIOIEE €My 3HAuYCHHE (YHKIUM
S (x). CymectByloT TpH OCHOBHBIX cnocoba 3aganus
byHKUMA: aHaaumuueckuii, mabavunviii epapuueckul.
1) AvanuTuyecknit cnoco6. 10T ciocob cocro-
HT B TOM, YTO 3aBUCUMOCTBb MEX/Y NEPEMEHHLIMH BEJIHYH-
- HaMH OmpeJeNnsercs ¢ NOMOUbI0 (GOpMyIbl, yKa3hiBaio-
IIcH, KaKHe H B KaKOM NOPAAKE OEHCTBHA HYXKHO BBIIOJ-
HHTD, YTOOBI IIOJIYHTD 3HaYEeHHE BYHKLMH, COOTBETCTBYIO-
Iiee JAHHOMY 3HAa4€HHIO apryMeHTa. PaccMOTpHM npuMeps.
O 1. ®opmyna y=x?3anaer Gpynxuuro, obiacrsh onpeze-
JICHHA KOTOPOH — YHC/IOBast MpsAMas (— o0, +00), a MHO-
XKeCTBO 3Ha4YeHHH —mosynpsmas [0, +o0) (puc. 78,a).
- 2. ®opmyna y=,/1—x? 3anaer pyHkumio, 061acThio
OnpeJiejieHHsl KOTOpO# siBnsieTrca oTpesok [—1, 1], a
MHOXECTBOM 3HaYeHMH —otpe3ok [0, 1] (pmc. 78,5).
3. ®opmyna y=n! CTaBHT B COOTBETCTBHE KaXxxoMy
HaTypaJIbHOMY YHCIY (T. €. LIEJIOMY MOJIOKUTENLHOMY. HHC-
ay) mouuciao y=1-2-3-..-n, Hanpumep, ecim n=3, 1o
y=3!=6. Taxum obpa3om, dopmyna y=n! 3agaer ¢ynk-
wro, 061acTe onpenesneHns KOTopoi {1,2,3,..,n ;, a
MHOXecTBO 3Hauenuit—{1!, 2!, 3!, .., n!, ...} (puc. 79).
+1, ecnmm x>0,

4, y=sgnxV=< 0, ectm x=0,
-1, ecm x<O.

HaHnas ¢yHKkuMA 3a7aHa C NOMOIUBIO HECKOIBKHX
dopmyn. Ona onpenencHa Ha Bcell 4HCIIOBO npsaMoi
(— 00, +00), a MHOXECTBO ec 3HAYEHHI COCTOMT H3 Tpex
yuces: —1, 0 u +1 (puc. 80).

5. ®opmyna Hdupuxie?

) Tepmur sgn mpoHcXomMT oT narT. signum — 3xax,

2 Nupnuxne Herep I'ycras Jlexen (1805—1859) — memenxuit Ma-
TEMaTHK.
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S s ]
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|
1
| 5 -
20—+ : ol
"Fe | |
—d s ] — {
olt 23 45 x
Puc. 79 Puc. 80

>

1, ecaum x-— pauHOHAJIBHOE YHCJIO,
y 0, ecnM X — HppaUMOHAJbHOE YHCIIO.

Dra dyHKuus ompeaecsieHa Ha Bcell YMCIOBOH MpPAMOH
(— o0, +00), a MHOXECTBO €€ 3HAYECHHA COCTOMT U3 ABYX
yucen: 0 u 1. @

3ameTuM, uTo QyHKuHIO [upuxne u3o6pasuth rpadu-
YeCKH HeE MOpPEeACTABIACTCA BO3MOXHBIM.

2) Tabauuusiit cnoco6. [lpuseaem crexyrolryro
Tabnuuy:

x 0 0.1 0,2 3 0,6 4 08 | 1,5 2

y -1 10 1 -2|-8J051-21 5 7

[TocTaBuM B COOTBETCTBHE KaXIAOMY X, 3alIMCAHHOMY
B NepBOil CTPOKe TabJHLbL, YHCIIO y, CTOsLIEE BO BTOPOH
' CTpPOKE MO 3THM YHCIOM X, U OyAeM roBOpPHTb, 4TO
nonydenHas ¢yHkuus 3amaHa Tabmuued. O6nacTuro
onpenesicKus JaHHOW QYHKUHH SBASAETCI MHOXECTBO,
COCTOsAllee M3 NEBATH 4YHCENl ‘X, YKa3aHHBIX B IEPBOH
crpoke TabiMibl, a MHOXECTBOM €€ 3Ha4YeHWH — MHO-
HECTBO, COCTOSIIEEe M3 AEBATH HUCEN y, NMPHUBEICHHBIX BO
BTOpO#l €€ CTpOKe.

C nomowbio Tabauubl MOXHO 3aJaTh (QYHKUHIO
TOJLKO NpPH KOHEYHOM YHHC/IE 3Ha4YCHHH apryMeHra.
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Tabnuunenii crocob 4acTo HMCMOABL3YIOT A1 3adaRMS
¢ynxumit. Tak, Xopowo H3BECTHDBI, HaNpUMep, TaGIULLI
TPUTOHOMETPUUECKUX QYHKUMH, Tabiuiub! norapudmMos u
ap. IlpumepoM Tabamunoro cnocoba 3ananns GyHKUMH
CIYXHT pacnMCaHHe ABHXCHHUS 10e3[1a, KOTOPOE Omnpeje-
JISET MECTONOJIOKEHHE NOE3Na B OTAE/bHbIE MOMEHTBI
BPEMEHH.

3) Tpaduueckuit cnoco6. I'paduueckuii criocobd
3afanus  QYHKUMM OOBLIMHO HCHONB3YIOT B NPAaKTHKE
¢usnveckux u3IMepeHHit, Korga COOTBETCTBHE MEXAY
IEPEMEHHBIMH X My 3aJaeTC C MOMOIWUBIO Trpaduxa.
Takas onepauns o6bIYHO HA3LIBAETCH «CHATHEM» 3Haye-
Huif ¢ rpaduka. Bo mHOrux ciyyasx rpaduku uepTa1
camonuunyiue npubopel. Hanpumep, mis usMepenus
HaBJICHUA aTMOC(EPDI HA PA3JIMYHBIX BBICOTAX HCIO/b3Y-
10T CHeUHaNbHBIA caMonuiuymwmi npubop — 6aporpad,
KOTOpBIA 3anUCBLIBAET Ha [BMXKYLUEHCA JICHTE B BHIE
KPHBOM JIMHUM H3MEHEHWE NaBJICHMS B 3aBHCHMOCTH OT
BBICOTHI, :

CyutectsytoT n apyrue cnocobsl 3aganus (yHKUHMIA,
HanpuMep NpH NPOBEAEHMH pacueToB Ha DBM dyuxumu
3aJal0TCA C MOMOLIBIO NMPOTrpamMm.

3. TonaTna cnoxHoit W oGpaTHoil yHKIHiL.

Onpenenenne 2. Ecau na nexomopost mmoncecmee X
onpedenena Pynkyua z=Q (x) co MHOMCECMEOM 3HAYeHul:
Z, a na mnoxcecmee Z — pynkyun y=f (z), mo @gyunxyusa
y=f @ (x)] nasvisaemca caoxcnoii Gynxyueii om x [uau
cynepnosuyueii (uno20a komnosuyueil) dywxyuit ¢ (x) u
f(2)), a nepemennan z—npomexcymounoii nepemennoii

" caoxcHol  PyHkyuu.

O Ilpumep. Pynkuus y=sin x?>—cnoxunas bysxuns,
ONnpeliesicHHass Ha BCEH YHC/IOBOH mnpsAMOM, Tak Kak
y=f(2)=sinz, z=p (x)=x% @

Onpenenenue 3. [Tycms X u Y —nexomopvie mHo-
Hcecmea u nycmov 3adana @Gynkyus f, m. e. MHOMCECMBo
nap uucen (x; y) (xe X, yeY), ¢ komopom ramcooe uuciao
X 86x00um 8 00HY U MOALKO O0HY napy, a Kaxcooe HUCAo
y—no kpauneit mepe ¢ oony napy. Ecau & kaxcdoii nape

" JIN020 MHOMCECMBA YUCAA X U Y NOMEHAMb Mecmamu, mo
nOAYHUM mHOMcechso nap uucea (y; x), komopoe Ha3viéa-
emca_obpamnoid @yuxkyuen © xk @ynkyuu f.

Obpatnyro ¢ynkuuio 6ynem o0603HAYaTb CHMBOIOM
x=0¢(y). ‘ :

ObpatHas ¢yHkuns, BoobGlLIE roBops, He ABASETCA
$yHKuMeH, TaK KaK KaX[0e YUCIO y MOXET BXOAHThL HE
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, TOJILKO B OIHY, HO H B HECKOJIb-
s xo map. Takx, HampmMmep, I
Y I ¢yaxiun y=x obpatHas ¢yHk-
ap— j‘, e U X=y OAHO3HaYHa (Kaxaoe
v 9MCJIO y BXOOHT B omry napy),
‘3/‘: s GyaximE y=x2 obpaTHas
| 1 bynxuus x=+./y nOBy3HauHa
« F (xaxnoe YHCJIO y BXOOUT B JiBE
Puc. 81 napsl), a oOpatnas dyHRIAA
' x=Arcsiny s bysxIIN
y=sinx MHOro3HayHa (KaXxJ0O€ YHCJIO J BXOIUT B
GeckoneuHOe 4HCHO map). 'eoMeTpHueckH AaHHBIA (akT
OYEBHJCH.

W3 onpenenenus ciemyer, 4to eciu obpatHas ¢yHk-
IMA OAHO3HA4HA, T.e€. #ABNsACTCA (QYHKUMEeH B OObII-
HOM CMBICJIE, TO MHOXECTBO 3HaucHHi Y d¢yskumm f
CIyXHT o0JacThio onpepesicAHs obpaTHoH GyHKIMH @,
a obnacts onpenenemms X ¢QyHKHHM f— MHOXKECT-
BOM 3HaueHuii obpatsoii ¢ysxumm ¢@. Ilycre, Hampm-
Mep, ¢yBxuua y=f(x) ompenesiecHa Ha oTrpe3ke [a, b],
OoTpe30K [, B] sABIsleTCS MHOXECTBOM €€ 3Hav“eHHH M
xaxnoe ye [a, B] cooTBeTCTBYET POBHO OZHOMY X U3 |[a,
b]. Torma, mo onpeneneHuio, Ha otpeske [a, P]
onpejesieHa ONHO3HAYHASA oﬁpa‘max dynxmas x=o (),
MHOXECTBOM 3HAYCHHH KOTOPOH CIyXHT 0Tp€30!( [a, ]

uc. 81),
® TaknMm obpa3oM, ¢pyrknust y=f (x) u obpaTHas ¢yHx-
s x=@ (y) HMeIOT OmEE M TOT *e rpapux. Hanpumep,
dyakima y=Sx u obpaTtHas ¢pyHKuHAs X = 1 /3y H300paka-
I0TCA rpadHYeckH OaHOM mnpAMOH.
. Ecrm och Ox m Oy noMeHsATh MeECTaMM, I ve-
ro cieayeT NOBEpPHYTh B MPOCTPAHCTBE IUIOCKOCTH
Oxy Boxpyr Omccextpucw [ xoopmmHaTHOrO Yrna
Ha 180°, To HoBoe monoxeHme rpadpuxka obpaTHOH
Ebynxugllp)l x=¢ (y) asnserca rpadpukoM GyBKIMH y =@ (X)
HC
P PaccMoTpeHne cioxHO# ¥ obpaTHo# QyHKumii OynmeT
Jajiee NPOAOJIKEHO.

4. Knaccnduxanus ynxnmii. I'Iocmmmaa byHK1HA
f{x)=C, C=const, creneHHas q)ymumﬂ x* (o— moboe
4ucno), noxasarennHas ¢yaxmus e* (0<a#1l), jora-
papmudeckas pynkuus log, x (0 <a#1), TpUroHOMETPH-
Yeckne (QYHKUHH SinXx, cCOsX, tg x, ctgx H obGpaTtHbie
TPHTOHOMETPHYECKHE d)ymcmm arcsin x, arccos x, arctg x,
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: arcctg X HA3LIBAOTCA  MPOCMENUUMU  IAZMEHMAPHBIMY
| Pyuxyuanu®.
OTH QYHKUMHM ATPArOT BAXHYIO POJb B PACKPHITHA
-OCHOBHBIX NOHATHA aAamM3a # cocTaswnor Gasly s
~  wu3ydeHMs Oosiee CiIOXKHLIX (yHKimMi. :
Bee Qyuxiud, nojyvaeMsie ¢ [IOMOIILIO KOHZYHOrO
Yncna apHpMeTHHECKAX AcHCTBAH Haq OPOCTEHIHMH
NEMEHTAPHLIMH YHKIHMAMM, a TakKXe CYNepno3nuMei
9THX QYHKUAH, COCTABIAIOT KAACC IASMEHMAPHHX PyHK-
yuit. Ilpumepamu  dreMeHTapABIX QyRKmHA ABIsMFOTCA

FO=1x1(x]=4/x2); f (x) =1g? arctg 2* +sin 3x; f (x)=
=In|sin3x| —e**v* g T. 1. o
Hmeer MecTo caenyicimmas kiaccHpuxauua 3neMeH-
TapHbIX $yHKUAHA:
1) ®yrkuns Bana .
P(x)=apx™+a;x™ 1+ ... +ap-1 X +apm,

roe m>=0-—iejaoe 9HCIO, dg, Qy, .., GOm—JTHOOBIE
uncia —kodbduumenTnl (aq#0), Ha3biBaeTcs' yesoil pa-
Yuonaabhod dyuxkyuelt WIA MHO204AeHOM CTCHEHH m.
MHorounen nepBo CTeneHn HA3LIBAETCA TAKKE AUHEUHOM
Pdynxyueil. ) ‘

2) ®OyHxuu1, uUpEACTABAAOWAA COOOH OTHOMICHHE
OBYX LEAbIX PAalHOHAILHBIX (YHKIUH

R (f) _aox"‘-}-a-lx"'li- e FQp-1Xt 3y
box™+ 5 x" 1+ 4+ by yx+b,

Ha3LIBACTCA OpobHO-payuoHatbHou dyHKyuei.
CoBOKYIMHOCTB LE/ILIX PAHOHAIbHLIX B APOOHO-paLuo-
HanbHBIX byHKIMiH 06pa3yeT k1acc payuonassuslx Pynxyuil.
3) Oyuruusa, NOOTYICHHAA £ HOMOIIBIO KOHEYHOTO
9HCJI2 CYNepuo3aumii A YeThipex aprPMeTHYECKHX NeHCT-
BHH HaJ CTeneHAbLIMA (YHKIHAMH KaK C IEJIbIMH, TaK H C
Jpo6HBIMH NOKA3aTE/AIMHA # HE SB/SIOLOAACH PALMOHAIL-
HOM, Ha3bIBACTCH UPPAYUOHAALHOU. I
Hampumep, f(9=\/x, f()=x+x, f(9)=
Sx2+4c—7
= \/___. +(3/x+x° m r. a-—uppaimonansuLe

3x2—-8x +4
byaKIHu.

V) INpeanonaraeTcs, 9T0 YMTATEAL MMeeT NPEACTARICHHE O HPOC-
TEHIMX 3/IEMCHTApDHHIX QYHRUMIX N0 Kpaiyed Mepe B pamxax
INEMCATApHO# MAaTCMaTHKH. .
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4) Beskast GyHKuus, He ABJSOLIASCA PaLMOHAIBLHOM
WIM  HPPALMOHANLHON, HA3BIBACTCS FMPAHCYEHOCHINHO
dynryuen. Ito, nanpumep, pynkuuu f(x)=sinx, f(x)=
=sinx+X H T. O
5. Tocrpoenne rpaduxos dynkumit. ITpemioxum cre-
AyIOIUYI0 METOAMKY NOCTpoeHust rpaduxoB . GyHKUUH,
OCHOBAHHYIO Ha MPUMEHCHUM HEKOTOPBLIX NpaBui MHO-
CTPOEHMs TIO yXe M3BeCTHbIM rpadukam ¢(yHKUHH.

Iycre nau rpadux odyukmm y=f (x). INocrpoum
rpapuk byukuun - y=f(x—a). I'padux yaxuun y=
=f (x—a) MoxkeT ObITh NMONyYeH CIEAYIOLIMM 00pa3oM:
OTNpaBassCh OT MPOU3BOJBHOW TOYKM X, B KOTOPOH
opavHaTa f (X) M3BECTHA, HaWJEM TOYKY X;, B KOTOpOH
opauHata f (x;—a) uMEeT TY K€ BEIMYMHY, T. €.
BBLINOJIHAETCH PAaBEHCTBO

S (xr—a)=f(x).
Hﬂﬂ TOTQ qTO6bI JAaHHOC paBEHCTBO BBITIOJIHANOCE,
OYEBUIHO, OCCTATOYHO, ‘{T06bl BLINMOJIHATOCH paBeHCTBO

Xy —a=Xx,

OTKYJa HAXOMUM X;=x-+a'),

Mpasuno 1. -Ymobw roiyuums epagux @ynuxyuu
y=f (x—a) uz epagpuxa Gynkyuu y=f (x), HyscHo zpagux
dyuryun y=f{x) coeunymp 8doab ocu OX Ha a 6npugo,
ecau a>0, wiu na |a| eaeec, ecau a<0.

O Hpumep 1. Wcnonezys npasunoc 1, [OCTPOUTE
rpaduxku  dynkumii: 1. p=(cx—2)% 2. y=log;,(x--2).

1

x+2° i
I'padmxu maHHbIX QyHKIUA DOCTPOCHBI COOTBETCTBEH-
HO Ha puc. 82, 83 u 84. @
Vnpaxueuns. Iloctpoiite rpaduxu bynxumit: i. y=
—(x+2)% 2 y=logy, (x+2). 3. y=3*"2 4 y=—1_

x=2"

5. yzﬁ. 6. y=\/;:k—l_. 7. y=\/;c—_—i—. 8 y=

=log, (x—2). 9. y=log, (x+2). 10. y=cos(x+r/6).
11, y=tg(x~m/2). 12. y=arccos(x-2). 13. »=
=arcctg (x —1/4).

Ilycrs man rpaduk dynruun y=f(x). Ilocrpoum -
rpadux GyHkumn y=f(x) +ec.

U B camom nene, e X, =x+a, 10 f(x,—a)=f(x+a—a)=f(x).
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IIpaBuno 2. Ymobwr noayuuns opdunamy epagura
Gynryun y=f(x) +¢ g mouxe x 13 opounameor 2pagura .
y=f(x) & moid oce moure, nycno opagux y=f(x)
cOsunyme 600.16 ocu Oy geepx na ¢f -ccau ¢>0, it na le|
snuz, ecau ¢<0.

O Ilpumep 2. Micnione3ys npaBHiIo 2, IOCTPOMTS rpa-

buxs pynxnuii: 1. y='x2+3. 2. y=sinx+2.3. y=.'__1_
X

Ipadurn manuwix Gyrxumii nocTpoeHsl COOTBETCTBEH-
HO Ha puc. 85, 86 u 87. ¢

Ynpaxuenus. ITocTpoiite rpadukm dynxumii: 1. y=
=x*-3. 2 y=sinx=2. 3. p=l+1 4 y=./x+1.

5. y=3"~-1. 6. y=log;,» x+1. 7. y=3\/?+1. 8. y=

=arctgx+1. 9. y=(1/2) +1.

Hau rpadux dymxumumu y=f(x). TlocTpoum rpadux
oyHxHH y= —f (x). :

ITpaBuno 3. Ymober noayuums opdunamy zpaguxa
Gyuxyuu y=—f(x) 6 mouxe x u3 opounamel 2 adpuxa
Pynyuu y=f(x) 6 moit sce mouxe, Hyscho y 0p£mamw
2pagpura Pyuxyuu y=f (x) usmenume 3nax na obpamublii,
Taxum obpazom, epagux dynkyuu y= —f (x) noayuaemcsn
uz cpagurka gynkyuu y=[(x) sepraseuvism ompasicenuem
omuocume.vio ocu Ox. . ,

O Ilpuvep 3. Mcnons3ys npaBusio 3, mocTpouTs rpa-
uku dynkumii: 1. y=—x2. 2. y= —cosx. 3. y=—\/;.

I'pauxn nannbIx dyHKumMit TOCTPOEHDBI COOTBETCTBEH-
HO Ha puc. 88, 89 u 90. @

Ynpaxuennsa. Iloctpoiite rpaduxu ¢ynxumit: 1. y=

N -3 N = 3% -
=—-x> 2. y \/;.3.) x.4.} -3*. 8. y

=— (%) . 6. y=~—logyx. 7. y=—sinx. 8. y=—tgx.
9. y= —arcctg x.
Hau rpadux dynkumu y=f (x). Mocrpoum rpaduk

“oyEKkuEH y=f (—Xx). ‘

: paBuno 4. Ymobu: noayuums opdunamy epaguxa
Pyncyuu y=f (—x) 8 mouxe x uz opounamol epaguxa y=
=f(x) 6 moit sce mouke, HyscHO 3naueHue X yMHONCUMY
Ha —1. Taxum obpaszom, epapux dynxyuu y=f(—x)
noayuaemca u3 epaguxa Pynkyuu y=f(x) sepxasvreim
ompaxcenuem ommocumenvio ocu Qy.
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O Ilpamep 4. Hcnonb3ys npasmio 4, IIOCTPOMTE Ipa-
¢uxu dyrxumit: 1. y=./—x. 2. y=log,(—x). 3. y=3"~
I'paduxyn nanubix GyHKUMA TOCTPOEHBI COOTBETCTBEH-

HO Ha puc. 91, 92 u 93. ¢ ~
Yopaxsennsa. ITocrpoiite rpadpuku Qymxumit: 1. y=

, %
=log;;z (—x). 2. y=<§> .3 y=3/—-x. 4. y=

=arcsin (—x). 5. y=arcctg(—x).

Han rpadux ¢yskmuu y=f (x). IocTpoum rpadux
yrkmIH y=kf (x).

IIpasuno 5. Ymober nosyuums opdunamy epaguxa

. @Pynxyuu y=kf (x) 6 mouxe x u3 opduname zpaguxa
- Pyuxyuu y=f(x) 6 moii e mouke, HYHCHO 3HaueHue
opounamul f (x) ymmuoxmcums na uucao k.

Ilpy 3TOM OT yMHOXEHHS Bcex 3HAueHMik dyHKIHM
f(x) Ha k>1 opmuHatel rpaduka ¢yHKUUHA yBeIHYHBa-
I0TCA B k pa3 M NPOHCXOZMT «PAacTAKeHHE» rpaduka
bynxumm y=f (x) or ocu Ox B k pa3, a or YMHOXEHUSA
Ha k npu 0<k<1 opamHaThi rpaduka GyHKIMH yMeHDb-
alTcs B k pa3 M MPOMCXONMT «CXKaThe» rpaduka
bynxumn y=f(x) xk ocu Ox B k pa3.

O Hpumep S. Hcnonw3ys mnpaBmio 5, HOCTpOHTDH

rpaduxn ymkumii: 1. y=2x2. 2. y=2sin x. 3. y=1/2\/;.
I'padpuxa  nmamnbix dyHKIME TOCTpPOeHBI COOTBET-
CTBCHHO Ha puc. 94, 95 n 96. @
Yopakuenns. IMocrpoiite rpaduxm ¢ynkumii: 1. y3=
1 1. =1 §, p=2 -
Exz. 2. y=sinx. 3. y=2\/)_c. 4, y—ié/;- 5-)’—;-

'—-1 = X —.l ‘2x 9 =l
6. y—ilogl/zx. 7. y-—2'2 . 8. y—i 4 zarccosx'

10. y=2arctgx. 11. y=2log,,,x.

Han rpadux ¢Qymkumit y= f (x). Mocrpoum rpadux
bynxkm  y=f(kx). Otmpabnssich oT NPOHA3BOJILHOM
TOYKH X, B KOTODOH M3BECTHa opmMHaTa f(x), maiimem
TOUKY X, B KOTOpOH rpadux ¢ynxumm y=f(kx,) umeer
Ty X€ OpAMHATY, T. €. BBHINOJHAETCS PaBEHCTBO

7(x)=1(lex,).

Hast Toro 4To6GBI 3TO paBeHCTBO BHIMOMHUIOCHY, oue-
BHJHO, ANOCTaTOYHO BBINOJIHEHHE paBeHCTBA x=kx,,

1
OTKyAa HaXogHuM X 1 =Ex .

U Mposepsre pammsiii daxr.
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Puc. 96

y=2sinx

y=sinx

~Y

g e
~

S\ y=sinx
yesin2ex"

W, Tz X

=

Puc. 97

Ilpasuno 6. Ymobol nocmpoums zpagux y=f (kx),
docmamouno 3Hauenue X pazdeaumb Ha yucao K.

ITpn sToM oT nenennst Ha k>1 Bcex 3Ha4YeHHH apry-
MeHTa QyHKumM y=f(x) rpadux GyHKIEH «CKHMACTCA»
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k ocu Oy B 1/k pa3, a or nmenenus va k npu 0<k<1
rpacgux (bymmm{ «pactarusaeTcs» ot ocu Oy B 1/k pas.
O Ilpnmep 6. I/ICHOJIBS}/H NPaBUIO 6, NOCTPOUTH

rpabuku ¢yuakuuit: 1. y=sin2x. 2. )—arcsm2x y=
= (112)x. ~

I'paduxy  manHbIX ¢yHKUM TOCTpoeHsl CGOTBET-
CTBEHHO Ha puc. 97, 98 u 99.

Vnpaxuenusn. [locTpoiite rpacbnxu Hxnui: 1, y=

=sin (x/2). 2. y=arcsin (x/2). 3 2x. 4. y=3/8x.

5. y=5%2%.6. y=(0,5. 7. y-logl,32x 8. y=cos(x/2).

9. y=tg2x. 10. y=arccos3x.

IMpexae yeM chopMyIHpOBaTH ClEAYIOLIEE TIPABUIIO,
nocTponM rpaduk ¢HyHKIHH, nocneaosarenbﬂo MpUMEHSA
HECKOJILKO IpaBHII.

0 Hpmwep 7. TIloctpoutrs rpadux (pymcuun y=
=2x2—-8x+35.

peobpaszyeM kBampaTHbIl TpexuJieH, BBIAEASS MOJI-
HBIH KBagpaT, K BHIOY

=2x2-8x+5=2(x2—4x+§) =2 [(x~2)2—;] =

=2(x—2)*-3
1 OCTpoeHne OyneM BBINONIHATE B CIENYIOWIEM MOPAIKE:
1) rpadux dynxkuuu y=x? cuntaem H3BECTHBIM; 2) no
npaBuiy 5 crpouM rpadux ynkuum y=2x2 i 3) mo
npasuiy 1 CTpOHM rpadux bysximu y=2(x é) ; 4) o
ap aBpmy CTpOMM rpadHK HCKOMOit yHKupm y=
=2(x I(I —3 (puc. 100).
onryyeH rpaduk nmapaGonsl y=2x2%, cMelleHHbIH Ha

2 eOMHUUBI BIPABO U HAa 3 €JMHHILI BHH3. AHAJIOTHYHO
CTPOMTCS Tpaduk JHOOOro KBaJApaTHOTO TpeX4ieHa. @

VYnpaxnenus. IToctpoiite rpaduxu q)yHKum»x l.y=

—2£x 5)2—1. 2. y=—2— (1/2);x+3) 3 y=

=x*—4x+1. 4. y=3x—x% 'S5 y=4-2x%-2x.

6. y=4x—x%-3,

Han rpadux dysxmms y=f(x). ITocrpoum rpadux
dynxmmn y=|f(x)|. Vimeem .

_ _ )f(x), ecmm f(x)=0,
- If()f)l _{—f(x), ecnu f(x)<0.Y
Y K coxanenuio, MHOT HIyT HeBepHoe PaBEHCTBO
;‘zxf eCJm x=0, ©
x , ecmt x<0.
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TMpaBuno 7. Ymobol nosyuumsv 2padux @ynxyuu
y=1f(x)| uz epaguxa dynxyuu y=f (xf Hado yyacmku
epaguxa y=f(x), sexcawmue ebuue ocu Ox, ocmasumy 6e3
u3MeHeHua, a ydacmku Huxce ocu Ox 3epkaasHo om-
pasumb OMHOCUMEALHO N0l OCU.

O MNpamep 8. Vicnone3ys npaBumiio 7, HOCTPOHTDH
rpa¢pux ¢yHKIHM y=|x]|.

Crpoum rpadux dyHkmmu y=x (puc. 101). [lanee,
y4acTOK rpadura y=x, nexaumi semie ocu Ox (upu
x>0), ocrtaBnsieM 0e3 M3MCHEHMs, a Y4aCTOK HHXE OCH
Ox (npu x <0) 3epKanbHO OTPaXaeM OTHOCHTENLHO ITOH
ocH; B pe3yipTaTe moiydaeM rpa¢ux dymkmm y=|x|.

TIpamep 9. Toctpouts rpadux ¢ynkumm y=|x+1|.

Ctpoum rpaduk ¢ymkuun y=x+1 (puc. 102). 3atem
yyacTok rpaduka y=x-+ 1, nexaumii spime ocu Ox (MpH
x> —1), ocrasnsieM 6e3 H3MeHEHH, 4 YYACTOK HUXE OCH
Ox (npu x< —1) 3epkajbHO OTpaXaeM OTHOCHUTEJIBLHO
3TOff OCH; B pe3yiabTaTe mnojiy4aeM Tpaduk (yHKIUH
y=|x+1|. D10T *e rpaduk MOXKHO OBbUIO NOJYYHTD,
NOCTpOMB CHavaja rpaguk GyHKIMH y=|x| U NIPHMEHHB
3aTeM mpaBuio 1.

Tpamep 10. IoctpouTts rpadux dynkuuu y= | 1— |x||.

IMocTpoende npoBeneM B CIEAYIOIEM MOPSIKE:
1) rpaguk ¢QyHkuMM y=|x| cyMTaeM H3BECTHHIM (CM.
puc. 101); 2) ctpoum rpaduk y= — | x| (no npasuiy 3);
3) crpoum rpadux y=1—|x| (no npasuiay 2); 4) cTpoUM
rpadux uckoMoil Gynxumun y= |1 —|x|| (mo npasuny 7).
I'padux ynkumn y=|1—|x|| nocrtpoen nHa puc. 103. @

Han rpadux %Jymcmm y=f(x). Iloctpoum rpacux
dynkmu y=f(|x|). Tax kak f(| —x[)=f(x|), To dynk-
uns y=f(|x|) #BnseTCH 4UETHOH, CJNEAOBATENLHO, ee
rpapuKk cuMMeTpnyYeH OTHocHTenbHO ocu Oy. Kpome
toro, mpu x>0 f(|x|)=f(x). 4

Ipasuno 8. Ymobsr noayuums epagux @dynxyuu
y=f(Ix|) us zpaduxa gynxyuu y=f(x), nado nocmpoumo
epagux  gynkyuu y=f(x) npu x>0 u ompasume e2o
3epkaavho ommocumeavho ocu Oy. '

O TNpumep 11. Hcnonw3ys npaeuno §, nNOCTPOHTH
rpadukn  QyHKUMI: Ly=./|xl 2. y=log, | x|.
3. y=sin|x|.

Ipaduki  nanHeix - QYHKUKH TOCTPOEHBI COOTBET-
cTBeHHO Ha puc. 104, 105 u 106. @

Unorga npasuia 7 ¥ 8 NPHXCAMTCA NPUMENATH
OMIHOBPEMCHHO, T. €. CTpoMTb rpaduku ¢QyHKUMA BHIA

y=1f(x
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o Mpamep 12. Toctpouts rpadux ¢yHkuma y=
=|2x2—-8|x|+5|.

I'padux dpynxuum y=2x2—8x+5 yxe mocrpoed (cM.
puc. 100). 3amewas, uro x’=|x|?, cTpoum rpaduk
¢ynxumn y=2x2—8|x|+5 nmo npasury 8. CrponmM JacTe
napabonsl y=2x2—8x+5 mpa x>0 m oTpakaem ee
3epkaybHO OTHOcUTensHO ocH Oy (puc. 107). CornacHo
npapmwty 7 noctpouMm rpaduk monyis (puc. 108). @

B cneayrommux npuMepax rpa¢uxu dysxmmi Gymem
CTPOHMTB, MCHOJIb3ys Pa3JM4HbIC NpaBHia, HE YKa3biBas
KOHKpDETHO, Kakue.
x4+ 5
x+3|
IIpeobpaszyeM naHnyo IIpO6H0-J[KH€ﬁHTC dyrKIHIO,

2 .
BBIAC/AA LEJNYI0 4acTh, K BUAY Y= l+x—+—3 H IOCTPOHM

O Tpumep 13. Mocrpoute rpadux Qynxuuu y=

rpadmk B creayromeM nopsazake: 1) rpadux $pyHKmAR y=£
CYHTAEM M3BECTHBIM; 2) CTpouM rpadux y=x—:L—3; 3) crpo-

2 2
uM rpaduk y=——; 4)crpoum rpaduk y=1+——m
(puc. 109).

: 2
5) ctpouM rpaduk y=‘l+—
x+3
3aMeTHM, HYTO CTPOHTh TNIPOMEXYTOUYHbIE TIpadmrn
MOXHO KaKk Ha OOHOM pHCYHKEe, Tak M Ha pa3HbIX.
B nmaHHOM -CiyYae [UIA HArJISIHOCTH 3TO ClieQyeT BEI-

NOJHHTbL HAa Pa3sHbBIX PUCYHKax (CAenadre 3TO CamMOCTOfA-
TEJILHO).

Ipamep 14. IMocTpontsh rpadux $yaxIIR

3x-1
y=(l/4) +1.

. 3x-1
IpeacrasuM OGYHKUMIO B BUAE y= (1/4> +1=

1
3(x—-] . .
= (1/4>( '3)+1 M TocTpoeHme rpaduka IpOBeAEM B

X
TakoM nopsake: 1) rpadpux byakuuu y= (1/4) cuATacM
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O

T ,— —————— \ /
| ”W"’%j % ”W” * \-70 \?/7

Puc. 106 Puc. 107

a3

Puc. 110 Puc. 111

3x
H3BECTHBIM; 2) CTPOMM Trpaduk y=(1/4 ; 3) ctpoum

! 1
rpadux y= (1/4)3(,\:—5); 4) crpouM rpaduk y = (1/4>3(x—§)+ 1

(puc. 110).
Hpumep 15. Tloctpouts rpadux ¢yukuun y=

= —arctg(4x—1).

Ilpeacrasum dymkuuio B Buae y= —arctg(4x—1)=
= —arctg4 x—-% H TIOCTPOUM €€ I'pauK B CIEAYIOLIEM
nopsaaxe: 1) rpadux ¢ynkumm y=arctgx cudraeM H3Be-
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CTHBIM; 2) CTpOMM rpaguk y=arctg4x; 3) CTpOMM rIpa-

¢ux  y=arctg4 x—i ; 4)ctpoum  rpaduk  y=

=-—arctg4(,\——> (puc. 111). @

VYnpaxuenun. IToctpoiite rpadpuxu ¢ynkumit: 1. y=

1 : 4x+7 4—x

——1+? 2."=m—1. 3. ’V=2,\-—5' 4. y= St ox ..
5.y=3*"% 6.y=(025)"3. 7T.y=-2%"1 8. y=
(05 1. 9. y=272  10.y=

11. y=2arctg (2x—1). 12. y=3arcctg(3x+1). 13. y=
x+2

I—x l
= 2arccos - 14, y=—- arcsm

1.

PaccMoTpuM Temepb npaBnna CIIOXEHUS, YMHOXCHHAS
U JOefieHHs rpadukos.

Hausl rpaduxu dysknumit y, = (x) u y,=g(x). Io-
ctpoum rpadux ¢ymkumu y=f(x)+g(x)"

Mpasuno 9. Ymober noayuums epagux @Gyukyuu
y=f(x)+g(x) us epaguxos @ynxyuii y, u y,, HyHHO
CAONCUMD COOMEEMCMEYIoujlie 3HaAUeHUs opouHam zpagdu-
KO8 (PyHKyuil y, u y,. -

O Ilpumep 16. Vicnons3ys mnpasuio 9, MOCTPOHUTH
rpadux GyHKUMH y=Xx4sinx.

<Dym\uml y omnpeieieHa Ha BCeH HHCIIOBOM mps-
moii. Ee rpadux nosysaem rpadu¥ecKBIM CJIOXKEHH-
€M COOTBETCTBYIOIUUX 3HAUYEHHH OpAMHAT Yy, H Y,!
y=yi+¥s. )

CrpouM rpaduka GyHKUHMA y, =x U )y, =sinx (WTpHU-
XOBbI€ JMHUM Ha puc. 112). B Toykax x=0; +m; *+2m; ..
umeeM y,=0, y;=xu y=y;+0=x, T. €. B 9TUX TOYKax
rpapuk QYHKIUM NOPOXOAMT 4Yepe3 MNPAMYIO y;=X.
B toukax x= +m/2; +3n/2; ... umeeM y,=*1, y;=x H
y=x+1, T.e. B O3THX TOYKaXx K OpOUHATE y;=X

. npn6aBJmeM +1 (coorsercTBenHo —1). OtMmevas Ha¥-
JEHHbIE TOYKH M COEIMHSS HX IUIaBHON KpWBOH, MOJIy-
vyaeM rpadux uckomoil ¢yHKkumM (CIUIOLUHAS JIMHHMS Ha
puc. 112). @

1) PasyocTh_ BCEraa MOXKHO CBECTH K cymme: y=f(x) —g(x)=
=f{x) + [-g ()]
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/
/Ay’ =X

Y=xsinx

Puc. 112 Puc. 113

Yupaxnenus. Iloctpoiite rpaduxu’ dymxmmii: 1. y
=|x|+x. 2.y=3"+37% 3. y=sinx+ |sinx|. 4. y

=x2+£- 5-}': |x|+)]_c_ 6. y=x+cosx.

Hanbl rpaduxn dyrkuuit y, =f(x) u y,=g(x). Io-
crpoum rpaduk bynkmmm y=f(x)- g(x).

Hpasuno 10. Ymobvi noayuums zpagux PyHryuu
y=f(x)-g(x) uz zpaguxos Pymcyuii y, u y, nado
YMHOMNCUMb coomeemcmeyiowyue 3Hauenua opounam zpa-
guxos dynkyuii y, u y,.

O Hlpumep 17. Hcnonnsys mpasumo 10, NOCTPOHTH
rpaguk ¢yHKUME y=X -sinx.

QyHKLHS y ompeneneHa Ha BCeH 9HCIOBOH NPSMOI.
Tax xak OyHkumM y,=x ® y,=sinx HeueTHBlE, TO
yHKUMS y, KaK NPOM3BENEHWE HEYETHBIX (YHKUMIL,
€THas, CEJI0BATENILHO, NIOCTPOeHUE OYAEM IIPOR3BOAMTD
npu x=0.

Crpoum rpaduku dynkumii y,=x u y,=sinx. I'pa-
buk QynxuME y noayYEM yMHOXeHHeM COOTBETCTBY-
IOINX OPIHHAT y, M y,: y=y, - y,. B Toukax x=m; 2=; ...
uMeeM y, =01 y=y, - y,=0, a B Toukax x=m/2; 3n/2; ...
y,=%x1 n y=y1-(lj-_lf= X, T.e. COOTBETCTBYIOIIHE
TOYKH rpaduka QyHKUMH y JeXaT Ha OPAMBIX y, =X M
Y2=—X W TrpaQuk «xonebmerca» Mexdy I3THMH mps-
MBIMH TIpH X— +00. TakuM obpa3oM, mis mocTpoeHus
HaHHOTO Tpaduka ueNecoO6pa3HO. NOCTPOHTL TIpaduK -
BCIIOMOTATENLHON (QYHKUMH y;= —X.

Ilpu x—0+ (T.e. copasa) OyHkuMM sinx # x
9KBHBANIEHTHEI (sinx~Xx) (cM. § 6), noatomy y=y, - yi=
=x-x=x2% TIlocTpouB 9acrp rpapuxka npu x>0 u
OTpaxasi ee OTHOCHTENbHO ocH Oy, NOJyYaeM HCKOMBbILiA
rpadux (puc. 113). @
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Vupaxnenus. Iloctpoifite rpaduku Qynxkuumit: 1. y=

=|x|sinx. 2.y=x-|x]. 3.y=x|sinx]. 4.y=

=x(x2-1). )

Hauer rpaduxn dynxumit y,=f(x) u y,=g(x). Ilo-
crpouMm rpaduk GyHKIHH y=£—((?). ‘

NMpasuno 11. Ymobur nosyuumsv epagdux Pynkyuu
I .
y—é—(}—) u3 2paguxoe GyHxyuil y, u y,, HYHCHO pazoeaums
coomgemicmeyiowue 3HaueHua opounam 2paduxos PyHk-
yuii y, u y, 8 moukax, 20e y,#0.
O Mpmmep 18. Ucnonesys npasmno 11, nocrponts
-1
rpadux pyHxKIME y=|—’-‘x—|.

‘OYHKIHAA y ONpeAesicHa MO BCel YMCIIOBOH MPSAMOM,
kpoMe Toukd x=0. Crpomm rpaduxm ¢yHkumi y,=
=|x-1| m y,=x (puc.114). TI'papux ¢ysxuun y
TIOJIyYMM HAEJIEHHEM . COOTBETCTBYIOIAX 3HAYCHAH OpAH-
mar rpapuxoB ¢ymkumi y, M y, BO BCEX TOYKax, 3a
ucknovenueM x=0.

W3 pucyska BuaHO, 4TOo mpE x—0— (T.e. ciesa)
y1i~1, y,-0 u y=y,/y,»>—0c0, a npu x->0+ (r.c.
copasa) y,—1, y,—»0 u y=y,/y,— + 0. Takam obpa3om,
npsiMast x=0 sBjiseTcs acAMNTOTOH rpapuka Gpynxuud y.
Onpenenenre - acAMOTOTH AaHo B rL 5 § 15 m. §

B Touke x=1 mmeeM y,=0, y,=1 1 y=y,/y,=0.

. x—1 1

IIpn x— + 00 momysaeMm y=-x—=1-—;—»1, MO3TOMY
npaMmas y=1 sBiAsETCA acCHMNTOTOH mpaBod BETBH
rpadpuka ¢yHKUEMHE y, a DPH X— — 00 HMEEM y=l-§5=

1
=—-—1-+>—1, nosTtoMy npsiMas y= —1 SBIAETCA ACHMII-
X .
TOTOM JieBoM BeTBH rpadmka ¢yExmMM y. ACHAMNTOTHI
OynmeM m300paxkaTh IITPHXOBOH JIMHMEH.
TaxuM 06pa3oM, rpadpux ACKOMO# GYHKIMH COCTOHT
M3 ABYX BerBelf, m3o0OpaxkenHbix Ha puc. 114 cruiommo#

JIAHHEH.

I'pa¢pux mammHOM QyHKIME MOXET OBITH NOCTPOEH U
IpYyruM crnocoboM. PyHKIHIO y=|—x-;—lI MOXHO 3aJaTh
AByMs (dopMynaMu:
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N\ =X
. N YA Y=X'y v
x—1 N 7 s
——TnpAx— 1>0, N )’ S y=Ix-1l
y= ) - AN Z
x—1
-—(—L—)npux—1<0, N V-l
ok ' ¥ A S
—_—— ]~/ X
7/
1 v/
 npu xz1,
={ Puc. 114

1% npu x<1
X p ’

.

IMoctpous otaeneHO APOOHO-NUHENHHBIE GYHKIMH

X

KOTOpbIC COOTBETCTBYIOT YKa3aHHBIM IPOMEXYTKaM,
nony4uM UCKoMbiA rpadux. (Cpaenajite 3to camocTos-

l—x x—1
y=-——— M y="— H COXPaHff TOJBKO T€ HX Y4YaCTKH,
/ x A s

TEJBHO.) @ _
VYnpaxnenus. [Mocrpoiite rpadmxu dynxumit: 1. y=
_ox 17x+24 2x+4 o
fx—1/ ' 2x+17 - ) {3x+5¢1 "V iy
I 1
5 y= R (TR P —
RETTEERER D Gt e

(Yxa3zanue x ynpaxsesusm 4-—6: 0003HAYUTH
3HaMeHaTenb uepes ¥, (x), NocTpouTh cHaana rpadux

$bysxuau y, (x), a 3ateM rpadux ¢ynxun y=y—]()—(—).)

1
Ocranocs paccMOTpeTh NMPABHJIO NOCTPOEHHs rpadu-
k0B cnoxueix Qyuxkimid. [Tonatue cioxHoO# QyHKIMHU
BBEACHO B 1. 3.

Haa rpadux (%)ymcmm u=¢(x). Mocrpoum rpadux
dyaxumn y=f[o(x)].

Ilpasuno 12. Ymober nocmpoums 2padux @yuxyuu
y=flo(x)], nado cuauasa nocmpoumv zpagux Pynxyuu
u=@|(x), ‘a samem, 3naa ceoiicméa Pynxyuu y=f(u),
nocmpoums  2pagur caoncnoi Pyncyuu y=flo(x)].

O Hpumep 19, I/Icnon}ﬁyx upasunio 12, mocrpoum

rpaduk pyHKIpE y=2%+!,
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] .
220 /', X
N | /4
o

Puc. 115 Puc. 116

QyHKUMA y onpelesicAa Ha BCeH MACI0BOM upaMof,
kpoMe ToukM x= — 1. CHa1ana crpouM rpadux QyHxIHM
x=1 2
u="—=1——— (puc. 115, a), a 3areM, UCNIONB3ys CBOH-
x+1 x+1 ( @) i y
craa noxa:xaregl_blﬂoﬁ ¢yHKUHA, OCTPOHM rpadux dyHx-
d y=2"=2"~+—‘. ‘
Ecit x—»—1—, 10 u> 4+, y=2">++o00.
Ecu x—+—14, 10 u=»>—00, y=2"=1.
Ecma x——o0, TO u—-1, y=2-22,
Ecnmu x— 400, TO -1, y=2%-2,

Taxam obpazom, mpsambic x=—1 @ y=2 sABLLOTCA
acuMnToTaMu rpaduxa Qynaxmux y. B Touke x=1 uMeem
u=0, y=2°=1.

Ha oCHOBaHWA HOJIyYeHHKIX JAHHLIX CTPOMM HCKO-
Mbdi rpadmk (puc. 115,6); crpesxa m3obpaxesa s
Toro, 4Tobbl mokaszaTs, 4To Touka (—1; 0) rpadmky me
NPHALICXHT.

IMpamep 20. Hcnonp3ys mnpaswid 12, nocTpoHTh

~1
rpadux Qymxwm y=log,,—.
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CrponMm cragana rpadux ‘u

x-1 3
Gymaun  u=_m=l-os
(puc. 116, a), a 3atem rpadux o
x—1 -1 0 1 x
Pynxipm y=log, ,u= 1081,-'2;;_—2-
ITo onpenenenuto, sorapud- ) A

Muveckas QyaxuMa y=log,,,u
onpefencHa JMIDb NpPH  Tex
3HaYCHUAX X, IUIL KOTOPBIX | o B
1
u>0, T.e. i——>0 s x, x|
x+2 ! :
YOOBJIETBOPAIOUIHX HEpaBeH- I S
CTBaM —0 <x<—2 H 1 <x< R ] |/
<+, KOTOphiC SBJIAIOTCA T _
obaacteio onpeaesneHus Gynk- S
mm y=log x—1 &
= —. ,
V2xt2 Pac. 117

Ecnu x— —o00, T0 u—1, y=log,,,u—0.

Ecnu x—»—2—, 10 u—+ 4+, y=log, u——oo.

Ecmm x— + 00, TO u—1, y=Ilog,,,u—0.

Ecau x—14, T0 u—0, y=log,,,u— + .

Taxum o6pasoMm, mnpsaMmeie x= -2, x=1 # y=0
ABIAIOTCS acuMnToTamMm rpapuka  yHKImn y. Ha
OCHOBAHMH TIOJIYYEHHBIX JAHHBIX CTPOHM HCKOMBIA Ipa-
dux (puc. 116, 6).

. Ipavep 21. HUcpoms3dys mnpasuwiao 12, nocTpouts
rpapuk yskumm y=arccos(l/x).

Kax ® pasce, cHavaja crpouM rpadux ¢QyHKIHEA
u=1/x (puc. 117,a), a 3arem rpajpux oPyEKmEA y=
~=arccosu=arccos (1/x). ITo onpeaenemmo, Gynxma
y=arccosu OnpejeNicAa JMIEb TpH TeX X, JUIi KOTOPbIX
~1<ugl, T.e. ang X, YXOBJETBOPAIOMMX HEpaBEH-
crBaM —1<1/x<1. 3maqur, obnacTei0 ompelencHHA
bysxnuu y=arccos-l- ABIAIOTCA B3 MPOMEXYTKa:

X

—wo<x<s—-1 1 l1<x<+o.

Ecma x=—1, To u=—1, y=arccos(—1)=mn.
Ecmu x=+1, To u=+1, y=arccos1=0.
, Ecnma x—+—oc, 10 u—~0, y=arccosu—+x/2.

Eciu x— + 0, 10 u—0, y=arccosu—n/2.
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Taxum oOpa3oM, npsaMas y=mn/2 SBAAETCH ACUMITO-
Toi rpaduka. Ha ocHOBaHMM IOJYYEHHBIX aHHBIX
cTpouM HCKOoMBbI rpadux (puc. 117,0). @
Vnpaxnenusn., Iloctponts rpaduku ¢ynxumii: 1. y=

Ix . 1

=25 2 y= (%) . (Ome. Puc. 118) 3. y=2~.
. -1/ — )

4, y= (§> . S y=143¥C"D, 6. y=2% "%,

7.p=20% B p=28nx . y=2% 445 10, y=

=log,;; (x—x?). 11. y———logzgt—i. 12. y=log, | sinx|.

13. y=log,, cosx. 14. y=log,,, | x2=3x+2].

15. y=log, (3/x+1+1). 16. y=logl/z%l__-21- (Oms.

Puc. 119) 17. y=log,|x+2| 18. y=|log,|x+2}]|.
1 . x—1 x i
19. y=sarcsin_—. ZQ. y= —-2arctg§_—x. 21. y=arcctg-.

1ix
2. y=2__
142

(Ome. Puc. 120. YxazaHue: YUCHUTEIL H 3HAMEHA-
Tesb ApOGHM WpeaBapHTENLHO pasfendts Ha 21,
B sakiroueHue OTMETHM, 4YTO YMEHHE CTPOMTH
rpaduku yHKUMH, 3aXaHHBIX (QopMylamMH, HMEET He
TOJILKO TEOpeTHUEeCKOe, HG M NPAKTU4ECKOE 3HAYEHHE.
Usyuenue ¢GyHkumii ropasfgo npolle H HarjsjHee, €Cau
OHO CONPOBOXAAETCA PACCMOTPEHHEM TIpadMKOB ITHX
¢ynxkuuit. BoT nmoucMy MHXEHED MM HaydHeld paOOTHHK,
NOJY4YUB MHTEPECyloiyo ero ¢yHkimio B BHAE ¢op-
MyJIbI, BCErja, KOrJa Hal0 BbIACHMTL OOmMIMi Xapaktep
noseJicHNs QyHKINM, €€ OCOOCHHOCTH, HAYMHAET CTPOUTH
acku3 rpaduka dtol (QyHxuum.

- Hanee, ¢ noMotsio auddepeHLaIbHOTO HCYUCTICHUS
OynyT paccMOTpeHbl Oojiee TOYHBIE M COBEPLIEHHLIE
METOABI TIOCTpOeHHs TIpadHKOB QYHKIHIL.

Bonpockl Ans CaMonpoBepKu

1”Coopmynupyitte onpeaenenne dyHkuun. B yem 3axnioyaercs
OfHO3HAYHOCTb PYHKUWMN? YUTO Ha3LIBAETCA 06NAacTbi0 onpegenexus n
obnacTbio 3HaueHnid GyHkyun? C noMolbIo KaKoro NOHATUS onpepge-
naercA yHKyma?

2. YTOo Ha3bLIBEETCA NOCTOSAAHHON (DYyHKLMEeR?

3. CchopMynnpyiTe YCNoOBUCQ OTPaHU4EHHOCTA (PYHKLUMK.
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) i ot | i
o} IR B
i : : i i ; i
_______ | I oo l !
. g ) e | f YA |
N | | { I
> I, b
0 * J: | [ |
N
Puc. 118 'Z‘i o] o1 iz
2 2
| !
7 | 4 |
- ~ /=g T r——
™ | |
| |
gt > e | i
Y _ | |
0 s : |
* Puc. 120 Puc. 119
4. faiTe onpegeneHvwe TOYHOA BepXHEW (HUXKHER) rpaHu

hyHKYMK. _ )
5. Yto osnayaet 3sanuch supf(x)= + oo (inff(¥)= —oo)?
X X

6. Uto HaswiBaeTca rpacmkom dyHkuuu? lpusegute npumepb
yHxunu ¥ He dyHKuuu. [lanTe reoMeTPUYECKYID WHTEpnpeTayuio.

7. Hro 3HaunT 3afarte yHkuMio? Kakue cywectsyioT cnocobul
3afaHna  GyHKUUK?

8. Chopmynupyitte onpegeneHns CNoXHoA n o6paTHOH hyHKYMN.
Npuseaute npumepbl.

9. Mepeuncnnte npocreiine 3NEMEHTAPHLIE (QYHKLUM.

10. Kakaa @yHKyMA Ha3biBaeTCa 3anemeHTapHoii? [lpusepurte
npuMepsbt.

11. [puseanre npumep He INEMEHTAPHOR QYHKUYMM.

12. Chopmynupyiite onpegeneHna paunoHanLHoK, MPpPaLMoHanb-
HOA u TpaHcueHaeHTHOW (yHxunid. Mpusegute npumepwl.

13. Onnwute aTanel  nocTpoewna rpacdmka GyHKUMM y=
=bf(kx+a)+c, rae a, b, k, C—HeKOTOpbI® YUCNA, €CNW W3IBECTEH
cnocol6 nocTpoeHua rpacmka yHKyun y=f(x).

§ 2. MPEAEJ ®YHKLIUU

1. Ilpenen ¢yuxuun npn x—x,. Ilycts d)ylﬂxunx S (x)
ONpefie/icHa Ha HEKOTOPOM HpoMexyrke X' u mycts
TOYKa X=X HIH xo¢X. Bo3sMeM u3 X mocnenosarens-
HOCTb TOYEK, OTJIHYHBIX OT X,

X1y X35 X35 srey Xpy cory 4]
4 1) Hanomuum, 4T0 3mech X MOXET GHITH MoGbIM MPOMEXYTKOM
supa [a,b], (a,8). (a. b, (—0, +) HT. A
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y CXOJALLYIOCH K X 1,
——————— ——— e~ 3HaveHHs QYHKIHH
B TOYKax 3To#
NOCIEN0BATEILHOCTH
. ;j/,,//,,,, o L/;/,, 2w * Takxe obpasyior
YHCJIOBYIO NIOCTIE0-
- - UL BATEIbLHOCTD

1 f(x})(foz),f(x:,), (2)

Puc. 121 v J(X0)s ees
He. H MOXHO OBOPHTb

O CYILIECTBOBaHHH €€ mnpenena.
Onpenenenne 1. Hucao A nasvieaemca npedesom Gyuk-
yuu f(x) 6 mouxe x=x, (uru npu x—x,), ecau 043 2060
cxodaweiica Kk X, nocaedosamesvnocmu (1) 3nauenusi ap-
2yMeHma X, OMAUYHBIX OM X, COOMBEMCMEYIOWaa nocie-
dosameavHocmb (2) 3Hauenuti ynkyuu cxooumca k uucay A.
CHMBOJINYECKH 3TO 3aNHCHIBAETCA Tak:

lim f{x)=A.
- x—*xo

Oyuxuus f{x) MOXET HMETh B TOYKE X, TOJBKO OMIHMH
npenen. JTo cieayeT W3 TOro, YTO MOC/EHOBaTEILHOCTh
{f(x,)} umeer Tombko omMH npene..

PaccMoTrpuM npumephl.

O 1 .®ynkuus f(x)=C=const UMeeT npenen B Kax-
JXOH TOYKE X, YHCIOBO# mpsiMoil, paBHbiil C. B camom
aene, ecmu (1)—mrobas nociaenoBaTeILHOCTh, CXOMIS-
mascsi K Xy, TO INOCJEJOBAaTENBHOCTh (2) HMMeeT BHL
¢, C ..,C, ..., T.e f(x,,)=C. OTcroga 3akiiro4aeM, 4TO .
f(x,)—C mpu n—oo mm limf(x)=C.

x—oxo

2. dynkuus f(x)=x wumeer B moboil TouKe X,
YHCIOBOH NPAMOH nperien, paBHBIH Xx,. B atoM cnyuae
nocnenosatenbHocTd (1) ® (2) TOXIECTBEHHBI, T. €.
f(x,)=x,. CnenoBatensHo, eciH x,— Xy, TO f(x,)—x, npn
n—oo mwm limf(x)= lim x=f(x,)=x,.

x—x, X—eX

3ameTnM, uTo onpeneneHne 1 yao6HO HMCONB30BaTh,
xoraa Tpebyercst okasars, 4To QyHKUMA f(x) He MMeeT
npenena. Jns 3TOro Hajo NOKa3aTh, YTO CYMIECTBYIOT
IBE TOCHENOBATENLHOCTH {Xn} M {Xxn} 3HaYeHwit apry-

MEHTa X TakHe, 4ro lim x,= lim x);=a, HO cooTBer-
. n— n—

b Hpe;monar acTCd, MTO Takas IOCJACROBATCABHOCTD CYLIECTBYECT.
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CTBYyloIMe nocnefosatensroct {f(x,)} u {f(x7)} s3mage-
HAA (QYHKIMH HMMEIOT paam,le IpeieNbl. :

3. Oyukmus f(x)=sm; (puc. 121), onpenenennas mis

Bcex x#0, B Todke x=0 He mMeeT npenena. JlelcTBH-
TEJILHO, BO3bMEM [BE HOCJIECAOBATENLHOCTH 3HAYCHMIA

aprymMesra x: 1, —1—, —l—, ey L, .. H Z, i, l, ey
. n 2n 3n nn T St 9n
2
@n-3)7’

HNOCJICIOBATEIbHOCTAME 3HAYeHUM (YHKIUMH SABJSAIOTCS

1 1Y\ 1 1 2 2
f(;)a f(ﬂ)a f(g), ooy f(ﬁ)"' H f(;), f(-s—n),
f(%),'...,f(@:—g’);), ... . Tak xak f($)=sinmt=0 npu

2 . (4n-3
moboM n, a f T =sm( "2 )

NIOCJICIOBATCIIBHOCTH

«ooy CXOOAITHECA K HYJIIO. COOTBC’I‘CTBY!OIIIKW

=1, TO Ins mepBoM

lim f(x, )— hm sinn=0,

n—w
a s BTOpOH IIOCJICAOBATEIIBHOCTH

4n-3)n
2

lim f(x,)= lim sin =1.

Takum ob6paszom, mis ABYX CXOMAINMXCA K HYJIIO
MOCJICIOBATEILHOCTEM 3HAYEHHH aprymMeHTa X COOTBET-
CTBYIOIIHE IIOCJECAOBATENBHOCTH 3HAaueHHMH (yHKIME
HMEIOT pa3Hble OpeAensl. A 3TO, MO OUpENEICHAIO
npefena (QyHKIMH, H O3HAa4aer, 4To lim f (x) Be cyme-

X—+ o0

CTBYeT. ,
4. Oynxmua  f(x)= x—::x—l—l AMeeT B TOuke x=0

npesein, paBHBI 1. ,Z[enanmenbuo, BO3BMEM JHOOYIO
MOCJACIOBATEILHOCTh 3HAYCHHH aprymMeHTa X, CXOMs-

IIytOCs K HYJIIO, T. €. hmx =0 u x,#0, Torma, B cuiy
TeopeM 3.7—3.9, mvxeeM

lim f(x,)=
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2
it lim x,—1
= lim x14x,—1 _(,,]_l,];x") +,,LI2, n _0+0—1
n—w .x,,-—l . 0-1
lim x,—1

(mpu atoM Xx,# 1, Tak kxak npu x=1 paccmMaTrpuBaemas
¢dbynkung He onpeaencHa). Takxum obpasoM, cyuiecTByeT

lim f(x,)=1 ¥ Tax kKak OH He 3aBHCHT OT BbIGOpa
n—w

i

NOCIeI0BATENBHOCTH {X,}, cxofsmefics K Hymo, TO Ha
OCHOBaHHH Onpefefienns npefena (QYHKUHH 3aK/ioyaeM,

yro limf(x)=1.
x—0

5. ®ynrxuusa Jlupuxne, 3HA4eHUss KOTOpPOH B pauuo-
HaNbHBIX TOYKaX paBHbI €AMHHLE, 4 B HPpPALHOHAJIb-
HBIX — HYJIIO, HE HMeeT npejesia HH B OMHOH TOYKE X,
4ucNnOBON mpsMoil. [JlefiCTBHTENBEHO, A cXopdsuleics B
TOYKE X, NMOCJEAOBATEJILHOCTH PallMOHANBHBIX 3HAYEHMH
apryMeHTa Ipeliesl COOTBETCTBYIOWIEH NOC/IENOBATENDb-
HOCTH 3HauycHM ¢yHKUMH paBeH eauWHMNIE, a JUis
CXOAALIEHCA B TOYKE X, MOCJIEAOBAaTEJIbHOCTH HpPpaLHo-
HaJIbHLIX 3HAYEHHI apryMEHTa Npeesl COOTBETCTBYIOLIEH
NOCNEAOBATENBLHOCTH 3HAYCHUHM (PYHKIMH PaBEH HYJIO. @

CyuIeCTBYeT ApYyroe onpelesieHHe npeaena (GpyHKIUH.

Onpenenenne 2. Yucao A nasvieaemca  npede-
aom @pynkyuu f(x) 6 mouke x=x,, ecau 048 106020
yucaa €>0 cywyecmeyem uucao 8>0 makoe, umo 0an
scex xeX, Xx#Xq, yO08AeMEOPAIOWUX HEPABENCMEY
|x—x,1<8, evinosnsemcsa nepasencmso |f(x)—A|<e.

HepaBenctBa x#x,, |X—X,|<0 MOXHO 3amucath B
Buae 0<|x—x,|<8. .

IMeproe onpenesicHHe OCHOBAHO Ha NMOHATHH Mpenena
YUCJIOBOM NOCAEAOBATENLHOCTH, TO3TOMY €ro 4acTo
Ha3bIBAIOT ONPENE/IEHUEM «HA A3bIKE NOCAE008aMeNb-
nocmeii». BTopoe omnpefiesieHe Ha3blBalOT ONpeAeIeHHEM
«Ha A3bike €— O».

Teopema 4.1. Ilepgoe u emopoe onpedesenusn npe-
“Oesa PyHKyuu IKeueasenmub ).

0 Hoxasatensctso. 1) llyctb A—npegen f(x) B
TOYKE X, COTJIaCHO nepBoMy omnpezenenuto. ITokaxem,
4TO0 A-—npeles COrjiaCHO BTOPOMY OMNpEAEJIEHHIO.

D T, e. ecu QYHKUMR MMECET Tpedc] B TOUKE X, COTJIACHO OXHOMY
U3 ONpenieSicHUi!, TO 3TOT e npeacn YHKUHS MMEET H COIJIaCHO
ZPYTOMY OTIPEACIICHHIO.
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IMpeanonoxuM oOpaTHOe, T.e€. 4YT0 A HE SBIALTCA
OpefeioM JTOH (YHKUMH COILJIACHO BTOPOMY OIpe-
Iesienio. DTO 3HAMUT, 4YTO He s Jwodboro €>0
MOXHO yKa3atb Takoe 0>0, 4ToDbl U3 HEPaBEHCTBA
0<|x—x,|<d cnemosano Gl paBeHCTBO |f(x)—A|<e,
T. €. CYIIECTBYET Takoe €=g,>0, I KOTOPOro, Kaxce
Obl 0>0 HHM B38Th, HAaHAETCH XOTH .OJHA TOYKA X X,
Takas, 4T0 |x—Xx4]<d, HO |f(x)—A[>g, Byaem
BHIOMpATh B KauecTBe O MOCIENOBATE/NbHO YHCIA
1, ’

g v
n

1
] 3’ LA ]

[ SR

Torna: o

aig d=1 B X CylIeCTBYeT TaKoe X;#Xq YTO

X, —xol<1, a |f{x)—4|>&;

s 8=1/2 B X cymectByer Taxoe X,#Xy UYTO

lx,—%o1<1/2, a |f(x;)—A]=e; ‘

it 8=1/3 B X cCyllecTBYyeT TaKo€ X;#Xg, 4YTO

|x3—Xo1<1/3, a |f(x3)—4[|>e;

ais 8=1/n B X CyIIECTBYET TAaKOE X,7# Xy, 4YTO

lxn_x0l<1/na a If(xn)_AIZEO'

B pe3ynbTate moiy¥aeM MOCHEAOBATENbHOCTb TOYEK,
OTJINYHBIX OT X,

Xiy Xgy X3y ceey Xy vy

1
CXOAALIYIOCA K TOYKE X, Tak Kak |x,—X,|<-—0 npu
n

n—co. Ilo3TOMy, COIJAaCHO HEPBOMY ONpEICIICHHIO
npenena  QYHKUMHM, COOTBETCTBYIOINAsi  NOCJEAOBa-
TenbHOCTH {f(x,)} 3HaYeHmii (QYHKIMH CXOMHTICA X
uyucay A. CrnenoBatenbHO, Ul €, Haiiaercs Homep N
TaKoHM, YTO I BCeX n>N BBIIOJHSICTCA HEPaBEeHCTBO
|f(x,)— 4] <&, Ho atoro GbITh He MOXET, TaK Kak s
BCEX X, BBIIOJIHSAETCH HepaBeHCTBO |f(x,)—A|>¢,.
~ TTonyyeHHOE NpPOTHBOPEYME JOKA3bIBAET, 4YTO HHCIIO
A—npezen ¢pyHkuuH f(Xx) B TOUKE X, COIJIACHO BTOPOMY
OTIpeIEIEHUIO. _
2) Tlycrs Teneph A —npegen f(x) B TOUKe X, COrJiac-
HO BTOPOMY ONpPEeAENeHH0. DTO 3HAUAT, YTO AJs JIF06O-
ro £>0 cymectByer §>0 Takoe, 4TO M3 HEpPaBEeHCTBA'
0<|x—xo|<8 crnemyer HepasencTBO |f(x)—A|<E.
TlokaxeMm, uro A—npenen f(x) cormacHo nepsoMy
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onpenenacaio. Bo3bMeM mobyro NOCIEROBATENBLHOCTH
TOUEK Xy X3, X35 crey Xps -y CXOHOAMYIOCH K  TOYKE
X, (x,,;éxo)l. ’f'orna JUIA YKa3aHHOro 3HaueHds >0,
COOTBETCTBYIOIIEIO & COrJIACHO BTOPOMY OIpEIENCHUIO,
HalifeTcd Takoe N, 4To npu n>N BHINOJHAETCA HeEpa-
BEHCTBO |Xx,—X,|<d. Ho BMmecte ¢ 3THM, B CHIy
BTOpPOro ONpEAEJICHHUS, BLINOJNHAETCS M HEPaBEHCTBO
|f(x,)—A|<e. A Tak KaK € 6bI0 BLIGPAHO NPOM3BOJBHO,
TO 3TO M O3Havaer, 4ro f(x,)—>A4 m1s moboit mocnenosa-
TENBLHOCTH {X,}, CXOAsLIENHCA B TOUKE X, (Xx,#X,), T.e.
4HCIO A sBISETCA npenenoM f(x) B TOYKE X, COTJIACHO .
NEpBOMY ONpEACJICHUIO. W

Ilocie TOro kxax Mbl YCTAHOBHIIH 3KBHBAJICHTHOCTD
obomx onpeneseHui mpenena (GyHKIMH, MOXHO HCHOJb-
30BaTh J1000e W3 HUX B 3aBUCHMOCTH OT TOrO, Kakoe
bonee ymoOHO npu peleHWH TOH HJIH WHOM 3aJadvd.

© Ylpamep 1. Mcnonp3ys ounpeneieHne 2, O0Ka3aTh,
uro ¢ynxuus f(x)=3x—2 B Touke x=1 HMeer npexen,
paseblif 1, T.e. lim(3x—2)=1.

x~+1
Pemenne. BoszpbMeMm moboe £>0. 3agava cocTOUT B
TOM, 4TODOHI IO 3TOMY £ HalWTH Takoe &> 0, mpu KOTOpOM
H3 HepaBeHCTBa |x—1]|<& cnepoBano Onl HepaBEHCTBO
If(x)—1]=|(3x—2)—1|<e. Ipeobpasys nocnemuee He-
PaBEHCTBO, IOJIyYaeM

[3(x—1)l<e, wm |x—1|<gf3.

Otcloga BHOHO; YTO €CIIH B34Th 0<€/3, TO AJIa BCex
X, YAOBJIETBOPSIOIIMX HepaBeHCTBY |x—1|<§, BuImoa-
HieTcA Tpebyemoe HepaBeHCTBO |f(x)—1|<e. Oto

o3nayaer, 4to lim (3x—2)=1. B gacrHocTH, ecnn g=1,

x—1
o 8<1/3, ectm &£=1/2, 10 8<1/6, ecm £=0,01,
to 8<0,03, m T. n; TaxAM oOpa3oM, & 3aBHCHT OT
g. lz;l(o:)a’mMy B ONpEACNICHWA Tpelesia MHOTAA IHIIYT
. = E).
Ilpamep 2. Mcnomns3ys onpenenenne 2, Kokasatb, 9TO

oyuxuns f (x)=xsin§, onpeneneHHas iA Beex x#0, B

o . .1
Touke x=0 uMeer npenen, pasaplid 0, T. €. lim xsin-=0.
x—0 X

Pemenune. Bo3smem moboe £>0. Kak m pauee, no
‘3TOMY € HaJo HaHTH Takoe 8>0, mpm KoTOpOM H3
BepaBeHcTBa |[x—0)<8 cnemoBano Ol HEpaBeHCTBO
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|f(x)-01= Ix sin;r - 0' =lx sin)l(l <¢. Ipeobpasys nocnemnee
HEpaBeHCTBO, noJiydaeM Ix sin)—lrl =|x I’sin-::l <lx|< e

. 1 -
(}sm;lsl IIpH x;éO). Otcrona BHAHO, 4TO €CNHM B3ATh

d<¢€, TO, KaKk TOJNBKO |x|<8, COpaBeUIHBO HEPABEHCTBO
.1 . .1
lxsm—l<s. CnepoBarensHo, lim xsin-=0. @
xi - x—0 x .

Yopaxnenns. Hcnonn3ys onpeneneame 2, A0Xa3aTh,
gro: 1. lim(3x—5)=1. 2. limx=x,. 3. limcosx=1.
x—2 X—Xq x—0 .

4. lim C=C (f(x)=C=const). 5.lin;x2=4.

3aMmeTHM, 4TO ompelejicHHe mpenesia (YHKUHM «Ha
A3bIKe TOCNIEIOBATENbLHOCTEH» HAa3BIBAIOT TaKKe ompeje-
neHdeM npexpena ¢ymxkmum mo Teiime!, a ompenesnenne
mpefena (QYHKIMH «HA S3BIKE €— O» — OmpeAeneHHeEM
npenena ¢ymkmun nmo Komm?),

2. Tlpenen ¢yBHKUHH DPH X—X,— H HPH X—Xo+.
B npannmeiimem OymeM HCNONbL30BaTh NOHATHE OIHO-
CTOPOHHMX HpefieNioB (PYHKIMH, KOTOpPHIE ONPENE/SIOTCA
cnexyromaMm obpasom. '

Onpenenemse 3. Yucao ‘A nazvieaemcsa npasvim (Ae-
6biM) npedeaom Pynxkyuu f (x) 8 mouxe Xx,, ecau 0AA
a0b0ti  cxodaweiica Kk X, nocaedosamesvnocmu (1),
34emeHmul X, komopoii Gosvue (menvwe) x,, coomeem-
cmeylowan nocaedosamesvHocms (2) cxodumcsa k A.

O6o3Haverme: lim fx)=4 ( lim f(Jé)=A).

x—xq+ XX~
O B kxauectBe mnpumepa paccMOTpHM (YHKIHIO
f(x)=sgnx?. Ir1a Pyaxumus mmeer B Touke x=0 IpaBhI
M JeBblit npemens: lim sgnx=1, lim sgnx= —1.
x—0+ x—0—

B camoM nene, ecrm (1) —mobast cxonsmascs X HyIO
HOC/IE/IOBATELHOCTh 3HAYCHWA apryMeHra 370l (QyHK-

Y Teitne Tenpux Dmyapn (1821——'1881)—neuemii MaTeMAaTHK.
3 Kowwu Oriocren Jlyn (1789—1857) — dpanutysckmil MaTeMaTHX.
3 Onpenenenne ¢yukuuu sgnx npusencHo B m. 2 § 1.
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MM, JJEMEHTHI X, KoTopoil Gombue Hyns (x,>0), To
sgnx,=1 u lim sgnx,=1. CnexoBarenpHo, lim sgnx=1.

n—om x—0+
AHajIOTHYHO YyCTaHaBJHBAaeTCsA, 4To lim sgnx=—1. @
) x—0-

MoXHO [aTh PaBHOCHJIBHOE OIPEAC/ICHUE OTHOCTO-
POHHHX MpPENEJOB (QYHKUMM «HA SI3bIKE £—O»: uucao A
Hasvigaemca npasvim (aegbim) npedesom Pyuryuu f(x) 6
mouke x,, ecau 0oaa mobozo £>0 cywecmeyem 6>0
makoe, 4mo O04A 6cex X, Y008AemMEOPIUOWUX HepaseH-
cmeam  xa<x<xo+8 (xo—d<x<x), 6vIMOAHACMCA
Hepasencmso |f(x)—A|<e.

CsBa3p MeXIy OJHOCTOPOHHMMH MNpeaeiaMU H Ipene-
JoM (YHKIIMH YCTAHABJIMBAET CIIEAYIOIIAaA TeopeMa.

Teopema 4.2. Pyuxyua f(x) umeem 6 mouxe x,
npedes mozoa u MoAbKo mozoa, Ko20a 8 3moil mouxe
Cyujecmgyom Kak npasblil, max u aesbviii npedessvi u OHU
pasivl. B amom’ cayuae npedea dynkyuu pasen oorocmo-
POHHUM npedeaam. -

0 Jokxa3aTelbCTBO. Iycrs lim f(x)=

x—‘xo—
= lim f(x)=4. Torma, COrNacHO OIpEIECHUIO TIpe-
X=Xyt
Iena o(byﬂxmm crneBa W copasa, aug Jnoboro £>0
CYLIECTBYIOT uHuciaa 8, >0 u 6, >0 Takue, 4TO AJd BCEX X,
VIOBJIETBOPAIONIMX ~ HEPABEHCTBAM X, —0; <X <X,,
M IS BCEX X, YIOBJCTBOPSIIOIIUX HEPAaBEHCTBAM
Xo<X<Xo+08,, BHIOJHAETCS HEPaBeHCTBO |f(x)—A|<e.
Bosemem d=min {§,, §,}. Torma s BCex X, yAOBJET-
BODSIONIMX HEPABEHCTBY |X—Xo|<0, X# Xy, BLIIOIHAET-
ci HepaeHCTBO |f(x)—A|<e. A 3710, cCOrJacHo
onpeleSeHHI0 2, W O3HAYaeT, 4TO
lim f(x)= 4.

X=X
O6parHo, nycth lim f (x)=A. Toraa, cornacHo ompe-
X—X

JefeHMIo mpenena QYHKUMM B TOYKE X, A JEOGOTO
£>0 cymecrByer uucao 6>0 Takoe, YTO IS BCEX X,
YIOBJIETBOPSIOIIMX HEpaBEHCTBY |Xx—Xx,|<0, x#x,, Bbl-
TIOJIHSETCS HEPAaBEHCTBO |f (x)—A|<e. TeM caMbBIM Kax
UL Xo—0<X<Xq, TaK H OIA Xo<X<X,+0 copasen-
71uBO HepaBeHCTBO |f(x)—A|<e. A 370, cornaceHo
ONpEAC/ICHHIO ONHOCTOPOHHMX HPENesioB, H O3HAYaeT,
410
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lim f(x)= lim f(x)=4. B

x—x0- x-x0+

O Ilpamep 3. Hokazath, 4TO
bynxuusa

x? npu x<0,
Sx)= {x+1 npu x>0 Puc. 122

B Touke x=0 He uMeer mnpemena (puc. 122).
Pewenue. ®ynxuus f(x) onpenencHa Ha BCeH HHC-

noso#t npsamoii. ITpu x<0 ¢yskuus 3apaerca Gopmyson
flx)=x? Tak xax npemen ¢ymkmum x° B Touke Xx=0
paBeH HyIO (JOKaXHTe CaMOCTOATENLHO), TO, MO Teope-
Me 4.2, neBblif mpenen MaHHOHW (QYHKUMH B 3TOH TOYKe
TakKe paBeH Hyo, T. €. ' '

lim f(x)= lim x*=lim x*=0.

x=+0 ~ x—0 - X0

AHanOTMYHO J[IOKa3BIBA€TCA, HYTO MpaBblil Mpeaes
nanHo#t gynxuuu B Touke x=0 pasen 1, . e. lim f(x)=
x—0 +

= lim (x+1)=1lim (x+1)=1. Cnemosartensho, B TOuKe
x—0+ x—0 :

x=0 nanHas QyHKUHA MMeET NpaBblil M JEBLIA Npeness],

Ho oHu He paBHbl. Cormacio Tteopeme 4.2, 310 H

O3Ha4aeT, uTO JaHHas QyHKUMsA B Touke x =0 npeaena He

HMEET, T. €. lir(x)1 f(x)# Alirél f(x) » limf(x) ne cyue-
Xx—0 - x—0+ x—0

CTBYET. @
Yupaxnenne. Jloxasatb, 4TOo QYHKUUSA

\_ Jx+2 mpu x<1,
S)= {x+3 npr x>1

B TOouke x=1 He MMeeT mnpenea.
O Tllpumep 4. doxa3zath, YTO OQYHKLHSA

f(x)= {x npH X<0,

sinx npu x>0

B TOouke x=0 umMeer npegen.

Pewenne. Oynkuus f(x) onpeneneHa Ha Bcelt wuc-
JoBo# mpsMoif, kpome TOukH x=0. BbIYHCAMM B TO4YKE
x=0 opmHocToponnue npenenst ¢ynkumn f(x). Hmeem
lim f(x)= lim x=0, Tak kak limx=0 (cM. mpumep 2,

X0 = x—0 - x—0
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gl o 1); lim f(x)= lim sinx=0
x—0Q+ x—0 +

(cm. mpumep 3 § 3). Cieaosa-

TeNbHO, B Touke x=0 1gaHHas

GbyHKLHA HMeeT npaBblil W Je- -

x—0 -

0 x "
BRI mOpenesbl U OHM  PAaBHBI
CornacHo teopeme 4.2, 310 03-
Ha4aeT, 4TO JaHHas QYHKUUSA B
‘ Toyke x=0 HMeeT npenen u OH
2l .
Puc. 123 ' paseH HyJmo,- T.e. lim f(x)=

= lim f(x)=1lim f(x)=0. @

x-+0 + x—0

3. Ipeaea ¢yukumn npu x—o0, OPH X— — O H APH
x—+oc. Kpome paccMOTpeHHBIX TIOHATHII npeaena
GyHUMH TpH X—X, W OAHOCTOPOHHHUX MpPENENOB CyIle-
CTBYET TaKXKe MOHATHE npeaena (GYHKUMU NPU CTpeMJle-
HHM apryMeHTa K OECKOHEYHOCTH. :

Onpenenenne 4. Yuc10 A nasvieaenca npedesom @ynk-
yuu f g\) npu X— 0, ecau 049 a0boil 6ecKoneuHo 00.1bu0d
nocaedosame.tonocmu (1) 3nauenuti apeymenma coomeem-
cmgyrowaq  noc.iedosame.avrocme (2) 3nauenust @ynxyuu
cxodumea k A. .

O6osznauenue: lim f(x)= 4.
X—+0

Onpenenenne 5. Yucro A  naseisaemca npedeaom
dyukyuu f (xg npu x—+0 (x——o0), ecau 014 .106oil
beckoneyno 0o.abuioti nocaedosameavriocmu (1) 3nauenuis
apeymeninga,  31eMeHmul X, KOMOPOH  NOJ0NCUINEAbHbL
(ompuyame.ionb), coomeememsylowas  noc.edo8ame.b-
Hocmb (2) 3navenuti Pynkyuu cxodumcsa rk A.

X—+ o0 X— =

1)
O6o3Hayenne: lim f(x)=A< lim (x)=A> .

O Pacemotpum npumep. IMycrs f (x)=% J1a QyHK-

LA IPH X— 00 MMEET INpelel, paBHBIA Hysr0. JleHcTBH-
TEJbHO, €CNH {x,} — GeckoHeuHO OOJBIIAS MOC/EeNOBa-

! Ecan npesenst dyHkuun f(x) npu x— + 00 M IPH X— — o0 paBHsI

A, 1o mumyr lim f(x)=A. Hanpumep, lim ~= lim —=lim —-=0
X—+m x—-bX x—to X x—n0 X

(4=0).
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TEJLHOCTh 3HR9YEHMH apryMeHTa, TO COOTBETCTBYIOINAS
. -1 1 -1

NOCJIENOBATEJBHOCTh 3HAYCHUHI (byHKIIHH Ty T/ eery ™y eee
Xy X2 X

no teopeme 3.1 sBaseTcH GECKOHEYHO MAsIOi M NOITOMY
. ' .1
HMMEET mpenes, paBHBK Hymo, T.e. lim—=0

X—+a0 X
(puc. 123). @

Onpenenennst 4 —5 faHLl «Ha A3bIKE HOCIEHOBATE/Ib-
HOCTei». MOXHO naTh paBHOCHJILHBIE ONpENEICHHUA «HA
f3pike £—O». PekoMeHAyeM chenaTh 3TO CaMOCTOs-
TelbHO. B kauecrBe mpumepa chopmyimpyem ompenerne-
HHEe Tpeaena (GyHKUMA NPH X— + 00.

Onpenenenue 6. Yucao A nasvieaemca npedeaom
Pynxyuu f(x) npu x— + 0, ecau dan 4106020 wucsa £>0
cywecmgyem uucao O makoe, umo 048 6écex xe<X,
yooenemsoparowux Hepasencmey Xx>08, evinosHsemca we-
pasercmeo |f(x)—A|<e. A

O Ilpamep 5. Mcnonb3ys coOTBETCTBYIOIIEE ompene-
JIeHHe lnpenena «Ha A3bIKe €—O», HOKa3aTh, HTO

x+ :
x—w 2x+1 27

. x+1 1 ) :
Pemienne. Pasenctso lim =- -‘«Ha HA3bIKE
x—w 2X+1 2

€—&» o3nauaer, uTo mis moboro £>0 cymecTByeT 8> 0
Takoe, YTO M3 HEPaBeHCTBA |x|>d ciemyeT HepaBeHCTBO

x+1 1 1 1 .
I——-— =———<&¢ wm |2x+1]|>-. Haiigem 3Ha-
2x+1 fl 12x+1] I + I € A

YeHHS X, JUId KOTOPBIX BBLIIOJHAETCS THOC/EeAHEe
HepaBeHCTBO. Tak kak |2x+1|>|2x|—1, To nocrarouyno

1
PEUIMTL HEPaBEHCTBO |2x|—1>-, oTkyma mnoaydaem
€

lx|>%(l+§). Ecnn B3sTh 8=%<1+£), TO IS BCeX X,

YAOBJICTBOPAIOIMX HEPaBEHCTBY |x|>8, GyaeT BbINOJ-

’ x+1 1 .
HATBCS HCPABCHCTBO |m— 5{< s A 3TO O3Havacrt, 4TO
x .
m x+1 1
x——q)2x + l 2 )

Ilpumep 6. Hcnonesys coorsercTBylomiee  ompe-

ACJIEHHE TIpeleNna «Ha sA3bIke £—O», [OKa3aTh, YTO
5x+1_ 5
x—+w3x+9 3’
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5x+1 5

Pemenue. Pasescrso  lim
x—+ 3X+9

£—0» o3Hayaer, 4To Wis moboro £€>0 cywecTByer &
Taxkoe, YTO M3 HEPABEHCTBA X>J& CJEQyeT HEPaBEHCTBO
Sx+1 S| 14 ' '
3x+9 3| |3x+9]
BBLINOJIHAETCA MocieAHee HepaBeHCTBO. Tak kak x>0, To,
-9¢

«Ha A3BIKC

< ¢. HalineM 3Ha4eHMs X, U1 KOTOPBIX

14 14
pelas HepaBeHCTBO —— <€, MOJTydaeM x> . Ecom

3x+9

' : 14-9
NOJIOKHTh &= 38'8, TO IJs BCEX X, YAOBJICTBOPAIOUIHX

HEPaBEHCTBY X >0, OyaeT BLINOJHATHECA HEPABEHCTBO

Sx+l 3 <e. A 3ro osmauaer, yto lim Sx+l_3

3x+9 3| ) ) ? x—o+m3x+9 3' o
Vopaxnenus. Micnone3ys coOTBETCTBYyIOLIEE onpeaese-
HHEe Tmpefjesia «Ha s3blke €—O», MOKa3aTh, YTO:

x=1 1 2x-1 2 sinx

1. lim =-., 2. lim =2, 3. lim—=0.
x—‘m'3x+2 3 x—o+m3x+2 3 x—ewo X 0
4. lim e'*=1. 5. Lm 1=0.

x—+ x—s—a X

O Ipamep 7. JoxasaTts, 4To QyHKIHMA Sinx HE HMEET
Tpefiesia npH x— + 00, :

PemeHne. okaxeM, 4To 312 QYHKIHS HE YOOBJIET-
BopseT onpeAeiacHuto S. JIns 3TOr0 yKaXeM Taxylo
GeckoHe HO GOJNBLIYIO MOCNENOBATENbHOCTD {X,} 3Hade-
HHif apryMeHTa, J1eMeHTEl KOTOPO# NOJIOXHTENBHEL, 9TO
nocjaefoBaTeNbHOCTh {sinx,} 3Hauenmit ¢yHxumm pacxo-

marcs. IlomoxuMm x, =;(2n +1). Toraa x,—+c upu

n—» 00, OC/IEAOBATENLHOCTD {SinX,} NPHHMMAET 3HAYCHUSA
-1, 1, =1, ., (=) .., a HOCJ/ICIOBATEIbHOCTD
{(=1)"} (cM. 3ameqanme k Teopeme 3.6) pacxomuTcd, 4TO
H TpeboBanoch NOKa3aTh. @

Vnpaxunenne. foxa3ath, 4T0 lim COSXx He CyLIECTBYET.
X—+®
? Bonpochi Ans camonpoBepKu
1. ChopmynupyitTe asa onpegenexnsa npeaena yHkuwu. Hrto
03HauaeT IKBUBANEHTHOCTb 3TMX ONpefeneHvin?
2. Mpusegure npuMep (PYHKUUN, He umeloLiei npeaena 8 AaHHONH
TOuKe.
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3. Mpy  KakUX yCnoBUAX W3 CYWECTBOBAHUSt OLHOCTOPOHHUX
npegenos ¢yHKLUKM cnegyet cymecraoaauwe rnpeaena @yHKuMn #n
Hao6opoT? Ixl

4. CywectsyeTr nm Ilm -7
x

5. Chopmynupyiite  iBa onpeaeneHuss npegena qunyuMu npu
X—+oC.
8. Ookaxure, uTO hrp X He cyujecrayet.
X— T

-§3. TEOPEMbBI O NIPEJAEJAX OYHKIIUN

OnpenencHue mpenena GyHKUMH «HA S3bIKE NMOCIENO0-
BAaTEJBHOCTEH» NaeT BO3MOXKHOCTHL IEPEHECTH HOoKa3aH-
HLIE paHee TEOpeMBI O IpedesiaXx IOCJeOBATEIbHOCTEN
Ha Oynkipu. IloxakeM 3TO0 Ha mpuMepe IBYX Teopem.

Teopema 4.3. ITycmv @ynxyuu f(x) u g (x) umerom 6
mouxe xo, npedeast B u C. Tozda gymkyuu f(x)+g(x),

S(x)-g(x)u 2-:((—)% (npu C#0) umerom ¢ mouxe x, npedensi,

' B
pasuvle coomeemcmeenno B+ C, B-C u =

0 JoxaszatenscTro. Hycts {x,} (x, ;éxo) npo-
H3BUABHAA, CXOIALIAAC K X, NOCIECHOBATEILHOCTD 3Ha-
yernit aprymenta ¢ymkumi f(x) u g(x). Coorser-
cTeyrolme  rociedosatensHocth  {f(x,)} ® {g (,;,,l)}
3HaueHME STHX O(yHKUHEE uMewoT upenenst B u C
TOraa, B criy TeopeM 3.7—3.9, LoCHAeAOBETENIBLHOCTH

Ulazele. Ul gl n {29 e c20

HMEICT TIpeAie/bl, COOTBETCTBEHHO paBHble B+ C, B-Cn

B
s CornacHo onpenencHuio 1 mpemena ¢yHkuuu, 310

O3Havacr, 4T1o
lm () ¢ ()] =B C, lim [/(x)-(x]]=5"C,
O

m ="

x—wxog(x) c
Caenctsue. ITocmosnublii MHOMCUMEAD MONCHO Gbl-
Hocumb 3a 3nak npedeaa, m. e. im[C-g(x)]= Cllm g( x),
20e f(x )—  NOCMOSHRBIT  MHONCUmCAD.

B camom pene, lim[Cg(x)]=1lmC-limg(x)=

X=Xy X=X,
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=Clim g(x), Tak xax lim C=C {cm. npumep 1 1. 1 §2).

XX X=X -

Teopema 4.4. Hycmg, dyncyuu f(x), g(x) u h(x)
onpedeicHsl & HeKOMOPO OKPeCMHOCMY MOYKU Xo, 34
uckmoyenuers, Oblmb. MOMNCEM, CAMOU MOYRU Xq, U
dynrcyuu f(x), h(x) umerom ¢ mouke Xq npede1, pasnviii A,
m. e.

lim f(x)=1limh(x)=
cmb, Kpome T mozo, evimoansiomcA  HepaseHcmea
(v)<g x)<h(x). Tozda
lim g (x)=A.

XX

0 HoxasatenncTho. Iycrs {x,} (x,#xo)—npo-
H3BOJIbHAA, CXOASAIIANCH K X, nocnenosarem,ﬂocn 3Ha-
yenwil aprymeBTa GymEKmmil _f(x) n h(x). _Cootset-
CTBYIONTHE TOC/EAOBATEILHOCTH { f(x)} ugﬁgc,)} 3nawe—
AWt 3TUX (YRKUMH HMEIOT npencn, paB
f(x,)—»A4, h{x)—A npa n-co. Henomays Bepaneacrsa,
NAHHbIE B YCJIOBHH TEOPEMBI, MOXHO 3amHCaTh

Slx)<g (r)<h{x,).
Otciona mo Teopeme 3.11 cnemyer, aro g(x,)—A4.

B cuwry onpemencEus | mnpenena GyHEKIHMH, 3TO
034a4aeT, 41O

limg(x)=4. m

X—Xa

3ameganue. Teopems 4.3 u 4.4 BepHbl TAKXKE H B
ciyuae, KOrjia x, ABJISCTCH OJHMM M3 CAMBOJIOB 00, + 0
HIH — 0.

O Ipmmep 1. Haiitn lini (3x*+x+5).

Pemzuane. Ha ocHoBanmu Teopembl 4.3 (mpenen
CyMMBI ¥ HpOHU3BEHCHHA) HMEEM

hm(3x +x+5)= hm3x +11mx+hm5—

x—1 x-+1

=3limx-limx+lmx+5=3-1-1-+14+5=9,

x—1 x—1 x—1
TaK Kak lim x=1 (cM. mpumep 2 m. 1 §2).

x24x+1

Ipumep 2. Haiitu hm
xi—x+1
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Pemewue. Ilpemen wucnurens
lim (x*+x+1)=limx - limx+limx+1=1-14+1+1=3,
x—1 x—1

x—1 x—1

a npeaci 3HaAMCHATENA

lim (x2—x+1)=
x—1
=lmx-limx~limx+1l=11-1+1=1.
x—1 x—1 x--1
Tak kak npeges 3HaMCHATeNsds HE paBeH HYJO, TO,
npuMeHss TeopeMy 4.3 (npeden 4acTHOro), OKOH4Ya-
TEJIbHO MOJIyYaeM

lim (x2+x +1)

LoxPex+l 3
:l:l—r.r}x2—~x+l= ) =T=3'
lim{(x2~x+1)
x—1

Tpumep 3. [okazath, 4to lim sinx=0.
x—0 +

Pemenne. Ilycts 0<x<m/2. Bo3smem myry AM
OKPY)XKHOCTH €IHHUYHOIrO paadyca M Yroj, pagHaHHas

Mepa koToporo pasHa x (cM. puc. 124). Toraa Ajl=x,

KM=sinx. Tax kak O<KM<A\X'!, TO
0<sinx<x, 1)
a Tak kak lmx=0 (cm. npumep 2 n. 1 §2), To u3

x—0

HepaseHCTB (1) u Teopems! 4.4 cienyeT, 4ro lim sinx=0.
. x~0 +

- JlokaxuTte caMocToATeAbHO, 4ro lim sinx=0.
. x—0 -

‘. 1
ITpumep 4. [Ioxa3zats, yTo lim / l+—==1
P ands] X

Pemenne. nia noboro x#(0 BuINOJHAIOTCA HEpa-

BCHCTBA .
’ 1 1

" Umeem lim <1+;13)=l, TaK Kak lim i2=0 (noKaxHTE

x—» x—em X
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3T0 camoctosaTenbHo). Ilo Teopeme 4.4 nonyuaeMm, uTO

1
lim [1+—=1. @
X--* 00 X

M Bonpackl ana camonposepku

1. ChopmynupyinTe Teopemot 4.3 M 4.4 o npegene (QyHKUUA.
2. Nloxaxute Teopemy 4.3 npu x— +oc. 'ge B gokasarenscree
Teopembl UCNONL30BaHO, 4to C#£0?

§ 4. 1BA 3AMEYATEJIBHBIX [IPEAEJIA

1. TlepBoiii 3ameuaTe/bHBLI npeTe:
. sinx
lim —=1.

x—0 X

O [Joxaxem JaaHHoe paBeHCTBO. PaccMorpum ayry
OKPYXHOCTH panuyca R=1 ¢ UeHTpPalNbHbIM YIJOM,
panuMaHHas Mepa KoToporo paBHa x (0<x<m/2)
(puc. 124). Torna :

OA=1, sinx=MK, tgx=AT. (1)

OueBunHO, 4TO IUIOWaAb TpeyroiabHuka OAM MeHbLie
wiomwam cexkropa OAM, koropas, B CBOKW oO4epellb,
MeHbllle nioman Tpeyrosibiuka OAT wau, 4T0 TO Xe

camoe, ;0,4 'MK<% 04 -AM<%OA *AT. [Ilpunumas

BO BHHMMaHH¢ paBeHcrBa (1), mociieHee COOTHOUICHHE
MOXHO 3anucath B BHIE

1 . 1 1

—smx<-x<-tgx,

2 2 2
OTKylla TmonyvaeM

sinx<x<tgx. 2)

Paszgenus  3TH  HepaBeHCTBA Ha  sinx, IMOJYyYHM

sin x sin x
1>—Z">cosx, orkyma HaxomnmM O<l-—-—Z<1-—cosux.
X X

.xX L X . X
Tak kaxk sm5<l, TO sm“5<sm§. MoaroMy, yuuTwIBas

nepBOe HEPABEHCTBO (2), AMA BCEX X, YAOBICTBOPAIOLINX
HepaBeHcTBaM (0 <x<7/2, monyuaeMm

. . X
1—cosx=2sin22<2sinZ<2-Z=x.
2 2 2
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Hrax, 0<l-—i'i¥<x TIpH

0<x<x/2.

Bo3bmeMm Jnoboe €>0 B mo-
noxem S=min {e, w/2}. Torma
IUIA BCEX X, YROBJICTBOPSIOIIHX
HepasencTBaM (<x<98, Oymer
BHIIOJIHATHCE HEPABECHCTBO X <&,
NO3TOMY

-»0<'l—1;5<s, oTXyna

1 Sinx
x

<E. Puc. 124

9to o3mawaer, o 1 sBIKETCA NpABHIM < MpEAENOM

. sin x
(bynm-———s'roqxex =0, T. . ”I_J..IP+T—1 3ameTEM

Tenmepp, 4T0 (yEKTHES j(x)=7x- yerHas, TaK Kakx
f(—?‘)=9ﬂ=dﬂ=f(x). IosroMy B nepuii mpenen

d)ynnmn-—-hromx—Opanenl Orciona, B cany
TeopeMn 4.2, cienyer, 4TO lnnﬁ—l [

3ameuanne. chomyx ncpanencrna ginxX<x ®
l—cosx<x mpE 0<x<n/2, NOJyYcHHHE B XONE pac-
CMOTPEHHS NEPBOrO 3aMCYATENBHOIO NPEAC)a, - JIeTKo
J10Xa3aTh, YTO hmcosx-l hmsmx-—() (Cnenaifte 3o

wuoc'romnmo)
C nDoMoOmpBIO NEpBOro 3aMEYaTENBHOTO Mpeneia
BLIYAC/IAIOTCE MHOTHE npyme npeaessl.

O Npumep 1. Haiite hm 1-cosx

Pemenue. 3gamMeBaTeNb npoén opr x-»{ crpeMATCH
x Hy)no. IToatoMy Teopema 4.3 3nech BempamenrEMa. Jlis
HAXOXJICHHs Npefiesia npeoGpasyeM HaHHYIO XpoOb:

lim 1—cosx lim 235“1("/2)_= lim sin (x/2) .sinX=
x—0 X x—0 x x[2 2

"“"‘mhmsm =1-0=0.
x—-o %2 x—0
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TMpamep 2. Haiitm lim ex

x—0 X
Pemenue. HMmeem
gy _ 4 sin x

Im === lim — = lim
x—0 X x—0 X COSX x—0 X x—0COSX

sin x
—lim

Y L
1

Ipumep 3. Haiitu lim

x—0 sm4\
Pemenune. MmMmeem
. 5/4 5/4 5/4
Ihm =lm ——= / ZL;1,25. ®
‘_.051114\ x—0Ssindx  sindx 1
4x —p 4x

2. Bropoii 3aMeuaTesbHbiii npee:

lim <1+1) =
X—+0C R

. 1
o Kak wusBectio, lim{l+-} =e (M. . 3 § 3
n— oo n

X

. ] ..
n. 2). HoxaxeMm, uto lim | 1+4-) =e. [leiicTBUTENBHO,
X

X—oC
nycrs x>1. Tonokum n=[x]; Torma x=n+a, rae
n—HAaTypalbHOE HYHCJIO, 4 o YAOBJIETBOPSET YCIOBHIO

’ 1 11
0<a<l. Tak xak n<x<n+l, —<~-<-, TO
n+l x n

1 n 1 x 1 n+1
T4+— ) <{14-] <{1+4- .
n+1 X n

Ipn x>+ (n—>oo)

) 't 1Y .. 1
Iim|14- =lim{1+-} lim{1+4-)=e-1=e
n—oc n f —) n n—w n
. 1 n+1
1\ llm(H——n_H) .
Iim <1+——) =t 4 ==,

i 1 1
n—o0 n+ lim (1+ )
—w n+1

Otkyma no Teopeme 4.4 mostydaem

lim <1+l> =
x—+ 0 X
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Ilycts Tenepp x< —1. [MonoxuM x=—y, Torma

. 1y 1?7 . 1y
lim {14+-)=1lim [I—-}) = lim (14+—] =
X——o X y—+ow y y—+ y=1

: Pyl A
= lim [ 1+— lim [1+— }=e-1=¢
y—+ o y—1 y—+ 00 y=1 :
opH x— — 0. ;
ObbemuHsist ob6a Ciryuas, OKOHYATENbHO HMeEEM

lim (1+1> —c. B
X—+ 00 X .

Bropo#t 3ameuaTenbHBIN npemesn UMeeT IMpPOKoe
npumeHenue. C €ro NOMOMIBIO HAXOAATCS MHOTHE JPYTHE
Ipeaesibl. ’

O Ipumep 4. Haiitu lim (1+x)'~,
x—0
Pemenne. CpemaeM 3ameHy nepeMeHHOM, moia-
ras l/x=a. Toraa o4eBHAHO, 4YTO O — 00 mpu x—0.
ITosromy

lim (1 +x)"* = lim <1+§) =e.

x—0 a—00

X—+00

Hpimep 5. Haiitu lim (l—}—i—).

Pewenwue. IMonoxnm x=3r. Torma mpuy x—oo n
t—oo. CrnemopaTesnanHo, : '

3\* y 1 3t 1 t- 1 t
lim (l+—_) = lim (l+—) =lim I:(l.-i-—’) -(l+-) X
X—+00 X t—o0 t t—a t t

1y 1Y Y Y
. (1+-)]=um(1+_) -lim<1+—) -um(1+_) -

t 1—00 t t—wo t] t—w t

=e-e-e=e3. @

. . Bonpocwt pna camonposepku

1. llokaxute nepBuiil W  BTOPOW  3amevarenbHbie npe-
Aensi.

2. flokaxute, yto lim(1+x)'*=e,

x—0
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§ 5. BECKOHEYHO MAJIBIE H BECKOHEYHO
BOJIBIUME ®YHKLHUH

1. Beckoneuno MmaJible QyHKILUHN.
Onpenenense 1. @ynxkyua f(x) naszvisaemca beckoneuno
Maaoii Pynkyueil (uau npocmo 6ecKoHeuHO Manoi) @

mouke x=x, (uau npu x-xg), ecau lim f(x)=0.
. X=X

AHaNOrMYHO  OMpeAensIoTCH GECKOHEUHO  Mable
GyHKIMM npH X— 00, X +00, X—=—00, X—Xe— H
X—Xo+.

Tak kak npenen 6eckoHedHO Maoi (PyHKHMH paBeH
Hymo, T.e. |f(x)—A|=|f(x)—0| =|f(x)l, To MoxHO
IaTb paBHOCHIbLHOE oOnpenesieHde OeckOHeYHO MaJioi
GyHKUHA «Ha A3bIKe £—O»: Pynkyua f(x) Hasvleaemcn
becxoHeuno manoti 8 mouke x=Xx,, ecau 041 a0bozo £>0
cywecmgyem 8>0 maxoe, umo 0aa ecex xX€X, xX#X,,
yO08.1emeopAOwWuUxX HepageHcmsy |x—Xx,|<9, evinoaua-
emca Hepasencmeo |f(x)|<e, W «Ha s3biKe moclie-
nosaTenbHOCTEN»: @ynkyua f(x) nasvieaemca Gec-
KOHEUHO MaAoll 6 mouke X=X, ecau 042 aoboii
cxodaweiica K X, nocaedogsameabHocmu {x,} 3Hauenuil
apzymenma, OMAUYHBLIX OM X,, COOMBEEMCMEYIoWana no-
caedosamensrocmy { f(x,)} Aeaaemca beckoneuno manoi.

Tak xe kak OeCKOHEYHO MaJibie NOCJICAOBATENbHOCTH,
6eckoHEYHO Maunble (YHKIMM MrparoT CyIECTBEHHYIO
ponn: obimee NOHATHE npenena (PyHKHHM MOXET ObIThb
CBEICHO K NOHATHIO OECKOHEYHO MaJIOH.

HMmMeer Mecro ciemyromias TeopeMa.

Teopema 4.5. [Jaa evinoanenua  paseHcmea

lim (x)=A Heobx00umo u docmamouno, umobsr Pynxkyua
) X"‘xo N
a(x)=f(x)— A4

bviaa beckoneyno maaoli npu x— Xx,.
0O Aoxa3aTenbCTBO. Heob6X0oQHMOCTD.

Mycts lim f(x)=A. Paccmorpum pasHocTb f(x)—A=

=a(x) M ‘mokaxeM, uTo «(x)— GeckoHeuHo Maias
byHkuMs Opu Xx—Xx,. HdelcTBHTENbHO, NpEeenbl KaXAOH
u3 QyHKumMi f(x) 1 A npu x—x, paBHBl 4 U NO3TOMY, B
cany Teopemst 4.3,

x—-xo

lim a(x)=xllr§1 [f(x)—A]=£r§1 f(x)—-xliril A=A—A=0.
o 1] [
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octatodnocTh, Ilyets  flx)—A=0(x), rame
a(x)—BeckoHeuHO Manas QyHKLHS npH x-x,. Iloka-

keM, uto lim f(x)=A. Tak xax f(x)=A+a(x), To

.\'—'.\'0

0 XXy

=4A+0=4. 1

M3 Teopembl 4.5 mosyuaem crneuuanbHOE NpPeACTaB-
neHue i QYHKUMH, UMeEIOUIH B TOYKe X=X, Npeie,
paBHbI A4:

lim f(x)=lim [A+o(x)]= lim 4+ lim o(x)=

fX)=A+a(x), rae lim a(x)=0.
x—»xo
[lpu sTOM 06BIMHO rOBOPAT, uTO OyHKUMA f(X) B
OKPECTHOCTH TOYKM X, OT/MYaeTCcA OT A HA GECKOHEYHO
Manyo GyHKUHIO. ;
beckoneyno Masnble GyHKUMH 06GMANAIOT TAKHMHU Xe
CBOWCTBAMHM, 4YTO M OECKOHEYHO MaJjible MOCAEA0BATENb-
HocTH. Cripase/sBa clieqyromias Teopema.
Teopema 4.6. Ancebpauueckan cymma u npoussede-
HUE KOMEUHO20 HUCAQ BECKOHEeYHO MAAbIX PYHKYuii npu
"X Xg, a4 maKdxce  npoussedeHue  OecKoHewHo  Maaoil
PYHKYUU HA o2panuvennylo GynKyuio 26490McA HecKo-
HEYHO MAAbIMU PYHKYUAMU NPU X=X,
OTa Teopema HENOCPeACTBEHHO BBITEKAET M3 NEPBOTO
ompefesieHua npeaesa GyHKUMH W Teopem 3.2—3.4. -
Bee ckazanHoe o GeckoHeuHO Masbix QYHKUMAX TpH
XX, CNPaBe/UIMBO M /151 OECKOHEUHO MaJIbIX (yHKIMK
OpH X000, X— 400, X—=>—00, X—2Xg— H X—X,+.
O Ilpumep 1. [lokazate, u4to ¢yHKUMS f(x):

Ve | .
=(,\'—1)5m——l npd x—1 saBngeTcs GeCKOHEYHO MaJIoH,
X —

T. €. lim(x—1)sin L 0.

x—1 x~1

- Pemenne Tak kak lim(x—1)=0 (xoxaxute >1o

x—1
CaMOCTOSATEILHO), TO, COIJIaCHO  oOmpeAeneHuto |,
¢ysxuns (x— 1) Geckoneuno manas npu x—1, a Tak Kak

<1>, TO

Aannas dynxuns f(x) npeacrasiaser coboif npon3BeacHue
Geckoneuno Majio (QyHKUHM HA oOrpaHH4eHHyIo. [lo
Teopeme 4.6 3T0 03HAYAET, 410 f(X) — OecKOHewHO MaJas
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¢yHkuus npu x—1, T.e. lim (x—l)sin;]—l—;o. °
x—1 X

2. Beckoneyno Goabmme (yHKUMH.

Onpenenenne 2. @yuxyus f(X) Hazvieaemca beckoHeuHo
Goavuioil gyrKyueii (Uau npocmo GecKkoHeuHo boawiuoil) 6
mouke x=x, (uau npu x—-x,), ecau 018 mobozo £>0
cywecmeyem 8>0 makoe, umo 044 eécex X€X, X#Xg,
yoos.iemeopaowux Hepasencmey |x—xq|<8, 6vinoHA-
emca Hepagsencmeo |f(x)|>e.

B sTOM cnyyae Myt lim f(x)=co ¥ TOBOPAT, 4TO
X=X

dyukyus cmpemumca K 0GeCKOHEWHOCMU npu X—Xq HIH

YTO OHA MMEET OeckoHeuHblll npeded € MouKe X=Xg.

Eciu xe BuinonHsetcs HepaseHCTBO f(x)>e(f(x)<

<—g), TO nNHWYT 1imf(x)=+oo(limf(x)=—oo) n

TOBODAT, YTO BYHKYUA uMeem 6 mouke Xo becKomeuHbiil
npedea, paenviii + oo (— o).

[o aHanOrMM C KOHEYHBIMH OJHOCTOPOHHHMH DIpe-
JenaMH OMpeeNsIoTcs U GecKOHCUHBIE OJHOCTOPOHHHE
Tpenenbl:

lim f(x)=4c0, lim f(x)=-o0, lim f(x)=+o0o0,

X=X x—-x0+ X=Xy~

lim f(x)= —o0.
XX -
Tax, Hanpumep, numyt lim_ f{x)=4c0, ecnrn ans
x—*xo

moboro £>0 cymecrsyer 8>0 Takoe, YTO s BCeX
x€X, yAOBJICTBOPSIOUIMX HEPABEHCTBAM Xo<X<Xo+9,
BBHINOJIHSETCS HEPaBEHCTBO f(X)>e.

«Ha s3blke nocJieZOBaTENbHOCTEN» 3TO Xe ompele-

nenMe 3anuchiBaetca Tak: lim f(x)=+oo0, ecnm s

x—x,+

mobofi  cxopsueiicss K X, NOCNENOBAaTENbHOCTH {X,}
3HaYeHHH apryMeHTa X, 2JIeMEeHTH X, KOTOpod Oousbine
Xo, COOTBETCTBYIOIIAS NOC/eA0oBaTeNbHOCTh {f(x,)} 3Ha-
yennit pynkuun spiasercs OeckoHevHo Oosbluok moio-
XKUTEILHOTO 3HaKa. :

TouRoe onpenesieHHe NOJOOGHBIX NPEAENIOB PEKOMEH-
JyeM YHMTaTeJIo JaTh CaMOCTOSTENIBHO.

AHanormugo omnpeaenstorcs GeckoHeuHO 6osblime
¢ynximE npu x— 00, x—>+00 ¥ x——o0. Tax, Hanpn-
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Mep, ¢ynknus f(x) HaswBaeTcs GeckoHeUHO GoOMBLILOI
NpH Xx-—»0c0, ecnH Ans moboro £>0 cymecrsyer §>0
TaKoe, 4TO JUIs BCeX X€X, YNOBJIETBOPAIOUIMX Hepa-
BEHCTBY |X|>0, BhIIONASETCH HepaBeHCTBO | f(x)|>e.

Ilpu stom mumyt lim f(x)= co.
Ecni e “BLINONHAETCH HepaBeHCTBO fx)>e(f(x)<
<—¢), To mamyt lim f(x)= + oo (lim f(x)= — o0). .
X~ a0 X—+00

Ilpennaraem camoctosTensno copMmynuposath on-
penenenre bGeckoneuno Gonbmoi GyHKuMH nNpH x—» + 00
B X——o00.

B 3akimoueHme nokaxeM, 4TO MexIy 6GECKOHEYHO
MajbiIMH M GeckOHeYHO GonblUMMKM  (yHKUMAMH Cy-
IIECTBYET TaKas Xe CBs3b, KAK M MEXIY COOTBETCTBYIO-
LIAMH TIOCNIENOBATENbHOCTSAMH, T. €. QYHKUHUA, 0OpaTHas
GeCKOHETHO MaJioi, ABiSETCS GeCKOHEYHO 6ONBILIOH, u
BaobopoT. '

B camom pene, nycte lim f(x)=0 u f(x)#0 npu
N X—xq )

x#x,. Jlokaxem, 4to lim = ©

x—oxo

3anamum npoussonshoe £>0. Tak kak f(x)—Gec- :
KOHEYHO MaJlasi QYHKUHS B TO4YKE X,, TO Ui WHciaa /e
cymectByeT 8>0 Takoe, 4TOo Ans Bcex xeX, ynoBier-
BOPSIONIMX HepaBeHCTBaM 0<|x—x,|<3d, BrIMonHseTCA

1
HEPaBEeHCTBO | f(x)|<g. Ho Torma nns tex Xe x

BLITIOJIHAE€TCS HEPaBEHCTBO l> g T.¢€C. — becko-

, 1 1
f(x) 1)
HeqHo Gombwas GymKUMS B TOuKe X=X, 4YTO H
TpeboBanocy nokasath. (O6paTHOE yTBepXKAeHHe pe-
KOMCH/IyeM 10Ka3aTh CaMOCTOATENIBHO.)

O Ilpamep 2. Mcnonb3ys onpenenenme 2, noKa3ath,

ato ¢yEKIHA f(x)=ﬁ npu x—1 saBnserca 6eckoneano

- .1
6osburoi, T. €. lim-—= 0.
x—1 1= -
Pemenne. CornacHo onpenenennio Hano A0Ka3aTh,
9r0 Ans moboro £>0 cymecryer §>0 Takoe, 4To H3
HepaBeECTBA |x—1|<8 cnexyer Hepasenctso |f(x)|>e,

1
T. €. —-|>C.
x—1
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BoisMeMm Jn0boe €>0 # pemidM  HEPaBEHCTBO

Ix_l_T >g. Ilonyuaem |x—1|<l/e. Takum oOpa3zoMm, B
KayecTBe O MOXHO B3aTh uMcio l/e.

Urak, ana moboro £>0 cymectsyer d=1/e Takoe,
4YTO JUIs BCEX X, YHAOBJICTBOPAIOLIMX HEPAaBEHCTBY
|x—1]|<3, BrinonHsercs HepaBeHCTBO |f(x)|>¢. OTO M
03HAYaeT, 4To AaHHas QyHKUMs f(x) sABIAETCA GECKOHEH-
HO Oosbwioi mpu x-— 1.

Ipumep 3. JlokasaTs, uto dynxuus f(x)=log, x(a>1)
npu x—+o0 sABIseTca OECKOHEYHO OOJBINOH, T. €.

lim log,x= +co.

x—+ 00

Pemeunune. Hago nokasarts, 4ro aas moboro >0
cymecTByeT 8>0 Takoe, 9TO H3 HEpaBeHCTBa x>0
CielyeT HepaBeHCTBO log,x>e.

bepem nmo6Goe €>0 U paccMaTpHBaeM HEPABEHCTBO
log,x>¢. Ecmu B3aTh 8=4°, TO mpu x>0 Oymer
BBLITIOJIHATLCA HEPABEHCTBO log,x > ¢, a 3TO O3HAYaeT, YTO
nanHas ¢yukums f(x) sBaserca GeckoHedHO OONBILOH
npH xX— + 0.

Tpumep 4. Mycts lim f(x)=A4, lim g(x)=+o00. Ho-
x—°x0 x—-'xo

xa3aTh, 4ro lim (f(x)+g(x))=+ .
x—oxo

Pemenue. Hamo nokasaTe, uTO aas jodboro €>0
cymecTyeT 8>0 Takoe, 4TO M3 HEPAaBEHCTBA |x — X | <9,
X # X, CleRyeT HepaBeHCTBO f(x)+g(x)>¢, T. €. dbyHKUHA
f(x)+g(x) ynoenerBopser ompeneneAnto GECKOHEYHO
GoJIbLION (DYHKLUHMH TOJOXUTEILHOIO 3HaKa B TOUKE X,

IpenBapUTeIbHO TOKaXeM, 4TO eciau GyHkmus f(x)
MMeEET Tpeie]i IPU X—»X,, TO CYIECTBYET O'-OKPECTHOCTh

TOYKH X, B KOTOpPOH .
If(x)| <M, (1)

rae M —HEKOTOpOoe MOJIOKHTEIbHOe 4YuCao. JleAcTBu-
TeJIBHO, MO YCJAOBHMIO 3ajaud, lim f(x)=A, Torma Ha
X—X

OCHOBaHMM OIpEJe/IEHUsl MNpeaea oq)ymcuﬂu g e=1
cymiectByer &' >0 Takoe, YTO M3 HEPABEHCTBA |X—Xo|<
<&, x#x, cnemyer HepaBeHcTBO |f(x)—A|<1. Tak xax
|fﬁx5-—A|>]f(x)|—|A (cM. Teopemy 1.4), ‘o |f(x)]—

Al<1, otxyna |f(x)|<|A|+1=M, 4t0o u Ttpebosa-
JIOCh 110Ka3aTh.
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Bo3bMeM Tenepb moboe £>0. Tak kak, no ycjaoBHio,

lim g(x)=+co0, TO, COTNIACHO OMpEMEEHHIO OECKOHEYHO
.\‘-'xo o . .
Gonbuiol (QYHKUHM TOpH X—Xg, UIs 4Hciaa €+M>0
cymectyer 0>0(8<0’) Takoe, uTO M3 HEPaBEHCTBa
| x—Xxo|<8, x#Xx, ClEXYET HEPABEHCTBO

g(x)>e+ M. ()

U3 wHepasenctBs (1) M (2) nonyyaem, 49TO TpH
| x— xo| << & cpaBeryMBO HepaBeHCTRO f(x)+g(x)=>g(x) —
— |f(x)|>e+ M —M=¢, a 310 o3HavaeT, 4TO QYyHKUMA
f(x)+g(x) ynosnerBopser onpeneneHuio GecKOHEYHO

Gonbwoll GyHKUAM TOpH X-X, T.e lm (f(x)+
+g(x))=+c. @ ’

?

. Bornpockl gna camonposepku

1. Chopmynupyite onpefienenne GECKOHEYHO MAanon IpyHKLuuu:
a) npu x—Xxo; 6) npn x—co. MpuBepnte npumepsl Takux QYHKUWA.

2, Kaxosa C¢B8A3b MeXAy NOHATUAMK npeaena QyHKynH ©n
6eCKOHEUHO Manoi (QyHKUnen?

3. Chopmynupynre onpeaenexne GecKoHeuHO 6onbLuon
hyHKUyMK: a) npu x—x, 6) npn x—oco0.

4. Yt0  O3HAYaAlOT  3anucu: lim f(x)=+o, lim f(x)=
x—-xo— X+ =0
= +o00, lim f(x)=-oo? flakte cooTseTCTBYIOWUE ONpeAeneHus.

X

i 5. Kakosa ¢BA3b MeXAy OEecKOHEeYHO Manoii u G6GeCKOHEeYHO

Gonbwon QYHKUUAMKH? .
§ 6. CPABHEHME BECKOHEYHO MAJIBIX
M BECKOHEYHO BOJIBIIMX ®YHKIMA

Mbl yxe 3HaeM, YTO CyMMa, PasHOCTb H IpOH3Be-

IeHHe OeckoHedHO Mabix GyHKuIHME sABstoTcs Oecko-
HEYHO MaJbiMH (YHKUHAMHA. - ITOro, BOOOIIE TOBOPS,

-~ HeNb3 CKa3aTh O YaCTHOM: JieJicHHE OHHOH GeCKOHEYHO
MaJiofi Ha JAPYryi0 MOXET NMPHBECTH K Pa3jIMiHBIM pe-
synpTaTaM. Tak, RanpAMep, econ a(x)=x, PB(x)=2x, To

tim % fjm X =1

x—0 B(x) x—02x 2
Ecm xe afx)=x, B(x)=x% 10

tim 2= tim ' . 1im P®— lim x=0.
x—0P(x) x—o0x 2—0a(x) x—0
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PaccMOTpHM MpaBiia CPaBHEHHS GECKOHEYHO MaJblX
hyHKIMIA.
_ Dycrs npu x—x, dysxuum afx) u B(x) sBiasroTCs
OeCKOHEYHO MaTbiMH. Toraa:

. a(y) X PP
1) ecan lim s =0 1o % (X) HA3BIBACTCSH OCCKOHEUHO
.\'—'.\'0 -
M@0l Go.ee  8blcOK020 nopadka. 4em B(x) (roopst
TAKXKE, 4TO % (X) HMEET 00.1¢¢ 8bICORUI NOPIOOR MA.10CU,
em B(x). mpu x—xg)
2) ect lim 2 420 (A —uncno). to x(x) u B(x)
.\'—-—.\'OB(A')
HA3BIBAIOTCA  OECKOHCUHO — MA.IblMU 0011020  HOPAOKA
(¥MeroT Kak Obl «OTMHAKOBYIO CKOPOCTBY? CTPEMICHHS K
HYJIIO);
3) eciu  lim ﬂ:h 10 2(x) u P(v) HaswIBarOTCA
.\’—-.\‘OB(-") :
IRGUBAICHINHBIMU OECKOHCUHO MA.IbLMI. DKBHBAIEHTHOCTD
obo3navaercs Tak: xA(x)~P(x). )
B HEKOTOpBIX Cly4asX OKa3blBAETCA HEJOCTATOYHO
3HaTh, YTO OJHA M3 ABYX GECKOHEYHO MAJILIX ‘HMEeT
Gosee BrICOKHIl nOpaAoK, YeM apyras. HyxHo euie oue-
HHTb, KaK BBLICOK 3TOT nopsaok. IToaromy BBOAMTCH

‘cneayoulee npaBMio!
4) ecau lim = ()
x—xg P7 (X B (x)
KOHCUHO MA.I0U R-CO NOpAdKa omHocume.ibho B(x).
CyuiecTBYIOT aHA/IOrHYHBIE [paBHiIa s CPaBHCHHS
OeCKOHEYHO MabIX (QYHKUMHA NpM v— 90, OpPH X— — 00,
opl v— +00, a Takxke IpH Y— X, CIpaBa U cCiesa.
O PaccMoTpuM npumepsl.
1. Oyukuuy sinx B X ABJAAOTCS npu x—0 DKBH-

sin x
BAJICHTHBIMH GCCKOHG‘{HO MaJIbIMH, TaK Kak lim —=1.

x—0 X
2. ®ynknun sin3x #m sinx  saBastorcs npu x—0
GeCKOHEYHO MaJIbIMH OJHOTO .MOpSAKa, TaK Kak

=A#0, mo o(x) Hasvieaemca oec-

(3-sin3x)
. in3x . 3x . indx,.
llmsi,nﬁ:hm-—_w(Lz?ahmsm Nim -2-=3.
x—0 Sinx  x—o (sinx)/x x—0 3x x—oSinx

3. ®Oynkuus a(x)=1—cosx sBusercs npu x—0 Gec-
KOHEYHO MaJiol BTOPOTrO MNOpSAKa MaJIOCTH [0 OTHO-
LIeHHIO K OecKOHeWHO Malol X, TaK Kak
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\ ., . 2
lim l—cos.\-zlimZSm‘ (x‘/z):llim (M) =l. °
x—-.

—0 X2 x—0 x? 2 x—0 x/2 2

IIpu cpaBHennn OeckoHedHO ManbiXx (QYHKIMIT 49acTo
MCHOJIB3YIOT CUMBOJ 0 («o Manoe»). Ecin GyHKuus o (x)
B TOYKe X,— 6eckoHeuHO Masas 6onee BBICOKOrO oO-
panka, ueM GeckoHeuHo Manas B(x) B 9TOil Xe Touke, TO
3TO YCNOBHO 3amUCHIBAIOT TakK:

a(x)=o(B(x))
3ameTHM TaKke, 4TO eciu GyHKUMH o(x) M B(18—~
GeCKOHEUHO Masible B TOWUKE Xo, TO GyHKuMA o(x)- (x)
nMeeT GoJsiee BLICOKMI MOPSHOK MAajiOCTH, YeM KaX b
M3 COMHOXMTENeH. B camoM nee, :

lim 2080 _ i, o(x)=0
x—xg (x) x—x
H nostoMy a(x)B(x)=0(B(x)), a(x)B(x)=0(x(x)).
Hns 6eckoHewHO 60ABMIMX (YHKIMHA HMEIOT MeECTO
aHAJIOTHYHbIE MpaBWIa CPaBHECHHS.
PaccMOTpHM HECKOJIBKO NPHUMEPOB.

0 1. ®yskuuu a(x)=1¥ H ﬁ(x)=£ SIBJIAIOTCA NPH

Xx—( 5KBHBAJIEHTHBIMH OECKOHEYHO OGOJNBIIHMH, TaK KaK

fim 2 = lim (1+x)=1.
x—0B(x) x—0
B 3TOM cnyuae roBOpAT Takke, 4TO a(xg u B(x)
HMEIOT O00UHAKOGBII NOpAdoK pocma mpu x—0.
2. ®yskmms o(x)=x>+4 sBigerca mpm x—oo 6Gec-
KOHEYHO OosbInOH Oosiee HH3KOrO MOpAAKA, YeM
B(x)=x*—2 (umeer MeHee BEICOKHil OPAIOK POCTa), TAk

KakK
. . 244 . 144/x? .
lim ﬂﬂ: lim .xai= Iim _+__./L2= lim l:()
x—0 B(X) xowX’=2 xowx—2/x) xawX

3. Beckoneuno Gosblume TpH  X—00  (YHKIHH
a(x)=2x2+1 n B(x)=x*—1 UMEIOT OAMHAKOBLIA MOpS-
OOK pocTa, Tak Kak '

L2+
lim 2+ = jim

X—00 xz.— X0 l—l/x

2+1/x2__
5=

4. ®ynxuus o(x)=x*+x+1 sBnserca mpH x— o0
6eckoHEYHO OOJMBHION BTOPOrO MOPSAAKA IO OTHOIICHHIO
k Oecxomeuno Gosmpmoit B(x)=x*+1, Tak xax
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ii x‘+x+l_li X+ x+1 g 11X
X—>00 (Xz+l)z x—a x‘+2x2+l XxX~—a0 l+2/x2+l/x"

?

H Bonpockl ANA CaMONPOBEPKM

1. YTO 3HAYMT €paBHWTL ABE OGECKOHEUHO Manble dyHKYKM?
2. Tipueegure npumepsl GECKOHEYHO WManoi QyHKUWN a?x):
a) OfiHOrO nopsgka Manoctu ¢ @ynkuuen B(x) B Touke X,
6) 3KBMBANGHTHON (yHKLUK B(x) B TOUKe X,
B) 6onee BLICOKOro NOPAAKa MAaNoOCTH, YeM (x) npuM_XxX-»X,.
3. Yto osHauaeT cumBonmveckas 3annck a(x)=o(B(x)) npu
X—xo? . .
~ 4. floxaxwre, uto: &) x*=0(x?) npu x—0; 6) (x—1)’=0 (x—1) npn
x—1. RS ST
5. BepHo nu paseHctao x>=0 (B (x)) npu x—0, ecnu B(x)=
=x?sin x? .
6. [oxaxure, uto 1/x*=0(1/x*) npu x—w0.
7. BepHO N pPaseHcTso -x—4=o(B(x)) npu x—oo0, ecan P(x)=
1
=—
x3sin x
8. flokaxute, uto sin x—x=o0(x) npu x—0. ,
9. Cpasnwre} cnefgyowme 6eckoHeuHo Oonbuive QyHKUUNW Npu

X—00:
a) a(x)=x2+5x u B(x)=x3+2x%
6) a{x)=2x+1 u B{x)=(x-1)%

B) a(x)=\/x+1 u B(x)=/x.

§ 7. BLIMUCJIEHHUE NPEJAEJIOB G®YHKLIAN

ME! NO3HAKOMHJIMChH C TOHSTHEM Tnpenena (yHKIHMH
f{x) mpr x—x4, X2Xo—, XX+, X—>+00, X—>—00 H
X— 00, C HENMOCPEJICTBEHHLIM PUMEHEHAEM TeopeMnl 4.3
0 mpefeNax CyMMbl, NpPOU3BEJEHHSA H 4YacTHOrO JBYX
dysrumii f(x) 1 g(x), IMeOUAX KOHEYHBIE TPEREIHI, IS
BBLIYHCJICHHS TIPEeoB u T. A. OCTaJoCh PacCMOTPETh Te
Clyuad BBLIYHMCJICHHMsI OpEHENIOB, KOTOPbiE HE OXBaTHI-
BAIOTCS PACCMOTPEHHBLIMH paHee CIocoOGaMu.

)

ByneM roBopuIb, 4TO OTHOIUCHHME ABYX (GyHKIMA m

0 o]
€CTh HeonpeodeqeHHOCMb BUIA 0 WM —, €CJIH YUCIHATENDL H
0

3HaMeHaTeNb NPOGH OJHOBPEMEHHO CTPEMSTCH K HYJIIO
HIA K OECKOHEYHOCTH MHPH X—Xg X—Xo+, X—*Xo—,
X—+00, x>—00 H x—00. B 3THX ciydasx o mpeaene
otHowenus f(x)/g(x) HEYero omnpeneseHHOro CKa3aTh
HEJIb35, TaK KaK 3TOT Ipenesi MOXET ObITh paBeH HyJO

206

CopepxxaHue



OECKOHEYHOCTH, YUCJY, OTJIMYHOMY OT HYyJisd, & MOXET U
BOBCE HE CYLIeCTBOBaTb. PackpbiTh 3TH HEONpEHEseH-
. "\.
HOCTY — 3HAQYUT BBIYHCIUTHL NpeTe/l OTHOUICHHS j((—)),
_ glx
€CJIH OH CYIIECTBYET, WJIH YCTAHOBHTB, 4YTO OH HeE
cymectByeT. Ha KOHKpETHBIX pUMepax TMOCMOTPHM, KAk
3TO AenaeTcs.
o . N 4+6x+8
O Mpamep 1. Haiitn lim ———
x—=—2 X +8
Pewenue. Henocpencrsenno teopemy 4.3 (mpenen
YaCTHOTO) TPHUMEHHTHL HENb3d, TAaK Kak Mpelesi 3HaMe-
HaTeasl HpH XY—> —2 paBeH Hyao. 3geck M mpenen
YUCJIUTES TIpU X— —2 Takke paseH Hymo. Creposa-

0 .
TEJIbHO, HMEEM HEOTIPEACICHHOCTL BHIA (—) HCO6XO}II/IMO,

KaK TOBOPSAT, packpvims 3my HeonpedeieHHocniv. Jns
3TOr0 pas3joXHM YHUCJIUTENb ¥ 3HAMEHATE/Nb HA MHO-
XKUTENM ¥ COKpATUM Ha oOOuMiA MHOXUTEIL X+ 2,
KoTophlii obpamiaer B HyIb 3HAMEHATE/Nb M HYHCIUTE]b
npobu. DTO MOXHO cliefath, Tak Kak B ONpEJECTIeHUH
npenena ¢GyHKHMH Opy X— —2 3HA4€HHE QYHKUHH B
TOYKE X= —2 He BXOJAMT B Y,MIOCKONbKY x# —2. UMeem

. oxP4+6x+8 . (x+2)(x+4) . x+4
lim ———= lim ———F——=1 —
x—-2 X’+8 x—=2{x+2)(x*=2x+4) . -2x?-2x+4
Taxk kak 3HaMeHartelb TENIEPb HE paBEH HYNO, TO

0 .
HEOMNPENIEICHHOCTE o PacKphITa. ITpumenss teopemy 4.3,

OKOHYATCJNBbHO HaXOoIuM

lim (x+4
im K +6x+8 x—l-r?z(v_*. ) _ —~244
—~-2 X318 (-2 -2(-2)+4
* x fim (—2v44) (" 722

x—-2

1
e

2
5=

Hpn BBIYHCJIEHHN MNPCHOCTIOB OTHOIUCHUSA [BYX MHO-
TOYJIEHOB NP . X—> 00, X— + 00 U X—> — 00 JUIA pacKpbITUA

9]
HEONPEUCIICHHOCTH BHUAA — YHCIUTECIbL W 3HAMCHATEIb
. o

ApobH Halo ACNUTL HA X B CTaplUeil CTeNeHH; BeJMYKHHA
Zpobu ot atoro He wu3MeHutca. Ilpu atoMm, ecin B
YUCIIUTENEC M 3HAMEHATENIE MHOIOYJIEHbl OJHOI CTEMNEHH,
npeles paBeH OTHOLIEHUIO KO3 UIMEeHTOB NpH cTapmMx
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CTCHCHAX, CCJiA pasnoﬁ <Tensdd, TO IMpeliel PpascH

0 wmm oo. :
O Ilpumep 2. Haittu i X’ +2xt3
p p ‘ x—ow2x2+3x+4.

Pemenue. HMeeM HeonpeaeaeHHOCTs BHIA

Pasgeaus Ha x? w@cnuTeab M 3HAMeHaTenb gpobd, a
3aTeM NpuUMeHHB TeopeMmy 4.3, nojaydum

lim (1+2/x+3 2
i 23 L im (1+2/x+3/x)

0 DA IXHD g TR xH A
x—o0 2X°+3x+ x—w 2+3/x+4/x lim (2*',3/X+4/x2)

. . . .
_xlf.’i”f‘_‘ﬂ(z/x)ﬂ’_“l(}/‘)_1+0+0_1
- T24040 2

lim 2+ lim (2/x)+ lim (3/x?) o+

x+3
TIpamep 3. Halitu hm T

Pewenne. Hmeem HeonpeaenednocTb BHAA

Pasmenus Ha x? 4@CAMTE b W 3HAMEHATENL Apodm, a
3aTeM NpPHMEHHB TeopeMy 4.3, UOAyYuM
‘ tim (1/x+3/x?
g T3 V3 Jim (1/x+3/x’) ~
x—m 2X>4+3x+4 x..ao2+3/x+4/rz lim(2+3/.x+4/x’)

lim (1/x)+ lim (3/x%)
== x— 0+0 9=0.
lim 2+ lim (3/x)+ lim (4/x?) T2r040 2
Ilpamep 4. Haiite lim =12 X+S
x—c0 X* +'3

. 0
Peumienune. Umeem HCONPEACICHAHOCTD BUAA o Pas-

NeNHB Ha X3 YMCIAHTENL H 3HAMEHATeN b Apo6d, HoyduM
x}+5 . 145/
= lim —- /

—_—Ta s

x—-aoxz+3 x—w 1/x+3/x°
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TaKk Kak mpa x—oo ¢yakuua h(x)=1+5/x* mmeer

npeaen, pasHbi 1, ¢yHKRIMA OrpaHH4YeHHas (qoKa-

1
e
KHTE 3TO CaMOCTOATENBHO), Qymkuus g(x)=1/x+3/x?
OeckoHewHO Masasi (Takxke JOKaXHTe CaMOCTOSITEJILHO) U

. . 1 "
lim £ = fim g(x)-—==0 (npom3senemme orpamvuenmo
X— h(X) X— 00 h (X)

Ha OeCKOHEYHO Manyio), T.e€. [JaHHas Opobs, xak
obpaTHas, ecTh GecKoHewHO G6oJbias (yHKIHS pH

X—00. @

. xXS4x+1 . 3x+5
Yopaxnenus. Haiita: 1. im=—2""_ 2. lim .
P x—1 X5+ x3 41 x—00 2X+6

. o xX3—xlox41 .2 —xt+1 . xX34x—4
3. lim X =+t 4. lim X —** 5. lim XX —4

x—1 X+ x2=x—1 x—w 3x*+3Ix+4 x—oo X+ 202 44
. x24+2x-—-8
6. lm——"_°

3
x—2 X ~—8
Beriucienve npegenos ¢ymkmudE MBI npomomkEM
NOCJIE TOTO, KaK PacCMOTPHM TNOHATHE HENPEPLIBHOCTH
byHKIHM. :

. Bonpocsl gna camonposepku

1. UYro o3HavaloT 3anuck: X—=Xg, X—Xp~, X—Xo+, X—+ 00,
X——a0 U X-00?
2. B kaKkux cny4anx rosopaT 0 Hanuunu HSONPEAGNeHHOCTN BUJa

0 ]
~ unuw —7
0 @

3. Yro o3HavalT cnosa «HeonpegeneHHoOCTL -packpuita»?
4. NMouemy x#Xx, nNpn x—x,?

§ 8. MOHATHE HENPEPBIBHOCTH ®YHKIMH

[MoHATHE HeNpepLIBHOCTH byBEKUMH ABAsETCS OXHEM
H3 OCHOBHBIX MOHATHH MaTEMAaTHYECKOrO aHaJM34.

1. Onpenesienne HenpepwBHOCTH DyHKIH. Ilycts Ha
HEXOTOPOM HpOMexyTke X ompenenena ¢ysxmmas f(x) n
TO9YKA X, NPAHAJIEKHT 3TO npoMexyTky V.

Onpenenenne 1. Pyuxyua f(x) nasvieaemcn Henpepuig-
Holi 8 mouxe x,, ecau npedea ByHRYuU u ee 3HaueHue &
amou mouxe pasHul, m. e.

) 3ameTHM, 9TO ITOro HE TPEGOBANOCH, XOTAa MBI PacCMaTpHBA.IH
npeaen ynxuan f(x) B Touxe X4. B 3TOM 3aKMOMEHO OTIHHE NOHSTAS
HENpEpHBHOCTE GYHKINIH OT HOHATHA 2¢ Tpejdena.
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lim /(x)=/{xo). (1)

Tax xax lim x=Xx, TO COOTHOLIECHHE (1) moxno
X—*X

3anucarh B cCaenyrouleM BHAC.

lim f(x)=/(lim x),
X——'Xo x—~x0

T.e. IUIs HeNpepuiBHON GyHKUMM 3HAaKH (YHKUMH U
npenena MOXHO TMEPECTABATD.

MoOXHO [daTh paBHOCHJIBHOE OMNpEAEJICHHE HENpe-
PHIBHOCTH (QYHKUMH «HA S3bIKE NOCJIEOBATENILHOCTEN!
Pyuryua f(x) Hazbieaemca HenpepblgHOU 8 MOUKe Xo, €CAU
o1a 410601l NOCAEO08aMeAbHOCMU 3HAYENUT ap2yMenma X.
Xiy Xgy X35 ey Xpy ooy CXOOAWEUCA KXo, nocaedosa-
MeAbHOCMb COOMEEMCMEYIOWuX 3HAYeHuil ﬁymcuuu f{x1),
flxa), flxs), s fx) - cxodumea x f{Xo)-

O aHAJIOTHH C Omnpeae/ieHdeM npenena (QyHKUHU
MOXHO cHOpPMYJIMPOBaTh ONpEIEeHHE HENPEPLIBHOCTH
(GYHKUMH «HA S3bIKE €—O».

Onpenenenne 2. @yuxyus f(x) Hasvieaemca nenpepbis-
HOTI 8 MOUKe X, ecau 04a mobozo £>0 cywecmeyem 0>0
makoe, umo OAA 8cex X, YOO8AemEopAIOWUX HEPAGEHCMEY
| x—xo] <8, 6vinoanaemcs HepaseHcmso Lf(x)—f(x0) 1 <e.

DKBUBAJIEHTHOCTh JTHX OMNpeACeHN#H O4YeBHIHA.

o HMpumep 1. Ucnons3ys onpeaenenne |, 10ka3arte He-
NpepLIBHOCTb QYHKIMH [ (x)=3x%+2x+1B Touke x=1.

Pewenue. CHauana HaiiieM 1mpeies  JOaHHOH
dynxumu npu x—1: :

lim (3x24+2x+1)=3lm x4+ 2lim x+1=3"1+2-1+1=6.

x—1 x—1 x—1
3aTeM BLIYMCJIMM 3HaueHMe (YHKUMH B Touke x=l:
f(1)=3-1+2-1+1=6.

CpaBHuBas TOJIy4CHHbIE PE3YJbTATHI, BUIUM, YTO NpEae
QyHKUMM W ee 3HAYeHHE B TOouke X=1 paBHbBIL, T.E€.

lim f(x)=/(1). Cornacuo ompenesenuto 1, 310 O3HAYaET,
x—1

4To faHHas (YHKUMS HenpepbiBHa B Touke x=1.
AHAIOrHYHO MOXHO NOKa3aTh, YTO 3Ta (QYHKIHUs Henpe-
peiBHAa B 06O TOYKE HUCIOBOW MpsiMOH. @

Ecnn Em+f(x) =f(xo)( Bm_f(x) =f(xo)), TO
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dynkmmo f(x) HasbiBaroT vy
HenpepvieHOll 6 mouke X,
cnpasa (caesa). Ecim dyn-
kuus f(x) HenpepoiBHA B
TOYKE X, H CJIEBAa U CIIpaBa,

fixg+4x)

TO OHA HENpepvieHa 8 IMoii Flts)
mouke. B camom pgene, B
cuny teopemsl 4.2, B gaH- 5
HOM cCiyyae npegen (yHk-

UHH B TOYKE X, paBeH ee Puc. 125
3HAYCHHIO B 3TOH TOUKeE.

HammM, HakoHew, elle OAHO OUpeNeseHUE HENpepbIB-
HOCTH (QYHKUMHM, KOTOpOE, MO CyIIECTBY, SBISETCS
nepeppasupoBKOH mepBoro onpexesenus. Ilepenecem B
pasenctee (1) f(xo) B seByro uacTh u BHeceM f(x,) mox
3HaK mnpenena. Tak kak ycinosua x—x, H (x—xg)—0
PaBHOCHJIBHBI, TO TOJIyYaem

. Jm | [F)= ()] =0. @
PasHocTb x—Xx, HasbIBaeTcs npupawenuem apzymenma x
8 moyke X, B 00O3HAYAETCA, KAK NpaBHio, Ax (duTaercs:
«uenbTa MKC»), @ PasHOCThb f(x)—f(x,)— npupaiiernem
(yHKUMM B TOUKE X,, BBLI3BAHHBIM IPHDANIEHUEM apry-
MeHTa Ax, u obosHauaercs Ay. Taxum o6pasoM,

Ax=x-x5, Ay=f(xo+ Ax)—f(xo)-

OrmetuM, uto Ay sBnserca dymkumeit aprymenta Ax
npd (QUKCHPOBAHHOM TO4KE X, | eOMETpHUECKHH CMBICH
npupameHud siced u3 puc. 125. PaBeHcTBo (2) B HOBBIX
0003HAYEHHSX MPUHUMACET BHI

lim Ay=0. - (3)
Ax—0
Cootnomienue (3) 1 ABASETCA elIe OOHUM OMpPeaeseHHEM
HENPEPHIBHOCTH (QYHKUUM, KOTOPOE MOXHO ChOpMYIIH-
poBaTh Tax.

Onpeaenenue 3. Oynkyua f(x) nasvieaemcs nenpepoig-
HOU 8 MOUYKe X,, ecau ee PNpuparyeHue 3 MO Mouke
Asaaemca  Geckoneuno manoti Gynxyueii npu Ax—0.

Tociieance  onpenenenMe as  NpPakTHYECKOTO  HC-
NoJik30BaHus uHoraa Gosee ynodHo, u OymeM ero takxe
UCNONL30BATS,

O Ilpumep 2. HccaenoBars Ha  H2npepbIBHOCTD
tbysxknuro  dupuxne:
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)= 1, ecnu X — pallMOHAJLHOE YHCIIO,
! 0, ecnu x — UppalMOHAILHOE YHCIIO.

Pemenue. BozbMeM mobylo TOYKY X, Ha YHCIOBOM
npsMmoil. Boamoxubel aABa ciayuast: 1) uuciio x, paunmo-
HaJIBHO M 2) YUCIO X, MPPALOHAIBLHO.

B cmywae 1) f(xo)=1. B mobGoit OKpecTHOCTH
PalMOHaNBHOH TOYKM CYUIECTBYIOT HpPpPalMOHANbHLIE
ToukH, B KoTophix f(x)=0. CrnemoBaTensHo, B moboi
OKPECTHOCTH TOYKH X, €CTh TO‘H(PI X A B KOTOPBIX
npupaliesue QyHKIHU Ay—f()g— g 0—1=—1.

B cayusae 2) Sflxo)=0 Jo00  OKPECTHOCTH
HppaUMOHAJILHOH TOYKH MMEIOTCSl paloHalbHblE TOYKH,
B xoTophix f(x)=1. CnenosatensHo, B mo0GO# OKpecT-
HOCTH TOYKHM X, €CThb TOYKH X, B KOTODBIX NpHpAIICHHE
byHKUMH Ay-f( )—f(xo)—l—O—l

Takum obpa3om, npupamenne GyHKHHH Ay MOXET
NPHHMMAaTh KaK 3Ha4YeHHe, paBHOe |, Tak U 3HAaYeHHeE,
paBHOe —1, T.e. He cTpeMHTCs K Hymo npu Ax-—0.
CorylacHO ompenesieHHto 3, 3TO O3Ha4aer, YTO (GyHKIMSA
Jupuxie He ABIFETCA HENpPEpPHIBHOH B TOYKE Xo. A Tak
Kak Touka X, BbIOMpanach NpPOU3BOJIBHO, TO 3THM
JokasaHo, 4to ¢QyHkuus [dupuxie He sABIgeTCA  HENpe-
PBIBHOH B KaXZOMl TOYKe M, CJENOBAaTEIbHO, Ha Bcel
YHCJIOBOH TIpAMOH. @

2. ApudpmMeTHueckHe JeHCTBHA HAJl HeUpPepLIBHLIMH
PyHKuASMA,

Teopema 4.7. ITycmv Pyuxyuu () nenpe-
puisHbl 8 mouxe xo. Tozoa gynkyuu f(x + g (

u ;% maxoice HenpepuvleHvl 8 IMOU MouKe (nocaedHAA npu
8 (x0)#0).

0O lokasarenbcTBO. Tak Kak HeNpephIBHBIC B

- TouKe X, GyHxumM f(x) m g(x) mMeloT B 3TOM TOUKe

npenenbi, pasabie f(x,) u g(Xy), TOo, mo Teopeme 4.3,

npegensl Gpyrkmai f(x)+g(x), f(x) g(x) n % CyLIecT-

T u COOTBCTCTBCHHO paBHHI f(x,) +2(xo), f(x0) " & (xo),
f 0)/&(x,). Ho 3TH BenuwMHBI paBHBI 3HAYEHHSM COOT-
BCTCTBy}OHIPIX ¢dyHKIMit B TOUKe X,. ClemnoBaTenbHO, IO

onpenenemmio 1, dynkumm f(x)+g(x), f(x) g(x) u f((x))

HENPEPLIBHLL B TOYKE X,. B
212

CopepxxaHue



?

. Bonpocul pns camonposepkm

1. Copmynupyitte TpY onpegenexnss HenpepuiBHOCTH yHKYMM
B. TOMKE X,.

2. B yem pasnuuue MEXAy NOHATUAMM HenpepLIBHOCTH DyHKUMK
W Npefienom QyHkumM 8 TouKe Xx,? - :

3. Mouemy u3 HenpepwiBHOCTH ByHxunmn cnesa u cnpaea B Touke
Xo CNefyeT HenpepuiBHOCTL yHKUWM B 3TOW Fouxe? Ha ocHoBaHMu
Kako# Teopembi?
. 4. Chopmynupyire Teopemy 06 apuMeTHIECKUX ASHCTBUAX Hap
HenpepLiBHBIMA  PyHKUMAMK. . :

§ 9. HENPEPLIBHOCTD HEKOTOPBIX 3JIEMEHTAPH]>IX
OYHKIIMH

OmuuM H3 BaXHBIX CBOMCTB 3NEMEHTapHLIX QYyHKIHH
ABJIACTCA MX HENPECPBIBHOCTh B KaXAOH TOuYKe OONacCTH
Hx onpenencaus. Ha npamepe mexoTopsix byHxmmit Mul B
IpOBEPHM faHHBIH (akT, HCmONL3ys onpesenenwe He-
NPEPLIBHOCTH GyHKIME B TOuKe H Teopemy 4.7. ,

1. HenpepniBROCTL  pammonamunIx $ymarmii.  TIpoc-
TCHIIAM npHMEpOM (yHKIMH, HENPECPHBHOH B 060k
TOYKE€ X, HHCJIOBOH HpAMOI, CIYXHT HOCTOSHHAA
dynkuua f(x)=C. B camom pene, B -3TOM citydae

linif(x)=C=f(x'o) (cm. mpumep 1. m 1 §2), Te.

g 0 ~

NOCTOAHHAA (QYHKIMA HeNpepLIBHA B KaXIOH TOUKe

YHCJIOBOH NpAMOIi. ) :
HenpepbiBHa Takke B kaxmoli Touke Xo YHCJIOBOH

npamoi dynxims f| (¥)=x, Tak xax lim x= Xo=£(x;) (cm.

npumep 2 n. 1 § 2), 1. e. npeaen q)yﬁxmm B TOYKE X,
PaBCH ¢¢ 3HAYCHHIO B 3TOH Touke. M3 cka3zamHOro M
TeopeMH 4.7 cnexyer, uro B mo6oii Touxe Xo. GyHRIMA
x*=x-x, X®=x*-x, x*=x3"x, v X*=x""1lex (n—
HATypanbHOE 4HCJIO) HempepuBHH. Kax Mb 3HaeM,
dyHRIEs f(x)=x" Ha3mBaeTcs CreneHROM, a dyaxmus
BH1a :

P(x)=Cox"+Cix" '+ Cox" 2 4.4 Co_1x+C,,

rae n>0—unenoe wmcno, C,, C,, C,, ..., C,— mobpie
9HCJIa,~— MHOTOWICHOM.

Kaxzoe w3 cnaraempix Cox", C,x*"!, C,x*"2, ..., C,
€CTb NpOH3BCACHHME [BYX HENpPEpHIBHBIX (yBROHA (moc-
TOSHHOH H cTenemno#). ITo Teopeme 4.7, oHO Hempe-
puiBHO B moboii Toke x. MEorowrem P(x) senserca
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TakAM o0OpasoM CcymMMo#H (QYHKUMH, HENpPEpPLIBHBIX B
moboii Touke X, M, CJEeIOBaTeJbHO, HENPEPLIBEH B
moboi ToYke X.

Jipo6Ho-paumonanbHas GyHKUMS, T. €. QYHKIWA BAIAA

P(x)

R(x)=

( ) Q(X;’
rae P(x) m Q(x)-—MHOTOUNEHBI, HENpEpbiBHA BO BCEX
TakHX TOYKax X, B KOTOpPBIX e¢ 3HaMeHaTe/lb HE paBcH
Hymo (T.€. BO BCEX TOYKax, 3a HCKJIIOYCHHEM KOpHE#H

3HaMeHaTeNst), KaK 4acTHOE HENpPEPBIBHBIX (yHKUH.

A 2 7y
Hanpumep, GpyBxuus R(x)=3%J;—Z—’;—l

BCEX TOYKAaX X, OTAMYHBIX oT +1 m —1.

2. HenpepniBHOCTL  TPHIOHOMET G ymcmii.
PaccMOTPHM TPHTOHOMETpHYeckHe ¢yRKumu: sin x, cos X,
tgx, ctgx, secx, cosecx. IlokakeM, 4TO ¢yHaxnua sin x
HempepbiBHAa B Jo6o#i Touke x. Bocmonb3yemcs ompene-
neuveM 3 menpepwiBHOCTH Gynkumu. [lpmaaBas apry-
MEHTYy X TpHpalleEHe Ax, DOJYYHM TPHpaLICHHE
¢bysxIIH

HENpCpLIBHA BO

Ay=sin(x+Ax)—sinx,
wm

Ay=2cos (x+%) sin %

TMepexons k npenesny B NEBOH U NPaBOH YaCTH PaBEHCTBA
npe Ax—0, nonyvaem :

im Ay=2 lim [cos (x+£x-) sin£]=0,
Ax—0 Ax—0 2 2

cos(x#%)lsl,

.o . Ax . in(Ax/2) ,. Ax 1 .
lim sin—= lim sin (Ax/2) lim ==2-1-lim Ax=0"Y,
Ax—0 2 Ax—0 Ax2 Ax—~02 2 Ax—0

TakK Kak

1) 3nech MCMIONBL3OBAH TEPBIN 3aMeYaTeNbHLIN TPERes1, KOTOPHI
. P i
mosydaercs B Pe3yNbTaTe  3AMCHb  MEPCMCHHOH t=Ax/[2;
sin(Ax/2) . sin¢ !
——(—/——)=hm—t—=l (oseBuaHO, TTO t=—2——00 npu Ax—0).
—0
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2 MpOHU3BENCHHEC OTpaHHYEHHON (QYHKIMH Ha OGECKOHEYHO
Majylo ecTb OeckoHeyHo Manas. Takum obpasom,
¢yHKUMs sin x HenpepbiBHA B Juo6oil Touke x. Henpe-
PBIBHOCTH QYHKLMH COS X B JII0OOM Touke x HOKa3bIBaeT-
CA aHAJIOTHYHO.

W3 nenpepouiBHOCTH QYHKIMIA Sin X U COS X MO TeopeMe

4.7 cnemyeT HempepbIBHOCTH (QYyHKUMH tg x=3nx

COS x

. . 1
S€Cx=——po BCEX TOYKax, rae cosx#0, T.e. BO Bcex
Ccos x . ° .

m . COs x
- TOUKAX, KpoMe x=_-+nm, H bynxumit ctgx= —
X

| ,
cosecx=—— BO BCEX Toukax, kpome x=nn (n=0, +1,
sin x :

+2, ..

3. Henpepuisrocts  Qymkmmn  f(x)=|x). ®ynxums
flx)=|x|, rpadux xotopoit m3o6paxen mHa puc. 101,
Onpcle/ieHa M HENpepblBHA BO BCEX TOYKAX YHCIOBOIR
npamo#. B camom gene, B Toukax mmTepBana (0, + o)
OH2 HENpEepHIBHA, Tak Kak mpd x>0 f(x)=x (cMm. m. 1).
B Toukax mmTepBama (—co, 0) dymxnms f(x) Taxxe
HENMpepbIBHA, TaK KaK f(x)=—x npu x<0, ee MOXHO
NpEeACTaBUTh KaK MNPOM3BENCHHE MABYX HENpPEpPLIBHBIX
bysxkumit (~1) m x w npumeHuThH TeopeMy 4.7 o
HENPEepLIBHOCTH MpOU3BeAeHUsI. UTOOBI- yCTAHOBUTH He-
NpepLIBHOCTL (PyHKIMH |[x| B Touke x=0, BBIMUCIUM
ONHOCTOPOHHHE TMpejenbl (YHKUHM B 3TOH TOYKe:

lim [x|= lim (-x)=- lim x=0;
x—0- - x—0- x—0 -
lim |x|= lim x=0.
x—0 + x—0+
Wrax, npeaenst Gpynkumu B Touke x =0 cieBa ¥ cnpasa co-
BNajaloT ¥ paBHbI 3HaMeHHIO QYHKLUMM B 3TOH Touke. OTclo-
Aacnemyet, YTo QyHKLMA | X | HenpepriBHa B Touke x =0 u, c1e-
A0BaTENLHO, HENPEPBIBHA BO BCEX TOYKAX YHC/IOBOH NMPAMOiL.
Taxum 06pasom, MbI yGeaHIuCh, 4TO PacCMOTpPEHHBIE
" GyHKUMH HempepLIBHBI B KaXJOH TOYKE OOJACTH HX
onpezgeneHus. Ha ocrosanun teopemst 4.7 o Henpephi-
HOCTH CYyMMBI, pa3HOCTH, MNPOM3BEAECHUS U YACTHOTO
MOXHO yTBEPXIATh, YTO (PYHKUHH, NONY4YaeMble U3 HUX
OyTeM KOHEeYHOro yucna apHpMeTHueckuX -AeiicTBHIL,
ABJIAIOTCA TAKXE HENpEPbIBHBIMH (QYHKUUAMH B KAXHOM
TOYKE 001MacTH HX ONpeAeseHHs.
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- ByzneM roBopuTb, uTo GyHKuMs f(Y) HenpepbiBHA B
uHTEpBase (a, b), €CM OHa HENpEpbIBHA B KAXIOH TOUKe
3TOTO MHTEpBAJa; HempepbiBHAa Ha oTpeske [a, b, ecom
OHa HempepbiBHA B MHTepBaje (a, b), M HempephiBHA B
TOYKE a cnpaBa, a B TOouke b cieBa, T.e.

lim f()=/(a). a_lim f()=1(0).

4. Tlponosnkenne BbIYHC/ICHHS TNpeaesoB  GyHKuMii.
ITocne Toro kxakx Mbl YCTA@HOBMIIM, YTO 3JIEMEHTApHBIE
¢yHKuMKM 06NaflaloT CBOMCTBOM HENPEPHIBHOCTH B KaX-
JOM Touke 00nacTH HMX OMNpeAcsieHHA, OTKPLUIMCh HIN-
POKHME BO3MOXHOCTH U1 BBLIYMC/ICHHH MpEfesIoB dJje-

- MEHTapHbIX (QyHKUMHA.
1+4sinx

O INMpumep 1. Haittu lim

x—n)2 1 —cos 2%

1+sinx

Pemenne. Tak xak pynxums f(x)= Tooo2, HETPEPBIB-

Ha B TOYke X=m/2, T. €. mpeaea QYHKUMH U ee 3HAYCHHE
B 3TOii TOYKe paBHbl, TO, MEPEXOAA K Npeaesly, nojydaeM

T+sinx _ V+sin(n/2) _ 1+1
x—m2 1 —cos2x 1—cos(2m/2) 1—(-1)
Vx+1=1

Ipumep 2. Haiitn lim "
x—0

0
PewmeHnne. HUMeeM HeonpeAesiEHHOCTL BHIA o

Jrri-1
dynxuus f(x)=x—;—— He onpelejeHa B Touke x=0,

T. €. He ABJISETCA HempephiBHOH B 3TOH Touke. Iloatomy
cpasy MNepeXOAMTh K npelesny, Kak B TNpeablIylueM
npuMepe, Heab3s. JIns HAXOXAEHHA Tnpenena HaJo
dyaxmato f(x) ToxaecTBeRHO npeobpa3oBaTh Tax, YTOGLI
oHa npu x#0 cosmana ¢ HekoTopoit ¢yHkumed F (x),
HENpepbiBHOH B Touke x=0, T. €. HaWTH TaKyio Henpe-
puiBRYIO pyHKIMIO F(x), 4T06b! f(X)=F(x) npn x#0 nm -

1in;:) f{x)=lim F(x)=F(0). [ing 3TOro yMHOXMM 4HCIH-
X x—0 .
Tenb W 3HaMeHaTenb Apobu Ha cymmy /x+141:

f(x)=V"+"‘=(\/"+'—1)( X141 x+l-l
¥ x(y/x+1+1) x(Vx+1+1)
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1
= =F(x).
Vx+1+1 (x)

Takam obpasom, f(x)=F(x &npn x#0. Ho dymxmas F(x)
HenpephiBA2 B TOodke x=0, nostomy

Em Y= b 1 1

x~0 X =0 [x+1+1 Jot1+1 2

. . in 2x —cos 2x—1
NMpamep 3. Haifry lim S22X—c0s%x—1
x—exf4  SIDX—COSX

0
Pemenune. Hmeem meompenenerrocTs BHAa 5'
sin 2x—cos 2x — 1
Oyrxmua f(x)= = ni—cess FC ompencieHa B Towke
x=mn/4. [Ina naxoxAcHMs mnpenena mpeoGpasyem apobb:
sin 2x—cos 2x—1 _ sin2x— (l+cos2x) 2 sin xcos x—2 cos? x_
sin x—cos x _ sinx—cosx sin x —cos x

_ 2cosx(sinx—cosx) _
=2c0s X.
sin x —cos x

IIpr x#mn/4 nMmeem
sin 2x —cos 2x— 1
sin x —cos x

Ho ¢ymkmmas 2cosx nenpepniBra B TOouRe x=n/4.
IlostoMy, nepexosis kx mpeneny, mosydaem

. sin 2x —cos 2x — 1
lim —————= "= lim 2cosx=2 lim cos x=
x—n/4 Sint x—Cos x x—sn/4 x—'ﬂl‘

=2cosX.

=2cos§=2 ——\/- P

Ilpu BLrmcnenEM npepenos Gynxmmit mpu x — +oo
X— —00 H X—00, CONCPXAUMX PATUKANbI, HAJAO
CMaTpHBaTh apH(MeTHIeCKOe 3IHAUEHHE xopas /x% =
=|x| mprm x>0 m x<0.

O Ilpmmep4. Haiitu: 1) lim V/x? + ;2) lim —"xz“'

k]

x—+w X x—-o X+1
o
3) lim YX*1
X 00 x+l
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Pemenne. Bo Bcex ciaydasx HMeeM HEONpPEAC/ICH-
. ) o
HOCTh BMAA —.
o
1) Hpn x>0 uMeeM ./x? =X, MOITOMY.

lim Vi Jx (l+1/x lim |x|,/l+l/xz=

X+ 0 x_.+°° x(l+l/x) T x—too  x{1+1/x)

lim ./l+l/x ,/1+l/x 1

Cxeto x(l+l/x) x-.+w +x 1
2) Mpu x<0 umeeM ,/x? = —Xx, cieNOBATENLHO,

,/x +1 vx 2(l+l/x lim Ix|/1+1/x? _

x—-o—uo X—+ — 00 x(l+11x) X~ — a0 x(l+l/x)
— Lm NI ,/l+l/x 1_ _1
_vx—.‘—q) x(1+l/x) _x—-»—m l+l/ l )

Jxi+1
3) lim x+ HE CYUIECTBYET, TaK KaK MpeJesibl NpH

x— 00 1

X— 400 M NpH X— —00 pa3HbIC.

3/x341 = Jax?-1
x+7 ’

IMpumep 5. Haittu  lim

X— — 0

‘ ®©
Pemenne. MMeeM HeonpeneieHHOCTh BHIA = IIpu

x<0 /x*=-x, 3/x®=x, nosromy
3/x341 ~ Jax2—

X— — 00 x+7
iﬂc (1+1/x%) —/x*(4-1/x?) _
x——o (1+7/x)
~ lim x3/T+1/x — | x| /4—1x?
—x—»—w x(1+7/x) -
X113 +xfA-1x? _142_3_4 °
x——c0 x(1+7/x) T o1 7

ByneM TroBOpUTB, 4TO cymMma OByx OeckoneyHo
GonpMx (YHKUHEHA Ppa3HBIX 3HAKOB €CTh HEOHpE/EseH-
HOCTh BHJA 00 — 0. .
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B stom CJ1y4ae o mpenesie CyMMbl HUYEro onpeneneH-
HOI'0O CKa3aTb HeJb3d, TaK KaK 3TOT npeaen MOXeT ObITh
PaB€H HYyJIO, 6CCKOHC‘-IHOCTPI, YHCY, OTIMYHOMY OT
HYNd, a MOXET U BOBCE He CYLIECTBOBATE.

O Mpumep 6. Haiitw: 1)  lim (/x?+4x —x);

X—+w
2) lim (/x2+4x —x).

Pewenne. 1) Hmeem HeonpeneneHnocTs BHJA
00—00. Jins HaXOXKOEHHS Tpenena yMHOXKHM M pasze-

JMM Ha CYMMy ./x?+4x +X, B pesynbTaTte moiayuum

lim (Vx*+4x —x)(/xZ+4x +x)_ lim 4x

x—+ow \/.\’2+4.\'+.\‘ ) X—'+00,/x2+4_\'+x.

«©
Tenepr umeem Heonpenenennocts Buma . Jlns packpbl-
[0 o]

THA JaHHOH HEONpENESCHHOCTH pa3lenuM apobb Ha x, a
3aTem nepeiiaeM kx npeneny. Ilosnyuaem

lim S = lim b
=t [x?(1+4/x) +x x—=+ox /I +4]x +x
. 4 4
= lim ——=—=2;
x—+w [14+4/x+1 1+1

. 2) lim ((/x*+4x —x)=+ o0, Tak kak CYMMa ZIBYX
X =+ = 0O

NOJIOXKHMTENBHBIX OeCKOHeYHO OGonblmMx OYHKIME ecTh
Geckonewno. Gosnbwas QyHKuMS (QOKaXHTE CaMOCTONA-
TENLHO).

W3 1) u 2), B wactrocTH, CreayeT, uto lim (/x%+4x —

X —= 00 :

—~X) He CYyLIECTBYeT. @

byneMm ' rosoputh, 4TO npousBencHHE 6eCKOHEYHO
Majioll GpyHKuMM Ha GecKOHe HO GONLIIYIO €CTh Heornpe-
HeneHHocTh Buaa - oo. .

O Ilpumep 7. Haiitn lim (1-x) tgg—x.
x-=1

Pewenue. MMeeM Heonpenenennocts Buaa 0- co.
Hnst HaxoXAeHUs Mpeena CAENAEM 3aMeEHy NepeMeHHOM,

nonoxuB 1—x=y. Tak kak lim y=lim (1—x)=0, 10
. x-—1 x—1
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npu x — | HoBas mepemennas y — 0. Kpowme Toro, eciu
l—x=y, T0 x=1—y. CaegosareyibHO,

x-+1

lim (1) tg ™ = lim y tg3 (1 —y)=yli_rgytg(§ —'E‘y)=

T
n ws3y x
=lim yctg-y=1lim y =1lim —2—cosZy=
y—o 2 ~0 GnZy ""Osinz 27
2” 2”
= lim —2— lim cos *y=Tim —2—-1=lim —2—.
r=0GnZyr 0 T Y% ginzy
2Y : 2Y 2

' 0
TMonyyena HEONPEAENCHHOCTL BHAA . 3neck ymobHO

BOCIIOJIb30BaThCS NEPBBIM 3aMEYaTENbHBIM TNPEHCIIOM.
Jns sroro mpeobpasyeM mpobb: :

y i 2/n

wir (w3)p (@3)/(5)

OKOHYATEJIBHO HMEEM

. n 2/n 2/n 2
Iim (1 —-x)tg-x= ===,
x—.l( ) g2 R 9 1 T .
sin-y
. 2
lim -
y—0 T
2}'

3aMeTHM, 9TO PacKpbITHE HEONpEJCIeHHOCTEH B pAIe
cirydaes jiesio He mpocroe. TpeGyercsa HekoTOpas coobpa-
3ATELHOCTh H, KOHEYHO, MpAaKTHKAa pemerHs Gosbmioro
YHCNa I[PAMEPOB.

WTak, MBI TO3HAKOMHJIMCh C HEONpEACICHHOCTIMHA

0 o )

BUja o, —, 00— H 0-c0. CymiecTByroT H Apyrue
HeonpeneserHocT. C HEMM NO3HAKOMHMCS TNOCHE TOTO,
'Kak paccMoTpuM mpasuio Jlonurans.
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Vopaknenns. Haiita: 1. lim x2—25' (Oms. 10)
x—5 X— .
x3+4x—1 2 . 5x+6
2. leI Wiar2’ (Ome. 5.) 3 ll_tg - . (Oms. 1)

3
4. lim x2+ xt2 <0me. %) 5. lim thx (Oma. %)

x—=-2 X2—x—6" x—n/2 Sin4x°

6. lim w. (Ome. —L) 7. lim 2=*

x—x/4 COS2x —3./3x -
(Ome. —12) ) 3
8. xEH_II 2 (Ome. —1) 9, hn%s‘“" (Oms. 4)

tg x—sinx 1
10. 11_:2) —o8 % (Ome. 2) 11, lim 87— _(Ome. 5.)
12. lim f‘i. (Ome. 14))
x—0 . /x+1— ‘
13. ,P_Ig\/l+smx—\/l—smx (Oms. %)
14. lim S . (Ome. 9. n X1
x—0 . /1+xsinx —cosx (Ome. ) 15. P—I’I:sm(x"l)

(Yxazanne: cnenanno,ucranonxyx—l—y)(Ome 3)
16. lLim YAHtl-x (Ome 1)
-3

x— + o 3x+5

7. lim J}T+J2W :

Jim Ve (Oms. 3))

18, lim Y¥=1-Vx'+2 ( me _1)
x—=—w  Ix4+4/x*+1 )

19, lim (/x*43x+1 - /x7=3x—23), (Oms. 3))

x—+w
20. _xllmw(\/x +4 —/x2=3x+1). ( —;)
21, J‘_.Ho(x—,/x +x+1). (Ome —5)
22, x_l.ninw(x—./x —a*)) (Oms. 0.) 23. hmxctgx
(Oms. 1)
24, nlini 3" sm3— (Oms. x.) 25. lim (x—

=v/*?+x+1). (Oms. —.)
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f)

. Bonpocei anA CamMonpoBEpKHU

1. floxaxute, uto dyHkuwa f(x)=cos x HenpepbisHa B nio6oun
TOuKe X.

x3+x*+x3-5
2. Mouemy MOXKHO YTBEPXAATb, YTO (HYHKUUA f(x)=——5-?—-—
x

HenpepbiBHa Ha BCEA 4WUCNOBOW npsmon?

§ 10. OTIPEJEJIEHUE U KJACCUOUKAHUA TOUEK
PA3PBLIBA ®YHKLHUU

Onpenenense. Touka Xo Ha3vieaemcs MouKol paspolea
pynkyuu [ (x), ecau f(x) 6 mouke xo He AsaAemCA
HenpepulgHOL.

PaspbiBbl (yHKUMH KIaCCUPUUMPYIOTCH CIEAYHOLIIM
o6pa3oM. ' :

PaspoiB nmepsoro pona. Touka xo Ha3blBaSTCA
mouxoil paspuiéa nepgozo poda Gynxumu f(x), eci B
arolf Touke GyHkuus f(x) HUMEET KOHEYHbIE, HO HE
paBuble ApYT APYry NpaBblifi W JICBbIH NpENe/IbL

lim f(x)# lim f(x)
x—~x0+ x—ex,

O Mpumep. s ¢yHkmum f (x)=sgnx TOUKa x=0
SBIAETCA TOYKOW pa3pbiBa mepBoro poaa (cM. puc. 80),
Tax Kak

lim sgnx=1, lim sgnx=-1. @
x—0+ x—0- i

PaspelB BTOpOTo pojaa. Touka XY, Ha3blBACTCHA
moukoil paspviea 6mopo2o poda ¢bymxkumu f(x), eciui B
5ToM TouKe (yHKuMs f(x) He HMeeT MO KpalHed mepe
OIROTO W3 OJHOCTOPOHHHX MPEJENIOB WIH XOTH Obl 0adH
13 OIDHOCTOPOHHHMX NpeIeIoB OeCKOHEUCH.

O Mpemep. [na odyukumn f(x)=1/x Touka x=0
ABJLISTCA TOYKOM pa3pbiBa BTOporo poxa (cMm. puc. 123),
TaX KaK

. 1 . 1
lim -=+x, llm —=—. @
x—0+ X x—0— Y

B npumepe 2 n. 1 § 8 Hamu ObUIO YCTAaHOBJIEHO, YTO
¢ynxims Jupuxjie He SBIAETCS HENPEPLIBHOH B moboit
TOHKE X, YHCIOBOI NpaAMOii, a B npuMmepe 5 1. 2 § 2, UTO
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$ynxuus dupuxne B mo6oii Touke Xo HE MMEET npenena.
CJ]C}.IOBaTCJIbHO,‘ OCTaCTCA 3aKJIOYUThL, 4YTO B 06001
TOUKEe Xo OQyHKUMA JlMpUXJe uMeeT paspeiB  BTOpOro

poAaa.

M Bonpocei ans caMonposepku

1. Kakue TOuKM Ha3biBaOTCA  TOMKaMW paspbiea  ¢hyHk-
unu? :

2. lante onpegeneHus Touek paspsiBa nepsBoro wn BTOpPOroO
poaa.

3. Yxkaxute, B Kaxoi Touke u Kakoro popa paspois umeer
Ix]
PyHkuma f(x)=—.
X

§ 11. TEOPEMA O HENPEPBIBHOCTH CJOXHOM PYHKIUU

Teopema 4.8. ITycmy gynryun z= ¢ (x) Henpepovigna
6 mouxe xo, a Pynxyun y={(z) nenpepvigna ¢ mouxe zo=
=@ (x0). Tozda croxcnas @ynxyus y=f o (x)] Henpe-
Pbl6Ha 8 Mouke Xo. :

O loxaszatenncTtBo. BosbMeM u3z X mobyio
NOCHAECAOBATENABHOCTL TOYEK

X1, X2, X3y ..., P, P

CXONAIUYIOCS B TOWKE Xo. TOraa, B CHJIy HenmpephIBHOCTH
bynxiun z=0@ (x) B Touke x,, MMeem

hm z,= lim @ (x,)=¢ (x,)= 2z,
n— 00 n—+ 00

T. €. COOTBETCTBYIOWIAs MOCJENOBATEALHOCTh TOYEK Z,,
%2, Z3, ., Zp, ... CXOIOUTCSE K TOUKE Zo. B cuny xe
HENPEPLIBAOCTH  QyHKUMH f(z) B Touke z,, noJiysaeM

lim f(z,)=f (z5), T.e.

Jim o (xa)]=/ [0 (xo)].

CnenoBatenbHo, npeaen GyHKuuu S 9 (x)] B Touke x,
PaBC€H €€ 3HAYEeHHIO B 3TOH TOYKE, YTO W AOKA3bIBAeT
HEMIPEPLIBHOCTL CNOXHOA ¢yHkuun f [p (x)] B Touxe
Xo. W . ’
O Ipamep. Jloka3aTe HenpepbiBHOCTD byHKUMH y =
=sinx? B Touke x=0.
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]\
YA f(b)
flxg)———

!
N
T c
L OM
4 .
> f@

0 Xu-d )'(0 ;a'f'd

*\?

Puc. 126 Puc. 127

Peumenue Tak kak QyHkuusi -=x’ HENpepblBHA B
Touke x=0, a QyHKUMs y=sSin- HENpephiBHA B TOHYXE
z=0, To MO JOKA3aHHOI Teopeme CIOXHas QYHKIHUA y=
=sin v? HenmpepbiBHa B Touke x=0. @

f?

H Bonpockl ANf CaMonpoBEepKy

1. fawnre onpepeneHve CNOXHON hyHKUUK.

2. ChopMynmpyiTe TeopeMmy O HenpepbiaHoCTH CNOXHOA (DYHK-
yum,
3. [lokaxute HenpepbiBHOCTL dyHKuun  y=sin 3x Ha scen
YUCNOBOWR NPAMONR. :

§ 12. OCHOBHBIE CBOMACTBA HEMNPEPBIBHBIX GYHKUMH

1. Teopema 00 YCTOHUHMBOCTH 3HAKA HenpepbIBHO#H
GyHKHH. ’

Teopema 4.9. ITycms Pynryus f(x) HenpepbigHa 6
mouke xo u f(xo0)#0. Tozda cywecmeyem 8>0 maxoe,
umo 044 ecex xe(xo—9, xo+0) Pyuxyua f(x) umeem
nmom xce 3nax, umo f(xo).

O lokaszateancTBo. IlycTh f(x0)>0 (puc. 126).
Toraa, B CHIY BTOPOIO ONpENE/iCHAS HEMPEPHIBHOCTH
dbyukuuu s moboro £>0 CywecTByeT 5>0 rtakoe, 9TO
HepaBeHCTBO |f (x) —f(xo)| <€ BBINOJHAETCA I BCEX X,
YAOBJIETBOPSIOUIMX YCIOBHIO | x—xo| <9, WiH, YTO TO XK€
caMoe, BBINOJIHAIOTCA HEPABEHCTBA

f(x0) —e<f(x)<flx0) +¢& (1)

s Bcex xe(xo—38, xo+08). BospMmeM e=f(xo). Torma
u3 nesoro Hepabenctsa (1) mosjyyaem f (x)>0 mas Beex
xe(xo—98, xo+8), uro m TpeboBasoCh NOKA3aATh.
Ecmu xe f (x0) <0, To paccMOTpuM yHKIHIO — f (x).
Tak xak —f (xo)>0, TO 0 AOKa3aHHOMY CYyLIECTBYET o-
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OKPECTHOCTh TOYKH Xo, B KOTOpO#t —f (Xx)>0 M, cnemosa-
TeabHO, f(x)<0. m : '

2. ITpoxoxacnne HenpepuiBROl (GyHKIME uepe3 moGoe
HpoMexkyToTHOe 3JHaueHHe. PaccMOTpMM Teopemy o mpo-
' XOXACHHH HENPEPHLIBHOH QYHKUMM 4epe3 HyneBOoe 3Haue-
HHE NPH CMEHE 3HAKOB.

Teopema 4.10 (nepsam Teopema Boanmaso — Ko-
um)V. [Tycms @ynxyusn f(x) HenpepbisHa Ha ompeske
la, b] u na xonyax ompesxa umeem 3nauenun pasusix
;uaxoe. Tozda cywecmsyem mouka ce(a, b), ¢ xomopoii

(c)=0.

0 Hoxasartenncrro. [ycrs ana onpenenensocTu
S(@)<0 u £(5)>0 (prc. 127). Pasgenum otpesox [a, b]
nononam. Ecnn 3navenne Qynximm B cepenmne oTpeska
{a, b] paBHO HymI0, TO TeopemMa Roka3zana. B MPOTHBHOM
crmyvae BufepeM TOT 3 NONMYYEHHLIX OTPE3KOB, Ha
KOHLIAX KOTOPOro (yHKUMS HMCET 3HAYEHHS pa3HbIX
3HaKkOB, H o6osnawum ero [a,, b,]. Pasaenum otpesox
{a1, b, ] nononam n Bribepem TOT OTpe3ok, Ha KoHmax
KOTOporo ¢pyHxuMA f(x) HMeeT 3Ha4CHHS Pa3HBIX 3HAKOB,
H obosHauum ero [ay, b,] u T. a. Ipomonxas 3tor
NPOLECC HEOrPaHHICHHO, MONYYUM MOCAEAOBATENBHOCTD

[a. 6] = [ai, 61> [an b,]>..5[a, b]> ..

= a
BJIOXEHHbIX OTPE3KOB, NpHYeM b,—a,= -0 npu

2!

n -+ 00, ¥ HA KOHUAX KaXJAOro oTpeska [a,, b,] dynruus
HMEET 3HAYCHUA pPa3HLIX 3HAKOB. - '

ITo Teopeme 3.13 o BIOKEHHBIX OTpE3KaX, CYWIECTBY-
€T TOYK2 ¢, NPHHAIEXAIAn BceM orpe3kaM. Jlokaxem,
uto f(c)=0. JleHCTBHTEABHO, €CAM MONYCTHTH, 4TO
f()>0, To no Teopeme 4.9 06 ycroiYMBOCTH 3HAKa
HenpephIBHOH (YHRIHMH CYIIECTBYET OKPECTHOCTb TOYKH
¢, B kotopoii f (x)>0. B 3Ty oxpecTHOCTL npa KOCTATOY-
HO GonblIoM n MONageT oTpesok [a,, b,], B XKoTOpOM,
cnegosatenbHo, Gyser f(x)>0, a 3ro npoTWBOpedHT
BbIGOpY MOC/ICA0BATENBLHOCTH BNOXKEHHBIX OTPE3KOB.
AHanora4HO NOKa3LIBaETCA, 9TO f {c) me moxer ObIThH
MeHbiie Hyjad. Ocraetca npuaath, 4910 f(c)=0. [pu
‘3TOM OYEBHAHO, 9TO TO4YKa ce(a, b). W

Hokazannas TeopeMa HMeeT NpOCTOif reoMeTpHye-
CKH# CMBIC/. HenpepbiBHas KpDHBafd INPH TEPEXOAE C

Y Bombuano Beprapn (1781 —1848) — wemcku#t MaTemaTHx.
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¥\ OMHOM IOJIYIUIOCKOCTH, TIpa-
HHLEH KOTOPO# ABJAETCA OCh

8 Ox, B APYTYIO NEPECcEKacT 3Ty
OChb.

Cr——= O6paTuM BHHMaHME Ha
TO, 4TO NPH [OKA3aTebCTBE

A b e

teopeMbl 4.10 nmpuMeHeH Me-
TOA JeleHHs OTpe3ka momno-
naMm. dtotr Metox OyaeMm He-
OJIHOKPAaTHO  HCHOJIBL30BATh
Puc. 128 najee.

PaccMOTpHM TEOpeMy O
NPOXOXKACHHH HeNpephiBHOX (yHKUMM tepes JnoGoe
NIPOMEXYTOYHOE 3HAYCHHE. ,

Teopema 4.11 (sropas Teopema boannano— Ko-
um). Iycms @ynkyua f(x) HenpepvigHa Ha ompeske
[a, b), npuvem f(a)=A, f(b)=B. Iycms, dasee,
C— moboe uucao, 3axmouennoe mexncdy A u B. Tozoa
na ompeske [a, b] naiidemca mouxa ¢ makas, umo
flo=C.

Jlpyrumu C10BaMH, HenpepbisHas (GyHKUMS NPH Nepe-’
X0le OT OQHOro 3HayeHHs K ApYroMy NpHHHMAaeT H BCE
NPOMEXYTQUHBIC 3HAYECHHS. L

0 _I[gcaafa"re#n_y_crg,.] H)ycn, Ul Onpee/IcCHHOCTH

o — —————

[
|
|
|
|
3

A<B u A<C<B (puc. . PaccmoTpuM  BCroMora-
TeJBHYIO YHKLIHKIO

¢ (x)=f(x)-C. -
Ora ¢yHkuus HenpephisBHa Ha oTpeske [a, b]
(xax pa3HOCTb HEUPEPLIBHBLIX (QYRKUHMHA) M NPHHH-

MaeT Ha KOHLAX J3TOro OTpe3Ka 3HAUCHHA PpPa3HbIX
3HAKOB!

¢(a)=f(a) —C=4-C<0,
o (b)=f(b) —-C=B—-C>0.
Cornacao Teopeme 4.10 cymecrsyer Touka ce€(a, b)
takas, 910 ¢ (¢)=f(c) —C=0, 1. e. f(c) —C=0. Orcio-
n f()=C. =
Cneancrsme. Ecau @ynkyua f(x) onpedesena u
HenpepuiGHa HA HEKOMOPOM npomexcymxe X, mo muoxce-
‘cmeo ee 3navenuti Y makxce npedcmagssem Hexomopblil
NPOMENCYMOK.
0 doka3zatenscTro. I[lycts m=inff(x), M=
=sup S(x), ’ x
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roe- m M M-—unena,  Ha3biBaEMBIE COOTBETCTBEHHO
MOUKOI HuMCHell u® gepxHell epanasmu Gyukyuu®.

Bosemem mo6oe 3 w3 Y, He pasHoe m u M, u
BoibepeM 1B 3HAYeHMs y; M y, QyHKuMH f(x) TaK,
YTOOBI' BBIMOMHSIHCH HEPABEHCTBA m<y, <y<y, <M.
CylulecTBoBaHMe TaKMX 3HaveHuil Gyukuuu f (x) cremyer
M3 ONpene/ieHuss TOYHBIX rpaHed (ecit M =40 (m=
=—00), T0 y,<M (m<y,)). Toraa no Teopeme 4.11 o
NPOMEXYTOYHBIX 3HAYEHHAX HENPEPLIBHOH QYHKIHMH Cy-
HIeCTBYET TOYKAa X Takas, 4To f (x)=y. CiaenosaTenbHo,
MHOXECTBO Y mpelcTaBnseT cobol HEKOTOpbI mpome-
KYTOK (KOHEYHBbIH MM GECKOHEYHbI) ¢ KOHHAMH m U M,
KOTOpbIE B 3aBHCHMOCTH OT KOHKDETHOrO CJyYash MOTYT
€My NpUHAANEXKATh WIM HE NPHHANJIEXKATh. W

HokazanHele TEOpPeMBbl MMEIOT OONBLIIOE TeopeTHYe-
CKO€ M TMpPaKTHYECKOE 3HAYCHHE, ,

O Iipumep 1. [okazath, yTo ypaBHeHme x°—18x+
+2=0 umeer kopeHb Ha otpeske [—1, 1].

Pewenwue. IMonoxum f(x)=x°—18x+2. I1a pyHk-
uHs HenpepbiBHA Ha orpeske [—1, 1] U Ha ero xoHuax
TDHHAMAET 3HAa4YeHWs pasHelX 3HaKkoB: f(—1)=19>0,
S (1)=—15<0. CnegoBaTenbHO, OHA YIOBJETBOPSET YC-
JoBHAM TeopeMsl 4.10, cornacHo KOTOpOil CYLIECTBYET NO
KpaiiHeii Mepe onna Touka ¢ (—1<c<1), B kOTOpOI
S(©)=0. Yucno ¢ u sBASETCS KOPHEM HAaHHOTO ypas-
HEHHS.

Ipumep 2. Jloxasatb, uto QyHkuMs f(x)=x3/4—
—sinmx+3 NpUHMMaeT 3HAauYCHHE, DPABHOE 3, BHYTPH
orpeska [—2, +2].

Pewenwue. Jlannas ¢yHKuMs ymoBieTBOpsET yciio-
BusM Teopembl 4.11. Ona HenpepbiBHa Ha OTpe3ke
{2, +2] m ma xoHmax 3TOro oTpeska NpUHUMAET
pa3Hbic 3HaueHus: f(—2)=1, f(2)=S5. Tak kak 1<3<S5,
TO, CorjacHo teopeme 4.11, BHyTpu oTpe3ka [—2, +2]
CYLIECTBYET TOYKa ¢, B KOTOPOH GYHKHMS NPUHUMAET
3Ha4YeHHe, paBHOoe 3, T.e. f(c)=3. @ '

3. Teopema 00 orpaHH“eHHOCTH HenpepbIBHOH (yHKIMHK
Ha orpeike. HanomunMm, yto dynkuus f(x) masbiBaeTcs
OrpaHHYeHHO# Ha oTpe3ke [a, b], ecnu cymecTsyer yucio
M>0 Takoe, uTo mHns Beex x€[a, b] BbIOMHAETCS
HEPaBEHCTBO |f (x)|<M nma —M<f (x)<M, T.e. rpa-

-V HanomuuM, 410 ToYHOil BEpXHER (HIDKHeH) rpaHblo QyHKUHH
S(x), onpepenennoii Ha X, HasbiBaeTCH HaUMcHbIuas (Hanbonbias) u3
BEPXHHX (HHXXHHMX) IpaHedl, OrpaHHYMBAIOWHMX Y CBepXy (cHH3Y).
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¢ux ¢ysxumm f (x) He BBIXOJMT M3 T0JIOCHI, OrpaHHYEH-
Hoit npsMbiMH y=M u y=-—M (puc. 129).

Teopema 4.12 (nepsas Teopema Beiiepmrpacca)®).
Ecau ¢ynxyua f (x) onpedesena u Henpepviéna Ha ompeske
[a, b], mo ona ocpanuuena na 3mom ompe3xe.

[MpensapuTenbHO OOKaXeEM CIEAYIOLIYIO JIEMMY.

Jemma, Dyuxyua f (x), HenpepvieHaa 6 MouKe X,
02PAHUYEHG 8 HEeKOMOpol ee OKPECMHOCHMU.

0O doxazaTtenncTBo. Bosspmem e€=1. Torma, co-
IJIACHO BTOPOMY OINpeEICHHIO HENPEPHIBHOCTH (PyHKIMH
B TOYKe, ANA AAHHOrO € cyumecrByer 8>0 Takoe, ¥To
ana Beex x€(xo—39, xo+38) BBLINOJNHAETCA HEPABEHCTBO
If (x) =f (x0)I<1.

Hcnonb3ys 3TO HepaBEHCTBO, mnojydaeM |f(x)|=
=[(f(x) —f (x0)) +f (xo) SIS (x) =F (x0)] + |f (X0) <
<1+ |f(xo)l, T.e. |f(¥)I<M, rne M=1+|f(xo0)l.
Orciona 3axmouaeM, uto ¢yukuus f(x) orpaHuyeHa B
3-OKpECTHOCTH TOYKH Xo. W .

O Joxa3sarenncTBo Teopembl [Ipennonoxum
obpatnoe, T.e. mgonycTuM, . uto Gynkuus f(x) He
orpaHuveHa Ha orpe3ke [a, b]. Paznenum orpesok [a, b]
MonoJjiaM, TOrJa MO KpaHHed Mepe Ha OOHOM H3 ABYX
noJIy4eHHBIX OTpe3koB (yHkuMs f (x) He orpaHuyeHa (B
NPOTHBHOM Cjlydae OHa Obuia Gbl orpanuucHa Ha [a, b)).
O603HaunM 3TOT OTpe3oK ueped [a;, b, ). Pasgenum
oTpe3ok [a,, b, ] nononamM u o6o3naunM uepe3 [a,, b, |
TOT M3 OTpe3koB, Ha koropoM o¢yHKuMa f(x) He
orpanuyena, u T. A. [Ipomomkas 3TOT npoilecc HEOrpaHu-
YeHRO, TOJIyYaeM MOCIeI0BaTEbHOCTh

- [a, ]2 [a1, b1]=[az b2] 2.2 [an b,] > ...
BJIOKEHHBIX OTPE3KOB, Ha KaXIOM H3 KOTOpPhHIX f (Xx) He
b— .
OrpaHMYEHa, NpPHYEM b,,—a,.=?a—+0 npH n — 0.

ITo TeopeMe 3.13 0 BIOXEHHBIX OTPE3KaXx, CYIECTBYET
TOYKa ¢, IPUHAJJIEXalias BceM oTpe3kaM. Pynkuus [ (x),
110 YCJIOBHIO, ONIpeiesicHa H HENpephiBHA B TOUYKE ¢, CNEI0-
BaTEJbHO, COTJIACHO NOKA3aHHOMH JIEMME, B HEKOTOPOH OK-
PECTHOCTH TOUKH ¢ OHa orparmicHa. I1pu nocrarouno 6ob-
ILIOM 71 B 3Ty OKPECTHOCTB IIONAAAET OTPE3OK [ay,, b, ], HAa KO-
TOopoM ¢YHKHHS f (X) Takxke OrpaHMYEHa, YTO IPOTHBO-
PEYHT BLIOOPY OCIENOBATEILHOCTH BJIOXKEHHBIX OTPE3KOB.

D Beiiepwtpacc Kapn (1815—1897) — HeMelxnii MaTeMaTHK.
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[TomyuenHoe  npoTuBopeume Y4
NOKa3bIBAET Teopemy. M

. M
3ameyanue. Teopema i
HEBEPHA, €CiM OTpe3ok [a, b] _ .'\ }

s é

3aMEHUTL HHTEpBAJIoM (a, b). —
. 0 a b x
Tax, Hanpumep, QyBKUMSA \/
S (x)=- nenpepeiBHa Ha HH- _,,
X

tepBane (0, 1), HO He orpaHu-
4YeHa, Tak Kak lim -= + oo. Puc. 129
x—0+ X _

Hoka3aTenbCTBO TEOPEMBI U1 HHTEPBAJIA HE TPOXO-
J4T» B TOM MECTE, TAC YTBEPXKIAETCA, YTO B TOYKE C
¢yHkums ompemeneHa M HempepbiBHa. JLis HHTEpBaJIa
TOYKA ¢ MOXET COBNACTb C €0 KOHLOM M Toraa f (x) He
Oyner onpenencHa M HempepbiBHA B TOYKE C.

4. Teopema o pocTHxkenun Qymxcumei, HeupephLIBHOH HA
OTpe3Ke, CBOHX TOYHLIX rpamed. B ToM ciywae, xorma
TOYHbIC TPaHH QYHKIMH ABJIAIOTCS 3HAYCHHAMH (DYHKIHH,
TOBODAT, YTO QYHKUMS doCmuzaem ceoux mouHbiX ZpaHeil.
Onnako, kak m3secTHO (cM. Teopemy 1.1), He BCAKOMY
MHOXECTBY NpHHAIEXAT €ro TOYHble rpaHH. Cre-
OyIOUMH NpHMEP  MOKAa3bIBAET, YTO TOWHEIE IpPaHH
¢GyHKIMH He BCerja MOCTHTAKOTCH.

O Ilyctb ma otpeske [0, b], b>1, onpe/eneHa
¢ynkuus f (x)=x— [x], rpadux koTopoit H3o6paxeH Ha
puc. 130. MHOXeCTBOM ee 3HAa4eHHl sBsETCS TIOJIyHH-
TepBan [0, 1). ®ynkums orpanuyena u cmepxy CHHU3Y,
HMECT Ha JaHHOM OTpPE3KE TOYHYIO BEPXHIOK TIpaHb,
paBHYIO 1, H TOYHYIO HHXHIOW TpaHb, paBHyl O.
OvesunHo, GyHKUMA NPUHMMAET 3HadYeHHe, pasHoe 0, HO
HE NPHHHMACET 3HaYeHus, paBHoro 1. CregoBaTesnbHO,
MOXHO CKa3aTbh, Y4TO (yHKUHSA OOCTHTAeT CBOEH TOYHOM
HHXKHEH H He JOCTHTAaeT CBOEH TOMHOW BEpXHei rpanv. @

. BosHukaer Bompoc, nmpH KakoM YCNOBHM (DyHKuMs
AOCTHraeT CBOMX TOYHBIX rpaHedl. OTBeT HaeT ciiexyro- -
Hias Teopema. . ,

Teopema 4.13 (propas Teopema Beiiepmrpacca).
Ecau_gynkyus f(x) nenpepviena na ompeske [a, b], mo
OHa docmuzaem Ha 3Mom ompe3sKe C80UX MOYHbIX 2paHeil,
m. e. cywyecmgylom mouku x;, x,€ [a, b] maxue, umo-
(puc. 131)

S (x1)=M=supf(x), f(xs)=m= inf f (x).
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s

i
I
!
3 4 X

=Y

Puc. 130 Pric. 131

2 NlokasartenbcTBo. Tax xax dynxuus f(x)
HenpepbiBIA Ha oTpe3ke [a, b], TO, no TEopeMe 4.12, ona
orpanuuyeHa Ha 3T1om otpeske. CiIe0BATE/ILHO, COTIACHO
teopeme .1 CyIIECTBYROT TOWHAsl BEPXHSS M n TouHas
meknas m rpasn Qyuxuun f(v) Ha orpeske [a,. b].

MMokaxem, uto (yukuus [ (x) aocruraetr M, T.e.
CVIIECTBYET Takas Todka X € [a, b], uro f(x;)=M.
ByneM paccykaaTh OT npoTusnoro. Iycrs byuxuus f (x)
He NpUHMMaeT HM B O#HON Touke [a, b] 3nauenus,
pasHoro M. Torpa 1as Bcex x€la, b] cnpaBeAnuBO
HepaBeHCTBO f (X) <M.

PaccmoTpum na otpeske [a, b] BCoOMOTaTe/IbHYIO,
BCIOJY TMOJIOKHTEBbHYIO (QYHKUHIO

1
Flx)=—7+.

( ) M—f(x)
Mo teopeme 4.7, dyukuus F(x) nenpepbiBHa Kak HacTHOE
IBYX HempepbIBHbIX (GyHKuni. B 3TOM Ciy4vae, COrnacHo
Teopeme 4.12, ¢pynkuua F(x) orpaHuyeHa, T. €. HaigeTcs
OJIOKUTEAbHOE YHCIO | TAKOE, 4TO Ans Bcex X€ [a, b]

F(x) <y, orxkyaa f(x)<M-— %l

1
M=7 ()

MNoayueno, uto umcno M—1/p, MeHbwIee HeM M,
ABSETCS BepXHeit rpambio f(¥) Ha oTpeske [a, b]. Ho
3TO NMPOTHBOPEYUT TOMY, 4TO HUCIIO M spnseTca TOYHOM
BEpXHeil, T.e. HaMMeHblUERA BepXHEH rpaHbIO byHKuuH
f(x) Ha orpeske [a, b]. Tlonyyensoe npoTHBOpEUHE H
0Ka3biBaeT, 4TO CYWECTBYyeT To4ka X;€ [a, bl, B8
xoTopoi f (x;)=M. :

AHaJIOrMYHO JokassiBaercs, u4To  GyEkuus  f(x)
gocturaer Ha [e, b] cmocit TOUHON HMOKHEH TpaHH
m. A
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3ameuanue. ITocne Toro kax JOKa3zaHo, 4TOo
byukuus f (x), HenpepriBHas Ha oTpeske [a, b], nocrura-
- €T Ha 3TOM OTpE3Ke CBOMX TOYHBIX BepxHeit M W HHXHelt
m TpaHeH, MOXHO Ha3BaThb TOYHYIO BEPXHIOIO rpaHn
MAKCUMAAbHLIM, 3 TOUHYIO HHXKHIONO I'DaHb — MUHUMAAL-
HblM 3navenuesm (QyHKuMM f(x) Ha 3TOM oOTpeske u
coopmynupoBaTh Teopemy 4.13 B CIENYIOWEM BHIE:
HenpepviéHaA Ha ompeske GYHKYUA umeem Ha IMom
onpe3Ke MaxKcumasbHoe u MUHUMAAbHOC 3HaveHue.

O Ilpamep 3. [okasath, uto dymkums [ (x)=21*!x

x arclg %_:—: + (v*—5x+6)sin,/x2+1 orpauuuena Ha

orpeske [0, 1] u cymwecTByioT Takue 3HaYeHHS X, TpH
KOTOPEIX (DYHKLUHS NPHHMMAET Ha 3TOM OTpe3Ke HaH-
Gosblune M HaWMEHbIUME 3HAYeEHHMs.

Pewenue. Tak xak Ha orpeske [0, 1] pynxuuu 2!*,

arct f:—l, (.w3—5.v+6), sin/x%+1 HENPEPBIBHEL, TO, MO
. g v+ 1 .

Teopeme 4.7, nanHas GyHKUMS f (X) HEMpEpBHIBHA HA 3TOM
orpeske. CnenosaresnbHo, no Teopeme 4.12, ona OorpaHu-
ueHa Ha otpe3ke [0, 1], a no Teopeme 4.13, CYUIECTBYIOT
Ha 3TOM OTpE3KE 3HAYCHUS X; H X, B KOTOPbIX DYHKLHS

npHHUMaeT Haubonbluee {4 f (x,)= s:)up] S (x)) u HaumeHsb-
[ * l
wee f(x,)=inf f(x)) 3HaueHus. @
(0.1]

S. IlousTHe paBHOMEpHOI HenpepuIBHOCTH  dyHKiun.
BaxHbiM cBolicTBOM yHKIMH, HEMPEPLIBHOM Ha OTpe3ke,
ABJISETCA CBONCTBO pasnomepHoii Henpepuignocmu. Ono
LLIMPOKO HMCNONL3YETCH NpPH AOKa3aTe/NbCTBE psAa (pyHAa-
MEHTaJILHBIX TEOpPEM.

Ilycts f(x)— dyHkuus, venpepbiBHas Ha HEKOTOPOM
NpoMexyTke X, ¥ myCTb TOYKa xo€X. Tak kak dyHxIHS
J (x) nenpepuiBHa B Touke x4, TO, NO BT@pPOMY onpeee-
HUIO HENpEpPLIBHOCTH, Ans moboro £>0 Haiinercs &> 0
Takoe, 4T0 |f (x) —f (xo)| <& npu [x—x0]<8. ScHo, uTo

3aBHCHT OT €, HO § 3aBHCHT TaKke M OT X,. Ipu
M3MEHEHHWH X, B NpeliejlaXx paccMaTpHBAaEMOTo npome-
XYTKa (OPH TOCTOSHHOM €) 4YHCIO O Pa3jIHiHO s
Pa3HBIX xo. YeM  «kpyuen rpapux ¢ynkumu f(x) B
OKPECTHOCTH TOYKH Xo, TEM MEHbIUE O, COOTBETCTBYIO-
wee srtoit Touke (puc. 132).

Takum obpasom, npu 3amansom ¢ Kaxaon Touke x
PacCMaTpHBAEMOro NMPOMEXYTKA COOTBETCTBYET HEKOTO-
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y . poe 8>0. Ecnm 6wl
’ ' Tovyek . OblJIO KOHEY-

m’f):;:) —————————— HOE YHCJIO, TO M3 KO-
i) §———————, i { HEYHOTO MHOXECTBa
foore ! b umcen & MoxHO ObLIO
fixo) oo Obi BLIOpaTh HAUMEHDL-
ror-e pf) | ot 1 Hiee TOJIOKHKTENIbHOE
Olictt %o+ P -y 6,, KOTOpOe 3aBHCEJIO

6bl TONBKO OT & H

Puc. 132 6b1110 «IIPUTOHO»

s Beex x. Hna 6ec-

KOHEYHOTO 4YHMCHa TOYEX 3TO, BooOlle roBops, CaenaTth

HENb3#i, TaK Kak 3THM TOYKaM COOTBETCTBYET OeckoHeu-

HOE MHOXECTBO YHCEN O, CpeM KOTOPbIX MOTYT ObITh M
CKOJib YTOJHO Malbi€. . »

Bo3HHKAaeT BONPOC, CYMIECTBYIOT JIH HENpPEPLIBHBIC
(GYHEKLMM, ONpENE/CHHbIE Ha HEKOTOPLIX NPOMEXYTKaXx,
115 KOTOpbIX no mobomy €>0 MoxHo Obuio 6bi HaliTh
8>0, He 3aBuCsee OT X; T. €. & Oblo Obl obmMM 1St
BCEX X M3 PACCMaTpMBAaEMOro MPOMEXYTKa. DTOT BONPOC
NPUBOAMT K TOHATHIO PABHOMEPHOH HENPEPBIBHOCTH
QyHKuMH. . '

Onpenenenne. Pynxyus [ (x) Ha3vieaemca pasHoMepHO
HenpepbigHoii Ha Hekomopom npomexcymke X, ecau 04
mobozo £>0 cywecmeyem 8>0 maxoe, umo 043 obbix
d6yx mouek x', x"€X, ydoesemeopalowux Hepasex-
cmey |x"—x'|<3d, evinoansemca nepasencmeo |f (x”)—
—f (x")I<e.

Tlo onpenenenuio, & 3aBHCUT TONBKO OT € U ABJIAECTCA
obumM s Beex X', x” npoMexyrtka X.

ToHATHE pPaBHOMEDHON HENMPEPHIBHOCTH (yHKOMM
OTHOCHTCA K HamnboJiee. CNOXHBIM H TPYAHBIM IR
MOHWMAaHHs BOMpPOCAaM MaTeMAaTHYECKOro aHaju3a.

MoHATHE PaBHOMEPHOH HENpepLIBHOCTH (yHKUMH Ha
npoMexyTke X OTJIMYAeTCA OT NMOHATHA HENPEPBIBHOCTH
Ha 3TOM TNpPOMEXYTKE TEM, YTO BEAHYMHA O 3aBHUCHUT
TONLKO OT & M He 3aBUCHMT oT x (ans moboro €>0
cylecTByeT «cBoe» §>0, obiee ansa Bcex x€ X), a npH
«OGBIMHOMY HENPEPHIBHOCTH & 3aBHCHT M OT € ¥ OT x. B
:3TOM clyuae, Kak ObI0 NOKa3aHO paHee, & B 3aBHCH-
MOCTH OT X MOXET TNPHHUMAThb CKOJb YTOAHO MaJbie
" 3HAYEHHA.

W3 onpenenieHnss paBHOMEPHOH HENPEPLIBHOCTH cile-
nyeT, 410 ecnu QyHKuHsA [ (x) paEHOMEPHO HENpEpLIBHA
Ha HEKOTOPOM TmpoMexyTke X, TO OHa W 1OpoCTo
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HENPEPLIBHA HA 3TOM NPOMEXYTKE, T. €. HEMpPEphIBHA B
mobon Touke xoeX. B camom Zefie, B3SB B ONpe/IeIeHUN
B KauecTse X' AaHHYIO GUKCHPOBAHHYIO TOYKY Xo€ X, a B
KauecTBe X" —moOYIO TOYKy I3TOro NPOMEKYTKA, Mbl
TNPUIEM K ONPENEICHHIO HENPEPLIBHOCTH dyHKkumuu f (x) B
Touke Yo. OOpaTHoe yTBepXIEHHE HeBepHO (noaymaiire,
noiemy?).

PaccMoTpum npumepnr dynkumit kax obranaromux,
Tak M He o0JajalolMX Ha NaHHOM NpPOMEXyTKe X
CBOHCTBOM DABHOMEPHOM HENpepLIBHOCTI.

O Ipumep 4. Ucnoasiys onpeneieHue paBHOMEpPHOH

. |
HENPEPBLIBHOCTH, ROKa3aTb, 4To QyHkuMs f (x)=sin- He
X
ABAACTCA paBHOMEPHO HenpepbiBHONH Ha unTepsane (0, 1).
: 1
Pewenue. Fpagnk dynkmmn f (x)=sin- H300paxen
X

Ha puc. 121, DdyHkuna HenpepbiBH2 Ha uHTepsaie (0, 1),
HO HE SBNETCA PAaBHOMEPHO HENPEPLIBHOM Ha HeM.
UTo6bl yOennThCs B 3TOM, AOCTATOMHO 0Ka3aThb, 41O
AN HEXOTOpOro £>0 u A1s Mo6Oro kKak YroaHo Majioro
8>0 cywecrsyer xora 6b omHa napa rToyek x' -m x”
untepsana (0, 1) takmx, 4to |x"—x'|<$, HO f(x") —
—/(x)|ze

BosbMeMm £=1 u paccMoTpuM mBe nocienoBaTenn-
HOCTH TOMEK, NpuHaAnexawux unrepsany (0, 1), {x;} u

"y

{x,} ¢ OBWMMH 3neMeHTaMHu

x,’,’=1/(g+21m) " ,wc,’,=l/<3—,,—1t +2nn> (n=1, 2, ..),

M Takux, 410 f(x,)=1, a f(x;))=-—1. O6e 31u
NOCJIENOBATENLHOCTH, A CJEAOBATENbHO, H HX Pa3HOCTb
ABAAIOTCA OeckoHeuHo MasbiMu. [TostoMy aas so6oro
Kak yroaHo manoro $>0 cyllecTByer HOMep n TaKoii,
YTO | X, —X,| <8, B TO BpeMs kak ans mobBoro HOMepa n

'f.(,é,;') —f (%)= sin(g +21tn> —-sin(32—7r +2nn>
=|1—=(~1)|]=2>¢=1, |

JT0 M [OKa3bIBaeT, 4TO paccMaTpuBaeMas ¢GyHKUUS He
ABJIACTCH paBHOMEDHO HENpPEPLIBHOM Ha HHTepBane (0, 1).
[Ipumep 5. Mcnonwsys onpenenenne pPaBHOMEPHOH
HENIDEPLIBHOCTH, 0Ka3aTh, YTO GyHKLMA / (X) =X paBHO-
MEPHO HENpEpbIBHA HA BCEH HYUCIOBOM HPAMOIL.
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Pemenue. Bosbmenm -moboe €>0 u d=¢. Torma us3
HepaBeHCTBa | X" —x'|<d cneayeT HepaBeHCTBO |f (x") —
—f(x)]=]x"—x"|<g, uTo u TpeboBajnoch IOKa3aTh.

Tpumep 6. Vicnonb3ys onpeesieHne paBHOMEPHOH He-
OpPEPLIBHOCTH, A0KA3aTh, YTO dyukuus f (x)=x? He ABNI-
eTcsi paBHOMEPHO HENpepbIBHOW Ha BCEH UHCIOBOH
npamoi .

Pemenne. UtoOnl yOeauThcs B ITOM, HOCTATOYHO
nokasaTh, YTO A Hekotoporo £€>0 M ans moboro xax
yromHo Masioro 8>0 uaiineTca xoTd Obl ofHA mnapa
Toyek x' ¥ X" TakKux, HTO

|x"—x']<8, o |f{x")—f(x")I=e.

1
Bo3pMeM €=_- U paccMOTpuM IBC nocnenoBaTe/IbHOCTH

38}

Touek {x,} ¥ {x;} c obwmmy 31eMEHTaMH Xp= /0 H
xn=n+1 (=1, 2, ..). Toraa

|5 = el =] = =] —Q(j;‘ )

-0

1
_, /n+1 +\/IT
npu n— oo, a
L (xn) =f (xa) | =l x0 = x| =n+1—n=1
CnenoBaTenbHO, A8 NMoOOro xak YroaHO Maloro 6>0

[

HaitjeTca mapa TOYeK X, H X, TakKHX, 4TO | Xy —x,]<8, B
. , 1
To Bpems Kak | f(x,) —f(x,)|=1 >g=5,3T0 U IoKa3bliBa-

€T, YTO paccMaTpHBaeMas (PyHKLMS HE sIBJISETCS PaBHO-
MepHO HeNpepbIBHOI . Ha Bcelf UYMCIIOBOW TpsiMOH. @

Caeaytouiasi TeOpeMa yYCTaHABJIMBAET YCJIOBHE, NPH
KOTOPOM HenpepbiBHas (QyHKUWS ABJISETCS U PaBHOMEp-
HO HEIPEPHLIBHOM.

6. Teopema 0 paBHOMCPHOIl HENPePLIBHOCTH (YHKUHH.
Teopema 4.14 (vcopema Kanropa)?. Ecau gynxyua
f(x) wenpepwisna  na ompeske [a, b, mo ona u
pagioMcepHo HeNPEPLIGHA HA HEM.

D Xots oTa QYHKUMA H SBASCTCA HCNPEPLIBHON B KaMA0H TOUKE
4pCA0BOIT npAMOil.

2 Kanvop [ecopr (1845—1918) — neMeuku#h MaTeMaTHK, OCHOBa-
TC.Ib COBPCMCHHOH TCOPHHM MHOXCECTB.
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0 JoxasaTtensctBo. [okaxem CHavaja, dTro
ecnH ¢yukuus f(x) HempephiBHa Ha [a, ), T0o nmns
moboro £>0 otpesok [a, b] Moxuo pa3buth Ha
KOHEYHOE YHC/IO OTPEe3XOB, Mobble aBa M3 KOTOPBIX WJIH
HE HMCIOT OOIMX TO4YeK, HAH HMEIOT. TOJBLKO onHy
ob1yi0 rpaHHYHYIO TOYKY M Ha KaXaOM M3 KOTOPBIX st
mobbix ByX Touek X', x” BBIMONHSAETCS HEpaBEHCTBO
(") =f(x)I<e. 1

Ipennonoxum obpathoe, T.e. ponyctum, uro cy-
liecTByeT €>0, JUIs KOTOpOro Takoe pa3buenue oTpeska
[a, b] HeBO3MOXHO. Pazmenum orpesok [a, b] nononam
u BbibepeM TOT M3 oTpe3kos, mns KOTOpOro Takoe
pazbuenHe HeBo3MOXHO. O603HAYHUM ero [ay, b,].
Paznemum Teneps otpesox [a, b, ] nononam u BLIGepem
TOT M3 OTpE3KOB, /IS KOTOPOrO Takoe pa3buenue
HEBO3IMOXHO H T. A. [Ipomomkas aror npouecc meorpa-
HUYCHHO, TNONY4acM MOCNEAOBATENLHOCTL BJIOKEHHBIX
OTpe3KoB ' o

, [a,_' b] > [a,, b,] > [ay, 6,]5 ...2[a, b] > ...,

obnajalomMuX TeM CBOWCTBOM, YTO HM OAMH M3 HHX
Helb38 pa3GHTb Ha KOHEYHOE YHCIIO OTPE3KOB, Ha
KaXIOM H3 KOTOPLIX IA MOGLIX ABYX Touek x' M x”
BLIMOJIHAETCA HEPAaBEHCTBO |f (x”) —f (x')|<e. ITo Teo-
peMe 3.13 o BiOXeHHBIX OTpeskax CYLUECTBYET TO4YKa c,
TIpHHaAJIeXKallas BceM oTpeskaM. Tak kak dyukumus f (x)
HENpCPLIBHA B TOYKE C, .TO VIS pPaccMaTpPHBAEMOTO &

Haiizercs 3 Takoe, 910 |f () —f ()| -<§ ans mo6oro x u3

8-oxpectHocTH Toukn ¢. Toraa mna Mobsix ABYX TOYeK
X" B X" B3-OKDECTHOCTH TOYKH ¢ BbINONHRETCH Hepa-
BCHCTBO '

67) =1 =10 67) ~ (6 + @ - ()1
<) =f (O + () ~f (%) 1<% + E=e,

I (x") (') <e.
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y B .5-OKpecTHOCTH
TOYKK ¢ TpH JO-
cTaTO4HO OONBILIOM

'n momajgaer ortpe-
30K [a,, b.] #, cie-
IOBaTeNbHO, JUIA
JMOOBIX OBYX TOYEK
x' u x" aroro ot-

fir)+e pe3ka CrpaBeAJIu-
- ){(2" BO HEPABEHCTBO
— ) —f(x)<e,

a 3TO MPOTHBOpE-
4yuT BBIOOPY TOCIE-
JIOBATE/TLHOCTH BJIO-
KEHHbIX OTPE3KOB.

[lepeiineM Tenepb HEMOCPEACTBEHHO K JOKa3aTeNbCT-
By TeopeMbl. ITo TONBKO YTO JXOKa3aHHOMY, A Joboro
£>0 cymecTtpyeT pa3buenue orpeska [a, b] Ha KOHeyHOE
YUCJIO OTPE3KOB, B KaXJAOM H3 KOTODPBIX Pa3HOCTh MEXIY
Ao6bIMH ABYMS 3HaYeHHsMH (yHKIMM f (x) o abconmoT-
HoO#t BenMuMHe MeHblle €/2. O6o3HaYMM Hepe3 & AIUHY
HayMEHDBLIETO M3 OTPE3KOB pa3OHEHHsT M PacCMOTPHM
mobple aBe TOYkKM x' M x” orpe3ka [a, b], oTcTOsuME
ApYr OT ApYra Ha PAacCTOAHMM, MEHbILEM d4eM §, T.e.
| x”—x'|<d. Bo3MOXHBI 1Ba cnydas: 1) TOYKH x"mx’
NpUHALNEXAT OJHOMY OTpe3Ky pa3bueHus; 2) TOUKH x'u
x” NpUHAANIEKAT ABYM COCEIHMM OTpE3Kam pa3OHEHHs.

Puc. 133

B nepsom cuyuae [f(x")—f (x')|<§<s; BO BTOPOM

cnydae, oGo3Hayas 4epe3 Xo OOLIYIO T'PAHMYHYIO TOYKY
COCEAHHMX OTPE3KOB, HMEEM

) =110 )~ o) + () 7 ()1
<If (") =1 (xo)| + 1 (xo) =f (x) 1 <5 + 5=

Takum obpasom, mns moboro £>0 maiinercs 6>0
Takoe, YTO [UIA JHOOBLIX OABYX TO4ek x' M X" OTpe3ka
[a, b], yAOBIETBOPAIOIMX HEPABEHCTBY | x"=x"<¥,
BLimoniusieTcs HepapenctBo |f (x”) —f (x')|<g, uro H
TpeboBasoch Hoka3zaTh. B

3ameuanue. Teopema He BepHA, €CliM OTpe-
30k [a, b] 3aMeHUTh HHTEPBAJIOM WIH TMOJYHHTED-
BaJIOM.
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© Hpumep. PaccMotpum dyuxumio f (x)=%r Ha MHTEp-

Bajie (0, 1). Jlannas QyHKuMs HenpephiBHA Ha HMHTEpBaJIe
(0, 1), HO He saBjseTCs paBHOMEPHO HENpPEPLIBHON Ha
HeM. DTO ciieyeT M3 TOro, 4to s Jo60ro ¢uxcupo-

. BaHHOrO £>0, xakoe 6b1 6 >0 HM B33Th, BCeraa HalgyTcs
TOYKHM X' ¥ x”, HOCTaTO4YHO 6/IM3KHe K HYJII0, pacCTOsiHUE
MEXIy KOTODBIMH MeHbIIE 8§, a MOAyNb pa3sHOCTH
If (x") —f(x')] Gombwe & (puc. 133). @ -

Teopema Kanrtopa naet Bo3aMoxHOCTh cpa3sy yTBEPX-
AaTh, 4TO (YHKUMA f(X) PaBHOMEPHO HENpEpPLIBHA Ha
orpe3ke [a,” b), ecam . ycranoBneHa HEIIPEPLIBHOCTD
(GyHKIMH Ha 3TOM OTpesKe.

O Ilpumep 7. Jokasats, uto QyHKUUA f(x)=x?
PaBHOMCDHO HENpCphLIBHA Ha wMHTepBase (—1, 1)V,
TIpHYEM CeJaTh 3TO ABYMs cnocobamm: 1) Henonbys
TeopeMy Kanrtopa; 2) ucnonessys onpenencHue paBHoO-
MEPHOH HeTpepPLIBHOCTH. ‘

Pemenue. I cnoco6. PaccmoTpuM  pyukimro
f(x)=x? na orpeske [—1, 1]. OHa HenmpepriBHa Ha 3TOM
OTpe3ke M, CJeNOBaTeNbHO, no TeopeMe Kantopa,
PaBHOMEPHO HenpepbiBHA Ha HeM. OTciofa cienyer, 4to
¢ynxums f(x)=x2 paBHOMEpHO HENpepbLiBHA Ha HWHTEp-
Bare (—1, 1). B camom gere, HHTEepBan (—1, 1)
NpPEACTaBIseT COG0OH NMOAMHOXECTBO OTpe3ka [—1, 1],
T.€e. (=1, I)c[—1, 1], u Tak kak HEPABEHCTBO
If (x”) —f (x')| <& BoIMOnHAeTCH miAs JHOGBIX x', x"e
€ [—1, 1}, ynoBaerBopsioumx HEpaBeHCTBY |x"—x'|<§,
TO OHO BBHINOJHACTCA M AN Mobbix x', x"e(—1, 1),
YAOBJICTBOPSIOLUIAX TOMY )X€ HEPAaBEHCTBY, YTO M Tpe6o-
BaJIOCh J0Ka3aTh.

I cntoco6. BosbMeM nrobbie mBe TOUKH x' M x” u3
dHTepBana (—1, 1). Torna ,

lf(xﬂ) _f(xr)|=|x”2_x12l=l(x"+xl)(x”_xl)|=

=|x"+x"||x"=x"|<2|x"—x"},
TaK KaK MOJyJb CYMMBI |x"+x'| orpanu4en wuciiom 2.

BosbMeM Tenepr mo6oe £>0 u nonoxum 6=¢g/2. .
Torma ans mobmix x’, x"e(—1, 1), YZAOBJIETBOPSIOLIHX
HEPABEHCTBY |x”—x’|<3, BLINOJHAETCA HEPABEHCTBO

: W) —f&)I<2-8=2-2=s.

! XoTs 312 yHKUMA U He ABIAETCA PABHOMEPHO HENpPEPHIBHOI Ha
Beeil 4ucnoBoit- npamMoit (cM. npumep 6
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S3To M O3HayaeT, MO ONpeICIeHHIO PaBHOMEPHOMH
HerpepbIBHOCTH, uTO ¢yHKkuMs f(¥)=x’ paBHOMEpHO
HenpepblBHa Ha uHTepBase (—1. 1). @

B 3axmouenne 3ameruM. uTt0o Teopema Kanrtopa
HUMeeT OuYeHb OoJbiloe TeopeTHueckoe 3HaueHne. C ee
HOMOUILK J0Ka3aH psan ¢GYHIaMEHTANBHBIX TEOPEM.

?

» Bonpocht AnNs CaMonpoBepku

1. CchopMmynupyiTe Teopemy o6 yCTOMYMBOCTW 3HaKa Henpepsbis-
HOWN YHKUMA.

2. MOXHO N yTeepXAaTh, 4To ecnu dyHkyus f(x) HenpepoisHa 8
TouKe xo ¥ f{x0)=0, TO hyHkuua f(x): a) vMeeT onpefeneHHsIn 3HaK
B HEKOTOPOM OKPECTHOCTW TOUKM Xo; 6) HEe umeeT onpefgeneHHoro
3HaKa HW B KaKOi OKPECTHOCTM Touku Xo? Mpuseante coorseTcrayio-
ujue npumepnl.

3. Copmynupyite nepsyio Teopemy bBonbuano-— Kouwn.

4. MoXHO N yTBepXaaTb, 4TO ecnu yHKuuA f(x) HenpepoiBHa
Ha oTpe3ke [a, b] ¥ Ha KOHUAx OTPe3Ka WUMEET 3Ha4YEHWA OAHOro
3HaKa, To Ha [a, b] HeT Tako# TOYKK, B KOTOPOR byHKUUs oGpaljaeTcs
B Hynb? [puseaute npumep.

5. Chopmynupynte nepsylo Teopemy Bewepwrpacca.

6. MoxeT nu HenpepoiBHas Ha wuHTepeane qyHxuua ObiTb
OrpaHu4yeHHOW Ha IToM WHTepsane?

7. MoXxeT nu HeorpawuMyeHHas Ha OTpe3Ke WM wuHTepsane
GyHKUMA ObiTe HENPEpPLIBHOW HA 3TUX npomexyrkax?

8. MoxeT nv orpaHWyeHHas Ha OTpe3ke (YHKUuA NpURUMaTH
3HAYEHMA CBOMX TOMHbIX TpaHen?

9. Cchopmynupynte BTOpYlO Teopemy Benepwrpacca.

10. MoxeT nn HenpepbiBHAA Ha wHTepsane (PyHKUMA QOCTUYL HA

-3TOM MHTEpBAne CBOMX TO4YHbIX rpaHen?

11. [lante onpegeneHve NOHATUA PaBHOMEPHOW HENpepbiBHOCTH
DYHKLNNK.

12. B 4eM COCTOMT OTnUuYME NOHSTUA PasBHOMEpPHOW HEenpepbliB-
HOCTH OT MNOHATUA HENpPepuiBHOCTU YHKUUN?

13. Copmynupyiite TeopeMmy KaHutopa.

14. MoXeT fnn HenpepbiBHAas Ha uHTepeane QyHkuua 6GbiTe
pasHOMEpPHO HEeNpepbLIBHOW Ha 3TOM wuHTepsane W, HaoGopoT,
paBHOMEpHO HenpepbiBHAs Ha uHTepsBane GyHKuua ObiTb Henpe-
PbIBHOW?

15. fAenseTca N yHKUUA f(x)=x> paBHOMEPHO HENpPepbIBHOM
Ha wuTepeane (1, 5)?

§ 13. TEOPEMA O HENPEPBIBHOCTH OBPATHON ®YHKLINH

Beenem psa  npeABapUTENbHBIX TOHATHH. bynem
ropopuTh, u4to QyHKuMs f(x) He ydwisaem (ne 603-
pacmaem) Ha MHOXeCTBe X, €C/IM JUIA JIIOOBIX X1, X2€ X,
YIOBJIETBOPAIOLMX YCIOBHIO X1 < X2, COPaBEAJIMBO Hepa-
BeHCTBO f (Y1) <f (x2) (f (x1)Z=f (x2)).

Hey6biBatomie 1 HeBo3pacTaroume QyHKuun odbeau-
HAIOT OOWIMM HA3BAHUEM MOHOMOHHblE DYHKYUU.
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Ecnu ans mobbix x1, x2€X, YAOBJIETBOPAIOLIMX
YCJIOBHIO X1 <Xz, CNPaBEIMBO HEPaBEHCTBO f (Xx1)<
<f(x2) (f (x1)>f(x2)), T0o dyHKURS S (x) masbiBaetrcs
6o3pacmaroweis (ybwvisarowjeir) Ha MHoxectBe X. Bos-
pacratoume H yGniBaroine QyHKIMM Ha3bIBAIOTCH TaKKe
CMpPO20 MOHOMOKHbIMU. :

O Ilpumeput. 1. ®ynxuus f(x)=sgn x sABIsAETCA He-
ybuiBatolelf Ha Bcell 4YHCIOBOM IpAMOIA. '

2. Oyakums [ (x)=x. aBnsercs BO3pacTaloieii Ha
BCEH 4HCNIOBOH mnpsMoil. @ ‘ :

Teopema 4.15. Iycmy pynxyua y=f(x) onpedeae-

Ha, cmpoco MOHOMOHHG u HenpepbiéHa HA HeKomMopom
npomexcymxe X, u nyemv Y — muoocecmeo ee mauenuii.
Tozoa na muoncecmse Y obpammnan Gynxyus x=¢ ()
00MHO3HANHA, CMPO20 MOHOMONHA U Henpepuigna.
- 0O Hoxasatensctso. [ycrs ans ONpPEAENEHHOCTH
yukumus f(x) Bospactaer Ha X, T.e. I JIOBBIX X1,
X2 € X, YIOBJETBOPSIOIHMX YCJIOBHIO X; < X,, BBITIOJHAET-
C  HEPABEHCTBO  y1<y, (y1=f(x1) M y3=f(x,))
{puc. 134).

Onno3naunocTs o6paTHO# dyHKUMK x=¢ (y) cnenyer
M3 TOro, 4TO, B CHJIy BO3pacTaHHs QPyHKUuH y=f (x) Ha
X, CpaBeiMBO HEPABEHCTBO y, =/ (x1)#f (x;)=y, npu
X1 # X3, U, 3HAYHT, KOXAOMY y € ¥ COOTBETCTBYET EAMHCT-
BEHHOE 3HadeHHe xe€ X, '

HokaxeM Teneps, 4to obpaTHas bynxuns x=@ (y)
BospacraeT Ha Y. [eiicTBuTennHo, ecin Y1<Yz, TO H
X1<Xxz2 (x; =@ (y;) 4 x3=0(y;)), TaK KaK eciu 66 6GLUIO
X122 X3, TO H3 BO3pacTaHus f (x) ciaefoBajo 6bl, 4TO yi=
2 )32, YTO NPOTHBOPEYHJIO Obl NpPeafIOIOKEHHIO Yi<yi.
Taxum obpasom, ¢akT cTporoif MOHOTOHHOCTH obpar-
HOM (yRKIMH x=@ (y) ycTaHOBJeH. .

N nakoHeu, nokaxeMm, uto obpatHas ¢yHxUMs
x=@(y) HenpepuiBHAa Ha Y. B CHJIYy CINEOCTBUS H3
TeopeMH 4.11, MHOXecTBO Y sBnseTcs NPOMEXYTKOM C

KoHuamMu m u M, rae m=inff (x), M=supf(x). Ilycts
X X .

Vo€Y, xo=¢ (o). PaccMoTpum cHauana ciiyda, xornza
m<yo<M (puc. 135). B 3toM cnywae Touka Xo ABJIfETCH,
OYECBHIHO, BHYTDEHHEH TOYKOH npoMexyTka X,

Bo3sbMmeM £>0 TakuM, 4To6nI (xo—€)eX u (xo+€)e
€X, H NONOXUM y, =/ (xo—€) H p, =f (xo+¢). Torna, B
CHNy BO3pacTauus f(x), nonayunm

1<Yo<Jya. .
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0] Pumxg8 Xo KoreP(M) X
Puc. 134 Puc. 135
BoibMem Teneph 5>0 TakHM, 4TOOBI BHIMOJHSUIMCDH

HepaBeHCTBA y; <Yo—8 M yo+3<y,. Torma, ecmu y
YAOBNETBOPAST HEPABEHCTBAM

Yo—d<y<yo+39,

.TO
Nn<y<yz
M, CNeJOBaTeNibHO, B CHJIy BO3pacTaHHs @ (y), UMeeM
e)<e() <o)

YuursiBas, 410 @ (1) =Xo—€=Q (yo) —€ H @ (y2)=Xo+
+e=¢ (o) +&, mnoaysaeM @ (yo) —€<@ ()< (yo) +¢
MpH YCIOBHH Yo—3d<y<yo+9. :

Takum obpa3om, aokasano, 4To ans moboro aocra-
Touno Mmanoro £>0 cywecrsyer 8>0 Takoe, 4TO IS
BCEX y, YAOBNETBOPAIOLIMX HEPABEHCTBY |[y—yol<3d,
BLINOMHSAETCA HepaBeHCTBO | () —@ (Bo)| <&, T.e. 06-
parHas QyHKIMA X =@ (y) HeNpepbiBH2 B TOUYKE Yo. Ho
- yo— NpPOM3BONbHAA TOYKA MHTepsBana (m, M). 3uauur,
obpaTHaa ¢ynkums x=@ (y) HempepbiBHa Ha (m, M).

Ecnu meY wsm Me Y, 10, paccykiasa aHajiOrH4Ho,
MOXHO /10Ka3aTh HENpPEPBLIBHOCTH @ () cnpasa B TOYKE M
H cneBa B Touke M.

Mrax, ¢akT HenpephBHOCTH 06paTHO# QyHKUHH
x=@(y) na Y pnokasasd.

B cnyuae y6biBanua ¢ynxuuu f (x) Teopema J0Kasbi-
BacTCA AaHAJNOrHYHO. B :

3Jamevanue. Fcim obparHas ¢ysxuus x=¢ ()
0JHO3HAYHA, TO, OYeBHAHO, QyHxuus y=f (x) ABAAETCS
obpataoit ans ¢yrxuuH x=¢ (y). Taxue ¢yHRUHH -
HA3LIBAIOT TaKXE 63aUMHO ObpamHbimu. '

O Ipnumep. Pynkousa y=sinx Ha orpeske [—m/2,
n/2] BO3pacTaeT, HempepbiBHA, ¥ MHOXECTBOM €€ 3Hadve-
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HUil SBASCTCH OTPe3OK y-arcsinx

[~1, 1] Mo Teopewme T T T Yssing

4.15, na orpeske [—1, 4 {y:sinx
X

iy

-

1] cywecrsyer nenpe- i ;//7' =arcsing
pbIBHAag  BO3pACTaO-
iwas obpatwas QyHk- {
UM CO_ MHOKECTBOM -7
3naueHunt [—m/2, n/2], |
3Ty obpatHyw ¢yHK- .
{717 obo3navalor
-, 7

x=arcsin ). Ipadux ee —==1-7
coBnajaer ¢ rpadpukom Puc. 136
QyHKUMH ) =SsIn X, pac-
cmaTpuBaeMoi mpH —R/2<x<n/2 (puc. 136).

Ecnu teneppr X H y MOMCHATL MECTAMH, T. €. €C/H
paccMaTpuBath QYHKUMIO y=arcsin X, TO MOJYYHM rpa-
¢duk, uzobpaxenusit Ha puc. 136 cnnowuoit nuuueit. @

. Bonpockl anA camonposepky

1. Npuaegure npuMep HEMOHOTOHHON YHKLUN.

2. flaite onpepenexne obparthon QyHKUuK.

3. B uem ornuumne dyHKyau oT obpatHon GyHKuuu? Mpomnnioct-
pupyaTte reoMeTpuLecku.

4. B xakom cnyvae ofpaTHas yHKU4A ABNASTCA QyHKyued 8
o0bi4HOM CMbICNE W 4TO #3 3TOro cnepyer?

5. Chopmynupyite TeopeMy O HENpPEepbiBHOCTH 06paTHON (PyHK-
umm.

6. Hanaute ¢yHkywnio, ob6paTHylo QYHKUMA Yy =COS X, 33AaHHOR
Ha oTpeske [0, r]. YcvraHoBuTe 06nacTb ONpefgengHUs, MHOXECcTBo
3Hauenna obpatHon QyHKYUMM Ku. Hapucyrnte ee rpaduk.

7. MoxHO nu paccmartpuBaTth yHKUMIO y =Sin X KaK 06paTHyio
dyHkyuu y =arcsin x?
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Yuumesca nado moavko geceao...
Ymobot nepesapumy 3nanus, haoo
nozaouyams ux ¢ annemumos.

A. @Ppanc

decamv  cmpanuy  mamesanuxu
“ nonAmMoR Aysue cma cmpanuy, 3a-
© yuenHblX HA NAMAMb U e NOHIMbIX,
a oona empanuya, casoCmoAme.ib-
1o npopabomannas, Ayvue decamu
cmpanuy, nONIMbIX OIMUEMAUBO, 1O
naccusno.

A. One

FTABA 5

ANOOEPEHUHUAJBHOE NMCYMCIEHUE

§ 1. MOHATHUE NPONU3IBOAHON

1. Onpenenenste npon3soHoii. [lycTh Ha HEKOTOpPOM
npoMexyrtke X ompeneneHa dyuxkuus y=f(x). Bosnmem
mobyto TOYKY Xo€ X W NPUALAAM apryMEHTY X B TOHKe
Xo MPOU3BOJILHOE TIpHpalleHHe Ax “Takoe, 4TO Touka
xo+ Ax takxke 6yaer npunagnexkats X. PyHKuHs nomuy-
yuT .npupaieHie Ay=f (xo+Ax) —f (xo0).

Onpenenenne. [Tpoussoonoii gyuxyuu y=f (x) 8 mouxe
Xo Hazwisaemca npedea npu Ax — 0 omnowenua npupawje-
HUA yHKYyuu 8 IMOU MOUKe K NPUPAWEHWIO ap2yMeHma
(npu ycaoeuu, umo 3mom npedea cywecmeyent).

Hdas obo3navenus npoussogHoi ¢yuxkumn y=f (x) B
TOYKE Xo HCHOOJIL3YIOT CHMBOABL ' (xo) wuiam f (xo)
(YMTAETCHA: «HIPEK WITPHX OT Xo» MIHM «3d wWTpnx oT
XO»).

HUtax, no omnpenenenuo,

. A . Xo+Ax) —f(x
S (x0)= lim ZX="lim Llxo+8x) = (xo).
Ax—0AX  Ax-~0 Ax
Ecan and HEKOTOPOUO 3HAMEHHR Xg BbIMOJHACTCH
yCnoBuUe
Ay

. . . Ay
lim 2=+ (mm hn ——=—w),
Ax—-0 AX Ax—-0 AX
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TO TOBOPAT, YTO B TOYKE Xo QYHKUHA MMeeT OecKoHeu-
HYI0 NpPOM3BOAHYIO 3HAaKa ILUTOC (MM 3Haka MuHYyc). B
OT/MHuMe OT OECKOHEYHOH NPOM3BOAHON ONpEAENEHHYIO
paHee NPOU3BOAHYIO (PYHKUMH HHOTAA Ha3bIBAIOT KOHeY-
HOll NPOU3BOOHOI.

Ecnu dyHxims [ (v) HMeeT KOHEUHYIO NIPOU3BOIHYIO B
KaXn0il Touke x € X, TO npousBoaHy:o f (X) MOXHO pac-
CMaTpUBATD KaK (PYHKLHIO OT X, TAKXKE ONpeAe/eHHy!o Ha X.

W3 onpeaeneHus Npou3BOAHOI BbITEKAET H Cocob ee
BBIYKCJICHHS.

O Ilpumep 1. Hailitu npoussoIHyio ¢yHKuuH f (x)=
=x% B TOYKE X=X,

Pewenue. I'Ippmaaaa apryMeHTy XB TouKe Xo
npupatlieHde A x, HaiiteM COOTBETCTBYIOLIEE NpPUpalIcHUE
dhyHKIMH:

Ay=f(xo+Ax) —f (xo)=(xo+Ax)*~x5=
=x3 +2x0Ax+ (Ax)? —x3 =2xoAx+ (Ax)%
CocTaBUM OTHOLICHHE:
Ay 2x0Ax+ (Ax)?

Ax Ax
Haiizem mnpenen storo ortHoweHus npu Ax —0:

A . 2%Ax+ (Ax)?
lim &Y= fjm ZeAx+(ax)?
Ax—O0AX Ax—0 Ax

=2XO.
CnenoBatenbHo, mnpoussogHas ¢yHkiuH f(x)=x2 B
TOYKE Xo paBHAa 4HUCNY 2X,, YTO B IPHHATHIX 00O3HAa4e-
HUSX MOXHO 3anucath Tak: f (xo)=2x0. @
anamnennn. Ucnonb3ys onpenesieHue NpOU3BOIHOM,
Haum TNPOM3BOJHbIE CICAYIOUNX GYHKUMA B TOUKE
x=xo. L f(x)=5x* (Oms. 10x,.) 2. f(x)—x

(Ome. 3x3.) 3. f(x)=/x. (Ome. 7\/_> 4. f(x)=;. :

(Ome. —%) 5. f(x)=—l—2. (Ome. —;zg) 6. f(x)=—.

x Jx
1 .
Oms. — AT ¢()=sin2x. (Omeg. 2cos?2
( 2x0\/}3> 7t i o)
8. f(x)=cosZ. <0me. —S'":"/z.) 9. flx)= 2\'+1
2 Ve /To3% _ 3
, (Ome. —-m> 10. f(x)=,/1+3x. (Ome. 2\/1+3x0.)
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gA

X
Puic. 137

2. T'eomerpuueckuii cMbica npowssoaHoil. [lycTs yHk-
umns f(x) onpeneneHa u HenpepbiBHA Ha MHTEPBAJE ?a, b).
Iycts, nanee, Touka M Ha rpaduke GYHKLHH COOTBET-
CTBYET HEKOTOPOMY 3HAYEHHIO apryMeHTa X, a. TOYKa
P—3navennto x,+Ax, rne Ax— npupallieHHe apryMmeH-
Ta. [TpoBenem uepe3 Toukun M u P npsMylo H Ha30BeM e€
cexyueti. OBo3nauMM vepe3 @ (Ax) yron Mexay cexylueit
¥ ocbio Ox (puc. 137). OueBnaBO, YTO 3TOT Yroj 3aBUCHT
ot Ax. Kacame.avhoit S k epagury ¢yuxyuu f(x) B Touke
M 6yzeM Ha3blBaTh NPEAC/TbHOE MNOJOKEHHE CeKyLuen
MP npu HeOrpaHWYEHHOM TpHOAHXeHHH Toukn P no
rpaduxy x Touke M (MM, 4TO TO Xe camoe, NpH Ax—0).
M3 puc. 137 cneayer, 4toO

NP _ Ay _flxo+Ax)=/(x)
MN  Ax Ax

tg @ (Ax)=

Tax xax npu Ax—0 cekymas MP nepexoaut B
KacaTelIbHYIO0, TO

lim tg ¢ (Ax)=tg @,
Ax-0
roe (,—yroj, KoTopslii oOpa3yeT KxacaTenbHas C
ocbio Ox. C papyroil cTopoHHI,
Sxo+Ax)=f(xo) :f’(

0 Ax XO ).

lim tg @ (Ax)=li
Ax—0 . Ax—

CnenopatensHo, f'(x,)=tgo,. Takum obpaszom, npous-
600nan @Pynkyuu f(x) 6 mouxe X, pasHa y2.1060Mmy
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ko3pPuyuenmy xacameavroil k 2paguxy Pynkyuu f (x) 6
mouke M (xo; fgx0 X

O INpumep 2. Haiitu yriosoit ko3dbduunenT kaca-
TenbHo# k napa6one f(x)=x? B Touke M(1/2; 1) u yroa
MEXIY KacaTeqbHOH B 3TOH TOuke M OCBlO Oux.

Pemenne. Tak kxak yrioeoit kospduuxeHt xaca-
TenbHO# k rpaduky dynkumu f(x)=x? B Touke M(1/2; 1)
paBeH 3HAYCHHIO IPOM3BOAHOW 3TON (YHKUHH B TOYKE
Xxo=1/2, TO 3aa¥ya U CBOOMTCA K OTBHICKAHUIO 3HAYECHHUSA
MIPpOH3BOAHON B 3TOH TOUKeE.

Panee Obuio ycranoBneHo (cM. npumep 1), uTO
S (x0)=(x?)|x=x. =2x,. MoncraBnsas 1/2 Bmecto x,,
nonyvaeM f'(1/2)=2-1/2=1. CnenosatensHo, yrio-
BOH Kkoa(pdHuHMERT KacaTenbHO# paBeH I, T.e. k=1 wmn
tgPo=1 (@o—yron mexny kacatenbHoil U ochio Ox),
OTKy[Ja TIIOJlyYaeM HCKOMBI yrom: @ =arctgl=n/4. @

Ecan B HekoTOpO#H TOYKE NMPOM3BOAHAA paBHA HYJIO
(k=0), To kacatenbHas Kk rpaduky OQYHKUMM B 3TOi
TOYKE mapasnesbHa ocM Ox, a eciM XKe NPOU3BOAHAA
obpamaerca B GeckoHewHocTh (k=00), TO 3TO 3HAuMT,
YTO KacaTenbHas B 3TOH TOYKE mnapasuieibHa ocu Oy.

O Ilpamep 3. CocTaBuTh ypaBHEHHE KacaTENbHOH K
napabone f(x)=x* B Touke M(1/2; 1).

Pemenune. YTo6Bl COCTaBHTL HCKOMOE YpaBHEHHE
KacaTe/NbHON, MOCTAaTOYHO HAMHUCATHL W3BECTHOE M3 aHAa-
JIHTHYECKOH F€OMETPHU ypaBHEHHE NPAMOI, POXoasAILei
Yepe3 MaHHYIO TOUKY M (xo; yo), C HaHHBIM YIJOBBIM
koadpuUuHeHTOM Kk

y—yo=k(x—x0),‘

H BMECTO k MOACTaBUTH 3HAYEHHE NPOU3BOAHON DYHKLUH

’(xo% IloactaBnsis B ypaBHEHHE KOOPOMHATHI TOYKH
j(l/ ; 1) u 3Havenme mpousBogHoRt ¢yukumn f'(x,)=
=/"(1/2)=1 (cM. npumep 1), nonyuum ypaBHEHHe HCKO-
MOH KacaTeNbHOM '

1 1 -
y—l—l(x——5> U y_—x+§. ®

Ynpaxnenne. CocTaBuUTh ypaBHEHHE KacaTeJIbHOM K

napa6oe f(x)=4—x? B TOYKe mepeceyeH s ee C OChIO

Ox nmpu x>0. Iloctpouts mapabosly M KacaTenbHylo.

(Oms. y=—4x+38)) ' :

O Ilpamep 4. CocraBuTh ypaBHEHHE KacaTeJbHOH,
nposenenHo# M3 Touku M(1; —3) x mapabone f(x)=x2.
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Pewenne. VYpaBHeHue kacdTeqbHOH K KpHBOH
Sf(x)=x* B Touke (xo; f(x,)) umeer BuR

y—f(xo)=f'(xo)(x—xo)~ 8))
Tax xak f(xq)=x3, f'(xo)=2x, (cM. npumep 1) u 3Ta
npsAMas NpOXOAMT uepes Touky (x; y)=(1; —3), To u3 (1)
nojiyuaem ~

M3 storo ypaBHeHHs Haxooum 2x0=—l HM x,=3.
- (4
Ecnn xo=—1, 10 f(xg)=x3=1, f'(x5)=2xo=—2
M YypaBHEHME KacaTeNbHOH NpHHMUMaeT BHO y—1=
=—2(x+1), T.e. y=-—2x—1.
- ? f -
Ecmn xg=3, 1o f(x0)=9, f'(xo)=6 u ypaBuenue
KacaTeJbHOM TakoBO: y=6x—9,
Taxum obpazom, uepes Touky M(l; —3) x mauHoH
napabosne MOXHO NpOBECTH [BE KacCaTe/bHbIE. @
Ynpaknenwe. COCTaBUTh YpaBHEHHMS KacaTeJIbHBIX K

rpapuxy oynxumn f(x)= \/}, NPOXOIALIMX uepes3
Touky (2; 3/2). <0me. y=%x+;; y=%x+ 1.)

OTMeTHM, YTO reOMETPHYECKHI CMBIC/ TPOH3BOLHOI
HIpaeT BaXHYI0 pOJIb B PACKPBITHH MHOTMX MOHATHI
MaTEeMaTHYEeCKOro aHa/M3a H B PEIIEHHH psAfa reOMETpH-
4ECKMX 3ajad.

3. ®usuuecknii cmbicn npomssoanoi. ITpeanonoxum,
4TO QyHKUMSA y=f (1) ONMCBIBAET 3aKOH ABHXEHHMA MaTe-
pHanbHO# Touku M no npsmoit nuumu, T.e. y=f(t)—
NyThb, NPOHIEHHLIA TOYKOM OT Havasia OTCYETa 32 BpeMH 1.

Torna 3a Bpems f, mpolinen nytb y=f(t,), a 3a
BpeMs [, —nyTh y=f (t,). 3a nNpoMeXyTOK BpeMEHH
At=t,—t, Toyka M npoilaeTr OTpe3ok nyTd Ay=
=f(t,)—;(lo)=f(lo+A )=f(16) (puc. 138). OtrowERRE

A .
er, Ha3BIBAETCA cpeduell ckopocmbio Osudncenun (ve,) 3a

A
Bpemst At, a npenen OTHOLUEHHS A—“: npu At—0 onpezge-

)
>

or
— —

it Mo agefie)-fity)

jM'
:
/

Puc. 138
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JIAET AMCHOBCHH)'HO CKO[)OCliIb TOYKH B MOMEHT BpPEMCHH

[0 (UMFH)' o
O Ilpumep S. Hailitn cpeaHiol0 M MrHOBEHHYIO
CKOpPOCTb B MOMEHT BPEMEHHU [, TOUKH, HpﬁMOHV(HCﬁHOC

JABHXXCHHE KOTOPOM 330aHO YpaBHEHHEM y=\/—t (roe
y—nyTh, a t—Bpems, t=0).

Pewenue. 3a Bpems 1, Touka mnpoiger nyTh
)‘=\/?;, a 3a BpeMs [, —InyTb }'=./1,. 32 NPOMEXYTOK
BpeMeHM Af=1,—1, ToYKa DNpPOHAET OTPE3OK MyTH

Vv o

Ay= \/Z—\/t—= +Ar— \/a. Torpa cpemnsis cko-

POCTb [BMXEHHS TOUKH HA OTPE3Ke BPEMEHH [/, fo+ At ]
paBHa

Ay (Jip+A —\/7;

U=
P A At

4 MTHOBCHHAsS CKOPOCTL JMBUKEHUA B MOMEHT BPEMEHH [,

vV ’o+A’;\/’_c)__
At T

. . Ay .
Vurn=)"(to)=lim vin lim
Ar—0 Ar—0

i W/oF B R B ) _
© =0 At(S 1o+ 81+ /1)

. (ro+At)—1, 1
=lim = . @
a0 At (/1o + A1+ /1y) 21y
[lonatue CckopoCTH, 3aUMCTBOBAHHOE W3 (QU3KKH,

yaoOHO npH HCCAENOBAaHUM TNOBEJEHUA NPOU3BOJBLHOM
¢yukumu. Kakyio 6b1 3aBHCHMOCTH HH Bbipaxana (yHK-

Ay .
uua y=f(x), oTHoweHue 2. CPEAHAS CKOPOCTH M3Me-
Ry

HEHUS! )’ OTHOCHTENBLHO M3MEHEHMs X, a y’(xo)— MrHO-
BEHHast CKOPOCTb M3MEHEHHSA ) MNpPH HEKOTOPOM X = X,.
O Ipumep 6. HaiiTu ckopocTh CBOGOOHO NMaJarOLEro
T€1a B MYCTOTE B HEKOTOPbIH (HKCUPOBAHHBIN MOMEHT
BpEMEHH 1.
Pewenne. 3 dusuku u3sectHo, uTo 3aKOH CBOOOA-
HOIo mnajieHUA Teja B MycTOTe onpexaensietcss dopmysnoi
2 .
s=g—:—, rae g-—nocTosiHHas BeiuuuHa. [Ipuaaaum Hexo-

TOPOMY 3HAUYEHUIO ! npHpallesue Af; Toraa npoiaeHHbIi
NyTh S NOJYYHT MNpHpalleHHe
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Cpennas_cKopocTh NafeHHs Teia Ha OTPE3Ke BPEMCEHH
[1, 1+Ar] pasna

2etAt+g(At)?

a CKOpOCTb NaAcHHd Teaa B MOMCHT BPEMEHH [

v=s'(r)=1lim & < Jim 1g(21+Az)=g;,
8081 a0

Orcrona, B YaCTHOCTH, CIeAyeT, YTO CKOPOCTh CBOGOAHO
najarowero Tejaa NMpONOpUMOHANLHA BPEMEHH ABHKEHH
(naneHns). @

3HaycHHEe NPOU3IBOAHOI COCTOMT B TOM, 4TO TNpH
H3y4eHUuH JIOOBLIX NPOHECCOB U SBJCHMIT NIPUPOIBI C ee
NMOMOUILI0 MOXHO OLIEHUTh CKOPOCTH W3MEHEHHS CBA3AH-
HBIX Mexay co0oil BenHuuH.

4. Tlpaan u aeBas npouspoasbic. [lo amanornu ¢
NOHATHEM NIPaBOTO M JIEBOTO NpeAeia (GPyHKUHH BBOAATCA
TIOHSTHA MPABOi M J1eBOIi MPOM3BOIHLIX dyHKumii f(x) B
TOYKE X,.

Onpenenenne. [Ipasoii (aegout) npoussooHol @yHxyuu
J(x) 6 mouke x, nasvieaemca npasoe (aesoe) npedeavhoe

Ay .
3naueHue K}— (npu ycaoguu, umo amo npede.ivroe 3HAYeHUE
X
cyujecmeyem).
. . Ay/( ., . Ay
O6osnauenne: f', (xo)= ki A—'(]’_ (xo)= lim A-)
X Ay

-

Ecan ¢ynkums f(x) uMmeer B TOYKe X, NPOM3BOAHYIO,
TO OHa MMeeT B OJTOHl TOYKE M NPaByld M JEBYIO
NPOM3BOAHBIE, COBNAJAIOIME MeXAYy COOOii.

BMmecTe C TeM CylIecTBYIOT GYHKUHH, HUMEIONIME B
JAaHHOIH TOYKE X, W MpaByIO H JIEBYIO NPOU3BOMAHLIE, HO
He MMEIOlIE NpPOW3BOAHOM B 3TOW TOuke. [Ipumepom
Takoi Gynkuun cnyxut dynkums f(x)=|x|. O1a ¢ynk-
uMs MMeeT B Touke x =0 NpaByio NPOU3BOAHYIO, PaBHYIO

/4 (0)= lim &y (npy x>0 Ay=Ax), u I€BYIO NPOU3-
. Ax—0+ Ax
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BoAHylo, paeHylo [ (0)= lim Y (mpu  x<0
Ax—0— Ax
Ay= —Ax), HO He UMeeT B Touke x =0 NPOU3BORHOI, TaK
kak f',(0)#f_(0), T. e. omHOCTOpOHHHME npeiensl pa3-
J4Hbl (CM.: TeopeMy 4.2). ['eoMeTpHYeCkH 3TO O3HadaeT,
uto rpadux ¢ynkuun f(x)=|x| B Touke O (0; 0) He
HMEET KacaTejbHOM. '
| Vnpaxmenne. [Noka3ats, uto dynxums f(x)=3|x|+1 B
Touke x=0 HE MMeET NPOM3IBOIHOIMN.

?

- Bonpocsi ana camonposepku

1. faate onpepeneHne npon3asogHOn QyHKYun y=l(x) B TOYKe
Xg. .

2. Kaxkos reoMeTpuuecKuit CMbICN NPOU3IBOAHOA YHKLMUM y=l(x)
B TOuKe Xx,? }

3. Nlaate onpepenenue KacaTtenbHOW K rpagmky QyHKUMN
y=f(x) B Touxe (xo; f(x,)) W HanuwuTe ypaBmeuue KacaTenbHow.

. 4. Kakos (pn3nveckuin cmbiCn NPon3sogHOR (yHKUuK y=l(x) B
TouKe Xg? : ’ ]

S. Naire onpepenexne npasod (NEBoW) NPOM3BOAHON YHKUUN

. y=l(x) B TOYKe X,. KakoBsa cBA3b MexAy OAHOCTOPOHHWUMM NPOU3BOA- -

HbIMK W NpOU3BOAHOA GyHKUMM B Touke x,?. lMpusepute npumep
(yHKUMK, ¥ KOTOPOR CywecTByIOT. NPagas W NeBas NPOM3BOAHLIE B
HEXOTOpOW TOuYKE, HO He CyuwecTBYeT NPOM3BOAMAR B ITOM TOMKe.

-§ 2. NOHATUME AN®OEPEHUMPYEMOCTU 'OYHKHHH

1. IonaTne nu(b(bépenuupyemocm yuku B AAHNROIH
TOUKE. .

Onpenenenune. Pyukyun f(x) nasvieaemca Ouddpepen-
yupyemoii 8 mouke x,, ecau ee npupawjenue Ay 8 smoi
mouke MOXNCHO npedcmasums 6 6Gude :

Ay=Abx+a(Ax)Ax, (1)

20e A—Hexomopoe wucao, He 3agucswyee om AXx, a
o(Ax)—dynkyua apzymenma Ax, seasowasnca 6ecko-

Heuno maaowi npu Ax—0, m.e. lim o(Ax)=0.
Ax—0

Boisicnunm  Tenepr  cBase  Mexay mudpepeHumpye-
MOCTBIO B TOYKE M CYLIECTBOBAHMEM NPOM3BOJAHOM B TOM
)K€ TOYKE. '

Teopema 5.1. J1n mozo umobsr gynxyus f(x) 6vi1a
oudppepenyupyema ¢ Odannoii mouke x,, HeobX00UMO u
docmamouno, umobbl OHa umena 8 MUl MOUKe KOHEUHYIO
npoussoonyio. ' :
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0O JokasaTtenbcTBo. HeobxonaumocTs. Ilycts
dyukuus f ()2 muddepesuupyemMa B IAHHOM TOYKE X,
T.e. Ay=AAx+a (Ax) Ax. Torma, npeanojlioXuB, 4TO
Ax#0 u pasgenuB paBeHCTBO Ha Ax, noayuuMm

=A+a(Ax).
IMepexonas x npepeny npu Ax—0, umeeM

lim 22 = lim (A+a(Ax))=A=f"(x,).

Ax—08X  Av0

OTcrofia cieayer, 4TO MPOM3BOAHAS B TOYKE X, CYLIECT-
BYET.
HoctatouHocTs. Ilycts cymecrnyeT TIPOM3BOJ-

Has f'(x,), T.e. cymecryer lim E=f (x0)- Mycts
Ax—0

S (x0)=4. Torna q)yuxmm o(Ax)= -——A ABJIAETCA

beckoneyno Manoii npu Ax—0 (cM. Teopemy 4.5). U3
NOC/EAHETO PaBEHCTBA HMEEM

Ay=AAx+a(Ax)Ax,

rae lim o(Ax)=0. IMonyueno npeacrasnenne (1), Tem
Ax—0

caMbIM 0Ka3aHo, 4To GyHkuus f(x) auddeperuupyema
B TOYKE X,. B

Takum obpa3zoM, s GQYHKUME OAHOH nepeMeH-
Ho# nnddepeHHpPYEMOCTh H CYLIECTBOBAHHE NPOMU3BOA-
HO¥H — NOHATHA paBHOCHIbHbIE. [ToaTOMy onepauuio Ha-
XOX/JEHHs MPOU3BOJHOH 4acTO Ha3biBalOT Judgdepenyu-
POBAHUEM. '

O Tlpumep 1. l/lcnonbayx onpeneseHue, nokasaTb, 4YTO
dbynxuua f(x)=x? mmpdepeHuupyema B TOUKE X=X,.

PeweHnue. 3anuiuem npupailenue Gpyskuun f(x)=x?
B Touke X=X, B Buae (l):

Ay=f"(xo)Ax+o(Ax)Ax=2xoAx+a(Ax)Ax(A=1"(x,))
(cM. Teopemy 5.1).

Hago moxasats, 4to lim a(Ax)=0. ,[lnﬂ 3TOro
Ax—=0 -

3anuIeM mpHpalieHHe (YHKIHH B TOYKE X, npymM
cnocobom:
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Ay=f(xo+Ax)—[f(xo)=(xo+Ax)*—x}=2x,Ax+(Ax)>2.
lpupaBnuBas npaBbie 49acTH, nonmydaem a(Ax)=Ax.
IMepexons k nmnpemeny npu Ax—0, HaxoouM, 4TO

lim a(Ax):O, 4TO M TpeboBasoCh NOKA3aTh. @
Ax—0

Vnpaxnenne. Mcnonb3ys onpenesieHne, NoKa3aTh, YTO
I dynxums f(x)=x> muddepenunpyeMa B TOUKE X=X,.

2. Ceu3p Mexay TNOHATHAME AM(pdepeHIHPYEMOCTH H
HeNMpPepLIBHOCTH.

Teopema 5.2. Ecau gynkyua y=f(x) oupgpepenyu-
pyema 6 OaHiloil MOUKE Xy, MO OHA U Henpepvléna 6 3moti
mouke. :

O HoxasatenbcTBo. Tak kak ¢dynkums y=f(x)
Iuddeperuupyema B TOUKe X,, TO €€ NpUpallieHHe B 3TOH
TOYKE MOXET ObITh NpEACTaBAEHO COOTHoHIEHHEM (1).
Torpa, nepexoas k npegeny npH Ax—0, monyuaem

lim Ay=A lim Ax+ lim «(Ax)- lim Ax=0,

Ax~0 Av-+0 Ax~0 Ax—0

- .
YTO M O3Ha4aeT HENpPEPLIBHOCTL QyHKuMH y=f(x) B
TOYKE X, COTIAaCHO TpPeTbeMY ONpeACJEHHIO HENpephIB-
HOCTH QYHKUMH B TOHKE X,. B

3ameyanue. OOpaTHOe yTBEpXIEHHE HeE BEPHO.
OyHKIHA MOXET ObITL HENpepbIBHOM B TOYKE, HO HE
ObiTh AuddepeHUUPYEMOH, T. €. HE UMETh NMPOU3BOLHOM
B J3TOH TOuKe.

O IlpumepoM Takol GyHKUMH CAYXHT (QYHKLHS
S(x)=|x]. 12 }yHKUMA, KaK H3BECTHO, HEMpEpHIBHA B
Touyke x=0, HO, KaKk nmoka3aHo B n.4 § 1, He uMeeT B
3TOH TOYKEe NMPOM3BOJAHOMN, T.e. He sBasercs muddepen-
UMPYEMOH.

®ynkuma f(x)=3/x HenpepwiBHa Ha Beeil YHCIOBOM
npsamoii. [TokaxeM, 910 B Touke x=0 3Ta QyHKUHSA He
asnserca nudpdepeHuupyemoii. B camMoM gene, B Touke
x=0 npHpaleHHIO apryMeHTa AXx COOTBETCTBYET NMpHpa-
meHue (QYHKIMH Ay=3./0+Ax—3\/(_)=3,/Ax. Cnenmoba-
TENLHO,

Tlepexoms x mnpeneny npu Ax—0, nonyyaem
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. A . i
lim 2= lim —— =0

A0 8% A0 3/(AX)?

Oto 3HauuT, yTo dyHKUMA f(x)=3/x B Touke x=0 He
MMEET KOHEYHOW TNpPOM3BOMHOM, T. €. He ABNSETCA Mud-
. Gepennupyemoii. I'padpux ¢yHkuuu f (x)=3\/)_c B TOUKE
O(O; 0) MMeEET CBOEH KacaTenbHONH ochb Oy, yrioBoi
k03pPUUHEHT KOTOpOH k=tgQ, HE HMEET KOHEYHOrO
3HaYeHUd, T.e. «obpamaercs B GECKOHEUHOCTH». @
Ecim dynkums f(x) aMeer npoMs3BomHyI0 B KaXAoi
TOYKE HEKOTOporo mnpoMmexyTtka (muddepenuupyema B
K2KAOH TOYKE TOro MpOMEXYyTKa), TO OydeM roBOpHTb,
4ro GyHKUMA f(X) MMeeT NPOM3BOAHYIO HJIM 4TO OHa
muddepeHupyeMa Ha yKa3aHHOM NPOMEXYTKe.

?

M Bonpocu gnAa camonposepku

1. Ranivte onpepenenne AndPEPEHUMPYEMOCTH (DYHKUAN B TOM-
Ke Xq.

2. KakoBa CBA3b MexXAy ROHATUSMM AubdepeHLrupyemMocTu
DYHKUUM B TOUKE U NPOU3BOAHON (DYHKUWK B 3TOW Touke? [lokaxute
COOTRETCTBYIOUWYI0 TEeopeMy. .

3. KakoBa cBa3b Mexay nNOHATHAMKN AuddepeHumpyeMocTn u
HEnpepuiBHOCTM (yHKUUN B Touke? [Ipusegute npumep YHKLWUM,
HenpepsiBHOR B Touyke, HO He auddepeHUUpyeMOW B 3TOW ToukKe.

4. MoxeTr nu dyHKuMA, umeoulan Npou3BoOgHYI0 B TOuKe, GbiTh
HENpepuiBHOW B 3ITOW TOuke?

§ 3. NIOHATUE JUOGOEPEHLIUAJIA

1. Onpenenenne B reoMerpuieckuii cMbica auddepen-
unana. ITycre ¢ynkums f(x) muddeperuupyema B Touke
Xo, T. €. IPUpAIIEHHE Ay MOXHO 3aIHCATH B BUAE CYMMBI
IBYX CJlaraeMBbiX:

Ay=AAx+a(Ax)Ax,

rae lim a(Ax)=0. Iepsoe cnaraemoe AAx sBASETCS npH
Ax—0 :

Ax—0 6eckoHeyHO MaJioii omHOro mopsaka ¢ Ax
(MOKaXXHTE 3TO CAMOCTOATENILHO), OHO JIHHEHHO OTHOCH-
TenbHO Ax. Cnaraemoe a(Ax)Ax mpu Ax—»0— Gecko-
HEYHO Manas OGosiee BBICOKOTO MOPAAKA, 4YeM Ax

. Ax)Ax
(Inm %:0). Takum ob6bpa3zom, mnepsoe ciaraemoe
Ax—0

SABJISETCA TJIABHOH 4aCThIO NpHpaIueHds GyHKuuM f(x).
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Onpenenenne. Jupde- Y4
penyuasom Pynkyuu f(x) 6
mouke X, Ha3bleaemca 24a6-
HaA, AUHEUHAA OMHOCUMEAbHO
Ax ‘yacmv  npupawenun
dynryuu: .
dy=AAx. )

Ecim  y4ectb Teopemy
5.1, T. €. IpHHATL BO BHH-

manme;, 9to A=f'(x,), TO Y o Todx X

dopmyny (1) MoxHO 3anu-

caThb B BHIE Puc. 139
dy=f"(xo)Ax. )

JuddepenunanoM He3aBUCHMOH NEPEMEHHON X Ha30BEM
NpHpallieHye 3ToH nepeMeHHoi: dx=Ax. OxoH4aTe/NbHO
cooTHoueHue (2) NMpUHMMAET . BUA

dy=f"(x,)dx. 3)
C nomompio paseHcTBa (3) mpoussomHyo f'(x,)
MOXHO BBLIYACIMTb KaK OTHOMUeHHEe AuddepeHunana

¢ynkuun dy k guddepenumany dx He3aBHCHMOM nepe-
MEHHOH, T. €. '

' dy
f (.xio)—dx.

Huddepenuman GyHKUMM HMEET reOMETPHYECKUMN

CMBICIL. ~
Mycts Touka M Ha rpaduxe oyukumn y=f(x)
COOTBETCTBYET 3HAYCHUIO apryMeHTa Xx,, Touka P— 3Ha-
YeHHIO apryMeHTa X,+ Ax, npamMas MS —kacaTeabHas K
rpaduxy y=f(x) B Touke M, a—yron Mexnay Kaca-
TenbHOH M ockio Ox. Ilyctes, manee, MN|| Ox, PN| Oy,
Q0 —Touka nepeceveHus kKacaTeabHoH MS ¢ npamoit PN
(puc. 139). Torma npupauienne ¢yHKOMH. Ay paBHO
peqMunHe oTpe3ka NP. B 10 Xe BpeMs U3 NpPAMOYroJib-
Horo TpeyronbHuka MNQ mnonydyaeM NQ=tgo Ax=
=f"(xo)Ax=dy, T. . mupdepenuman dynxunu dy pasen
penuuKrHe oTpe3ka NQ. U3 reomerpuyeckoro paccMorpe-
HHS BHIHO, - YTO BENWYHMHLI OTpe3koB NP u NQ

pa3JIn4HEL

Taxum o6pasom, nuddepenupan dy dynxkunn y=1(x)
‘B TOYKE X, paBeH MNPHPAIICHAIO (OPAHHATHI Kaca-
TenpHOM» MS x rpaduxky 3ToM GYHKIMHM B TOYKE
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M (xo; f(x,)), @ mpupawenne Qynkuun Ay ecTb npupa-
1eHUE «OPAMHATHI caMoil QyHKUMM» y=f(x) B Touke x,,
COOTBETCTBYIOLlEE MNpPHpALEHHIO apryMeHTa, paBHO-
My Ax.

2. TpubanxenHble BLIYHC/IEHHS ¢ NOMOLIbIO TH(pepen-
uxaaa. U3 onpenenenus nuddepeHunana cieayer, 4To OH
3aBUCHT JIMHEHHO OT Ax WM sBJAETCS IJIABHOH YacTbiO
npupaluenus Gyuxuun Ay. Camo xe Ay 3aBHCAT OT Ax
Gosiee  CJIOXKHO. Hangumep, ecmn f(x)=x3 1o Ay=
=(xo+Ax)*—x3=3x§Ax+3x,(Ax)*+(Ax)?, B TO Bpe-
Ms Kak

dy=f’(x0)Ax=<li M)Ax 3x3Ax.
Ax—0 Ax

Kpome Ttoro, ans BeiuciaeHdus auddepeHumnana MoOxHO
BOCIIONIb30BaThCs paBeHcTBoM dy=f"(x,)dx. Bo mHOrnx
3ajavax npupaileHde QyHKUHH B JAHHOM TOUKe MpUOIH-
KEHHO 3aMeHsoT auddeperunanoM (QyHKIMH B ITOM
TOUKE:

Ay=xdy.

AOconoTHas NOTPEMIHOCTh NMPU Takoil 3aMeHe paBHA
|Ay—dy| u sBaserca npu Ax—0 OeckoHeuHo Manoi
OoJiee BBICOKOTO MOpsAIKa, 4eM Ax.

B wvacrHocTH, eciH X —2 Ax=0,1, 10 Ay=
=3-22-0,14+3-2- (01) +(0,1)? —-1261 dy=3-2%- Ol—
=1,2 u abcomoTHas MOrpeilHOCTh IAy dy|=0, 061.

Vnpaxnenne. Haiitu npubiuxenHo nopupamieaue Ay
ysxumn f(x)=x%, ecnin x,=2 u Ax=0,0l. (Oms.
0,04.

’

O Hpamep. [MokaxeM, YTO €C/IH o Majo, TO MOXHO
HCIIOJIb30BaTh NPHOIHXERHYIO (QopMyy

./1+a§1+;.

Pewenue. JlelcTBATENBHO, BO3bMEM  (YHKIHIO
f(x)=/x. Toraa mpu manmeix Ax

Ay=/Xo+Ax—/xoxdy wm /x,+Ax—

Ax <11m M)Ax:
()

X=X Ax~0 Ax

~(V/ x)
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=( lim (xo+Ax)—xo .

1
Ax= Ax,
Ax-.oAx(</xo+Ax+,/xo) 2%

OTKYIa, NONOXHB X,=1, Ax=a, nonyum

./i+e:zl+g.

B uwactHoctn, npm a=0,0003 maiinem ./1,0003x
x1,00015. @

Vnpaxuenne. Buiectn npubnmxenuyio  dopmyn
Ja*+h~a+h/(2a). Haiita npubmmxenso /101,

J1.04, /41, 3/9, 3/33. (Ome. 10,05; 1,02; 6,41; 2,08;

2,01.)

PaccMoTpum Teneps npasuna muddepeHUMpPOBaHuA U
BBIYHCJIEHHS NPOM3BOIAHBIX NPOCTEHINMX 3JIEMEHTAPHBIX
bynkumid. 3aMeTHM, 4TO NpH BhiBOoAe GOPMYN H NMPAKTH-
4ECKOM BBIYMCJICHHH ITPOM3BOJHBIX OOBIMHO MHIUYT HE X,
a MpoCTO X, HO IPH 3TOM X CYHTAIOT QUKCHPOBAHHBLIM.

» Bonpocul gns camonpoBepku

1. flante onpepenenne pguddepeHymana QyHKUUM B TOuKe Xo-

2. NMouemy B onpefenenun AuddepeHumana suipaxenue AAX
Ha3biBAeTCA rNaBHOW, NWHERHOA OTHOCHTENbHO AX 4acTbid npupa-
weHus dyHkumun f(x)?

3. Kakos reomerpuyeckuii cmbicn guddepeHynana?

§ 4. NPABUWIA THO®OEPEHLIMPOBAHUA CYMMBI,
PAZHOCTH, NPOM3IBEJEHUSA U YACTHOIO

Teopema 53. Ecau dywkyuu u=u(x) u v=v(x)
Ougpepenyupyemol 8 mouxe X, Mo CyMma, pasHocms,
npousgedenue u_ uacmuoe 3mux @Gyukyuii (yacmruoe npu
yecaosuu, umo v(x)#0) maxxce duddepenyupyemor 6 3moii
MouKe U UMeEwMm mecmo credyioujue Hopmyast:

L (utv)=u'1v" 2. (u-v)=v'v+w'
3 (1_4)'=u’v—uv’ )

v v

0O Joxa3zatennctBo. [Jns BeiBoaa ¢dopmya (1)
BOCNOJ/Ib3YEMCS ONPENE/ICHHEM TNPOH3BOJHON, OYEBH-
HbHIM PaBEHCTBOM f(x+ Ax)=f(gc)+ Ay u Tteopemoii 4.3.
PaccMoTpHM oTIEnbHO KaXAulh coryuaii:
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1. (uiv) llTo["(x"’Ax)”””(X-f-ﬁ:)] [ x)+v(x)]

= lim [""‘“‘3’"(’% v()f+1bf)—v(x)]=

Ax—0 Ax

- lim u(x+Ax)--f4()t)i lim v(x+Ax)—v(x)=

Ax—0 Ax=0
= lim 9—“-_&-_lim ﬁ'1=u'i-v’.
Ax—0 Ax~0
u(x+Ax)o(x+ Ax)—u(x)v{x)
2. li =
ooy 2 LS
= lim [u(x)+Au][v(x)+Ar]—ulx)o(x) _
Ax—0 Ax
. . u(x)o(x)+ Auv(x)+u(x) Av+ Aubo—u(x)v(x)
=} h =
AxTo : Ax '

=lim[(x) +u( )—+Av—] v tim 2 2y
Ax—0 Ax—0Bx

. Ao .. ) .,
+u lim 22+ lim Av lim éﬁ=v-u +u'+0-u' =
ax—0BX  ar0 Ax—0

=u'v+uv,

Tak Kak lim Av=0, a MHOXHTE/IH ¥ M V SBIAIOTCH
Ax—0

TNNOCTOAHHBIMH H HC 3aBUCAT OT Ax.
u(x+Ax) wu(x)
AYRT v(x+Ax)—v(x)_ . u{x+Ax)o(x)—u(x)o{x+Ax) _
3 () = tim 2= i =

[u(x)+Au]o(x)—u(x)[v(x) +Ar] _

= lim
Axe0 Axv(x)[o(x)+Av]
» Au  Av
uv+ Auv — uv — uldvo . vAx qu

a0 Axvo(v+Av) 4o vi+vAv
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. Au Av
v im ——y lim —
__ Av=0Ax A\——OA\ u v—up'
v*4v lim Ac vt
Av—0
H Bonpocht gnA caMonpoBepku

1. fJokaxute npaBuna guddepenynpoBaHua CyMMbl, PasHoCTH,
NPOU3BEAECHUA U YACTHOrO ABYX (PYHKUWUA.

2. YTO MOXHO CKa3avb, €C/in BbITONHEHbl BCE YCNOBUR TEOpEeMbl
o npasunax AudpepeHyupoBanus, Kpome ycriosus v(x)#0, T.e.
BLINONHEHO YCnosue v(;3=0?

3. Nouemy npu pokalzatenscrse npasun AupdepeHynpoBaxHnn

npoussegeHus u yactuoro lim Av=0?
Ax—0

§ 5. BBIYMCJIEHUE TMPOU3BOIHBIX MOCTOSIHHOIA,
CTENEHHOA, TPHTOHOMETPUUYECKHUX ®YHKUUA 1
JOTAPUOMHYECKOA OYHKLIMH

1. Tiponspoanasn nocrosuuod yuxuun. IIpouzsoonas
dynryuu y=f(x)=C, 20e C—nocmoanuoe uuc1o, evipa-
xcaemca ghopmyaolt

¥ =0.

O dokaszareabcTBO. Jdnsg mobbix ¥ 1 Ax umeeMm
f(x+Ax)=C u A1'=f(x+A\‘) —f(x)=0. Otcioma npu

moboM Ax#0 orHowedue —=0 H, CIeAOBATEIBHO,

, . Ay
yY=lim —=0. ®
Ax—0 X

3ameuaune. [1oCcTOAHHBIIT MHOXHTEIL MOXHO “Bbl-
HOCHUTB 32 3HaK NMPOW3BOJHOM, T. €. (Cu)'=Cu'. HeiicTBH-
TenbHO, ecm v=C (C=const), T0, No (boplvlyne 2 (eMm.

: TeopeMy 5.3), (Cu)'=(C)u+Cu'=0 u+Cu'=Cu', ut0 ¥
i TpeboBanocL NMOKa3aTh.

2. IlpomsmoAuas crenennoii ¢ynkmun. IIpouzsoonan
@ynxyuu y=x", nokazames n KOMOPOL AB.1AMCA YeabIM
NOAOHCUMEALHBIM  YUCAOM, BbIPANCACHICA PHOPMYAON

y=nx""1
O li okazaTtenbcTpo. Hcnosnwiys gopmyny Ouno-
ma HprOTOHAZ, MOXHO 3anucarth

Ay=(x+Ax)"—x" =|:x"+nx"‘ TAx+.
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+"("2'_l)x"‘2 (Ax)?+...+ (Ax)":’—x"=n—\’"_le+

n{n—1)

X" HAx) + . +(Ax)

Taxum obpazom, npu Ax#0 umeem

ﬂ=nx"_l+n(n+l)

i ——X"T2Ax+ ... +(Ax)

Tax kax
lim Ax=0, lim (Ax)*=0, ..., lim (Ax)""! =0,
Ax—0 Av—0 Ax—0

TO

, . A -
y'=lim Z=px"1

Ax-0 BX

3ameuanue. Cnyyail creneHHoi (QyHKUMH, nOKa3a-
TE€JIb KOTOPOH SBJISETCA MFOOBIM BELECTBEHHBIM YHCJIOM,
Oyner paccmorped B m. 2 § 9.

3. Ilpon3Bomuble TPHArOHOMETPHUECKHX (YHKIHi.

1) Ilpouseoonas gynkyuu y=sinx evipaxcaemcs @op-
MYA0tl

y'=cosx.
0 JloxkazartenbcTBO. MMeem
Ay =sin(x+Ax)—~sinx=2sin(Ax/2)cos (x+Ax/2)..

Taxum obpasoMm, npu Ax#0

Ay _ 2sin{Ax/2)cos(x+Ax/2) _sin(Ax/2)
A= . =—az o0 (x+Ax/2).
Tak xak lim sin{Ax/2)_ 1 (nepswviii 3amevamenvhviii npe-
Ax—0 AX/2

dea), a lim cos(x+Ax/2)=cosx B CHy HENpPEepLIBHOCTH
Ax—0 )

GyHKUHMH COS X, TO

y'=1lim ﬂ=cosx. s

Ax—0

[N
(¥,
(- -]
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2) IIpoussodnaa ghynkyuu y =cos X evipaxcaemca gdop-
M) a00 ‘ .
y'=—sinx.

O JokazaTtenbctBo. HUMeem
Ay=cos(x+Ax)—cos x= —2sin(Ax/2)sin (x+Ax/2).
Takum obpazom, npu Ax#0 o
Ay 2sin(Ax/2)sin(x+Ax/2) __ sin(Ax/2)

Ax Ax Ax/2

sin (x+Ax/2).

. . Ax . . )
Takx kak lim sin x+7 =sinx B CHJY HeENnpepbIBHOCTH
Ax—0
¢byHkuMH sinx, TO
, e A .
y'=lim Z=—sinx. m
Ax—0 BX

3)v17pou3eoduaﬂ PdyHkyuu y=tg x svipaxcaemca gop-

Mya0t

y'= ! ’(x;ég-+n1t>.

>
Cos~ x

‘ ) sinx.
O HJokaszaTtenbcTBO. Tak kKak tgx=——, TO MO
« cos x

TeopeMe 5.3 mnoJrydaeMm

s _(sinx) cosx—sinx(cosx) _cosxcosx—sinx(—sinx)__

cos? x cos? x
__cos?x+sin®x
cos? x
CJICOOBATEABHO,
H
’
y =

_—
- COST X

4) Ilpouszeodnan Pynkyua y =ctgx evipaxncaemca @op-

My aoil
y'= = (x#nm)
sin x ’
- . cos x '
0 DokasartenbcTBO. Tak kak ctg=——, To,
sin x
aHAJIOTHYHO NPEabIAYILEMY,

.- 259

CopepxxaHue



+__{cosx)sinx—cosx(sinx) _(—sinx)sinx—cosxcosx _

sin? x sin? x

sin® x4 cos® x

. ?
sin?x

CJIe1I0BATEbHO,

, ]

y'=- L]

sin?x’

4. Ilpoussoanan aorapupmuveckori ¢yuxunn. Ipous-
60dnan Pynxyuu y=log,x (0<a#1) evipancaemca ¢op-
MyAoi . . ,

T
'=-log, e= .
Y x Ea xlna

0O JloxazartenbcTBOo. UMeeM
Ay=log, (x+Ax)——logax=logaf—ir§f=loga<l +i‘xf)

TaknM ob6pa3om, npu Ax#0

Ay 1 Ax __l_x_ E
—-—Eloga(l +.T>—x Y loga<l+ - ),

Ax
x/Ax
& _! log,,[(l +A—x> ]
Ax x X

X
Ionoxus A-=h, HMeEM
X

i Ax x/Ax . 1 h
lim (1+—> =hm(1+—) =e
Ax—0 X h— o0 h
(smopoii 3ameuameabnblii npeden), a TaKk Kak Jorapupmn-
yeckas (yHKUMSA SBJISETCS HENPEpPLIBHOH, TO

;o Ay 1 . Ax\¥<
y'=lim K——;loga[hm(l-f- ) ]—

Ax—0 BX Ax—0 x

U

—]lo e= : n
X &a xlna’
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Caencrane, Ecau y=log,x=vlnx‘, mo y'=(Inx) =

It

L

O Ilpumep. Hcnonwp3ys npaBuna U ¢opmyssl mud-
¢epenuupopanns, HalTH NpousBoaHyIo GyHKHM f(x)=
=5+x3+3x%+sinx+cosx+2tgx—3ctgx+log, x+
+3Inx.

Pemenune. UmMmeem

f'(x)=(5+x3+3x*+sinx+cosx+2tgx—3ctg x+
+log, x+3Inx) =(5) +(x*) + 3 (x*) +(sinx)' +
+(cos x)' +2(tgx)' —3(ctg x) +(log, x) +3 (In x) ='

=3x2+6x+cosx—sinx+—2z—+—,—37—+llog2e+-3-. °
: o cos’x sin?x x x

Yupaxuenns. Haiitn npoussonnsie cnenyromux ¢yHk-

1. f(x);4x5—3$inx+5ctgx. (qu. 20x* -3 cos x—

_ 5
sin?x’

In24 :
2. f(x)—log2x+310g3x. (Ome. m.)

3. f(x)=4cosx—21gx+3. (ome. —4sinx——2 )

Cos™ x

4. f(x)=5Inx—7cos x+tg x+ctgx. (Oms. %*‘73.“‘?‘—

—4ctg 2x.)~

5. f(x)=xsinx. (Oms. sinx+xcosx.)
¢ 6. f(x)=x*tgx. (Ome. x(sin2x+x)sec?x.)

7. f(x)=x2log,x. (Ome. xzhl':; ‘.)

8. f(x)=§—£—}-. (Omé. G’:-Ll)i)

sin x —x?+x cos x (sin x —In x) )

9. f(x)=gl-:£+xctg X. (Ome

xsin? x
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1+2sinx’ T (1 +2sinx)*

10. f(x)= cos X (Ome. 2+sinx )

tgx (1+x?)(sin x cos x+ x)— x? sin 2x
1. f(x)=22%. (Ome. .
Sx) 14 x? (1+x*)*cos? x

? ) Bonpocoi anst cauonpoaebxu

1. BoiBegure GopMynbl ANs NPOM3BOAHLIX NOCTOSHHOMW, CTenel-
HOW, TPUrOHOMETPMYECKNX (DYHKUWA U NorapudMuyecxon QyHKunK.
2. NModemy npw B8biBoAe ' GOPMYNHI NPON3BOAHOW Norapudmu-
YecKoi (YHKUWA 3HAKNM (YHKUMM U npedena nNoMeHANu mecramu?

§ 6. TEOPEMA O IPOM3BOJXHON OBPATHOH ®YHKLHM

Mycrs ¢yskuus y=f(x) ynaoBneTBOpseT YCNOBH-
aM TeopeMul 4.15 06 obparHoW ¢ymxuME H QyHKDHSA
x£p(y) spnserca nna mee obparmoit. Torma mmeer
MECTO clreayrolas Teopema. ‘

Teopema 54. Ecau @ynxyua y=f(x) umeem 6
mouxe x, npouzeodnyto f'(xy)#0, mo obpamunan dynxyusn
x=¢(y) maxoce umeem & coomeemcmsyouesi mouke
yo=f(xo) npouseoonyio, npuuem

| (p’(yo)=ﬁ';)-

O Hoka3zaTenbcTBo. JagnMm apryMeHTy y obpar-
HOil yHxumn x=@(y) HekoTopoe mpupaierHe Ay#0 B
TOUKE yo. PyHKIAS X =@ (y) NOJNYIHT HEKOTOPOE IpHpa-
meHne Ax, npuveM, B CHITy Bo3pactanus (Mym yObIBaHHs)
obpatHoit ¢ynxknuu, Ax#0. CnenoBaTenbHO, MOXHO

- 3alucaTh

Ax_ 1
Ay Ay
Ax
IepeitneMm B 3TOM paBeHCTBE K npeaeiy npu Ay—0. Tak
Kak obpaTHas yHKIES X =@ (y) HENpPEpLIBAA B TOYKE
" (cM. Teopemy 4.15), To Ax—0 npu Ay—0. Ho npa Ax—
mpeles NpaBod 4acTH paBeHCTBAa CYIIECTBYET M paBeH
1/f"(xo). CnenoBartensHO, CyIIeCTBYeT NIpeeN H JIEBOH
9acTH pPaBEHCTBA, KOTOPBIA NO OMNpEIC/ICHHIO paBeH
¢'(yo)- Takum obpa3zoM, noaydaeM

‘P’(}’o)=f,(:o)- L (l)
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HoxazanHas Teopema ume-
€T IPOCTOM TeOMETPUYECKHU
cMeica. PaccMoTpuM B Heko-
TOPOIl OKPECTHOCTH TOYKH X
rpagux  dyHkumu  y=f(x
WiH  obOpaTHOH  QyHKUHH
x=¢(y)). Ilycts Touke x, Ha
3TOM rpaduKe COOTBETCTBYET
Touka M (puc. 140). Kak u3-
BECTHO, nNpou3BomHas f'(xg)
paBHa TaHTeHCy Yrja o Ha-
KJIOHAa KacaTesJIbHOM, npoxo- -
name# dvepes Touky M, k ocu Ox. Tlpousson-
Has obpatHo¥t QyHkiMH ¢'(y,) paBHa TaHreHcy yrna
B mnakmoma 3TOH dke kacatenbHOM K ocu Oy. Tak
Kak yrisl o« H B B CyMMe CcOCTaBasloT m/2, TO
¢opmyna (1) BbIpakaer CAEAYIOIIHIt . OYEBHIHLII

Puc. 140

dakT:
1 1 1 1
! =t me— == .
¢ (}"o ) gh ctgP cig(n2—a) tga f(x,)
? Bonpock! ans camonposepku

1. ChopmynupyiTe Teopemy o NPOU3BOAHOR 0BpPaTHOH PyHKLNA,

2. 410 MOXHO €Ka3aTb O NPOM3BOAHOW OB6paTHON yHKyM, ecnun
f’(xoz=0? MNpuseauTe npumep Takoro cnyuas. '

. Kakos reoMeTpuyecKkui# CMbiCn .TeopeMbl O npou3ssogHon
obpatHon yHKUUN?

§ 7. BBIMUCJEHHUE IIPOM3BOAHBIX MOKA3ATEJBHOMN
®YHKLIMM U OBPATHBIX TPUTOHOMETPUYECKHX
OYHKLIUA

Onvpasce Ha JOKa3aHHYIO BblLIE TeopeMy 5.4, mpo-
MOJDKMM BBIYHCIICHHE NPOU3BOIHBIX NPOCTERIIHNX 3JIEMEH-
TapHBIX ~ QYHKHMA.

1. Hpoussonnas noxazateanuoii dyuxmun. ITpouzsoo-
Haa Pynkyuu y=a* (0<a#l) evipancaemca dop-
My a0ii

y'=a*lna.

O MdokazatenbcTtso. IlokasaTenbHas byHKIHS
y=a" spasetcs obpaTHO# /I NorapudMuyecKor QyHK-
mH x=log,y. Takum oGpa3som,
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, 1
x'(y) =; log, e,

a B Ccwly TeopeMbl 5.4 O mnpou3BoaHON OOpaTHOM
dyHKUMM M M3BECTHOTO M3 JJIEMEHTAPHOH MaTeMaTHKHU

‘cooTHowenus log, b= , ToJy4aem

log, a

= =a¢*lna. A
X'(y) loge

Cnenctene. Ecau y=¢€*, mo y' =(e*)=e".

2. Tlpomssoambie 0OpaTHLIX  TPHIOHOMETPHUECKHX
Pynknmii. ' )

1) Hpouszeoonaa @Gyuxkyuu y= arcsinx 6blpaXcaemca
gopmy.ioii ‘

1
1
y =— (lx|<1).
== (IxI<1)

0 JokaszaTenbcTBo. PyHKIMA y=arcsinx SBJs-
eTcs obparHoii ans ¢Qyskumu x=siny. Tak xak x’ ()=
=cosy, TO, MO Teopeme 5.4 O NPOU3BOAHOH OOpaTHOMH
dyHKIMH, TIOJIy4aeM .

, 1 1 1
yX)=amE=o =
Kopenb B3ST €O 3HaKOM ILIIOC, MOTOMY YTO COSy

NIOJIOXKHTENIEH Ha HHTepBalle —7n/2<y<m/2. YunTbiBas,
YTO siny=Xx, OKOHYATEJLHO MNOJyYyaeM

, 1
X)J=——o.
y(x)=—=—
2) Ilpouszeoonan @Gynkyuu y=arccosXx 6bipaNcaemca
dopmy ol
, 1
y'(x)=- -

Jloka3aTeNbCTBO aHaJOTHYHO NpEAbIAYILEMY.
3) ITpouzeoonas Pdynkyuu y=arctgx evipaxncaemcs

gopmyaoii
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O Jloka3aTenbcTBO. DyHKUMS y=arctgx 9B-
aserca  obpatHoit mina bymkumm x=tgy. Tak kak

x(y)=

costy’

y'(x)= : =cos? y.

Ho

- 14+tg2y=1+x2, cnemoBaTensHo,

1

y,(x)=l+x’° .
4) ITpouseednas Pynxyuu y=aroctgx‘ evipascaemen
dopmyroii
oy ]
y (x)= —l+x2' -

Jloxa3aTensCTBO aHAJNOTMYHO TPEAbIAYILEMY. -

O Ilprmep. HMcnonb3ys npaeuna m ¢opMynnl mud-
depemmpoBanms, RaiiTH OpoH2BOAHYyI0 (QYHKIMH f(x)=
= 5"+ arcsin x + 3 arccos x + arctg x — 3 arcctg x.

Pemenne. UMeem

" (x)=(5"+arcsin x+ 3 arccos x + arctg x — 3 arcctg x) =
=(5") +(arcsin x) + 3 (arccos x) +(arctgxy —

/ . &X l _ 3 1 3 _
—3(arcctgx) =5"In5+ = j_x=+1+x’+1+x2_
e 2 4
=5"In$§ 1_x2+_1+x2' ®
Vupaxuerns. HaliTi nponssonusie cnemyiomux ¢ynk-

AN
1. f(x)=arcsin x+6*+ Sarccos x. (Oma. 6*In 6—

=

2. f(x)=xarccos x. (Oma. arccos x — lx z.)
. —X
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14+x%

3. f(x)=arctg x—arcctg x. (Oma. 2 )

1
1+x

4. f(x)=4¢e*+arctg x +arcsin x. <0me. ettt

=)
5. f(x)=%. '(Ome. (—1—_2_2;,)2)

?

» Bonpocut pna camonposepku

1. BuiBegute (QOPMYnsl NPOU3BOAHLIX ANA NOKa3aTenobHONW (PyHK-

. yuM -n O6PaTHbIX TPUTOHOMETPUHECKUX DYHKUWA. ) .

2. Nouemy npn BLIBOARE (OPMYNbI NPOMIBOAHOR ANA. NOKasa-

TenbHOW ;byuxquu dyHKyua y=a* ABNAeTCA 00paTHON ANR- PYHKUUKU
x=log,y

§ 8. MIPABWJIO lIPlNEPEHlIHPOBAHIBI CJOXKHOM
GOYHKIHMHN. MMEPEHIMAJI CJIOXKHONH OYHKIMH

1. Hpasuno nudpdepemmpponanus CHOKHON GYHKINE.
Teopema 5.5. Ecau ¢ynkyua x=0¢(t) umeem
npoussodnylo 6 mouke l,, a Pynkyua y=f(x) umeem
npou3eodnyto 8 coomgemcmesyloweii mouxe xo=9 (o), mo
caoxncnan Pynxyus f[@(t)] umeem npoussoonyro é mouxe
lo, U uMeem mecmo cAe0ylOWan gopmysa:
y'(to)=1"(x0) @' (to). : ¢y
O AoxkasatenbcTBo. Tak xak ¢yHrmEa y=f(x)
npegnonaraercs mudpdepeHIUpyeMoii B TOYKE X,, TO
npHpameHie 3Toil (QyHKIMH MOXeT ObITh 3ammcaHoO B

BHAE
Ay=f'(xy) Ax+a(Ax)Ax, )
rae lim a(Ax)=0. PasgesmB paBeHcTBO (2) Ha Af, EMeeM
Ax—0
A , Ax Ax
=S (xo) 5 +a(Ax) 3 3

PapenctBo (3) cmpaBeIHBO NpH JIHOOBIX HOCTaTOYHO
Maibix Ax. BosbMeM Ax paBHBIM NpHpamenHio GyEKuMH
x=q)gt,), COOTBETCTBYIOIIEMY NpHpaIleHnio Af apryMen-
Ta {. YCTpeMHM B 3TOM paBeHCTBe A/ x Hymo. Tax xak,
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no ycnoBHro, OyHKIMS Xx=@(t) HMeeT B TOuKE I,
NPOM3BOJHYIO, TO OHa HENpepbiBHA B J3TOH TOYKE.
CnenoBaTenbHO, MO TPETHEMY ‘ONpPENC/ICHHIO HeNpepbiB-
HocTH ¢yHkuuMH B Touke, Ax—0 npu Ar—0. Ho Torma
YCTPEMHTCA K HyJIO H a(Ax), T. €. TIOJIy9uM

lim(a(Ax)—)—hma(Ax)llm———O 0'(6)=0. (@)
“AI-0 At ) a0
W3 cooTHowenus (4) CleMyeT CylIECTBOBAHME MpEea
nceu npaBoif yacTH pasencrsa (3) npu At—0, paBHOro

S (x0) @' (to). 3maumr, cymecrsyer npemen mpu At—0 u
JIEBOH 4acTH paBeHcTBa (3), KOTOpEI#, 1O ONpeNe/iCHHIO
NPOM3BOHON, PaBeH NPOU3BOMHON CJIOXHOM (yHKUMH
y=f[9(t)]. Tem cambm noxasana middepermmupyeMocTs
CNROXHOH QYHKLMH ' U ycTaHOBJIeHA dopmyna (1). m

3ameuanne. B maHROH TeopeMe MBI PacCMaTpHBa-
JH CHOXHYI0 OQYHKUMIO, TAe y 3aBMCENa OT ! depe3
NPOMEXYTOYHYIO NepeMeHHyl0 Xx. BosMoxHa m Gonee
CJIOXHAA 3aBHCHMOCTbL —C -JBYMs, TpeMs M GoNblmM
WHCJIOM NPOMCXYTOYHLIX TICDEMEHHBIX, HO NpaBWIo
mudpepeHUMPOBAHUA OCTAETCHA NPEXHHM

Tax, HanpuMep, eciu y—f(x) rae x= (p(u) au=y(v)
u v=yx(t), To mpoussomnyio y’'(r) cnemyer uckaTh no

dopmyne _
y'(t)=y'(x)x ()u'(v)v'(¢). )

PaCCMOTpHM TPUMEDPDI mid)q)epeimnponaﬂnx CNoX-

nO# . hyHKIMH.
O Ilpumep 1. Boruuciantsb nponsnom{ylo dynxumn

y elrcllx
Pemenue. Jaunyio QyHKUMIO MOXHO NpEICTaBHTH
B BHAEe y=¢“, rae u=arctgx. Torma, no ¢popmyne (1),

y'(x)=y" (u)u (x)=e"

3amenn5 u Ha arctgx, OKOHYATEJILHO MNOJYYHM
1

1+x2’

l+x

yl = edfosx .

: l'lplmep 2. BLIMHCIATL NPOHM3BOAHYIO GyHKIMH y=
=tg2 (x2+1).

, Pemenne. Jammyo dyaxmuio MOXHO NpPENCTaBATh
B BHAE y=u?, rae u=tgv, a v=x 24+1. Hcnoms3ys
dopmysry (5), mosyTHM
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Y ()=’ () (0" ()= () (tg o) (x2+1) =
=2usec? v-2x=2tg (x> +1)sec’ (x* +1)-2x=
=4xtg(x>+1)sec? (x*+1). @

PasyMmeercs, HET HEOOXOAMMOCTH B TaKUX MOJPOOHBLIX
sanucaX. OOBIMHO pe3yabTaT CleayeT MOHCATh Cpa3sy,
TIPE/ICTAB/IAS NOC/IEI0BATENLHO B yME IlpOMC)l()’TO‘{HbIC
apryMeHThbI.

Tak, HanpUMeEp, BLIYHCIIEHHE HPOM3BOIHOH B nocnes-
HEM NpHMEpE MOXHO 3amHcaTh B TAKOM BHIE:

Y (x)=2tg(x? +1)2—(;—ﬁ (x2+1)=2tg(x>+1)x

x sec? (x?+1)-2x=4xtg (x2+1) sec? (x2+1).
Ynpaxuenns. Haiitn TNPOH3BOJHEIE CIIEAYIOLIAX ¢dyHK-
LM -

1. f(x)=sin 3x (Oms. 3cos 3x.)

2. f(x)=sin(x*+5x+2). (Oms. (2x+5)cos (x2+
+5x+2).)

3. f(x)=sin*x. (Oms. sin 2x )

4. f(x)=sinx (Oms. 3sm X COS X.)

5. f(x)=cos'®® x. (Ome. —100sinxcos®’ x.)

6. f (9)=tg (x*+3). <0me —s—-(m)
7. f(x)=Insinx. (Oms. ctgx.)
8. f(x)=Intg 5x. (Ome.. sinl?Ox'>

9. f(x)=¢'*. (Oms. e'** sec? x.)

2 2(x+1)
10. £(x)=In (x?+2x). (Ome. 2o 2).)

11_. f(x)=xarctgx—-%ln (1+x?). (Oms. arétgx)
12. f(x)=sin? x3 (Ome 3x%sin2x3) 13. f (x)—
! Oms. = tg 2x+ sec10 2x. :

=(1+cos4x)5' (
'14. f (x)=sin* x+cos* x. (Oms. —sin4x.)

x ~2cos? x
+In (tgi). (0me. pr ) .
16. f (x)= 23"+x5+e"‘2. (Oms. 3-2%*In2+5x*—
—2xe %)
17, f(x)=x%"*. (Ome xe *(2

18. F(x)=(x+2) e *. (Oms. ¢ "2(1)2-2): 2-4x).)
268 ‘

CopepxxaHue



1 1
19, f(x)=ecosx. [ Ome. ecos¥ 2oL
COs™ X

1

1 Inx
—elnx —e
20. £ (x)=ein~. <0me. xnnzx')
21. f(x)-— 103~ ; sm32x
(Ome. 10375in°2xp 10- (—3sin 2x sin 4x).)
22, f(x)=sin (2*). (Oms. 2* (In 2)cos 2*.)

23. S (x)=arccos (1 —2x). (Ome. l - )

24. f(x)=arcsin (¢**). <0me. i )

]_CSx

5
25. f(x)=arctgIn (5x+3). (Ome. ETEYETITRY )

26. f () =arcetg? . (Ome. ZEEG )

14+ x*

tesi Zsincos(cos ) )
27. f(x)=tgsin cos x. <0m3. w0 (Gncos ) )

28. f(x)=In*sinx. (Oms. Sctgx-In*sinx.)

2. uddepermman ciaoxnoii pynximu. Bol yxe 3Haere,
4TO €CJM X SBJAECTCA HE3aBUCHMOM MEpEeMEHHOH, TO
mbdepernman maddepenmupyemoit  dyHkuun y=f(x)
HMeeT cleayromyio GopMy, T.e. BHA:

dy=/"(x)dx. ®)

O Ceifuac MbI TIOKaXxeM, 4To 3Ta GopMa yHHBepCab-
- Ha W CIOpaBedAIMBa TAaKXKE M B TOM Clydyae, KOTAa X
ABJIAETCA HE He3aBHCUMOH mepeMenHoH, a auddepennu-
pyeMo# dyHkuMel HEKOTOPOIH He3aBUCHMOMN NMEpeMEHHOMN
t, T. €. y fABIACTCA CJIOXHON ¢yHKuued ot ¢. dedAcTsu-
TeNbHO, NyCcTh y=f(x) u x=0@ (1): y=f [o (1)]. Toraa,
Tak Kak apryMEHT ! fIBJISIETCH HE3aBUCUMOM NEePEMEHHOM,
TO JUIA yKa3aHHOH cioxHoit dyaxumu y=f [@ (f)] n nns
¢ynkuun  x=@ ({) muddepeHumanbl  NPeACTABUMEI B
dopMme (6), T.€. B BHAEC

dy={f[o (9]} dr, dx=¢'(1)dr. (7)

ITo npasuny muddepeHUHPOBaHHA CIOXKHOH (YHKUMH
(Lo} =/ (x) -9 (2) ®)

Ioacrasaas (8) B mepsyto u3 ¢opmyn (7), monaydaem
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dy=f"(x) @' (nds, .

a Tak Kak, cornacHo Bropo#t popmyne (7), ¢’ (1) dt=dx,
TO OKOHYATENIbHO HAXOAMM

dy=f"(x)dx,

conanaromee ¢ Qopmoit (6), uto H TpeboBanoch
noka3atb. B

Taxum obpazoM, nonyunsau, 4ro dopmyna (6) BepHa
0 ans cyioxHol GyHKkuud. ITO cBoiicTBO auddepenunana
CNOXHOM QYHKUMM NPUHSTO HA3bIBATH UHEAPUAHMHOCMbIO
€20 gopabl.

O Hpumep 3. Haiitu_ auddepeHunan cioxHOH (yHK-
UMK y=sinXx, rae x=1>.

Pemenue Ilo dopmyne (6) umeem

dy=(sin x)' dx=cos x dx,

a tak Kak y=12, dx=(r?)"dr=2tdt, 10, noacrassAs B
BbipaxeHue s dy, OKOHYATEALHO TMOJIyYaeM

dy=2tcos*dr. @

Manee BBEdEM MNOHATHA BTOPOro M IHOC/IEAYIOLIMX
qubdeperumanos ¢yHkuMl y=f (x), KOTOpble yXe He
obnanaroT uHBapuanTHocTbio dopmbl. [loaTomy moxa-
3aHHOE CBOMCTBO HA3bIBAIOT TAKKE UHEAPUAHMHOCMbIO
dopmbl nepozo Oudpepenyuana.

M Bonpocul gns camonposepxu

1. Chopmynupynte TeopeMy O NPOU3BOAHON CNOXHON (DyHKLUK.

2. MpvmMeHuMa NU Teopema O NPOU3BOAHON CROXHOK PYHKLUK K
(yHKUMKU y =Ssin (\/;) 8 Toyke x=07?7 CyuwecTByeT nu Npon3BoaHan
ITON (PyHKUUM B Touke x=07?

§ 9. JIOTAPUOGMHUUYECKAS NPOU3IBOAHAS. NMPOU3BOIHASA
CTENEHHOMK ®YHKUUH
C JIOBbIM BEIMECTBEHHLIM TOKA3ATEJIEM.
TABJIMIIA NTPON3BOJHBIX
MPOCTEAWIMX SJEMEHTAPHBIX ®YHKIIMA

1. TlousTHe norapudpmuyeckol NpPoH3BOAHONH (YHKIME.
BoiyncnuM npoussoanyro ¢yHkuue y=In|x| (x#0). Tak
(—=x)

-—X

kak (In x)(=£, a (In(=x)) = =£ (nocneaHee paBeH-

CTBO MOJIyYeHO Ha OCHOBaHMM NpaBwia audpdepeHuHpo-
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BaHMs CJIOXHOH (yHKUMH), TO npou3soaHas (yHkunU
BhIpaxaeTcs chexyrowei Gopmynoii:

y'=(in]x])=-. M

YuutbiBas nojyueHuyio ¢popmyay (1), BLIYHCITAM npo-
M3BOMHYIO CJOXHOK ¢(ynkumn y=In|ul|, roe u=f(x)—
mbdepenmmupyemas pynkuus. Mmeem

! ’ l I .,'
y' =(In]ul) =-u =fj((:

~—

—

HIIH

-~

y_ S
(in1 () 5L

IMpoussonuas ot norapudma dynkuun (In|f (X))’ n
Ha3bIBAETCA Jd02apu@muueckou npou3eoonoii  QyHRKUHHN
f(x). Ans ynpouleHHs 3amucH TNpPH JOTapuPMHYECKOM
mupdepeHUUpPOBaHUN 3HAK Moayns y ¢ynxuun f(x)
MOXHO OIyCTHTD.

B xauecTBe npuMepa BBIMMCIMM C NOMOIILIO JIOTa-
pudMHYeCKOol NPOU3BOAHON NPOM3BOAHYIO NOKAa3aTesb-
HO-CTENeHHO# QyHKuMH y=u(x)"", rae u u v —HEKOTO-
pole ¢yHkumH oT x (#>0), HMEIOIIHME B AAHHOH TOYKE
npou3BoaHbie ¥’ (x) u v’ (x). '

Tax xak Iny=v(x)Inu(x), To no dopmyne (2)
NOJIy4HM .

y;= [v(x)In u(x)] =0’ (x) In u(x) +v(x) %

YuuteiBag, 4r0 y=u (x)*™, nomyvaem cneayroiyio dop-
MyJ1y st IPOM3BOHON MOKa3aTeNnbHO-CTENeHHON GyHKUMH:

Yy =u(x)*® [v’(x) Inu(x) +v(x) ':4((:))] ()

O Hpumep 1. BouiuNCANTL NPOM3BOIAHYIO (YHKUHH
y=x%

Pemenne. Jannywo ¢QYHKLMIO MOXHO NpPEACTaBHTH
B Buae y=u(x)*®, rae u(x)=x n v(x)=x. Hcnonb3ys
¢dopmyny (3), momyuum

)

)"=x"[l ‘In x+x-%]=xx (nx+1). @
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Vnpaxuenns. Haiity npousBoafabie CACKyIOHHX PyHK-
[Hi:

1. f(x)=x""* (Ome xs“‘"[cosxln x+ ﬂ';—f])

2. f(x)=(tg x)%"~. (Oms. (tg x)™* (‘cos x-Intgx+

=
CoOs x

3. f(x)=(cos x)*"*, (0ms§ (cos x)*in* (cos'x In cos x —

sin? x
- cosx)')
Hponasounylo NOKA3aTENbHO-CTENEHHON  DyHKIMH
=u(x)*™ MOXHO BBLIYHCIHTL H P)’I‘KM cimocoboM.
HpencraBuM dynxumio B Buae y=e’*® g purqpenam -

y

y — [ev(;)lnu(x)] __ev(x)lnu(x) [U (x) ln u(x)]l=
=y[vmu() +o( 8 |

IMoacrasnss y=u(x)"™, cHosa npuxommMm Kk (opmyie

3). :
JlorapudmMuueckas NPOW3BOAHAA O4YCHb YHROOHA mpH
HaxXOXJCHHH TPOU3BOXHOH cTeneHHOH (QyHKIMHM C JmoO-
ObLIM BEHIECTBCHHBIM IOKA3aTEJIEM.
2. Ilpom3soauan crenennoi Qynkum c JnobnLM Be-
ieCTBEHHLIM Hoka3zateseM. IIpoussodnan @Pynxyuu y=x*"
(o —ar0b60e sewyecmeennoe uucao) onpedesasemca PHop-

My a0l v
y=axth @
0 QokaszatenscTBo. Tak kKak y=x% TO
lny—alnx

ldcnom:sya dopmyny (2), mosydaem

;=[a In x]'=;.

OTtciona, yuaTsiBas, 4T0 y=x°* nosy4aeM popmyny mis
NpOMU3BOAHOM cTeneHHOR QyHKIMR:

y=(x)=ax*"1 =
2712
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ol 2. BbtHCAMTH DPOM3BOAHYH® d)yﬂxmm
f(x)—./l1+cos x.

Pewenuc. [lannyio GyHKUMIO NpENCTABHM B BHAE
S (x)=(+cos?x) ’2 Hcrons3ys dopmyny (4), nonyanm

f (x)=-2-(l +cos? x)1/2~1 - 2c0s x - (cos x)' =
sin 2x

Wiresis O

Yngaxmem. Haﬁﬁa IPOH3BOAHBIC CHEAYIOIHUX (PyHK-

lll.pl?:(Jc):x”". (Oms. x'*~%(1—~Inx))

2 f)=4/x"+ % -2 42 (om. 413/; _le %,)

X X

3. f(x)—v_ J\/}_ (Ome. ;(%—;\—/];—))
4. f (x)="\/-x'ln x. (Ome. l—n-f—ﬂ)

=%(1 +cos? x) "2 2cos x (—sin x)= —

/x5 )
: . 3
5. f(x)= {/; arcctg x. (Ome. ar:mg: - %)

6 1= (om )

7. f (x)=/2x—sin2x. (Ome. \/%-_“mi_z-;)

8. £ () =In (x-+ 1+ /57 F2x 43 )(0»;; m)
' Si;j’(x)=5(x,/l—x2 +arcsin x). (Omc. J1-x%)
2x—1 —
(Ome. arctg,/Zx 1.)

(). (om =222

2e‘/;f)
7/x5

2

12. f (%) =,e‘/"—. (Ome.
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13. f(x)=In(sin x+m)_ (Ome. ___c_osx_)
. J1+sin? x
14. f (x)=arcsin \/x. (Ome. ___]_>
2 /x—x?

x+3

ctg

15. f(x)= \/Insm : . | Oms. —
5/ln sm———

16. f (=2 {1+ In ). ( me. ——*/“'J“‘)
17. f(x)=In(xsinx-./1—x?). (Ome. %{-ctgx——

X
1—x?

—_— S5x
18. £ (x)=2/arcige™. (Oms. ¢ )
(1 +e'%*)- 3 /arctg* e3*
TaxuM 00pa3oM, BBLIYHCIEHBEI MNPOH3BOIHBIE BCEX
NpOCTEHILINX JNEMEHTApHbIX GYHKHHHA M MBI MOXEM
COCTaBHUTDH Clemyrolnyto Tabamuy.
3. Ta0nuna NPOM3BOIHBIX NMPOCTEHLIMX 3J1eMEHTAPHBIX

bynicipmii.
L (C) =0.
II. (x*)'=ax*"!, B 4acTHOCTH (-) =— -, (\/_) _

1
WA
1. (logax)'=1logae, B 4YaCTHOCTH (lnx)’=%.
IV. (@)Y =a"Ina, B 4actHOCTH (€*)'=e”
V. (sin x)’-—cosx
VI. (cos x)’= —sin x.

VIL. (tgx)' =

os? x’

VIIL. (ctgx)'=—

sin®x’

IX. (arcsin x)'=
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X. (arccos x)' = —

XI. (arctg x)'=

XII. (arcctg x)'= — e

Vka3anHas Ttabnuma BMecre ¢ npaBwiamH mupde-
PEHIMPOBAaHUSA CYMMBI, Pa3HOCTH, NPOM3BENCHHS, 4acT-
HOTO H NpaBHIOM mu¢¢epeRMpoBaHds CIOXHOHK ¢yHK-
IMH COCTaBJseT OCHOBY mU¢epeHInaIbHOrO HCIHC-
JICHHS.

W3 npaBun m ¢opmyn qu)(bepemmposamm MOXHO
CHENaTh BaXHBIH BBIBOMA: NPOu3600HAA A1060 InemMenmap-
Hot ynkyuu maxxnce Pynxkyua ssemenmapnan. Taxum
obpa3oM, onepamus mu¢pepeHIHPOBAANs HE BRIBOAUT H3
Kj1acca JJIEMEHTapHbIX . QyHKIHil.

B n. I § 3 6w10 ycTaHOBJIEHO, 9TO m@(bepeﬂnnan dy
dynxiuu y=£(x) BCCT/Ia PaBEH APOM3BOJHOMN 3TOH (yHK-
mH [’ (x), yMHOXeHHO# Ha auddepeHuman aprymeHra
dx. ITosromy npuBeneHHBIE (GOPMYJIbI UIA. OTHICKAHHSA
NPOH3BOJHBIX JIETKO -mpeobpa3oBaTh B GOpMyanl s
OTHICKaHAA Ju({¢epeRnHaNoB NpOCTEHIIAX 3neMem'ap-

HBIX (yHKI{HIA:
1.
’ « a-1 v dx

2. d(x*)=ax*"1-dx. 8. d(ctgx)=— T

3. d(log,x)=£log,e-dx’. © 9. d(arcsin x)= l“" .
—-—X

4. d(a*)=a*Ina-dx. ' 10. d (arccos x) = — l‘“ .

-X
5. d(sin x)=cos x dx. 11. d(arctgx)=li’;z
6. d (cos x)= —sin x dx. 12. d(arcctg x)= — T«?-—xx_z
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dopMyabl a8 OTbickaHus Aud@epeHnnaNoB CyMMBI,

Pa3HOCTH, NPOM3BEAEHHS H YaCTHOrO (QYHKUMA HMEIOT
BHI

vdu—ud

d(utv)=dutdv; d(uw)=udv+uvdy d('—‘>=—“—zu.

v

v

OrpauuyMMcs BbIBOAOM (OpPMYJIbl TIPOU3BEACHUA.
(BuiBox ocTanbHBIX npeaocTaBiaseM yuratemo). Ilo
onpenesieHuo aupdepeHana UMeeM

d (uv)=(uv)’ dx=(u'v+uv’)dx=vu'dx+uv'dx= vdu+ udo,

tak xak w'dx=du m v'dx=do.

O Npamep 3. Haiitn muddepenunan dyaxuun y=
= x3sin 3x.

Pemenne. Mo Toabko uTO ROKa3aHHOH Qopmyie
HMeeM

dy=x3d (sin 3x) +sin 3x d (x*)=x>(sin 3x)'dx+
+sin 3x (x3)'dx=2x33cos 3x dx+sin 3x 3x> dx=
? =3x?(xcos 3x+sin 3x)dx. @

H Bonpocbl ana camMonpoBEpKW

1. B uyem cocTouT npuem norapnpmuueckoro anddeperunposa-
HUs?

2. BuiBegute (hOpMyny NPOU3BOAHON ANA CTENEeHHOW (PYHKUUM C
nio6biM BEWeCcTBEeHHLIM MnoKasartenem.

3. Mouemy onepauua AnddepeHYMpoBaHUA He BbIBOAUT M3
Knacca 3nemeHTapHbix (YHKLnA?

4. flokaxute, 4to d(Utv)=dutdv.

§ 10. MIPOM3BOXHBIE U JUOOEPEHLIMAJIBI BbICIHHUX
NMOPAAKOB

1. IonsTHe npoussoamoii n-ro mnopaaka. Kak yxe
OTMeyasloch B.§ | IaHHOI riaBbl, npou3BoaHas f (x)
Oysxuuu y=f (x) cama sBJISeTCSs HEKOTOpOH (yHKUMEH
aprymenta x. CiefoBaTenbHO, MO OTHOLUGHHIO K HeEi
CHOBAa MOXHO CTaBHTb BONPOC O CYLIECTBOBAHHH H
HaXO0XIECHUH IIPOM3BOJIHOM.

Hazosem [’ (x) npouszeoowoii nepozo nopsaoka.

INpoussogHas OT NMPOU3BOAHOH HEKOTOPOH (YyHKLHH
Ha3BIBAETCA MPOU3BOOHOLU 6mMOpo20 nopadka (MM eémopoil
npouseoonoii). TlpoH3BogHas OT BTOPOH NPOH3BOJHOM
Ha3bLIBAETCA  HMPOU3600HOIL mpembe2o nopadka (MM
mpemoeti npouzsoonoi) u 1. 1. ITponsBoaxbie HaUMHAA CO
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BTOPOH Ha3bIBAIOTCA NPOM3BOMHBIMU BBICILETO NOPSAKA
H 0003HavaroTCA (y", y7 y@®, Yy y™, L, a7 (X),
X)), R, O, o, ™), 0.

Ilpoussonnas n-ro mopsiaka ecTh NPOM3BOIHAS OT
NpOM3BOAHOM (n—1)-ro nopsaka, T.e. y™=(y"~Vy.

[Ipoussonnbie BBICIIMX NOPSAAKOB HMEIOT ILIHPOKOE
npuMeHeHne B Qu3uke. 371eCh Mbl OrpaHUYMMCSH (DH3HYe-
CKMM TOJIKOBAHHEM BTOpOH mnpousBogHoi f” (x). Ecim
GyHKUMA y=f(X) ONHCHIBAET 3aKOH [BHXECHHUSN MaTe-
PHATLHON TOYKH MO NMpPSMOM JMHHM, TO, KaK M3BECTHO,
nepBas MPOM3BOAHAA f'(X) €CThb MIHOBEHHAs CKOPOCTh
TOYKH B MOMEHT BpEMEHH X, a BTOpas NPOW3BOLHAN B
TAKOM Cjy4ae paBHAa CKOPOCTH M3MEHEHHS CKOPOCTH,
T. €. YCKOPCHUIO JBHXYIUEHCA TOYKH B MOMEHT Bpe-
MEHH X,
Ynpaxkunenun. Haiitu npoussoassie BToporo mopsaka
OT cleayrommx QyHKUMiL:
L f(x)=e™*. (Oms. 2¢”(2x2—1).) 2. f(x)=tgx.

(Ome. c2sin x) 3. f(x)=ctgx. <0me. 2cosx> 4. f(x)=

0s® v’ sin x’

X 2
m) 5. f(x)=sin‘x. (Oms.
2c0s 2x.) 6. f (x)=cos? x. (Ome. —2cos2x.) 7. S(x)=

_ 2 . 1 N l
= 1+x°. <0ms. (l+x2)3"2') 8. f(.x)—arctgx. (Ome.

2 ) 9. f(x)=In(2x-3). (0’"“- 6—7437)

(1+x3)%
Haiitd npousBomusie TpeThero mopsaka oT cCielyro-
mux  GysEKImit: .

4(3x2—4)

1.f(x)=arctg§. (Ome. @ra? ) 2. f(x)=xe™ "~

(Oms.e”* (3—x).)3.f (x) =€ cos x. (Oms. —2e* (cos x +
+sinx).) 4. f(x)=x%sinx. (Oms. (6—x2)cosx—
—6xsinx.) 5. f(x)=x32*. (Oms. 2*(x*In®2+9x2 x
xIn*2+18xIn2+6).) 6. f(x)=xInx. (Oms. —1/x2)
2. n-e MPOM3BOJHbIE HEKOTOPLIX GYHKIMiL.

1) Boucausmt n-io npoussoduyro cmenennoil Pyuxyuu
y=x*(x>0) (x—moboe BewecTBeHHOe umcio0). Ilocse-
AoBaTenbHO AupbepeHIHpPYs, HMeeM

<X
=arcsm§. <Ome.

'Y Mpu -crporom BriBOzE $OpMyYn n-X . MPOU3BOIHBIX ClIEAYET
NPUMEHHTE METOJ MAaTEMATHYECKOW HHAYKHUH.
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y=ox®"!, yP=afa—1)x*"2,
y‘3’=d(a—l)(a—“2)x°"3, vees
, yP=a(@—1)(@=2)...[a— (n—1)] x*7"
B 4acTHOM ciydae, €CIIM o=m, Ti¢ Mm— HaTypajbHOE
YHCJIO, NOJYIUM :
(x™)™=m(m-1)(m=-2)...[m— (m—1)]-1=m!,
(x™)®=0 npu n>m.
'HeTpyaHO 3aMETHTh, 4TO, 3Has OOMMH BHA n-i
NPOH3BONHOH, MOXHO Cpa3y 3alMCATh NPOH3BOHYIO

moboro nopsjxa, He BLMHCAAS NPH TOM NPEMIIECTBYIO-
e TPOH3BOJHBIE.

J .
Hanpamep, (x3)¥=3:2-1=6, (x*)¥=3-2-x=6x, a
(x3)@®=0.
2) Buiuucaum n-10 npou3gooHylo noxKasamesvHol GyHK-
yuu y=a* (0<a#1). Tocnenosatensro mabdepennn-
 pys, HMeeM :

y'=a*Ina, y?=a*(Ina)?
y®=a*(Ina)?, .., y™=a*(nag)"
B uacTHOCTH, ecnu y=e*, To ans smoGoro n
(X)W =e".

3) Boiuucaum n-1o npouseodnylo @ynkyuu - y=sin x.
Mocnenopatensao muddepeHIAPYs, HMEEM

y'=cos x=sin (x+ ;), yP = —sin x=sin (x+n)=

. n
,_sm(x+25),
}"3)=——cosx=sin(x+3§), e y‘"’:sin(x+n12t-).

TaxuMm o6pa3oMm, mnpom3BogHylo moboro nopsaxa oOT
sin x MOXHO BLIYHCIIHTR NO ¢opmye

- (sin x)™ =si o
(sin x) —sm(x+n2).

Hampumep,  (sin x)“°" =sin (x +10 ;) =sin(x+mn)="
= —sin X. | '
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4) AHanoruuHo mosydaercs gopmyia n-ii HPOU300-
HOU Pynkyuu y=cos x:

(cos .v)"" =cos (x +n g) :

Ynpaxuenns. Hafitu npoussonusie n-ro mopsaxa or
clnenyrommx GyHKLH:
1. f(x)=Inx. <0n1e.

X

(=D Y n—1) )

2. f(x)=sin 3x. (Ome. 3"-sin (3x+n ;))

3. f(x)=e*2. (Oms. €7%(1/2)")
4. 7(x)=2% (Ome. 2*(3In2)")

5. f(x)=cos® x. <0ms. 2" 1cos (2x+n g))

@OyHKUMA, UMEIOWAsA n-10 NPOM3BOJHYIO B TOYKE X,
HaspiBaeTca n pa3 aubepeHUHpYEMOH B 3TOH TOYKe.
®ynxuus, UMeIOIas B TOYKE X INPOU3BOJHBIC JOGOro
nopaaka, HasbiBaeTcs GeckoneyHo muddepenumpyemoit B
3TOH TOuKe. '

3. ®opmyna Jleiibuuua Qs n-ii NpowsBoHON HpoH3Be-
Oenns ayx ¢ynxmmi. [Tycts y=uv, rme u u v— HexoTO-
pbie¢ GYHKIMH OT NEPEMEHHOM X, UMEIOIIHE TPOU3BOIHbIE
moboro mnopsaxa. Toraa

’

y =u'v+uv,

Yi=u"v+uv'+u'v+u" =u"v+2u'v' +uw”,
ylll=u"lv+u”vl+2u”v!+2ulvﬂ+ulvﬂ+uv'"-__
=u"v+3u"v'+3u'v" +uv”.

Taxum 06pa3zom, Mbl BUAKM, YTO IpaBble 9aCTH pa3Jfo-
XEHMHM HAallOMHHAIOT PAa3JIOKEHHUS Pa3IMdHLIX CTeneHei
6unoma (a+ b)" no popmyne 6uoma HeroToHa, HO BMec-
TO NMOKa3aTeNieH CTENEHH CTOAT YUCA, ONPENeIsIOIMe 10~
PANOK NPOU3BO/IHBIX, 4 CaMH (YHKLHM ¥ M v MOXHO pac-
CMATPHBATH KaK «NPOW3BOJIHBIC HYJIEBOTO MOPSATKA) u®
u v'9. Vuuresas 3t0, 3anMIIeM, N0 aHAaJIOTHH, OOLIHMA
BHA n-ii NPOM3BOAHON mNpou3BeleHHs IBYX (yHKuMH

- ’ -1 -2y, )
YO =) ® =u"y+nu" My +n——("2' ) utn=2y, + ..
nin—1)..(n—k+1)

5 u"Rp® L ™, 08

-+
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dopmyna (1) mHasbiBaetcs ¢opamy.aoii Jlenbnuya'. o-
KaxeM 93Ty QOpMyJly METOAOM MaTeMaTH4YeCKOH MHH-
IYKLHH, _

O Ipun n=1 dopmyna npunumaer Bua (uv)' =u'v+
+uv’, 4TO coBnanaeT ¢ popmynoii audpdepeHIHPOBAHN
npousseneHuss aAByx o¢yukuui. ns n=2 n n=3 oHa
Takxke nposepeHa. I[lo3ToMy HocTaToO4HO, NMPEANOIONKUB -
crnpaBeIMBOCTh GopMynbl (1) 11 HeKOTOpOro n, HOKa-
3aTh ee cnpaBeMBOCTL Ans n+1. C aTon uensio n o-

n -

zm(b(P?peﬂuupyeM o1y ¢opmyny, T.e. HalgeMm y =
=(™)" |

n(n—1)
2!

O D=y Dy 4y 4 p [y’ +u" "] + X

nfn-—-1)..{n—k+1) v
k!

X [w™ V" +u" D" + L+

x [utn =kt Dp®) gy =y kD] @ gyt D,

PackpbiBas ckoOku M npHBOASA NOAOOHBIE HJIEHBI, NO-
JIYYHM

yor =yt Uy (n4-1)u™v’ + <n+ "("2:']))x

(k=1 k!

xu® kW 4t (n+ 1)U o™ Fupt Y,

xu™ Dy 4 [n(n—l)...(n—k+2) n(n—l)...(n—k+l)]x

Ho BBIDAXCHUC, CTOALICEC B KBAAPATHLIX CKO6KaX, Mbl
MOXEM - IpCACTABUTL B ‘BHIIC
n(n—1)...(n—k+2) + n{n=1)..(n—k+1) _

_ (k—1y k! -
_n{n=1)(n=2)...(n—k+2)(n—k+1)(n—k)(n—k—1) (n~k=2)...1
- (k=1)n—k+1)(n—k)(1—k~2)...1
n(n—1}...{n—k+1)(n—-k)(n—k—=1)(n—k—2)...1_

k!'(n—k)(n—k—1)(n—k=-2)...1 N

+

+

_ n! + n! n! 1 +l _
Th=0)n—k+1)! " K\—k)! (k=1 n—k)' \n—k+1 k)

Y Jleit6nuu Fotgpun Buawrenmsm (1646—1716)— nemeukuit du-
aocod M MaTeMaTHK.

280

CopepxxaHue



_ n! ntl (n+1)': _
Th=0)I—k)! k(—k+1) K{i—k+1)]
_(a+)n(n=1)n=2)..(n—k+2n—k+1)n—k)n—k—1){n—k—2)..1
- ki (n—k+1)(n—k)(n—k~1)(n—k—2)...1 B
=(n+l)n(n—l)(n—2)...(n—k+2)‘ .

k!

Toraa ‘

YOO =y Dy 4 (g 1) up’ + ("+ 1)‘" N

(n+1)n(n—1)...(—k+2) u =k,
k!

+ (n+)u'v®+uw®* . n |
o) Ilpmep 1. BoIYHCIATL NATYHO NPOH3BOHHYIO (YHK-

mH y=Xx3¢*.
Pemenne. Ionaras wu=x3 n v=e*, Haliaem

u'=5x% u"=20x3 u"=60x2, u®=120x, u®=120;
V=0v"=0"=0W=p®=¢*

.+ ™y

Honcrannxx HailieHHbIC 3HAYEHHSA nponaaomux B ¢op-
myny (1), monyamm
§ = 120645 - 120xe" + 32 60x2ex 4 222

]2320xe+

. +5-5x%etHxde=
=e*(120+ 600x + 600x 2 +200x> + 25x* + x°).

Ilpamep 2. BH‘IKCJIKTB n10 (n>2) DpoOH3BOJHYIO

bynxmun y=x2 cos x.
Pemenne. Ilonaras u=cosx B v=x2, Haligem

;u"”=cos(x+n5), v'=2x, v"=2, v"=0W=p®= . =0.

Iloncrabnss HaiincHAbIC 3HAYEHA MNPOH3BOAHLIX B
$opmyny (1), mosywmm
‘y"’=cos(x+n§) x24-2ncos [x+ (n— l);]x+ @fﬁ;l)x

X COS [x+ (n—2)-;]'- [
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CywmectByeT apyro#, 6ojiee KOPOTKHH BBIBOJK qpopmy-
abl JleiOHnna.
O 3anuieM ee B BHAE

(uv)""-—kzo Crytr- “’u"" Q)
rae Ci= k!(n-!-k)' e kf" D), 4, 9@ =, 01=1,

C}—o6unomuansusie kodddummentel. Kax w panee,
BOCHOJIL3yeMcs MeTonoM MEAykumH. Ilpu n=1 ¢popmyna
yxe Obuna nposepena. Ilpenmnosnaras ee cripaBeIHBOCTD
IPH HEKOTOPOM 21, JOKaXEM CIPaBEUMBOCTb IiA n+ 1.
HmeeMm

(uv)(u+ 1 _ i C: (u(n-‘k)v(k))l =
: k=0

n L
‘ = Z C""‘ u(n+1'k_)v(k)+ Z C,f'u"'""v"‘”).
- k=0 k=0

3amennM Bo BTOpod cymMmme k Ha k—1. Ilomyuaem

n nt1
Z C:u(n—k)v_(k+1)= Z C:-lu(n"'l“k)v(k).
k=0 k=1

Torpa

(uv)(n+ 1)_u(n+ l)v+ Z Cku(n+1 k)v(k)+
k=1

+ ZC& 1 (n+1 k)v(k)+w(n+l)_u(n+l)v+ Z(Cﬁ Ck l)x
k=1

nt+1l
X u(n+1-—k)v(k)+uv(u+ 1)___ Z C:+1u(n+l—k)v(k),
k=0
Tak KAk CO, ;=Crii=1u C+Ct ' =Ck,; npn 1<k<n
Q®opmyna Jleiibamna moxasana. W

O Npamep 3. Bormmcmmrs y*9 dymkmm y=x2e™.
Pemenue. Ilpamensas d¢opmyny Jleibamua (2),
HoJIyqaeM

(x263x)(10) = x2 (e3x)(10)+ Cllo (x2)l (e3x)(9)+
+Clo(x2) @ (€)@ + .. + (x2)10 e,
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Ho Tak xak (x3)™=0 npu n>3, €*)P=¢>3* T0
(xze3x)(10)___x2e3x310+ 10 2xe3x39+45 ,2e3x38 =7
=3%%*(3x2+20x+30). @

®opmyny Jle#bauna yno6HO NpHMEHATH, KOTJa OMAH
H3 COMHOXHTEJICH SBJISETCS MHOTOYJIEHOM CTENEBH N.
B 3TOM cnydae Bce wiensl dopmynst Jleiibunna maumnas
¢ (n+2)ro obpamarotcs B HyJb. ' ' '

4. PeHIEAIN BLICIIRX DOpsAKkoB. PaccMoTpum
Tenepsb auddepenumann BRICUMX nopsakoB. Jas yno6-
crea Mbl 6yneM Hapany ¢ o6o3navennsMu maddepernHa-
JlOBa cumsosnami dy B dx mctions3oBath o6o3madenns Sy
H dx.

Iycte ynxmus f(x) muddepenunpyema B EKaxmon
TOYKE X HEKOTOPOro mnpoOMeXyTxa, Toraa ee mu(pde-
peHIHan

dy=f"(x)dx,

KOTOpLIH Ha3oBeM Jugepenyuasom nepeozo nopsodka,
ABJISETCS (QyRKUMEH NBYX NMEpeMEHHBIX: apryMeHTa X H
ero maddeperunana dx. IMycrs pynxums f’(x), B cBoio
odepeny, mudpdepenuupyeMa B HEKOTOPOM Touke X.
bynem paccMarpuBath dx B Bulpaxermd mis dy Kak
NoCTOsHABIA MHOXHTENb. Torna ¢ynkuus dy npencras-
nseT  coboif  GyHKIMIO TONBKO apryMeHTa Xx H ee
m¢$:pemman B TOYKE X HMeeT BHA (NPH pPacCMOTPEHHH
magdepernaana or dy GymeM mcnons3osath o6o3Have-
mas ans maddepenuuanos)

(dy)=5 /' (x)ax]=[f (x) dx] Bx=1 () dxbx.

Haddepermaan d(dy) or muddepenimana dy »
HEKOTOpOH# TOYKE X, B3ATHIH mpH Sx=dx, Ha3miBaercs
Ougppepenyuarom 6mopozo nopadxa Qysxumm f(x) B
Touke x H obGo3nauaerca dly, T.e. :

d?y=1"(x)(dx)*

B cBoto oucpeny, mupdepenuman &(d2y) or madde-
permmana d’y, B3aTeii mpu dx=dx, Ha3bBaeTcs Oug-
depenyuarom mpemvezo nopsdka Gynxmam f ‘x)_ H
obosmavacrca d°y m 1. n. Auddepemman 5 (d*~Yy) or
raddepenmmana d*~'y, p3aThiii npu 5x =dx, RasuBaeTca
oughdepenyuarom n-20 nopadka (usu n-m Ougpdepenyua-
4om) ¢ysxmpm f(x) m obosnasaerca d"y. ,

O Iloxaxem, uto mna n-ro muddepernmana QyEKIAH
cnpase;ymBa GopMya : '
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d"y=y™(dx)", n=1,"2, ... o ®
Ee nokxazaTtenbCcTBO mpoBeAeM o HHAYKUmH. g n=1 u

n=2 oHa pnoka3ana. Ilyctb 3ta ¢opmyna BepHa IS
mlq)d)epeﬂnnanon nopsaxa n—1:

dn ly y(n 1)(dx)n 1
u Qysxums y®~Y, B cBOIO Ovepen®, ,tmd)tbepennnpyema B
HEKOTOPOR Touke X.- Torma
&y =8(d1y)=8 [V (41 = [y 0 (@] x=
o =y™dx (dx)" 1,
nonaras 8x=dx, HOTYy4UM

y=8(d""'Y)lsx=ax=y" (dx)". m ,

5 & (bopMym,l (2) caemyer, 4ro g moboro n

ClIpaBe/TABO PaBEHCTBO ‘

d” : d*
m,... Y m_2%)
y, (dx)n m y dx”

T. €. n-i_npoussoanas ¢yHkumH y=f(x) B HEKOTOpOi
TOYKE X paBHA OTHOIUEHHIO n-ro. mubdepeHnmana ITo
¢ynkumn B Touke x K gaddepeHmmany aprymenra B
CTeNeHH n.

o) l'lpmep 4. Burmcims nmbtbepemman d?y ¢ynx-
il y=x*-3x244.
Pewenue. IocnemoBatensno muddepeHumpys, mo-
Ty9uM ‘
' dy=y'dx=(4x>-—6x)dx,

@y=a(d)=a[fax' 6 dx]=[{4x* ~62) ] dx=

=(12x2-6)(dx)?,
8y =d(d25) = [(125 - 6)(d)?] =[(12¢*~ ) (d5)*Tx =
=24x(dx)’. @

3aMeTHM, 9TO ©CIH X ABJIAETCA . HE He3aBHCHMO#H
nepeMeHHO#, a ¢yHKIHEH KaKOH-TO NEPEeMEHHOH !, TO
¢dopmyna (2) He BepHa (npH n>1 He obnanmaer CBOKCT-
BOM HHBapHMAaHTHOCTH OprI de)d)epenunanoa) B uacr-
HOCTH, mnpu n=2 d(y'dx)= dy dx+y d(dx)=
=y" (dx)*+y'd*x wm dzy y" (dx)>+y'd>x.

BugnM, yto dopma BTOpOroO de)(bepemmana H3Me-
HHJIaCh, TOSBAJIOCH crnaraemoe y'd®x. Ecnd x — He3aBH-
CHMas NEpeMEHHas, TO OHO PaBHO HYJIIO, Tak Kak B 3TOM
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clyyae dx-—noCTOsHHAas BeIMYMHA M, CHENOBATENbHO,
d’x=d (dx)=0-dx=0.
Vnpaxnenus. Haiitu nuddepenunans Bbcmx nopsa-
KOB ' OT CNEAYIOWMX (DYHKLHIL:
L f(x)=4"", naiitn d%y. (Ome. 4*2In4(2x*x
xIn4—1)(dx)?) 2. f(x)=sinx; waiitu d3y. (Oms.
—45sin 2x (dx)3)

» Bonpocki gns camonposepku

1. Moyemy npousBogHylo f'(x) MOXHO paccmarpuBatbh Kak
dyHKYnio aprymenta x? .

2. [laite onpepenexve BTOPOW NPOV3BOAHOM dynxyun y=1 (x).

3. MNpusepute npumep dyHKunyM, y KOTOPON cyuecrteyer f’ (x), HO
He cyujecTtByet f”(x). :

4. sisnaerca nu npoussogHas f'(x) HenpepbiBHOA (yHKYnen B
TOUKke x, ecnu B ITOW Touke cyujectsyer f”(x)?

§. [lante onpepenexue n-i npous3sogHon yHKUuK y={ (x).

6. UasecTnd, 4T0 n-n npoussogHan yHkymmn y=f (x) cywecreyer
B Touke x. HTO MOXHO CKasaTh O Cyl4EeCTBOBAHUM NpoN3BOAHBIX
MEHbLLIEro NOpRAKAa B ITOW TOYKE U €€ OKPECTHOCTM?

7. Boisegute dopmyny Jlenbuuya.

8. laite onpepenexne n-ro. guchcheperunana bynxkyun y=f (x).

§ 1. MTAPAMETPHYECKOE 3AJJAHUE OYHKIUHN
M EE JUOPEPEHIIMPOBAHUE

1. TlapameTtpuyeckoe 3ananne QyHxnum. IMycts Aamn

aBe GyHKIHM
-~ x=0(1), y=V¥() (1)

ONIHOM HE3aBUCHMOM TNEPEMEHHON !, ONpeXesieHHbIE U
HENIPEPLIBHLIE B OHOM M TOM Xe npoMexyTke. Ecun
X=@(f) CTpOro MOHOTOHHa, TO OOpaTHas byHxuusa
t=®(x) OmHO3HAYHA, TAKXKE HENMpepbIBHA H CTporo
MoHOTOHHA. IT03TOMYy y MOXHO paccMaTpuBaTh Kak
$yHKUHIO, 3aBHCAIYIO OT MepeMeHHOM x NOCPEACTBOM
NEPEMEHHOH /, HAa3bIBAEMO} MapaMeTpoM:
y=¥[®(x)].

B atom cnyuae rosopsar, uro dymnkims y=f(x) 3adana
napamempuyuecku ¢ nomowvro ypasnenuii (1). OTMeTHM,
4to Qynxuus  [@ (x)] menpepbisHa B CHJIYy TEOpEMHI O
HETIPEPLIBHOCTH CJIOXKHON (DyHKUHH.

O Ilpumep 1. Mycte x=Rcost, y=Rsin¢ O<r<n). -

Tax xax ¢ynxkums x=Rcos? ybbiBaer npu 0<1<m,
TO NaHHbIE YDABHEHHsS 3a/lal0T NapaMeTPUYeCKH (hyHK-
oy oT x. Ecnm BblpasuTh ¢ uepes x M3 mepBoro

285

CopepxxaHue



ypaBHEHHS H TNOJCTaBHTL BO BTOpOE, TO NOJYTHM
HCKOMYI0 (QYHKHMIO TNEPEMEHHOH X B SBHOM BHJE.

~ Ewe npolue NpHAEM K UMM, €CIH 3aMETHM, YTO
_ x24y?=R?(cos? t+sin® fy=R>.

Orcioma y=./R*—x? wm y=—./R*—x?. Tak xak
¢ynkuus y=Rsint HeoTpHuartenpHa Ans 0<(<w, - TO
BbIOMpaeM 3HaK TUTIOC TIEPEN PaJHKaIoM: y=/R*—x2.
Basas n<t<2n, moayuum y=—./R*—x?.

Taxum 06pa3om, BUAMM, YTO, KOTAA ! H3IMEHSACTCA OT
0 1o 2n, ¢opmynsl x=Rcost u y=Rsin¢ onpeAensior
aBe (yHKHMH nepeMeHHOH X, rpadguki koropbix o6pa-
3YI0T LEJNYK OKPYXHOCTb. ,

Mpumep 2. Ilycis x=acost, y=bsint (0<1<2n).

HeTpyAHO NOHSATH, YTO AAHHBIC PABEHCTB2 SBJIAIOTCA
NapaMeTPHYECKHMH yPaBHEHHSMH 3JUIHIICA, €CJIH BCIIOM-
‘BETL (cM. 3amevanme n. 1, § 4, ra. 2), 4TO ILIMOC
NOAy4YaeTcss W3 YPaBHEHHS OKPYXHOCTH pajdyca a
cxkatueM B a/b pa3 Baons ocu Oy. U3 mpumepa 1 crne-
ayer, 410 napaMeTpU4eCKUMH YPaBHEHHSIMH OKPYXXHOCTH
x2+y?=a? aBnAOTCA paBEHCTBA X=a@cos!, y=asint,
0<t<2n. Orcrona sCHO, 4TO TIapaMETPHYECKHE ypaBHeE-
HHS JJUIHNCA MOJIYYaloTCA M3 NMapaMETPUYECKHX YypaBHe-
HHil OKPYXHOCTH YMHOXEHWEM OpIMHATHI y Ha bfa m
HMeEIOT BUA X=acos !, y=bsin t. CymecTnyeT eme 6osee
npoctoe pemeHue. Uckmouas M3 3THX ypaBHeHHA napa-
Merp ! (paspemas HX OTHOCHTEJBHO COS! H sinf,
BO3BOJA MOJIyYCHHbIC PaBeHCTBa B KBaApaT H CKJIAJBI-
pas), MOJIYYHM

2 2 2 2
()—‘> +<Z) =cos? t+sin? =1 wm = + =1
a b a b?
— ypaBHEHHE IJUIMICA. @

Tapamerputeckoe 3ananue QyHKIHH HMeeT 0cobeHHO
BaXXHOE 3HAYCHHME NMpHM H3Y4eHAH NBHXCHHA TO4ukH. Ecyu
TOYKA ABHXETCH HA IUIOCKOCTH, TO €€ KOOPAMHATHE X, Y
SBASIOTCA QYHKUMAMHA BpeMeHH . 3amaB 3TH Qynxumu
x=0¢ (), y=V (f), Mbl IOJIHOCTBIO ONPEICIHM JBHXCHHE
TO4YkH. B KaXIOM MpPOMEXYTKe BpEMEHH, B KOTOPOM
¢ysxuEs @ (f) cTPOro MOHOTOHHA, MOXHO, NIOCTYNas Kaxk
panbIne, onpefenuTs ¢yHrmmio y=\ [® (x)], rpadpuxom
KOTOpO# sIBJISETCA KpABas, ONMMCAHHAS 32 3TOT NPOMEXY-
TOK BpeMeHH ABHXYyllekics Toukod. B mocnenneM npume-
pe GYHKUMM ONMCBHIBANH [BHXXCHHE TOYKH MO IJUIMICY.
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2. InddepennmupoBanne QGyHKIMH, 321aHHOH napamer-
pudeckn. [Ipeanonoxum tenepb, YTo GyHKUMH X =@ (1) 1
y=Vy () uMeT npousBOAHble, mnpuieM ¢ ()#0  Ha
HEKOTOpOM mpomexkyTke. M3 nocnemHero HepaBeHCTBa
BBITEKACT (KaKk YBMIOMM Jajiee) CTporas MOHOTOHHOCTb
bynkumn x=¢@ (7) (cM. Teopemy 5.12) u, cnenoBaTenbHO,
ONIHO3HAYHOCTL obpaTHOH Qynkuuyu = (x). ITo Teope-
Me 5.4 o mpou3BoAHOH oOpaTHON QyHKuuM, yHKUMS
® (x) uMeer NPOU3BOAHYIO -

1
O’ (x)=—,

) ¢ (1)
a no TeopeMe 5.5 O MPOM3BOJHON CHOXHOM (yHKLHH,
dynxums y=V [®(x)] umeer npoussoauyro

Yo=Y (@ (x)) @' ().
CnenopaTesnbHO,

bW (’) . W
. =-—- HWIH, KOpouye ==,
y.\ (p: (,) p > y-’C x':
Takum 006pasoM, Mbl [OKa3and, YTO NPOU3BOAHAS
yHKUMM, NMpeNCTaBNEHHON NapaMeTPUYECKH, BBIPAXAcT-
‘ca (popmynoi
) _¥
Yx=7=. : (2)
) RY) )
O Ilpumep 3. Hailtu y;, ecim x=Rcost, y=Rsint
O0<t<m).
Pemenue. Ilo dopmyne (2) nonysaem
, Rcost

Yx= =—~ctgt (t#0; w).

—Rsint

Ipumep 4. Haittu y,, ecnu x=2+12%, y=12-213,
Pewenue. ITo ¢opmyne (2) nonyyaem

s _2a—62_ 2(1-31) ¢(1-31)

U242 2014 V41

[lycTb CyIIECTBYIOT BTOPbIE NPOM3BOIHBIE GyHKIMH
¢'(1) m Y’'() B HekoTopoit Touke . Torma MOXHO
BBIYHC/IHTD BTOPYIO NPOM3BOAHYH (DYHKUHHM, 3aXaHHOK

(¢
napaMeTpuyeckd. 3aMeTHM, YTO (yHKUMS y;=I—,8,
CBOIO OYepenb, 3aNaHAa NapaMETPHYECKH YPABHEHHMIMH
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Y= i’:g—‘lfl(t) x=@(1).

Tloatomy no ¢opmyne (2) mMmeem

(V(r)>' V' ()o' ()-9" ()¥()
Vi) _

0 _ @O
Vo= (y"" o @0 ¢

Ve -e" ()
[o(OF
3mech MBI BOCHOJIB30BAJMCL mpaBwioM muddepeHm-
pOBaHHs 4YacTHOTO. ' '
HUrak, nony4eHo, 4To
y=Y (e )—o"()¥ ()
al [e()) ’

HIH, KOpOWE,

" :' :’—x: :
yn=y"w_y, 3)

AHAJIOTHYHO MOXXHO TMOJIYYHTH NMPOH3BOJHYIO OT y MO X
moboro nopma

onl S. Haittu yy,, ecmm x=cost, y=sint
(@<r<x). ) o
Pemenue. y;=cost, y/=—sint; x;=—sint, xj=

= —cost. Iloncrasnas B ¢opmyny (3), HaxomuM
w _ {=sini)(—sinf)—(—cos)(coss) sin’t+cos’t 1 °
- (—sins)® T (-sing®  sin®r
Yopasmesns. [ns cnenymmnx (bylmmn 3aIAHHDLIX
napamerpmecm, HAHTH Yy, W
L x=t2, y="t (Oms P11
o » Y=g~k T A

—a2l a3t 3. 3
2. x=¢”, y=e’. <Om 5 e'; 46,.)
=a(

—cos t). (Ome. ctg %;

3. x=a(r—siny),

1
" asin® (1/2)')
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f)

. Bonpocsi ANA  CaMONPOROPKHA

1. Yro Taxoe napameTpU4eckoe 3agaHue GyHKUM?
2. Npn xaxux ycnosuax cnpasegnusa cgopuyna (2) Ana npous-
BOAHON yHKYUN, 38ABHHOA nNapaMeTPHUEcKu?

i § 12. OCHOBHMIE TEOPEMBI AHMEPWOF ¢
3 ) ‘ ) HC“IHCJIEI_{M_ .
Teopema 5.6 (reopema Mepma)'. MMycms Gynxyus

f(x) onpedenena na unmepease (a, b) u & nexomopoii mouxe
Xg IMO20 UKMepeara umeem HaubOAbUIEE UAU HAUMEHDWEE
snquenue. Tozda, ecau ¢ mouxe x, cywecmsyem npous-
600HaA, mo owa pasua Hymo, m.e. ['(x,)=0.

O HoxaszarenncTtso. [lycts IS onpesencHHOCTH
byuxius f(x) B TouRe x, HMeeT HauGonmbuice 3HaucHHe,
T. e. f[x)<f(x,) ans moboro xe{a, b). 1o o3uauaer, uTo
Ay=f(xe+Ax)—f(x,)<O0 ans moboit TOUKH Xx,+

+Axe(a, b). Moaromy ect Ax>0(x>x,), To %sﬁ, H,

CIEAOBATENbHO,
P . Ay '
Xo)= lim -Z<0
f+( o) ax—0+ Ax
. A . * R
ecim ke Ax<0(x<x,), To é;ﬂ,v no3TOMYy

- . A .
fi (x0)=Alem— A—i?@
T. 2. MPaBask NPOM3IBOAHAA B TOYKE X, HENONOKHTEIbHAS,
a nesas —weorpHuaremsHan. [lo ycmosmo, - f/(x,) “cy-
& wectsyeT H, 3HaWHT, [fi(xo)=fl(xo)=f"(x,). 370
BOIMOXHO  TOJILKO B ae, xorma  fi(xo)=
=f!(xo)=0. Ho Torma m f':x'o)=‘0.
AHaJIOTHYHO pacCMaTPHBAETCA Ciydail, KOTAa B TOYKE
Xo l@ymumx f (xs) HMEET HauMedbHIce 3Ha4YcHH:, W
€OMETPHYECKHHA CMBICA Teopembl depMa COCTOHMT B
TOM, YTO €C/IM B TOouke X, MAddepeHuupyeMan GyHKuHs
J(x), umeer HauBonsinee (HaMMeHBIICE) 3HAYEHME, TO B
TOUKe (xq; f(xo)) KacatesnHas k rpaduky dynxumum f(x)
napamnenbia ock Ox (puc. 141). ,

" ®epma IMnep (1601—1665)— gpanuyscxuit MaTemaTh.
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7.

S ——— e —

~y
o

Puc. 142

3ameuanne. Teopema ne BepHa, ecim QyHKuMIO f{x)
paccMaTpuBaTh Ha oOTpeske [4, b ] _Tax, Hampumep,
dynkuua f(x)=x Ha orpeske [0, 1] B Touke x=0
npvHMMaeT HaWMeEHbllee, a B TO4Ke X =1— Hanbosbiuee
3HAaYeHHE, OJHAKO Kak B Toif, Tak H JHApyroii Touke
Npou3BOAHAs B Hyjb He obpalljaercs, a pPaBHA €AUHMIIE
(puc. 142).

Teopema 5.7 (teopema Ponas)'. ITycme na ompes-
ke [a, b] onpedesena @ymxyua f(x), npuvem: 1) f(x)
nenpepoina Ha [a, b; 2) f(x) oupdepenyupyema na (a,
b, 3) f{a)=f(b). Tozda cywecmeyem mouxa c&(a, b), 6
xomopoi f'(c)=0. '

O JokxazaTtenbcTBo. Tak xak GyHkums f(x) He-
npepsiBHa Ha [a, b], To no Bropodl Teopeme Beitep-
uiTpacca OHa HMeEEeT Ha JTOM OTpe3Ke MaKCHMaslbHOe
3HayeHue M WM MHHHMAJbHOC 3HAYeHHE m, T.e€. CYy-
IECTBYIOT Takue TOYKH Xx,, X,E[a, b], B KOTOpBIX
S{x)=m u f(x,)=M n BHINONHAIOTCA HEPABEHCTBA

‘ m<f(x)<M.

Bo3Mmoxubl aBa cayyas: 1) M=m; 2) m<M.

B nepsom cnyuae f(x)=const=M=m. IloaTomy
npoussoxsas f’(x) paBHa Hymo B 1io6oi Touxe [a, b] W
Teopema JoKa3aHa.

Bo BTOopoM cnyuae, Tak Kak f(a)=/(b), To xoTs 6MHI
OMHO M3 [IBYX 3HaueHWit m WM M He NPUHHMAETCA Ha
KOHUAX OTpe3ka [a, b], T. e. cywecTByer Touka c<(a, b),
B koTopoil ¢Qymkuua f(x) npuruMmaer HauGosbluee
(HauMeHblliee) 3HadeHMEe Ha WHTepBane (a, b). B sTtomMm
cnydae, Tak kak f(x) auddepenumpyemMa B TOuke ¢, M3
TeopeMbl Pepma crexyer, 410 f'(c)=0. m

Y Ponnp Mumens (1652—1719) — dpaHuy3ickuil MaTeMaTHK. .
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(7

fla)=f(&

Puc. 143 : ' Puc. 144

Feomerpuueckn Teopema Pomns o3Havaer, 4to y

. rpaduKa HenpepuiBHOK Ha oTpeske [a, b] H muddepen-

LMpyeMOH BHYTPH HEro (QYHKIMH, NPHHMMAIOLIEH Ha

KOHUAX 3TOro OTpe3ka paBHbiE 3HA4Y€HHS, CYLUECTBYET

Touka (c; f(c)), B KOTOpoOii KacaTenbHass napajuleNbHa OCH

Ox (puc. 143). Ha puc. 143 B Touke ¢ dynkuus f(x)
npuHMMaeT Haubonblilee 3HadYeHHe. .

O Ilpamep 1. YcraHOBHTL, YHOBJIETBOPSET JIH YCIO-
BHAM TeopeMel Ponna ¢ymxuma f(x)=1 —{/;zy Ha
orpeske [—1, 1].

Pemenne. ®ynxuua f(x)=1-3/x* senpepuiua
Ha BCell YHCIOBOH NpsAMOM, clefoBaTe/NLHO, H Ha OT-

peske [—1, 1] (puc. 144).. Ha xomumax 3Toro or-
pe3ka 3Ha4YeHHSA QYHKUMH COBNAJAIOT: f(-l)=f(_l)=0.

Onnaxo, mpoussomHas f'(x)= ~-2_ B Touke x=0 me
, : 3Yx
cymecreyet. Ho Tak xak 3Ta To4ka siB/iseTCs BHyTpPeHHeit
ToukoH ortpeska [—1, 1], To ycnoBme cymecTBoBaHHA
KOHEYHOH mnpon3BoigHoH Ha wuHTepBase (—1, 1), Tpe-
6yemoe B Teopeme Posnna, He BhmosHserca. [loatomy
Teopema Posuns x mannoit pysxumu Ha orpeske [—1, 1]
menpumennma. - U peiicreutensio, f'(x)#0 ma [—1,
1]l @
Yopaxuaenne. Ha puc. 142, 145, 146 cooTBeTCTBEHHO
‘H300paxenbl  rpadukH  caemyloumx - QyHKDmi:
1) f(x)=x, xe [0,1}; 2) f(x), paBras x, ecnu 0<x<1,
B pasHas 0, ecnm x=1; 3) f(x)=|x|, xe[-1, 1]
Y OOBJETBOPAIOT JIH YCNOBHSM Teopemut Posas nam-
Hbie (YHKUHM, H €CJH HET, TO YKaXHTE I Kaxmoii
(yHKIME fABa YCNOBHA, KOTOpBIC BLINOJIHAIOTCH, H
TPeTbe, KOTOpoe He BuinosHsercs (ob6bAcHATE,
novemy).

10 - 291

CopepxxaHue



-
)

~ e e ——

M

o[- 0|

Prc. 145 ' Prc. 146

T eopema5.8(Teopema Jlarpamxa) ). [Tycmob na ompes-
ke [a, b onpedesena gpyniyusn f 2, npuuem: 1) f(x) nenpe-
' pbigHa Ha fa, b}; 2) f(x) oupdepenyupyema na (a, b
Toz0a cywecmeyem mouka ce€(a, b) maxas, umo cnpaseo-
ausa gdopmyaa

SO ~f(@) _ (.
b—a —f (C) i
0 loxa3aTelbCTBO. BBereM B pacCMOTPEHHE Ha
[a, b] BcoMoraTtenwryio dyHKIHIO

F()=1(9)~1(a)~"5 L (x~a).

Oynxups F(x) yROBIETBOPSET BCEM TPEM YCIIOBHIM
TeopeMbl  Posns: _ :
1) F(x) mempepbiBaa Ha [a, b] (xax pasmocTb mBYX
HenpepuiBHLIX GyHKImit f(x) W JMHCHHOH QyHKUAH
s :

fla)+ 7010 g))

' 2) F(x) maddepenumpyema Ha (a, b), T.e. B H
[a, b)) wWMeer mpoM3BOOHYI0, paBHyto F ’-ix)=
_r_JS®)=rfla)
—f (x) b—a ?

3). F(a)=0 u F(b)=0, T.e. F(a)=F(b).
CnenoBaTesIbHO, IO TeopeMe PoJuts, cyiiecTByeT Tod-

xa ce(a, b) Takas, uto F’'(c)=0, T.e. f’(c)—f(%—:{l@:&

Otcropa moaysaem f*(c) =w. m

BBISCHHM TeOMETPHYECKHHl CMBICH Teopembl Jlarpan-
x%a (pmc. 147). Benuuuna w eCcTb yrinoBoil Ko3d-

Y Jarpaux  Kozed-JIym (1736— 1813)—panuy3sckuit MaTe-
MaTHK. '
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"
ek
S (b’) rpapuxa dymxmmr - fw)
y=f(x), a f(c)—yrno- |
BoH koxbdurmenRT Xaca-

TeNbH - ‘
o CAY.

H3 teopemm Jlarpamxa ~%

cnexyer, 9TO CyIecTBY- Puc. 147

€T TOYKa ¢ Takasf, 9TO .

KacaTeNbHas K rpapuxy B Touxe (c; 6[(c)) napaJuleNibHa

cexyueit M, M,. Taxux To9ex MOXeET OLITL B HECKOJIBKO,

HO MO xpaﬁne}i Mepe ONHA BCCTAa CYHIECTBYET.
3ameuanue 1. Pasercrso :

 fO-fl=r()b-a), a<c<b 1)
Ha3bIBaeTCH gopmysolt Jlazpanxca, anu gopmysoii xo-
HeYHbix npupawyenuil,

: 3amevande 2. Tax xax TOYKAa ¢ JIEXHT M
' TOYKaMH q H b, To MOXHO 3ammcath :

c=a+0(b~a), 0<0<I.

- 3neck 8(b—a)—uacts wmEH oTpesxa [a, b]. VumTHBas
310, (opMyny Jlarpamxa MOXHO 3amHcaTh B BHJE.
S(6)~f(@)=f"(a+0(b—a)(b—a), 0<B<I.

3amevanne 3. Ecm nonoxwrs a=x, b=x+Ax, To
NOTy4HM v

S(x+Ax)~f(x)=/"(x+0Ax)Ax, 0<0<]1.

Takas 3amace ¢opmyam Jlarpamxa vuacro G6wiBaer
yrobuee, wem 3ammch (1). :

: Teopema Jlarpanxa JIEXHMT B OCHOBE JOKa3aTeNbLCTBA
MHOrHX (OpMyN M TeOpeM amam3a. ,

O Ilpmmep 2. Iposeputs, uTo QyHEImR f(X)=2x — x?
YAOBJIETBOPSAET YCJIOBHAM TeopeMH Jlarpamxa Ba OT-
pesxe [1, 3], m Haitte mMeomyiocs B Gopmyne
Ha?anxa TOYKY C.

emenne. Oysxmua f(x)=2x—x2 ynomnersopser
ycinoBusM TeopeMil Jlarpadka, Tak kak OH2 HEHPEPHIBHA
-Ha otpesxe [l, 3] m HMeeT XoHewHyl0 npom3BOAHYIO
S (¥)=2—2x B xaxmoit BI HHell TOYKe OTpesxa, T. e.
mpdepenupyema na (1, 35. ITo Teopeme Jlarpamxa,
MeXy ABYMS TOYKaMH x; =1 B x, =3 cymecTByeT TOo4ka
X=¢, YROBJETBOPAIOMAA PaBEHCTBY

¢uigenT -cexymet, opo- _ :I_ :

| PR RGN

fad J

293

CopepxxaHue



Slx2)=flxs)=1{e)(x2—x1).

IMoncraBnas 3HadeHHe x;=1 U x,=3, Nojy4aeM

ey e (23230211 -4
flg=2=2- === 31 =7

wm 1—c=—1, oTKyAa HaxoouM c=2. @

Teopema 5.9 (teopema Koum). Iycmo dynkyuu f(x)
u g(x) menpepuigner na [a, b] u Oupdepenyupyemsl Ha
(a, b). ycmw, kpome mozo, g x)#0. Toeda cywecmeyem
mouka ce(a, b) makas, umo cnpasediusa dopmyaa

S6)=re) 1o
e 26 @)

0 JokazateanbcTBo. [loxaxem cHadajga, 4TO
g(b)#gla), T.e. uto dopmyma (2) HMeEET CMBICH.
TlelicTBHTENBHO, €CIM NONMYCTHTD, 9T0 g (b)=g(a), TO, 1O
TeopeMe Pomns, mis ¢ynkuum g(x) Haligerca ToUka
E,e(x:z, b), B koropoir g'(§)=0. A 3TO HPOTHBOPEHYHT
ycnosmio, 9to g'(x)#0 Ha (a, b). TlepeiineM k noOKa-
3aTeabcTBy QopMyasl (2

PaccmotpuMm Ha [a, b] BcnoMoratenbHylo ¢dbyHKIpIO

f(6)—S1a)
F = —_ - X)—g14dj|.

(9= 110 ~20L g (2)—g ]
Herpyaso 3aMmerutn, uto F(x) Ha [a, b} ymosnersopser
yclnoBHSM Teopembl Posns. B camom nene, F(x)
HenpephiBHa Ha |a, b], maddepennmpyema Ha (a, b) u,
KpOME TOro, NMOACTAaHOBKa X=a ¥ x=b maer F a§=0 H
F(b)=0, 1. ¢e. F(a)=F (b). o Teopeme Pomns, nns F (x)
CYIIECTBYET Touka ¢, a<c<b, Takasa, 4ro F’ (c)=0.

Tak xak F'(x)=f" (x)—-f ©)-/a) (x), o0

g(b)—2(a)
F’(c)=f’(c)—&{8:£(8)g'(c)=0.
‘Otkynma, ysmteiBas, uto g'(c)#0, momyiaeM ¢opmysy

2. m
dopMmyna (2) HaswmiBaerca popmyaoi Kowwu wm
0606wennoii Popmyaoii KOHEUHbBIX NpUpawjeHu.
3aMeuanne. Teopema Jlarpamka sBJjgeTCs 4acT-
HBIM CydaeM TeopeMbl Koum, ecrd MONOXHTH g(X)=x.
o INpemep 3. Ilposeputsh, uto yHKmEH f{x)=
=x*—2x+3 1 g(x)=x*—7x*+20x—5 ynoBjaeTBOPSIOT
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ycnoBusiM TeopeMbl Komwm Ha otpeske [1, 4], u naiitu
umemonlyiocs B ¢opmyne Kowm Touxy - .

Pemenne.  O@ymkumn f(x)=x2—-3x+3 u glx)=
=x3~Tx2+20x -5 YAOBJIETBOPAIOT YCIOBUAM TEOPEMBI
Koum, Tak xax onm mempephbiHbI Ha orpeske [1, 4], ux
npoussomuble f'(x)=2x—2 u g'(x)=3x2—14x+20 cy-
[IECTBYIOT BO BCEX To4Kax MHTepBana (1, 4), T.e.
middepeHEpyeMbl Ha 3TOM HHTEpBaJle, W, KpOMeE TOro,
g (x)#0 na [1, 4]. Ilo TeopeMe Kowm, Mexay asyms
TOuKaMM x,=1 W x,=4 cymecTByeT TOYKa x=c,
YAOBJIETBOPSAIONIAS PABEHCTBY

£ 1) _F1(0
glxa)—g(x) g(c)

IMoacrasnss 3Hauemus x, =1 u X, =4, nosjyvaem
n-2_ 2¢-2
27-9 32 —14c+20

Pemas ypasnenue, Haxomum ;=2 H c,=4. Tak xax

TOUKa X=c¢ JO/KHA YIOBJETBOPATh HEPABEHCTBAM
I<c<4, To ncxoMoit TOUKOH sBiIsETCA =2 @

H Bonpocei Ans  camonpoBepku

1. Copmynupyirte Teopemy depma. B uem cocrout ee reo-
MeTpU4ecKuit cmbicn? -

2. Bepna nu Teopema, ecnu f(x)=f(x,) AN Heckonbkux 3Have-
HAR xe(a, b)?

3. MNpuseaute npumep yHkyUK, npuHUMalouwen HauMmeHsliee
3HaYeHne B TOYKEe W He MMelowWeld NPOM3BOAHOR B 3TOM Touke. UTto
ortciofga cnegyer?

4. Copmynupyite Teopemy Ponna u packpoite ee reoMertpu-
Yeckuid cmeicn.

5. Ocranetca nu cnpasegnuson Teopema Ponns, ecnu onyctutb
OAHO #3 ee Tpex ycnoeuh? MpuseauTe COOTBETCTBYIOWME NpUMEpHI.

6. Cdopmynupyitre Teopemy flarpaHxa n o6vAcHUTE ee reomer-
puyeckuit cmbicn.

7. Copmynupyirte teopemy Kowm, -

8. Nokaxure, uto Teopema flarpaHXa ABRAAETCR YaCTHLIM cny-
yaem Teopembl Ko, -

§ 13. PACKPBHITUE HEONPEJIEJIEHHOCTEN. HPABWIO
JIOINNTAJIA

CHOBa BepHEMCH K BONPOCY PACKPBITHS Heompene-
JICHHOCTEH, KOTOpBIA paccMaTtpuBajics B i 4. 3mech
NIO3HAKOMHMCS C MNPOCTHIM H BecbMa  3(peKTHBHBIM
METONOM DACKDPBITHSI HEONPEAESICHHOCTEW, HAa3bIBAEMBIM
npasusom’ Jlonumana.
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1. Pacxpi.rme neonpene'nemlocm BR/A :-:. Cnenyrowmasn

Teopema NaeT TpPABWIO DPacKphiTHA JAHHOH Heompene-
JIEHHOCTH. ‘
Teopema 5.10 (reopema Jlonurann). ITycme

dynxyuu f(x) u g(x) onpedesenvr u Ouggepenyupyemol 6
HeKOMOpOil OKPeCmHOCMuU MONKU @, 3@ UCKAIOUEHUEM,

6oimb modcem, camoii mouku a. Iycmy, dasee, im f(x)=
x—a

=limg(x)=02 u g'(x)#0 6 yKkasannoir oKkpecmuocmu
x—a ’
mouxu a. Tozda, ecau cywjecmsyem npedea OMHOWEHUA
. fx . .
npou3800itblX hmf,—g.-; (KoHeunblli uau beckoHeuHbviid), mo
x~+a 8 \X
Sx)

cywecmeyem u npedea lim——, npuuem cnpasedausa

x—af X),
dopmyna
fim 24 _1im /),
x—~a8(x) x—a g’(X)

0 JlokazaTtenscTBo. [lycts {x,} — npoussosbHas
NOCNeA0BaTENbHOCTh 3HAYEHHA apryMeHTa, CXONsIIEACs
X TOuKe g, IpHYeM X, #a. Joonpenenum dyrkuun f(x) u
g(x) B Touke a, TOJOXHMB MX DaBHHIMH HYMO, T. €.
fla)=g(a)=0. Tornma, ouesuano, QyHKumH f| x) u g(x)
HenpepbiBHbI Ha [a, x,], auddepenuypyeMsl Ha (a, x5 H
no ycnosuio, g (x)#0.

Taknum obpasom, mns f(x) m g(x) BemonHEHbI BCE

".ycnoeus Teopembl Koww Ha [a, x,,]g, T. €. BHYTPH [a, x,]
CylIeCTBYeT TOuYka &, Takad, 4TO

fix)=Sla) _f (&)

gl(x)—g(a) g’(én)' Em € (a, xn)_

Mo cnenannomy noonpenencamio, f(a)=g(a)=0,
cJieOBaTENbLHO,

fix) _1(e)
gy el ) ®

Y Jlonurans IuiboM ®pancya (1661—1704) — dpanuyscknit Ma-
TEMaTHUK.

2) Teopema OCTAa€TCA CMPABCAIMBOH M B CHIy4a€, KOrja x—a— M
x=a+ :
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Mycts Teneps B QopmMyne &n &S, & &
(1) n—oo. Torma, oueBRA- = @ 4 * n X
Ho, &,—~a nmpu n-o0

(puc. 148). Tak kak hmf EX; Puc. 148

CYWIECTBYET, TO npaaan qactb ¢opmynst (1) umeer

"(x)

npenena NpH n—00, paBHbIf lim~—

p p p i~ (x)

_ TIpH n—00 CYWIECTBYET Mpeaen M JieBOH YacTu GopMyJinl
(1), npuuem

X

CnenosaTtensHo,

i 20 700
e £(X,) x—oag(x)
Tak xax {x,} —npousBonbHas NOCNENOBATENBHOCTD
3HAYEHHH apryMeHTa, CXO4AWAscs K 4, TO OTCIoaa
3aKJII0YaeM, H4TO

£ 0y 70
lim & cymecTayer n lim 7= lim e

Hoxa3zanHylo TeopeMy OGLIYHO Ha3BLIBAIOT NPASUAOM
Jonumaasa.

2—.
O Ilpumep 1. Haiditn lim x—m.
x—1 C —€

Pemenne ®ynxumn f(x)=x*—1+Inx u g(x)=e*—e
onpeAesceHbl B OKpeCTHOCTH Toukd x=1. [anee,

limf(x)=limg(x)=0, T.e. MMeeM HeonpemeneHHOCTD
x—1 x-1

0 .
BHIA 6 I'Ipenen OTHOLIICHHA WX HNPOHU3BOAHBIX Cy-

LUIECTBYET:
) _ lim 2x+1/x 3

hm
18 x—1 & . €

npuveM g'(x)=e*#0. CrnemoBaTenbHo, ITH dyHKLIH
YIOBJIETBOPSAIOT YCJIOBHSM TeopeMsl JlonuTans, cornac-

HO xoTopo# limZ= LI CYILIECTBYET H paBeH timZ &)
x—18 ( ) - x—18 (%)
T. €.
. —1+1 . - 2x+1 3
i 1+ nX_pim (x*—1+Inx) —1im x+x /x=_. °
x—~1 €'—e x—1  (e*—¢e) x—1 € e

3ameuanne |. O6bIYHO NPH BHIYHCIECHHH NPEAENOB
C noMounslo npasusa JlonHtans 3anuceIBAIOT TOJBKO
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Heo6X0AMMBbIe NpeoOpa3oBanNs, a POBEPKY BBHINOJIHEHHS
yCJIOBMil JienaioT Mo xoAy BbruMcyieHuw#. Ecnu npm atom
OKaXeTCsl, YTO OTHOLIEHHWE IPOU3BOIHBIX £ chona
. g’ x)
npenctasnser coboil HeompenenesroctTs u f'(x) U g'(x)
YIOBJIETBOPSIOT TEM e TpeboBaHMAM, UTO U (YHKIHH
f(x) u g(x), To mpaBuno JlouuTans NPHUMEHSIOT IOB-
TOPHO.

x—sin x

@ Ipumep 2. Haiitn lim

x—0 x*

’ 0
Pemenue. WMMeeM HeompeaeneHHOCTh BHAA o

Iprmenss npaBnno JlomuTansa, nomyyaem

lim =lim —52 .
x—0 X x—0 3Ix x—0 6x 6x-p Xx 6 6

x—sinx cosx_l. siny 1, sinx 1 1

B stom npumepe mnpasuno JlomuTans NPHUMEHEHO
OBaXIbl. @

VYopaxuenusi. Haiitu: 1. lim 125%8% (Oms. -)
x—0 x2
H':;‘. (Oms. 1) 3. 13%—% (Oms. 2)
~(e*+e"*)-cosx
4. ll_l"l(l) - (] (Ome 2). 8. ll_t}‘(l) = . (Oms.
X __ asinx
Iy 6. im <=5 (Oms. 1)
3 x—0 X—sinx

3amevanue 2. Teopema ocraercs BepHOH M B
ciy4ae, Korga x— oo, x— -+ 00 H x— — 0. B camom neue,

nyctb, Hanpumep, lim f(x)=lim g(x)=0 n hmg Ex;
cymecTByer (KOHeuHblf ua# Oeckoneunslif). Choenaem
noacraHoBky x=1/t; Ttorma t—0 npu x—w H#
S(¥)=£(1/)-0, g(x)=g(1/)=0 npu 0.
Mpumenss x Gynxuusm f(1/¢) u g(1/¢) Teopemy 5.10 n
npaBuiio guddepeHUpPOBAHUA CIIOXHOH (YHKIHH, TMO-
JIYIIM
S0 _ e S(1) LY=)o L) e ()
lim == li li i
= ) 0 G NV 10 (1) s ()
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O Mpamep 3. Haiirn lim 22208

xX—+ 1. x—1

2 x+1
0
Pemenwue. HNmMmeeM HEONPECOECNICHRHOCTD BHUOA 6, TakK

KaxK
. -1 . n
lim 2===1, In1=0, a lim arctgx=—.
x—+0 X+1 ? ’ x—++ 0 g 2.

[pumensas npasmio Jlonurad, nojydaem

T_arct o
T arcte x _
7 MCE 1122 : -1
lim = lim ——2 = lim -5 —=
x—+ 1nx—l x—»+mlx+l 2 x—+o X 41
2 x+1 2x—~1(x+1)
. 1—1/x? 1-0
= - llm ——-=————=——1.
x—+ o 1+ 1/x? 1+0 ®
o . In(1+1x?
Vupaxuennn. Haiitn: 1. lim In1+1/x%)

x—oo T—2arctg X’

. —2arctgx 2
© 2, lim 2Z2AC8X me. =.
X—+c0 esl"— l (0 3 )

(Oms. 0.)

2. PackpuiTHe Heonpege/leHHOCTH BHAQ 2. Hns sroit
p 0

HEOTIPEJIC/ICHHOCTH CNPaBEUIMBO YTBEPXKJECHHE, aHAJIO-
rugHoe TeopeMe 5.10, a MMeHHO: ecin B GOPMYJIMPOBKE

TeopeMbl 3aMeHHTh Tpebosanme lim f(x)=limg(x)=0 na
X—q X—a
ycnosue limf(x)=limg(x)=oc0, To Teopema ocTaHeTcs
X—+a xX=q
CHpaBeIIUBOM.
o MNpumep 4. Haiitn lim X

x—++ 00 €F
[s 0]
Pemenue. HMMeeM HeonpeOeJeHHOCTb BHIA —.
: (v 0]

[Mpumensa npasuno Jlomurana n pas, nojyyaem

Lox" . onxtT? . np—1)x"?
lim == lim = lim —=..
x—+ o € x—+ow € x—+ €
. -1 (n-2)..1 . n!
= lim ﬂ’!__L_)_.-_—-_ lim —
x—+ © € x—++ow €
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3mech yxe HHMKakoW HeonpeneneHHoctd HeT. [lostomy

. x" . n!
lim —= lim —<=0.@
x—+w € x—+ 00 €

Inx

Yopaxneuus. Haiitn: 1. lim — (Oms. 0.)
x—+ o .
2. lim "5 (Ome. 0) 3. lim 5. (Oms. +w.)
x—0 + l/X x—+ o X
tge x
4. im ™D Oms. 0) 5. lim—2— (Ome. 1)
x—1 Clgmx x—11n(l—x)
6. lim <. (Ome. +.) 7. im =9 (Ome. 1)
x—et+ o0 X x—a ln(ex—cn)

3. /Ipyrue BHIOb! HeonpeaesICHHOCTeHl H HX PacKpbITHE.
Heonpedeaennocmu suda 000 M 00 — 00, KaK H3BECTHO,

- 0 o)
MOXHO CBECTH K HECONPCACIACHHOCTAM BHIA 6 H — a
o)

3aTe€M PpacKpbiTh € MOMOWIBI npaBmiaa Jlomarans.
O Ilpumep 5. Haiitu lim xinx.
x—0+
Pemenune. VUMeem HeonpeneneHHocTs Bupa 0 oo,

Inx
Ho xIn sz/—’ M MBbl TNIOJYYUJIIX HCONPEAC/ICHHOCTL BHOA
X

8|8

[Mpumenss npasusio JlonuTans, MNOJYYHM

. . Inxy . tix .
lim xlnx= lim (nx),= lim /\2=—- lim x=0.
x—0+ x—0+ {1/x)  x—0+ —1/x x—0+

Ipumep 6. Haittn lim (sec x —tgx).

x—n/2
Pemenune. UMeeM Heonpene/SleHHOCT, BHAA 00 — 0.
i sin x 1 —sin §

Ho secx—tgx=——+——=
COsXx COSX cos x

, A MBI NOJIYYUJIN NIPpH
' 0.
TOM XK€ YCJIOBHUHH x—»n/2 HECONPECACJICHHOCTL BHOA -6

anMCHﬂﬂ NIpaBKiAoO HOHPITEUISI, HMCCM

lim (secx—tgx)= lim (l_smx)= lim %%y,

x—n/2 x—e/2 \ COSX x—nf2 —SINX
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Vopaxuenns. Hanta: 1. lir% (arcsinx -ctg x). (Oms. 1.)

2. lim xe™ (Ome. 0) 3. lim(1-x)tg3 x. (Oms. 2)

x—+ w .

. (1 1 1 . f 2 1
4. lim (m“m‘;)- (Omes. —3) 5. lim (Fﬁ‘x—:])-

(Oms. —2) 6. lim (L‘—l). (Ome. 0.)

x—0 \8sinx x

U mHakoHel, paccMOTpHM Heonpedesennocmu euda 0°,
1°, 0° TakHe HEONpENENCHHOCTH HMMEIOT MECTO IpH
paccMoTpermE  QyEkmmit y=f(xf®), ecim mpm x-—a
¢ f{(x) crpemurcs coorsercrenno k 0, 1 1 oo, a
g x)—coome'rcrnefmo k 0, co u 0. 3TH Heomnpenenex-
HOCTH C MOMOIIBIO TOXJAECTBA

f( x)a(x) =ed¥nf()
CBOIATCA K HEONpPEJENCHHOCTH BHAA 0 00, KOTOpas yxe
paccMoOTpeHa.

O Tlpamep 7. Haiitu lilgl x*,

’ S x—0+ i

Pemenue. Fimeem Heonpenenemnocts Baaa 0°. Ho
X=e*"* g M NOJIYYWSIM B IIOKa3aTejie CTEIeHH
HEONpENEICHHOCTh BuAa 0 0o, KOTOpas yxe paccMoTpe-
Ha (cM. mpumep 5). CremoBaresbHO,

lim xln
lim x*= lim e*"*=e~"  =el=1.
*—0+ x—0+ .
Mpumep 8. Haitta lim (1+x2)" 7',

x—-0

_ ~
Pemenne. Umeem yeomperenenrocts BuAa 1°. Ho
(14X F- 1D @+ "0y 5 moxazaTenre cTe-

. IeHH TIoJTydeHa HEONPENeICHHOCTh BHAA g. ITpumensas
npasuio JlomdTanda, nomydum
. In(1+x? . 2x/(1+x3 . 2x
lim ( +x)=hm M1+ ==
x—0€—1—x x—.0 €—1 ,._.o(e“—l)(l+x)
=1lim 2 =2
=0 (1+x%)+(e—1)2x 1
CnenosaTesLHO,

| In(1+x?)
, o — Mo
hm(l+x2)""—‘—x=er'-r~'3e l-x_o2.

x—0
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)2 cosx‘

Ipumep 9. Haitu llm (tgx

Pemenne. Umeem Heonpenenenﬂocrb suga °. Ho
2lntgx

(tg x)2 cosx = e2 cosxintgx . el/cosx

H B [nokasaTene CTENEHH IOJIyYeHa HEONPEACJCHHOCTDh

o0
BHIA —. anMCHﬂﬂ npaBuJIo Jlonuransa, Haxooum
o

1

2int Int i
. X . . X
lim 8X_2lim ~*_2 lim &

x—m2 | x—n/2 SECX x—n/2 SECXUgX

COos X
. sec x . secx-t{gx
=2 lim 2 lim &

——————= lim cosx=0.
x—n/2 lg X x—n/2 2tg.xsec X  x—n/2

CrnenoBaTebHO,

lim 2cosxIn tgx
x—n/2

lim (tgx =e=1. @

)2 COSX .
x—r/2

.

Vnpawuneunn. Hadtu: 1. lim (sinx)". (Oms. 1))

2. lim (tgx)*"?*. (Oms. 1.) 3. hm (l+x)"‘" (Oms. 1)

x—n/2
PCKOMCH}]yCM ansa npﬂOGpCTCHPISl HaBbIKa pacprn'mx
HECONPECACJCHHOCTH MO NpaBuiy JlonuTasns HCNoabL30BaTh
TAKXE TpPHMEpPBI, NOMCIICHHBIC B TIJL 4.
B 3akmrouenue pacCMOTpUM HNpHMED, KOoraa npaBuHjlo
Jlonurans HCHpHMCHPIMO.
x+smx

O Hpumep 10. Ha#itu lim ———

xX—e 0 X

o
Pemenune. HmeeMm HEOMpENEACHHOCT,  BHAA  —.
[o0}

Oanako npaBuJIO Jlonutana 3mech NPpUMCHHUTL HEJbL3S,
T. €. Npcacsi OTHOLUCHHSA ITPON3IBOAHLIX :

. (x+sinxy .. l4cosx
lim Y—~=lim ——
X~ 00 (X) x—00 ]

He cyluecTByeT. JInig pacKphITHA AaHHOMN HEONPEACIECHHOC-
TH pasfe/iiM YHUCJINTE/Ib H 3HAMEHATENb Ha X, MONYYHM
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lim XXX fim (1+"‘") fim 1+ lim 38w

X— 00 X x-foo X 00 X~ X
o =‘1_+0=, 1. Y
? BOﬂpOCbl BN caMonposepku

1. fokaxute Teopemy flonurans AnNA Cny4aes, Korga x—a- #
X—a+.
2. Chopmynupyute npasuno flonutans AnA HeonpeaeneHHoCcTH

©
— npu x—a.
©

3. Mycto hm r'(x)

g
Hx)

0 0
“mTj NPBACTaBNAOWNA HEONPEAENEHHOCTL BMAA 5 WM —, TaKxe
w0
He cyuecTByer?
4. Tlowemy B Teopeme Jlonurans xe Tpe6ye7cn yTobbl Npounasop-
Hole f'(x) u g'(x) obs3aTensHo cylwecTeoeanu B camoit Touke a?

He cywecteyer. CnegyeT nu oOTCIO[a, 41O

§ 14. ®OPMVJIA TEWUJIOPA

PaccMoTpuM OAHY M3 riaBHbix ¢opmyn maremaru-
YECKOro aHaljiM3a, HMEIOIIYI0 MHOTOYMC/ICHHbIE NpH-
MEHEHHS KaKk B CaMOM aHaJnu3¢, TaK H B CMEXHBIX
JUCLATUTHHAX.

1. ®opmyaa Teiinopa.

Teopema 5.11 (reopema Teitiopa) . ITycmo
Pynkyua f(x) umeem 6 mouke a u Hekomopoi ee
oKpecmrocmu  npou3goduvie nopadka n+12.  Iycme
x— aloboe 3HAueHue apzymeHma u3 YKa3awHoi OKpecm-
Hocmu, x#a. Tozda mexncdy mouxamu a u x Haildemca
mouxa & maxas, umo cnpagedasusa caedyouas Gopmyia:

7=/ @+ -+ L e 4L e+

ju————m(é)(x—a *1 1)

+ (n+1)

0O BokaszatenscTBo. O6o3naumMm dvepes <p(x a)
MHOTOWIEH OTHOCHTEJLHO X MOpANKa n B npaBon YacTH
dopMmynsl (1), T. €. MOJOXHM

” Teitnop Bpyk (1685—1731)— aHriamiickuii MaTeMaTHK.
) Otcrona cnenyet, 4To cama Gynxuns f{x) u ee npoussoaHbie RO
NOPAAKA n HENPEPHIBHBL H AuddepeHUHPYEMBl B 3TOH OKPECTHOCTH.
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o(x, a)=f{a) +f—"l(!—a! (x - a) +-f%(!"—)(.r —a)*+ ... +E%§-a—)(x‘— ay".

(On wmasnisaeTca mruozousenom Tetiropa nopadka n ans

Pyuxuun f(x).)
Hanee o6o3uadmm uepes R,.,(x) pasmHocTs

Rei(=f(9-0(x a.
Teopema Oyaer MOKa3aHa, €C/IM Mbl YCTAHOBMM, 9TO

R(,+,,(x)=%%)(x—a)'+‘, a<-7;<x.

duxcupyem moboe. 3HadcHHE X M3 YKa3aHHOH
o ocTH. Jins ONpPENENCHAOCTH CHTaEM X>4.
O0603HaUAM Yepe3 ! NEPEMEHHYIO BCIMYHHY, HIMCHAIO-
UIYIOCA HA OTpe3Ke a<!<Xx, H pacCCMOTPHM HAa OTpE3Ke
[a, x] Bcnomorarensnyo dysxmmo

x—1 iR m+ 1)\ X
Fi)=ft9-o(x )-E=2e
®ynxuua F(f) ynosnersopser Ha [a, x] Bcem ycio-
BAAM TeopeMH Posng: 1) u3 dopMysn (2) # H3 ycoBuit
HajoxeHHBX Ha ¢yarumo f(x), Bwirekaer, uro F(t
HenpephiBRa u auddepennapyema Ha [a, x}, u60 (1) u ee
NPOH3BOMHLIC AO MOPSAKA N HENpPEphBHH H ARPde-
peruppyemMul Ha [a, x]; :
2) monaraa B (2) t=a, uMeeM

F(@)=/()= (5, @)= Ra11(2)= Ros 1(2)= Rus1{x) =0.
Monaras » (2) t=x, nonyiam

F(x)v=f(x)—-f(x’)—-l—v-l(li)(x—x) -—"-}x)(x--x)2 — e

SN (xR
- (x—x) (ot =0.

Taxum oBpasoM, ycnosue F(a)=F(x) BuinosHeHo.
Ha ocHoBanMu Teopemnl Posuia BHyTpA erpeska
[a, x] cymecrsyer Touka E Takas, 4rO

F’ (§)=0. : 3)
Beiwucaum  npoussoadylo F'(f). daddepennapys pa-
BeHCTBO (2) mo (, MMeeM

F =~ O+ PSR 0452 2 o -0

wed
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rd

X (f—t)2'+ o I%Qn(x.—tr“‘ —ﬂ—-—-.;;%(")(x‘—.-t)'%

("“")(x“)'Rmn(")
(x—ap*! "
HCTPYRHO 3aMCTUHTh, 4YTO BCC ‘WICHA B npaBOH YaCcTH

PABEHCTAa, 332 WCKIOYCHHEM IBYX NOCneAHHX, B3AHMHO
ynnutoxaiorcs. Taxam obpasom,

L F'(t): —'-._._”_:i(_‘)(x_.‘)ﬂ.*_(""")((; :))'?luﬂ(\') (4) |

Ionaras B (4) t=§ H ncnoﬁbayx paseHcTBo (3), nosyaum

F'(§)= _f"::(g)( §)'+("+l)((:_f)):f'”(x) =0.

Ortxyna

. m+ 1)
R,,q.;(X)'—"f; +l()§)(x a)""'l ]

®opMyna. (1) HasmBaercs gfopuy/wu Tewzopa -a
BMPaXEHHE WIS R, 4 1 (X)— ocmamounvim usenom e dop- -
me Jlazpannca. Ero MOXHO nepemncaTth B APYTOM BHAC.
Tak xax Towxa Ee{g, x), To maltmercs Taxoe
gucio O W3 MATepBan2 0< <1, ato E=a+6(x—a) n
OCTaTOYHBIA WICH NPHHHMACT BUA .

Jta (bopma OCTAaTOMHOTO wWieHa Raubosee. ynotpebu-
TEbHA B NPHIOXKESHHSX.

2. yras 3amucs ¢opmyma TeiLiopa B ocraTousors
waena. Yacro dopmyny Teinopa (1) samucniBaoT B
uaom Bupe. Ilonoxum B (1) a=x, x—a=Ax, x=
- =xo+Ax. Torma nomyaam . ’

f(x°+Ax)_f( ) f'(x.)Ax-i-f"(XO)(Ax)z

Ryvr (1) =L

ﬁ(x")(Ax)' /_Y:_ll(_'f_"l_")"z‘_x_!(Axr*' 0<9<1 (5)

Hpn n=0 u3 (5) nonyqac'rcn ¢dopmyna JIarpamlca
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HokaxeM, 4To ecnn ¢pynkuus f@* 1V (x) orpanyyena »
OKPECTHOCTH ‘TOYKH @, TO OCTaTO4HbIE 4ieH R,.,(x)
aBnsercs OeckoHeYHO Manoil 6oJsiee BHICOKOrO MOPAIKA,
yeM (x—a)" npu x—a:

nt1) L T 12 VR

lim Reer @) _ o SO —apt S @(x-—a)=0,

x—a (x—af"  x—a (A+1)! (x—af . x—a (n+1)!

TaK kak Qynxuus /% V(&) orpanmyena, a (x—a)—0 npu
x—a. TakuMm ob6pazom,

Ru+1(x)=0[(x—a)"] nmpr x-—a. (6)
DopMmyJia (6) Ha3BIBAETCA OCTATOYHBIM WIEHOM B (popMe
IMeano V.

3. dopmyna Maxknopena. Dopmyaoii Maxaopena?
NpHHATO Ha3biBaTh ¢opmyny Teinopa (1) mpu a=0:

f(x)=f(o)+fél@x+’i"2('~°-)x2+...+f—‘px"+R,,+1 (%)-

OcTraTouHbId 4jieH HMeer BUI:

n+1)
1) ¢ popme Jlazpannca R , 4, (x)=/‘('HL S(;x)x"* L o<b<l;
2) e gopme IHeano R,.;{x)=o(x").
4. Paziokenne HEKOTOPLIX JJIEMEHTAPHLIX (yHKmHi no
dopmyne Maknopena.
1) f(x)=e". Tak xax

SO =F (8 =F" ()= mf ™D () =,
fO)=£"(0)=1"(0)=...=f"*V(0)=1,

TO (opMmysna MakyopeHa HMeEET BHI

L x o x x
2) f(x)=sinx. Tak xax

f(n) (x) =sin (x +n g), e (0)=

=sin(n-2)= e

2

{0 MpH n YETHOM,

(—1) 2 npunueyeTHOM,

Y Meano [xyzenne (1858-—1932) — HTasnbSHCKHI MATEMaTHK,
Maxknopen Komun (1698-—1746) — moTnanackuit MareMaTHK.
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To (opmyna Maknopena HMeeT BHI
‘ smx=x_.£+f:_.£+ +,(—1)n_l xi-! +0:(:x2u) @)
TG T Py .

3) f(x)=cosx. Tak kax
SO (x)=cos(x+n°3),

0 npH n HeYETHOM
™ (0) = D= '
" (0)=cos(n 2) {(_ 1)"2 npu n vetnon,

to ¢opMyna MakjopeHa HMeeT BUA

2 x4 X6 2n

cosx_—.l—%+E—a+...+(—1)_"(%ﬁ+o(x2"“). ©)
B ¢

opmyJie (8) MBIl 3anucaid OCTATOUHBI 4ieH B
uae o(x*"), a e B BuAe o(x*"”'), Tak Kak cieqyroumH
3a MOCNEQHMM WieH paBed Hymo (TO Xe caMoe
orHOCHTCE K dopmyne (9)).

4) f(x)=(1 + x)*, rae « — BewecTBenHoe UHCIO. Tax Kax
fO(x)=a(@—1)..(a—n+1)(1+x)1""
f‘")(0)=a(a—l)...(a—n+l),

to ¢dopmyna MaxjiopeHa HMeET BHA

(1+xp=1 gtz galem o famntl) .,
It 20 p

. +.Ru,,+l_(x):
rae ocratouHblii wieH B ¢dopme JlarpaHxa paBeH
afa—1)..{x—n) x~(n
R_,,H(x)=(_(_n_3:l_)!_._(1+ex) et 0<h<l.

B wactHOM ciydae, KOraa o=n-—HaTypajbHOE 4HCIIO,
fO*U(x)=0, cremosaTenbHo, R, 1(x)=0, u ™Mbl mony-
YMM H3BECTHYIO BaM (opmyny Oumoma HbroToHa

—1
(l+x)"=‘l+%x+£%—)x2+...+x”. (10)
- Ec/¥ HYXHO NOJIYYHTb pa3JioOXeHHEe [BY4JICHA (a+x), 10

MOXHO BBIHECTH a® 3a CK06K)’ U BOCIOJIb30BATHCA

‘bopmyiioii (10). Tlpu 3TOM nNOJNYIUM .
(a+x)=d" 1+’;‘3 =a"[1+%é)+”(”“)<£> +...

2 a

x
e B
a
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Takum o6paszoM, o6umit ciyvaii  6mEomMa Hbro-
TOHA SBJIAETCA YaCTHBIM cCiyuaeM ¢(opmynsl Makio-
peHa. :
IIpuBenennbie BolUE Pa3/IOKCHAA NOKA3HIBAIOT, 9TO C
nomowpo ¢Gopmynnl Maknopena ¢yHEKIEE MOXHO ¢
ONPE/EJICHHON CTENEHbIO  TOYHOCTH 3aMEHATh MHOTO-
4JICHAMH, SBJIAIONIAMHACS Haubojiee MPOCTHIMH 3/IEMeEH-
TapHbIME QyHkmusmA. Han  MBorownenamm yno6Ho
BHINOJIHATL apHMeTHYECKHE JeHCTBHs, AupdepeHim-
poBaTh HX, MHOTOWIEH HeNpephiBeH B JOO0H TOuYKe
HT. X Gopmyms Teitnopa u Maxiopena no3BoJiSIOT
NpHOIKEHAO 3aMEHATh MHOrOWIEHaMH H Goliee CJIoX-
Hole ¢ymkmuH. KpoMme Toro, 3th ¢opMymm HEMeroT
IIMPOKHH KPYT NpHJIOXeHHH. OrpaHAIMMCS paccMoOTpe-
HHEM JBYX H3 HHX.

S. cnomb3oBanne Gopmyin Makiiopena Aas BBIMHC-
Jenna wpegenos. Popmyna Teiinopa sBasercs 3dpdek-
THBHBIM CPEACTBOM [UIsl BIYHC/ICHHS NMpPENeoB (yHKIHi,
C KOTODHIMH 9YaCTO NpPHXOMHTCA HMETh JeJ0 NpH

HCcJleioBaAuH  HyHKIMI,
PaccMoTpuM mpuMepkI.
sinx—x

O 1. Haiitu Iin(l) . o dopmyne (8), B3aTOI 1MPH

n=2, uMeeM

3
x . 1 o(x%
limx !+o(JC) x.—lim 3'+ e 1 . o(x‘)_ v
x—0 x3 Xx—0 1 3 x0 X°
1 1
-

2. Ha.iim Jl‘i_rge = s::sx Ilo dopmynam (7)—(9)

NOJIyYaeM
xt x* xt x*
% -2+ o145 -5
lim & —COSX _ 1. 2 8 2 24=
x—0 X’sinx X0 x*(x+o(x)
Xt x 1 1 o 1 1
I ML o B A
x—0 x*+o(x*)  x_0 o(x*) TO1+0 12
. I+~
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3. Haiira limS—2 —*

x—0 X—sinx

. ITo (i)OpMleaM ™ n (8)

uMeeM ’
. ef—eTF-2x
llm——-———,————-"—"
x—0 X—sinx
x2 X 3 2 X )
. |+X+E+i+0(x )—(l—x+i!-—-3?+o(x )—2x
=lim po ' =
*=0 x—(x—§+o(x’))
3 1 3) 1
=+o(x?) 3 OS) §+0
=lim =lim x=—=2.@
=0 L o(x) a—01 o(x) LI
6 x* 6

6. Bermciaenne “mciaa e. B n. 2 § 3 ri. 3 MBI BBeNn
YHCI0 € Kak npeaen nocieposareabroctd {(1+1/n)"} n
NOJYyYHJIH AN € rpybyio onenxy BEaa 2<e<3.

IToxaxeM, KaK BBIYHCIHTH 4HCJIO € ¢ JEoOoii Heobxo-
JuMoii TouHOCThIO. Jlng sToro 3ammmeM dopmyny (7) ¢
OCTaTOYHLIM WieHOM B ¢opme Jlarpamka

x_ 44 %, X e +1

Ecnn 3amMenuTh pyHKImIo €* ee MHorowieHoM Teiiopa
CTENEHH N, TO NOJIyYdM HNPHOJIMKEHHOE PaBeHCTBO
4 2
XX X
e ~1+ﬁ+—2?+ +E’ .(12)
abcomoTHasT MOTPEINHOCTh KOTOPOro

R—*( _ eﬁx
n+l 'x)"—("+l)!
- Ecnm paccmatpuBare dyHkomo € i —1<x<l1, To

Rens OISES <Gy (13)

IxI*!, 0<0<1.

ITonaras B (12) x=1, noysiyyaeM npuGIMXEHHOE 3HAUCHHE
L1:(d) ]

_ 1 1
exl+l+ 4.+
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3
IMpn 3TOoM abcomoTHAs NOrpelHOCTh MEHBbLIE. E—y
~ n H
Ecnu TpebyeTcst BBIMMCINTL 3HAYEHHE € C TOYHOCTBIO MO
0,001, To uucno n onpenensierci U3 HepaBEeHCTBA

(7;3-1_),<o,001, wn (n+1)!> 3000,

KOTOpPOEC BBINOJHACTCA NPpH n= 6. CﬂeﬂOBaTe.ﬂLHO,
o1 1

¢ TouHocThio jgo 0,001.

TaxuMm ob6pasoM, Hcnosnb3oBaHue ¢opmynsl Makio-
pEHa Ja€T BO3MOXHOCTb BBLIYHCIHTbL HHUCNO € C Jroboit
TOYHOCTBIO.

?

. Bonpocst ANs caMonposepku

1. Coopmynupyiite Teopemy Tewnopa.

2. Yto HasbiBaetcA wMHorouneHom Teinopa crenenn n ana
dynkumn f{x)?

3. NMonyunte octatouHbin unex ¢opmbt Meano U3  opmbt
Narpanxa. ‘

4. Yvo Hasbiaetca ¢hopmynon MaknopeHa ana dywkuuu f(x)?
Hanuwute octatouHble uneHbi 3Toi opMynst B popmax flarpaHxa v
Nearo.

§. Mouemy Hene3a HasBaTb NpaBylo YacTe hopmynul Tennopa (1)
MHOTOuNEHOM cTeneHu n+1?

6. B xakom cny4yae ocrtarvouHbit uneH B ¢opmyne Tennopa
obpawaerca 8 Hynb? lMpusepute npumep.

7. Kakoro ycnosus B (opMynupoBeke Teopembl Tennopa He
xBaraer AnA BbiBOAA OCTATO4HOrO uneHa B8 dopme [leano?
Ccoopmynupyite ero.

§ 15. MCCJIEJOBAHME NOBEJAEHUS ®YHKIIWNA
U INNOCTPOEHUE T'PA®UKOB

1. Ilpu3nax MOHOTOHHOCTH QYHKIHH,

Teopema 5.12. Ecau ¢yuxyua f(x) Ougpdepenyu-
pyema Ha unmepease (a, b) u f'(x)>0 (f'(x)<0) na (a, b),
mo gyuxyua f(x) ne y6oisaem (ne 6o3pacmaem) na (a, b

0O loxa3aTtenbcTBo. [na onpeneneHHOCTH pac-
cMoTpuM ciydait f*(x)=0. Tlycte x; U Xx, — [Be MpOM3-
BOJIbHBIE TOYKH M3 (@, b)) H Xx; <x,, TOrZa Ha OTpe3Ke
"[x,, x,] BEINOMNHsIOTCS BCE ycnoBus Teopemsl Jlarpamxka,
COrnacHO KOTOPOH HMeeM

Sx)=f(x) =" () (x3—xy), ce(x;, x;).
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n gl
|
|
|
1

|
|
L | -
Ol X0-0 xg »xgt6 X

Puc. 149

Cornacao ycnosuio f'(c)=0, x,—x,>0, noaromy
S(x2)—f(x) 20 mm f(x,)=f(x,), T. e odymxuma f(x) ne
yooiBaeT Ha (a, b).

IokasaTenscTBO aas  ciydas f'(x)<0 amajorud-
Hoe. W

" 3amevanpue. TOUYHO Tak ke MOXHO NOKa3aTh, YTO
ecrm f'(x)>0(<0) ma (a, b), 10 f(x) BO3pacraer (yOui-
paeT) Ha (a, b).

O Tpemep 1. OnpenenuTh MPOMEXYTKH, HA KOTOPbIX
dynxums f(x)=x>—12x+11 Bo3pacraer u yObiaer.

Pemenune. O6iacth ompenesicHHs GQYHKIUH — BCA
uncioBas mpsaMas. HaxoauM npom3BoAHY (yHKIHH
f'(x)=3x2—12. Y3 mepasencrsa 3x*>—12>0 wm x?>4,
HITH ./:x2>2, T.e. |x|>2 (6o x>2, mbo x<—2),
cnexyeT, 4To AaHHas (YHKUMA BO3pacTaeT HA HWHTEpBa-
nax (—o0, —2) u (2, ), a 3 HepaBencTBa 3x*>—12<0
wm x’<4, wm ./-x2<2, T.e. |x]<2 (—-2<x<2),
cliefyeT, 4TO AaHHas yHKIMs yObnIBaeT Ha HHTEpBaje
(-2, 2). @ ' :

Ynpaxnenns. OnpenejuTh NPOMEXYTKH, Ha KOTO-

pHIX BO3pacTaioT M YOBIBAlOT CiieAyrolme (YHKIMH:
1. f (x}=3x2—2x. (Oms. Bospactaer Ha HHTEpBa-
ne (1/3, +0) n y6bmae'r Ha HHTepBane (—oo, 1/3).)
2. f(x)=2—3x+x>. (Oms. Bo3pacraet Ha (—o0, —1)

n Ha (1, +o00) U ybuBaer Ha (—1, 1))

2. Ortpickaane ToWeK JIOKAJBHOr0 JKCTpeMyMa
$ymicumn.

Onpenenenne. Touka X, Ha3bleaemca MOuKoil cmpo-
2020 NOKAALHO20 MAaKCumyma (Mmunumyma) Pynkyuu ff}x),
ecau 044 6cex X u3 HeKomopoil 5-oKpecmHocmu MouKu X,
evinoannemca  nepasencmeo  f(x)<f(xo) (f(x)>f(xo)) npu
x#x, (puc. 149).

JIoxkanbHBIE MakcMMYM (max) M JIOKaJbHbIH MHHH-
MyM (min) o6benUHAIOTCS OOIIMM Ha3BAHHEM J10KAAbHbIL
IKCMPeMyMm.
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y=x*

M e

x

Xf———

it

Pxc. 150 Puc. 151

N3 onpenenenus cnemyer, 4To noHsTHE 3KCTpeMyma
HOCHT JIOKaJIbHbIH XapaKTep B TOM CMBICJIE, TO B ClydYae
OKCTpEMyMa HepaBeHCTBO f(x) <f(xo)(f(x)>f(x,)) e 06s-
3aHO BBIMOJIHATECA [JIA BCEX 3HAa4YeHMH X B 06J1acTH
onpeneneHusi GPyHKUMM, a JOJDKHO BHIMOJHATHCA JIMIIL B
HEKOTOPOH OKPECTHOCTH TOYKH X,. OueBHOHO, (yHKLMA
MOXET HMMETb HECKONbKO JIOKaJIbHBIX MAaKCHMYMOB M
HECKOJILKO JIOKaJIbHEIX MHHHMYMOB, MPHYEM MOXET TaK
CIYYHTBCA, YTO HHOH JIOKanbHBIA MaKCHMYM OKaXeTcs
MEHbIIE KaKOTrO-TO JIOKaJILHOTO MHHHMMYMa.

Teopema 5.13 (ueobxommmoe ycioBHe JIOKATLROrO
akcTpemyma). Ecau dynxyun _g;c) umeem 8 mouxe X,
AOKAAbHBIG  IKCMpeMym u Ouggepenyupyema 6 3moi
mouke, mo f'(xy)=0." : ’

O Hokasatenrctso. Tak kak B TOuKe x,
(ynkuns f(x) mMeeT JOKambLHBIA IKCTPEMYM, TO Cy-
IECTBYET TakKoH HHTepBaN (xo—&, x,+38), B KoTopom
3HauenHe f(x,) ABisercs HambonpmMM (HaMMeHbIIWM)
Cpelin BCEX APYTrHMX 3Ha4eHWH atoit dymkuuu. Torpma, mo
Teopeme PepMa, npousBomHas (YHKUMH B TOUKE X,
paBHa Hymo, T.e. f'(x,)=0. m

Teopema 5.13 umeeT cmemyroumii reomerpuyeckuii
cmeicn. Ecim X, X;, M X3 —TOYKH JIOKaJBLHOTO 3KCTpE-
MymMa M B COOTBETCTBYIOLUIMX TO4YKax rpadmuka cymiecr-
BYIOT KacaTejbHble, TO 3TH KacaTeJbHble NapasuleqbHb
ocu Ox (puc. 150).

VHorna TakMe TOUKM Ha3bIBAIOT CMIGYUOHAPHbIMU; Mbl
OyneM Ha3bIBaTR HX MOYKAMU 603MONCHOZO IKCMPEMYMa.
Ecim Touka xo—Touka BO3MOXHOTrO 3KCTpeMyMa, T. €.
S (x0)=0, To oHa MOXeT M He GBITH TOYKOM JIOKAABLHOTO
MakCHMyMma (MuHuMyma). Hanpumep, ecmn f(x)=x>, To
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f'(x)=3x*>=0 npu x=0, HO TeM He MeHee B Touke x=0
HET JIOKaJbHOTO 3kcTpemMyMa (puc. 151). ITostomMy Mbl Hx
M Ha3BaJiA TOYKAMH BO3MOXHOIO 3KCTPEMYMa, a YCJIOBHE
S'(x0)=0 sBnserca Jsmme HEO6XOAUMEIM. YCTaHOBUM
NOCTaTOYHOE YC/IOBHE CYIIECTBOBAHHA  JIOKAJILHOTO
JKCTpeMyMa. .

Teopema 5.14 (mocraTounoe yc/oBRE JIOKAJILHOIO
axcrpemyma). ITycmov dynxyua f(x) ouddepenyupyema &
Hexomopoii  8-okpecmrocmu  mouxu x,. Tozda, ecau
[(x)>0(" x)<0f0/m scex x uz (xo—9, xo), a f'(x)<0
(' (x)>0) 042 ecex x uz (xo, xo+8), mo 6 mouxe x,
dyuxyus f (x) umMeem AOKAAbHLIE MAKCUMYM ( MUHUMYM),

ecau xce [ (x) 6o eceii 8-oxpecmHocmu mouku x, umeem
O00uUH u mom e 3HaK, MO 8 MouKe X, AOKAAbHOZO
aKcmpemyma Hem.

Hpyrumu cnosamu, eciu f'(x) mpu nepexonme uepes
TOYKY X, MEHSET 3HaK € + Ha —, TO Xo— TO4Ka
NOKaNbHOTO MAaKCHMYyMa, ecid f'(x) B TOuKe X, MEHAET
3HaK.C — Ha +, TO X,— TOYKA JIOKAJLHOTO MHHUMYMa,
eciM xe 3HaK f'(x) B TOUKE X, HE H3IMEHAETCS, TO B TOUKE
Xo JKCTpEMyMa HE CYLIECTBYET.

O HoxasartenbcTBO. Ilycth f’(x) npH nepexoje
yepe3 TOYKY X, MEHS€T 3HaK ¢ + Ha — MW NYCTh
x€(xo—0, x,). Tlpamenum ¢opmyny Jlarpamxa' x
dynkuwmm f(x) ma orpeske [x, x,]. IMomyuaem

Sxo)=f(x)=f"(c)(xo—x), ce(x, xo).
Tak xak f'(x)>0 Ha (x,—3, x,), T0 f'(c)>0 u, xpome
TOro, xo—x>0, cnemoBaTesbHO,

S(xo)=f(x)>0 nam f(xo)>f(x). 4))
PaccMOTpHM Teneph MHTEPBAJ CUpaBa OT TOYKH X, T. €.
x€(xo, Xo+8). Ilpumenum dopmyny Jlarpamxa x
dynxuun f(x) Ha orpeske [x,, x]. IMomysaem

S(x)=flxo)=1"(c)(x—xo), ce(xq, X).
Tak kak f'(x)<0 Ha (xo, xo+3), T0 f'(c)<0 u, Kpome
TOro, x—x,>0, CJeAOBaTE/IbLHO,

S(x)=f{x0) <0 mmm f(xo)>f(x). Q)

U3 nepaBencts (1) u (2) cnexyer, 9TO B paccMart-
pUBaeMO#l OKDECTHOCTH TOYKH X, BBLINOJIHSAETCH Hepa-
BeHCTBO f(x)<f(xo) mpn x#x,, a 3TO O3HauaeT, 4TO B
Touke X, GyHKuMA f(X) MMeeT NOKaNbLHBIH MaKCHMYM.

AHaJIOTHYHO pPAacCCMaTPHUBAETCA Cliydail TiepeMeHsl
3Haka f(x) ¢ — Ha +. '
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Ocranoce paccMoTpers ciydait, korma f'(x) ue
MeHseT 3Haka. ,

Ilycts ’ (x) >0 B  HEKOTOpOH  OKpPECTHOCTH
(xo—90, xo+8), Torma, mo Teopeme 5.12 (mo npu-
3HaKy MOHOTOHHOCTH), GyHkuMs f(x) He yObiBaer Ha
(xo—8, xo+3), T.e. Ana MOBBLIX X<X, BBINOJHIETCA
HepaBeHCTBO f(x)< f(x,), a mis mobbix x>x,— Hepa-
BeHCTBO [(x)>f(x,). DTo o3Hauaer, 4TO Touka X, He
SIBJIAETCS TOYKOHM JIOKAJLHOTO 3KCTpPEMyMa, T. €. MpH
nuepexojie 4epe3 Hee B JAHHOM CJIydae He COXpaHseTcs
3HaK pasHOCTH f(x)—f(x,) B OkpecTHocTH 3TOH TOU-
Kd. B

3ameuyanue. Teopema 5.14 ocraerca cnpaBenMBON,
ecnu ¢ynkuus f(x) B camolM Touke x, He aupdepen-
HHpyeMa, a TOJbKO HenpepelBHa. [IpumepoM Takoit
¢ynxumn sBnserca f(x)=|x|, xoropas B Touke x=0
HenpepbiBEA, HO He au¢pdepeHuupyema.

O B «xadectBe mnpuMepa paccCMOTpHUM Bompoc o6
OTBICKAHMH TOYEK JIOKaJbHOTO IKCTpeMyMa (QYyHKIHH
fx)=x>-3x.  Haxomum. mnpomssomuyro: _ f'(x)=
=3x?—-3=3(x>—1). Pewas ypasuenme 3(x>-~1)=0,
NoJTy4aeM ABE TOYKH BO3MOXHOIO 3KCTpeMyMma: x; = — 1
H x,=1. JlancHeiiuee HccnenoBaHue YAOGHO BECTH,
cAe/aB BCIOMOTAaTENbHLIN pHCYHOK (pHuc. 152). OTmMeTus
Ha HEM TOYKHM X, = —1 # X, =1 ¥ uccienosas 3uak f'(x)
B OKPECTHOCTH 3THX TOYEK, MOJIy4aeM, 4To f(x) B Touke
X;=—1 HMeeT JoOKaNnbHBId MAaKCHMyM, a B TOYKe
X, =1—nokanbHplit MuEMMYM. OCTajNOCh HAUTH y,, H
YVmin: Hmeem ymax=f(_l)=27 ymin=f(1)= _2

a puc. 152 BHOHBI M HHTEPBAJbl MOHOTOHHOCTH
Sf(x): (=00, —1), (=1, 1) m (1, + o0), npuueM B mEpBOM M
TPETBEM M3 HHX (yHKI[HS BO3pacTaeT, a BO BTOPOM —
yObiBaeT. @

3.3apayn Ha MaKCHMYM H MHHEMYM. 3ajaud, B
KOTOpBIX TpeOyeTcss HaWTH, NMPH KaKUX 3HAYECHHSX apry-
MEHTa HEKOTOpass (QyHKUMS NpHHHAMAaeT HauboJIbLIee
(HauMenblIEE) 3HAYCHHE, WUIPAIOT BaXHYKD pOJb B
MaTeMaTHKEe M €€ NPHIOXEHHSIX. ' :

C. MaTemaTuyeckoif TOYKH 3peHMs Hambonee mpoc-
Thl 3aja4d, kKorxa ¢yHKUus 3agaetca GopMyaoH u
SIBJISETCSA TPH 3TOM nu%tbepenuupyexwoﬁ. B sTomMm cnyuae
ZUISL MCCIIEAOBAHMs CBONMCTB (YHKUHNM, ONpENeIEHHs yuac-
TKOB €€ BO3palTaHHAd H yObIBaHHN, TMOUCKA TOYEK
JIOKaJBHOFO 3KCTPEMyMa CYHIECTBEHHYIO pOJIb HrpaeT
OPOU3BOJHAS. ’ '
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Puc. 152 Puc. 153

O Tipamep 2. HaiiTH MakCHMyMbl H MHHHMYMbI
2

cnenytoumx  dymkmmi: 1) f (x)=;;_—:—%; 2) f(x)=
=3x*—4x3-12x%+2; 3) f{x)=(x—2)°.

Pemenue. 1) O6nacTb onpenesicHus NaHHOH (QyHK-
IIM¥ — BCAL 9MCNIOBaA NpsMas, Tak kKak x2—x+3>0 npu
3(2x-1)
(2 —=x+3)*
Pemmas ypammemme 3(2x—1)=0, nonydaeM TOUKY
po3MoXxHOro 3kctpemyMa x=1/2. WccnemoBap 3Hak
f'(x) ma BCnOMOTaTeNBLHOM pPHCYHKE (puc. 153) B ok-
PECTHOCTH TOYKHM X=1/2, nojy4aeM, 4TO B 3Toi TOH-
ke nagHas (YHKUMS WMeEeT JIOKaIbHBIA MHHHUMYM,
a f(1/2)= —1/11 —vunumanbHOe  3Havenme  (yHK-

mo6om x. Haxomum mpomssoamyto: f'(x)=

H.

2) O6nacts  onpelesieHHs  NaRHOW  (YHKIMH —
BCA uucioBas mpsmas. HaxomuMm  npou3BOJHYlO:
f(x)=12x~12x*—24x. Pewas ypabHemue 12xX
x(x2—x—2)=0, nomysaeM TpH TOYKH BO3MOXHOIO
skcTpeMyMa: x;= —1, x,=0, x3=2. HccnenoBaB 3HaK
f (x (puc. 154) B OKpECTHOCTH 3THX TOYEK, MOJY4aeM
x,=—1 H® X;=2-—TOYKH JIOKAJBHOTO MHHHMYMa,
f(—- )==3 ® f(2)= —30—munumanbHbIE 3HAYCHHS
bymkupn, x,=0-—Touka JIOKAJLHOTO MAaKCHMYMa,
f &Z—Maxcnmanmoe 3HaucHHe QYHKIMM B 3TOH
TOUKe. -

3) O6nacte  onpefefeHHA  OaHHOW  QYHKUHH —
BcA uHcnosas mpaMas. HaxoauMm  NpOH3BOAHYIO:
f (x)=5(x-g)‘. Mpouspoanas obpallaercsi B Hy/ib B
¢TMACTBEHHOM Touke x =2. Tak kax f’(x) monoxurenLHa
KaK cjeBa, Tak H COpaBa OT 3TOM TOYKH, T.e€. NpH
nepexojie 9epe3 TOUKy x =2 3HaKa He MEHsET, TO JaHHas
dyHERUMS HE MMeeT TOYEK IKCTpeMyMa.

Tlpamep 3 (3ana%a o «anmy-IIeR» KoHCepBHO# Ganke).
HaifTH HaWIy9lUMil BapMaHT W3TOTOBJICHAS KOHCEPBHOH
GaHKH (UKCHpOBaHHOro ob6bema V, HMerowlei popmy
NPSAMOTO KPYTOBOTO IMJIMHAPA, ¥ HAWMEHBIIYIO MOBEPX-
HOCTH S (Ha €€ H3TrOTOBJICHHE AOJDKHO MOWTH HAHMEHb-
miee KOJIHYECTBO XKECTH).
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Y, 4 S
wan Fl— — — - 4-4»4? ----- [T S SHaK S(R) 0?“'; aii il
2 X [4
LI /4
Puc. 154 Puc. 155

Pemenue. 3anumem dopmynsl p1s o6beMa GaHku u
IUIOLAAM €€ MOBEPXHOCTH:
V=nR? h, S=2nR*+2nRh.

Buipaxas BeicoTy 6amku h uepes pammyc h=V/(nR?) un
NMOACTAaBJISAA TMOJYYEHHOE BbIpaxeHue B (OpMymy s
NOBEPXHOCTH, MOJyYaeM

S(R)=2nR*+27, 0<R<o0

Takum ofpasom, 3ajaya o «HaWIydILeH» KOHCEPBHOM
GaHKe CBOAMTCS K ONPE/IE/ICHHIO TAKOTO 3HAYeHHA R, mpu
KOTOPOM JOCTHIaeT CBOEr0 HAWMEHBILErO 3HAYECHHUS
bynkumst S(R). Borunciaum npoussomnyro GyHkiuE S (R):

S'(R)=anR-27=2 (2nR*~ )

. Pemas ypaBuenue %(2KR3— V)=0, nosy4aeM TouKy

BO3MOXHOI0 3kcTpeMyma R=./V/(2n). Uccneayem 3maxk
NPOM3BOHOM B OKPECTHOCTH 3TOi TO4KH (puc. 155). IMpu
0<R< YV/(2n) nponssoanas orpuuaTepHa H byHKIHSA

S(R) y6eBacr, mpn YV/(2n)<R<+ o npoussomnas
nonoxutensHa u_¢ynkuua S(R) Bospactaer. Cnenosa-
JV/(2n)

TeJqbHO, R=V/(2r)—Touka s10KaJBHOIO MHMHHMYMa,

S(JV/(2n))=3 Y 2n V? — muuumanbro 3HAauCHHE

GyHKUMH B 3TOM TouKe. :

HUrak, pamguyc u BbicoTa GaHKH, HAMAYYIIME C TOYKM
3pEHHA YCNOBHA MHHMManbHOCTH S(R), onpemensiorcs
dopmynamun R=YV/(2rn), h=2R, T.e. BbiCOTA «HaH-
Jiyduieid» OaHKM paBHa e€e JUaMETpYy. :

Mox#o pacumpute nocrasnennylo 3amawy. Hanpu-
MEp, pacCMOTpPETh APYroil BapHAHT: HalTH HAMIIyYILYIO
dopmy xoHcepBHOIt GaHkH (UKCHPOBAHHOrO 06bEMa v,
MMEIOIICH HAaHMEHBIIYIO IIMHY Bcex WBOB [ (HeoG-
XOINMO MEHHMH3HPOBaTh paboTy NHo cBapke IUBOB).
Pewnte 31y 3amady camoctosTennHo. 3aMeTHM, 4TO
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IUIAHa IIBOB Bbipaxaerca GopMyioik [/=4nR+h, a
pazuyc W BhicoTa OaHkH, EMelomeil HaHMEHbIIYIO JUTHHY
IIBOB, _ OLpENENsIoTCH  clenylommamH  dopmynamu:
R=JV/(2n?), h=2nR. @

4. Hanpap/ieHne BLITYKJIOCTH H TOYKE Nepernba rpa-
¢uxa ¢ymxmmn. IIycts ¢ymxums y=f(x) muddepenun-
pyema Ha muTepBaie (a, b). Torma cymecTByeT KacaTelb-
Has K rpaduky oyHkumm y=f(x) B moGoit TOUKe
M(x; f (xl)T atoro rpa¢uka (a<x<b), mpAIEeM KacaTeib-
Has He NapajuieibAa ocH Qy, TOCKOJBKY €€ YIJIOBOH
xo3(dummenT, pasHb f(x), KOHeueH. '

Onpenenenne 1. Bydem 206opums, umo zpagux Pymx-
yuu y=f(x) umeem na (a, b) evinyxaocms, Hanpasiennyro
éHu3 (86epx), ecau OH pacnoaoxces He Hudce (He ebiuie)
moboit  kacamesvroii k 2paguxy Pdynkyuu Ha (a, b)
(puc. 156). ’

U3 onpenenenns cnemyer, YTO Ha YYacTKE BBIYK-
JIOCTH KacaTeNbHEle K rpaduky ¢yHKUMM He mnepece-
KaloTCA C CaMHM IpaMKoM H HMEIOT C HEM JIHIIbL TOYKH
KacaHHsI. _ '

Teopema 5.15. Ecmu Pynxyua y=f(x) umeem_ na
unmepease (a, b) emopyio ~npouseodmyro u [’ (x)=0
(f” (x)<0) 60 ecex mouxax (a, b) mo zpadux @ynxyuu
y=f(x) umeem na (a, b) evinykrocms, Hanpasaennylo 6Hu3
(esepx). . , o

O JokasateanbcTBO. J{Na ompeaeneHHOCTH pac-
cMoTpHEM caydait f” (x)>0 Ha (a, b). O6o3mawlM uUepes ¢
IPOM3BOJIbHYIO TOUKY (a, b) (puc. 157). Tpebyerca moka-
3aTh, 9T0 rpadux ¢yEkuEM y=f(x) JeXAT HE HHXe
KacaTenbHOH, npoxoasmied gepes Touky M (c, f(c)).

3ammmemM, 0003Ha4Yas TEKYIMYI0O OPAHHATY €€ TOYEK
yepes Y, ypaBHeHMe O9TOHf KacaTenbHoll: Y —f(c)=
=f (c)(x-—cXpmm ‘

Y=f(c)+f (c)(x—¢c). (3

- PasnoxuM Qyskoaio y=f(x) B OKpecTHOCTH TOYKH ¢
no ¢opmyne Teiopa mpu n=1. IMomyanm

y=10)=F+L -+ LB (e 0)2, = (e x).04)
Tak . KaK, To yciosmio, f(x) uMeer f”(x) Ha (a, b), To,
cornacHo teopeMe Teitnopa, ¢opmyna (4) cnpasenimsa
g moboro x u3 (a, b). Burautas pasencrBo (3) w3
paBeHcTBa (4), MMeeM :
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Puc. 156
_f"E) .. :
y-vY—T(x——c.)z: | 6]

Tax xak, no ycnosmio, f"(x)>0 Ha (a, b), To npasas
4acTh paBeHCTBA (5) HEOTpHUATENbHA, T. €. y—Y=>0 ans
Bcex x H3 (q, b) wm y>Y. IlocnenHee HepaBeHCTBO M
AoxaseiBaeT, 4To rpadmk ¢ymkumE y=f(x) Bcroay B
npenenax (a, b) nexwT He HMXe KacaTenbHOH (3).

AHaJNIOrMYHO [OKa3bIBacTCA TeOpeMa [UIA  Caydas

I (x)<0. =

npenenense 2. Touxka M (x,; f(x ) Ha3bieaemMca mou-
Koii nepezuba 2pagpuxa Pynxyuu y= f?x), ecau ¢ mouxke M
epaux umeem KacamesvHylo, U cywecmeyem maxaa
OKpecmHrocmb MOuKU Xg, 6 npedesax Komopoii zpagdux
Pyuxyuu y=f(x) caesa u cnpasa om mouxu x, umeem
pasHble HANPABAEHUA GHINYKAOCMU.

OvdeBuano, 4TO B TOuKe mnepernba KacaTenbHas
nepecekaeT rpadpuk QyHKIMH, TaK KaK C OJHOM CTOPOHM
OT 3TOH TOYKH TpadHK JIOKHT NMOJ KacaTeJibHOM, a ¢
Apyroli — HaJl HElo, T. €. B OKPECTHOCTH TOYKH nepernba
rpaduk QyHEKLHH TIEOMETPHYECKH MEPEXOAHMT C OMHOM
CTOpOHHI » KacaTeJbHOH Ha Jpyryro H «neperubaercs»

YA
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uepe3 Hee. OTcCiola H: NPOM30OLLIO HA3BAHHME MOYKQ
nepe2uba (puc. 158). WA .

Teopema 5.16- (neobxonuiue ycosue Touxnu nepe-
rH6a). Ilycmy z2pagux Pynxyuu Y=[{(x) umeem nepeaut 6
mouxe M (%o; f(x,)) u ‘nycms “@yhikyun’ fx) umeem
mouKe X, Henpepuienjio 6’[1\\0&1}_0” npousgoomyro. Tozda
J"(x) & mouke x, obpawghemck & Hyav, m. e. S (x0)=0.

0 RoxazatenbcTso. [Ipennonoxim obpaTtHoe,
T. €. ONYCTuM, 4to f” (x,)#0. Torna, B CHJTy HENpEpHIB-
HOCTM BTOPOH NpOW3BOAHOI, 10 Teopeme 4.9 06
YCTOHYMBOCTH 3Haka HeNpepbIBHON (yHKIMH CYLIECTBYET
OKPECTHOCTB TOUKH X, B KOTOPOH £ (x) <0 (f " ()2>0), H,
3HAYAT, CcOrjacHo Teopeme 5.15, rpadux  QynKuun
y=f ()f) MMEET OIIPE/IE/ICHHOE HANpPABJIEHHE BBINMYKIOCTH
B 3TOM OKpeCTHOCTH. Ho 3To npoTuBOpeunt Hajmumio
neperuba B Touke M (xo; f(x,)). Ionyuenroe mpoTuso-
PEYHE JOKa3mlBacT Teopemy. M

Cnenyer 3aMeTHTB, YTO He BCAKAas TOWKa M (xy;
S(xo)), ans xoropoi [’ (¥o)=0, sBaseTcs ToukoM mnepe-
ruba. Hanpumep, rpadux dynkunu f (x)=x* me nmeer
neperiba B touke (0; 0), xota f” (x)=12x>=0 npu x=0
(puc. 159). MostoMy paBencrso HYJIIO BTOpO# Npou3Boa-
HON SBJISAETCA JIHLIL HEOOGXOMMMBIM YcnosueM meperuda.
Taxue Toukm M (xo; f(x,)) rpadwka, mnsa KOTOPBIX
S (x0)=0, 6ynem masbiBaTh Kpumuveckumu. Heobxomumo
AONONHHTENLHO HCCNENOBATh BONMPOC O HANMYHH Liepe-
ruba B kaxJIoH KpHTHYECKOil TOuKe, I Hero cIeqyeT
YCTaHOBHTE NOCTATOYHOE YCJIOBME mneperuba.

Teopema 5.17 (mocrarounoe yC/IOBHE TOYKH nepe-
ruba). ITycmo gynxyua f (x) umMeem 6mopyro npousgoonyio
6 Hexomopoli oxpecmHocmu mouxu x,. Tozda, ecau g
npedeaax yKas3aHol - oKkpecmuocmu S"(x) umeem pasHole
3HAKU c/e6a u cnpasa om mouku X, mo epagux y=f(x)
umeem nepezub ¢ mouxe M I/‘xo; S (xo)).

0 HoxazatenscTBO. U3 Toro, yTo f”(x) cnesa m
CnpaBa OT TOYKH X, UMEET pa3Hble 3HAKH, HA OCHOBAHHMH
TEOpeMb! 5.15 3ak/mo4aeM, YTO HanpaBieHHe BLINYKJIOCTH
rpaguka QyHKUMH C/eBa M CIPaBa OT TOYKH X, ABJISETCS
Pas’MYHBIM. DTO M O3HAYAET HaIHYHE nepemga B TO4YKe
M (xo; f(xo)) =

JameuaHnue. Teopema ocraercs BEpHO#, ecin f(x)
MMECT BTOPYIO NPOH3BOJAHYIO B HEKOTOPOH OKPECTHOCTH
TOYKH  Xo, 32 MCKJIIOYEHHEM CaMOH TOYKHM X,, H
CyLIECTBYET Kacale/bHas K rpadmky (yHKUMM B TOUYKe
M. Torpa, ecnu B mpenenax ykasaHHOM OKPECTHOCTH

319

CopepxaHue



gmxs

X A
Puc. 159 Puc. 160

S" (x) mMeet pasusie 3raKm cnieBa u cipasa ot TOYKH X,
TQ rpa})mc‘ dynxumn y=f(x) umeer mepern6 B TouKe
M (xo; f(xo)). MokasarenscTBo pmamHoOro. daxra aHano-
THYHO MOKA3ATENbLCTBY TEOPEMBI.

O Paccmotpum mpamep: f(x)=x'. 3rta ¢yrkuus B
TOuKE x=0 HMeeT GECKOHEYHYIO NpPOM3BO, , 8 Kaca-
TeibHaA K rpaduxy ¢ymkumn B Touke O (0; 0) coBnamaer
¢ oceto Oy. Bropas mnpoumssognas B Touke x=0 He
cymectsyer. Opnako bux pynxumn y=x' pmeer
nepern® B TOUKeE 0(0; 0), Tax kak BTOpas IPOM3BOAHAN

" 2 1
S (x)= —g ;5 WMCET C/IeBa M Cnpasa OT TOWKH Xx=0
pasunie 3Haku (puc. 160). @ '

HUTtax, Bonpoc o HanpasjieHNH BHINYKAOCTH H TOMKax
neperuba rpaguka QYHKUEM HCCACHAYIOT C ROMOIIBIO
BTOPOH MHPOH3BOHHOM. :

O B kavecTre mpHMepa NPONO/DKHM paccCMaTpHBaTh
dynxumo f(x)=x*—3x (cm. m. 2). 3uak Bropo#i mpous-
BOqHOH OyneM oTMedaTh Ha BCNOMOraTeILHOM PHCYHKE
(cm. puc. 152). Haxpmum BTOpPYl0  NPOH3IBOAHYIO:
S"(x)=6x. U3 ypasnenns 6x=0 NOJTY4aeM ‘OfAHY KpHTH-
Yeckyio TouKy: 0(0;.0). OrmermB TouKy x=0 Ha
BCIIOMOTATEJILHOM PHCYHKE (pHC. 161) M HccirleoBaB 3HaK
[ (x) B €€ OKPECTHOCTH, NOJIyYaeM: C/IeBa OT TOYKRH X =0
‘npoussogHas f” (x)<0 (rpadux HampasjieH BHLINYKJIOCTHIO
BBepX), a cnpaBa —j” (x)>0 (rpadmx HATPABAECH BHITYK-
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JIOCTBIO BHH3), T. €. TOY- g

xa O (0; 0) sBasercs To4- . Mf'w"“-r“t N AR
koi nepernba rpadHKa  Grmy-------0
paccMaTpuBacMoR QyHK-

uun. AtoT rpadmk cxe-

MaTHYeckA  H306paxen Prc. 161
Ha puc. 162. @

X

L2 a2l ld

2 2
X
JoxaxeM Tenepsb, 4TO HacTh IJUTHICA (—z+:—,=l A
-\a
PacrosiokeHHas B BepxHeil nomyniockocti (y=0), aMeer
Ha uHTEpBasie (—a, a) BLINYKJIOCTh, HAMPABJICHHAYIO
BBepX. B caMOM Jiesie, M3 ypaBHEHHS JJUIHIICA NOJIyYaeM

y=-./a*—-x% Jlanee maxomum
a
ba

» ! b X L4 )
iy s LRC AR PEI L
a" —x
U3 Bripaxemns 04 BTOPOM NPOH3BOAHOM BHITEXAET, 4TO
3Ta TMPOH3BOAHAA OTPHUATENbHA HAa HHTEpBaNe (—a, a).
3HaYAT, NAHHAs KpWBasd Ha BCeM HHTepBasie (—a, a)
HANpaB/ieHa BhLIMYKJIOCTHIO BBEpX (CM. pHC. 595).
AHaJIOTHYHO MOXHO NOKa3aTh, YTO 4acTh rHNep6ost

x3 y? .
(;;-—F=l , PACTIONIOKCEHEAA B BEPXHEH MOJYILIOCKOCTH

Ha uHTepBanax (a, +o) # (—o0, —a), HMeeT BHITYK-
Jiocts, HanpaBacHHYI0 BBepx. (Ilpeanaraercs caenarn
3TO CaAMOCTOATEJIBLHO.) :

5. AcavarroThl rpagpmxa $ymxmmm. Ilpr HccnenoBanuH
noseacEUs ¢QyAKUAM Ha OeCKOHCYHOCTH, T.€. NpH
xX—+00 H OPH Xx——00 WIH BOM3IA TOYeKk pa3phiBa
BTOPOTO pOAa, 9aCTO OKa3biBAaeTcs, 4TO rpadux QyHEKuHE
CKOJIb YrOOHO Onm3ko npubmmkaerca kK To# WiH WHOH
npavoil. Takme npsMmuie Ba3LBalOT acumnmomamu®).

CylmecTByeT TPH BHAA AacCHMITOT: 6epMuKaabbie,
20pU30HMAAbHBlE U HAKAOHHbIE.

Onpenenennme 1. Ilpamana x=Xx, Hasvieaemca eepmu-
KaavHolt acumnmomoii 2paguxa @ywkyuu y=f(x), ecau

xoma 661 00O u3 npedesvnbix 3nauenwii lim f(x) wau
. Xemox g+

-l

lim f(x) paeno +oo uau —oo.

U MomATHC AaCHMNTOTH y&Xe¢ BCTPEManoCh B AHATHTHYCCKON
FEOMCTPHH NPA PacCMOTPCHME ramepbonnt (M. ra. 2, § 6, m. 2).
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Y

by GRSV 1 T x 0

Puc. 162 ’ Puc. 163

Hanpumep, rpadux dynkumn y=f(x)=1/x (puc.
163) wmumeer BepTHKanbHy0 acuMnrory x=0, TakK
kKak  f(x)»>+o0 mpu x—0+ u f(x)»>—oco npu
x—0—.

Onpenenenue 2. IIpamas y=A nazvigaemca 20pu3on-
maabHou acumnmomott zpaguxa Pyukyuu y=f(x) npu

x—>4+00 (x-»—w), ecau lim f(x)=4.-
femeo

Hanpumep, rpadux paccMOTpeHHO#H Bbilie (QYHKIHH
y=1/x uMeeT rOpH3OHTaJIbHYIO acuMnTory y=0 mnpH
X— 400 W npu x—--00, Tak-kak 1/x—0 npu x—»+w H
OpH X— — 00.

Onpenenenne 3. ITpaman y=kx+b (k #0) nazeieaemca
HaKAOHKOL acumnmomott epaguka @ynkyuu y=f(x) npu
x—+00 (x—>—00), ecau dynkyuo f (xs MOXMCHO npeod-
cmasums 6 guode

f(x)=kx+b+a(x), (6)

20e o (x)-0 npu x—+o00 (x—— o).

BuISICHUM reoMeTpHYeCKHii CMBIC/T HAKJIOHHOW acHMII-
TOTBL. JI/isl OnpeAeseHHOCTH pacCMOTPHM Ciy4daid, Koria
x—+o0 (caydalh x—»—o0 paccMaTpuBaeTCd aHajo-
FTHYHO).

Ilycte M (x; y)—Touka rpadmuka dyHxumud y=f(x), u
nycTh npsMas y=kx+b sBiseTcs HaKJIOHHOH aCHMITO-
To# rpaduka GyHKIHH IpH X — + 00. TeKyulyio opauHaTy
TOYKH Ha acuMnToTe o0O3HA4YUM uepe3 J, TOYKY Ha
acumnitote —4epe3 N (x; ) (puc. 164). Torma |MN|=
=ly—-jl=1f(x)—(kx+b)|=]o(x)|>0 mpm x—+c0.
OnyctuMm M3 Touku M mnepneHOuKyasp MP Ha acuMi-
ToTy. Paccrosinue d ot Touku M 0 aCHUMOTOTBI paBHO
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| MP|=| MN|cosa, rae a—
yrosa Mexzay acCHMNTOTOH M
ocbl0o Ox H, CIENOBaTE/b-
Ho, lim d=0.

x—+

Takum o6pa3oM, pac-
CTOsHHE OT TOUKH M (x; y)
rpa¢uxa QyHKIHMHA 0 aCHM-
OTOTHI CTPEMHUTCS K HYJIIO
opd x— + 00, T. €. rpaduk
(yHKUMM  HEOTPAaHHYCHHO
NPHGIMXAETCA K aCHMIITO- Puc. 164
Te NpH Xx— + 0.

PaccMoTpuM €moco6 OTHICKaHMA HAKJIOHHOH acHMI-
TOTB, T.e€. crnocob onpenenenus umcen k m b B
ypaBHeHHH acumnTtoThl. PasmennB paseHcTBo (6) Ha x #
nepeiiis K mpeaeiay npH x-— + o0, NOJydaeM

lim 78~ lim [k+§+°‘—(i’]=k,

x—+o X Xx—+ X

. b , . ox
Tak kak lim -=0 # lim —Q=O. Urtak,
x—+o0 X x—+o X

k= tim 1%, 0

x—+o X

Janee, n3 cootHomernus (6) uMeeM
lim [f(x)—kx]= lim [b+a(x)]=b.
x—+ x—+ @
Takum o6pa3oM,
b= lirP [F(x)—kx]. ®)

Mkl 0Ka3auM, 94TO €ciM npsamas j=kx+b saBiseTCs
HakJIOHHOM acMMINTOTOM, TO 4YMcna kK M b HaxoaaTcs IO
dopmynam (7) u (8). Obpatro, ecnm oba npezena (7) u
(8) cymectByror, mpuueM k#0, To mpamas j=kx+b
ABJIAETCS HAKJIOHHOM acuMnToTOd rpaduka (yHK-
wn y=f(x) npu x—+c0. B camom gene, monaras
a(x)=f(x)—kx—b u wucnonmesys pasenctso (8), mouy-
yaeM, uto lim a(x)=0. CiemosaTenbHo, CpaBeAaHBO

x—+ oo

pasenctBo f(x)=kx+b+a(x), rae lim a(x)=0, T.e.

Xx— -t 00
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npsMmas y=kx+b sABAfeTCd HAKJIOHHOH aCHMIITOTOMH
rpa¢puxa ¢yHKIMH npH X— + 0.

3akaHUMBas PAacCCMOTPEHHE HAKJIOHHOW aCHMITOTHI,
chopMyIHpyeM NOJTydeHHBIH pe3yJIbTAT B BHAE TEOPEMEI.

Teopema 5.18. [Jaa mozo umobs epagux @dynxyuu
y=1(x) umea npu x—+ o0 (x— —00) Haxsounyo acumn-
momy y=kx+b, Heobxodumo u docmamouro, umobwi
cywecmeosaiu 08a npedeaa

lim MYk w  lim [f(x)~kx]=b.

x~++ 00 X x—+
(3= — o) (x—— o)

Ilenecoobpa3Ho HCKaThb acHMNTOTHI B ClIEAYIHOHIEM
nopsanke: 1) BepTHRaJIbHbIE ACHMITOTHI; 2) FTOPH3OHTAJIb-
HbIE  ACHMITTOTHI; 3) HaKJIOHHBIE ACHMITOTHI.

O Ilpamep 4. Haiite acumnroTrsl mis rpadpuka ¢yHk-

- _xZ4+2x-3
W y=—>—.

Pemenrue. 1) Haxomum BepTHKaJIbHBIE ACHMITOTHL.
Touka x=0-—To4ka pa3pbiBa BTOPOr0 poja MAaHHOH
¢yHxupM, npuyeM y—+ o0 npu x—0—, y——o0 1npH
x—0+. CnenoBatesibHO, OCb OpAHMHAT x=0—BepTH-
KaJbHas aCHMITOTA.

2) HaxomuM ropH3OHTQILHbIE ACHMITOTBI

2 -—
tim =273 im (x+2—§>= 4+,

ote, ¥ usd-S (=)

CNEeAOBATENbHO, TOPH3OHTAIbHBIX ACHMIITOT HET.
3) HaxoauM Hax/jOHHBIE aCHMITOTHI:

k= tim ™= fim (1+3—i,)=1,
X X

x—+ao X x—e+ @
(x— — ) (x-+— )

x— + o X— 00

b= lim U(x)—kx]= lim [%-x}

(x—— ) (x—— o)
= lim <2x-3)= lim (2—3)’——-2.
x—s+ 00 X x—+ o X
(x— = o0) (x—— )

CnenoBarenbHo, npsaMas y=x+2 SBJIAETCH HAKJIOHHOM
acEMOTOTOH Trpadmka fAarRHO# GYHKHMH XakK ©npH
X—+00, TaAK H INPH X—» — 0.

I ]1)63.(51)111(\ OYHKIHH cXxeMaTHYeCKH H300paxeH Ha
pHc. .
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Ipamep S. Iloxasarb, 410

x2
runepbona  ;—2.=1 mmeer
. a

CBOMMM HAKJIOHHBIMH aCHMII-
. b
TOTaMH IIpAMBIE y= +-x.
a

Pemenmne. Taxk KakK

b /y2 2
= 4 - X“—a TO .
y a ?

2
lim SO _ lim [-_}-I_’ 1_(5 :I_—_il_’;
x—+w X x— + 00 a x a

(x—— o) (x—— )

. b 2_‘b
lim [f(x)—kx]= lim | +-./x*—a*F-x|=
x—+ ® x—e+ 00 a a
(x—— o) (x—— o)

’ a2
= lim [+ (,/x —a —x)] i =0.
x—+wo ax—-tuo ‘/x
(x—— ) {(x——~ o)

b
Cnenonarenmo, nNpsAMBIC Yy = i—;x ABJIAIOTCA HAKJIOH-

HbIMH aCHMNTOTaMH JaHHOHM rHnepbosibi Kak IipH
X—++00, TAK H NPA X—— 0. @

6. Cxema mccnefonammy rpaguka Qpymcmn. B nannom
MyHKTC NO3HAKOMHMCS C MPHMEPHOH CXeMOH, Mo KoTo-
poit menecoobpa3Ho HCCEAOBAThH MOBEICHHE d)ymcmm H
CTPOHTb €€ rpa(bmc JAns- wunoCTpanMH IpHBEAEM
IpHAMEDSI.

H3yyenne 3anaHHOR (YHKIEA H DOCTPOEHHE €€
rpaduka nenecoo6pa3HO NPOBOMHTL B  CJEAYIOIEM
MopsAAKe:

1) gaiiTn obaacth onpcnenem q)ynxmm

2) HaliTH TOYKH mepecedeHHs rpadmrka Q)ym(mm c
OCSMH KOOD/IMHAT;

3) HaliTH aCHMITOTHI;

4) HAaTH TOYKH BO3MOXHOTO SKCTPEMyMa;

5) HallTH KPHTHYECKHE TOYKH,

6) ¢ noMOMmBIO BCIOMOraTeIbHOTO PHCYHKA HCCie 10
BaTh 3HAK NEpBo#f M BTOPOH NMPOH3BOAHLIX. Oupenemrrb
YYaCTKH BO3pacTaHHs W yObiBanua ¢yHKIMH, BHalTH

HanpasJICHAE BHIYKJIOCTH rpaduKa, TOYKH IKCTpEMyMa H
TOYKH meperunba;
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7) nocTpouTh rpadMk, y4uThIBas HCCIECIOBAHME, MPO-
BeAeHHoe B m. 1)—6

Ipu 3ToM B Havaje HCCNEZOBAaHHS IMOJE3HO MpPO-
BEpHTb, ABJSAETCH NaHHAas (QyHKIMS YETHOH HJIA HedeT-
HOM, 4TOOBI NMPH MOCTPOEHHM HCMOJIH30BATh CHMMETPHIO
rpadpuka OTHOCUTENBHO OCH OpJAMHAT HJM Hayana
KOOpIHWHAT.

O Ilpumep 6. IlocTpoHTh. MO H3JIOXKEHHOH BbIlIE
cxeMe rpaduk QyHKIHH

x4

x-1

Pemwenne. 1) Obnacteio onpeneneHus  GyHK-
MU SBJISIETCE MHOXECTBO BCEX BEIIECTBEHHBIX YHCEIL,
kpoMe x=1 (B 3TOM ciiyuae 3HaMeHaTenab oOpaiaercs B
HYJIB).

2) Tak kax ypasHeHne x2+1=0 He UMeeT BelIeCTBEH-
HBIX KOpHeH, TOo rpaduxk ¢yHKUHH He HMeEeT TodUeK
(nepeceqemm ¢ ocbio Ox, HO mnepecekaeT och Oy B TOYKE
0; —1).

3) BeISICHHM BONpPOC O CYUWIECTBOBAHMM aCHMIITOT.
Uccnenyem nosenenue ¢yHxuuu BOJIM3M TOYKH pa3pbiBa
x=1. Tax xax y—» — oo mp#t x—»>1—, y— + 0 npu x—>1+4,
TO npsMas x=1 sBIAETCA BEpPTUKaJbHOH acCUMNTOTOH
rpaduxa QyHKUHUH.

Ecmm x>+ (x>—w), 10 y>+0 (y——o)
CJIeIOBATE/ILHO, TOPH3OHTAIbHON acCUMNTOTH Yy rpaduka
Her. [lanee, W3 CyHIECTBOBAaHHSA MpeE/IEsOB

2 : 2
. ¢ . +1 . I+1
k= lim 1) lim 1= lim X R
x—+00 X x—+o0 X —X x— + 0 l—l/x
(x— — ) {x—— ) {(x—— o)
. . x3+1
b= lim [f(x)—kx]= lim [ —-x|=
x— + @ x—+ x--1
(x——c0) (x—— )
. 14+x . i+1/x
= lim —= 1 / =1
x— 4+ 0o X— x_.+ml—l/x
(x— ~ ) (x— — o)

BBITEKAET, 4YTO NPHA X—+00 H OpH X— —00 TIpaduk
GyHKIMH BMeeT HaKJIOHHYIO acHMITOTY y=Xx+1.
4) [Ins HaXOX/EHHUA TOYEK BO3IMOXHOTO 3KCTpEMyMa
BBIYHC/IMM TIEPBYIO NPOHU3BOAHYIO (YHKUMH:
_2x(x=1)=(x?+1) _2x*—2x—x?—1 _x?-2x-1

s ) G-DT G 1)
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y 1
, 1
Snak fix) ¢+ 44+ 4 = =|==ma i ----- +t bttt
-——— l:*++++/n@'++++‘
! 4

Juan £1a) === =1-v7 2

Puc. 166

Pemmas ypasHemme x2—2x—1=0, mnonyuaem nse
TOYKH  BO3MOXHOIO  3KCTpeMyMa: x1=l—\/2- "

x2 = l + \/E.
5) And HaxoXAeHHA KPHUTHYECKMX TOYEK BBLIYHCIHM
BTOPYIO HPOU3BOJHYIO:
_(2x=2)(x—1)*-2(x=1)(x*-2x~1) 4

/") 1) RS

Tak kak f”(x) B Hynib He oOpalliaeTcs, TO KpHTH-
YeCKHX TOYEK HeT.

6) CtponM BCIOMOTaTeJIbHBIH PHCYHOK H HCCIELyeM
3HaK NEpBOH M BTOpPOH mpom3BoAHBIX (puc. 166). IMony-

YaeM, 4TO ¢yHKuMs Ha (—oo, | — \/I—Z) BO3pacTaeT, Ha

(1— \/5, 1+ ﬁ) yObiBaer, a Ha (1+ \/5, +00) cHOBa

Bo3pacracT. TOYKH 3KCTpEMyMa: MaKCHMYM IIpH
x=l—ﬁ, npuvem f(1—,/2)=2-2./2; munumym
npH x=1+ﬁ npuyeM fl+f 2+2\/— Ha

— 00, 1) rpadux HampaBiieH BBIIYKJIOCTBIO BBEpX, a Ha
1, + c0)— BHH3.
7) ITo nony4eHHBIM XaHHBIM CTPOMM 3CKH3 rpaduxa
(puc. 167). ,
Hpumep 7. Moctpouts rpadux Gpynkuun f (x)= (:2— :3 .

Pewenne. 1) Obnactb onpenenenus GyHKuun — Bes
YHCJIOBas mNpsMas.

2) I'padux ynxuun nepecekaer ock Ox B TOYKaX, B
koTophix (x—1)*=0, T. e. B Touke ¢ abcuuccoit x=1, a
ocb Oy—B TOYKE C OpAMHATOM y=1.

3) Tak kax QyHxuus HENPEpPBIBHA HA BCEH YHCJIOBOM
OpsSMOH, TO BEpPTHKAJbHLIX acUMNTOT Her. [lahjee, U3
CYLIECTBOBaHHSA MNpenaesa ,

ko= lim T = fim 621 _ gy P20l
x—0o X X \( l) x— X 4x
. 1/x— 241/x
=h /\ 2\+—___9:0
x—m l+l/\ 1
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Yh CJ1eyeT, H4TO
b= lim [f(x)——kx]=
2+2v7 E‘:—- e
5 = lim [f(x)-0-x]=
- | X— 0
| . x—1)2
/-/2)/{ Iy > :::hm (2 )_=
,/‘./2" X x—ao X +1
.o xrT=2x+1
= lim 5 =
x—x X 41
_ 1-2/x+1/x? _
[ R
_l-0+0_,
Puc. 167 0 7

T. €. HAKJIOHHBIX aCUMITOT HET, a TmpsMas y= 1—
TOPHU30HTAJILHAS aCHUMNTOTA. ‘
4) {ns HaxoXk[eHHs TOYEK BO3MOXHOIrO 3KCTpeMyma
BBIYHCJIAM MEPBYIO NMPOH3BOAHYIO:
7 )_2(x—1)(x2+ —(x=1)-2x  2x?-2
Y= it 1)? B

Peinas ypapHenne 2x2—-2=0, mnosyyaeM JBe TOYKH
BO3MOXHOro 3KcTpemMyma: x,; = —1, a,=1.
5) AnA HaxOXOCHHS KPHUTHYECKHX TOYEK BLIYHC/IHM
BTOPYHK) TPOH3IBOAHYIO:
r (x)=4x (24 1) —(2x7=2)2(x2+1)2x _4x(3—-x?)

(x241)* ITIETE
Pemas ypasrenme 4x(3—x?)=0, nonyuaeM TpH
KPHTHYECKHX TOYKM: Xx,= — /3, x,=0, x3=\/§.

6) Ctpoum BcrioMorate/ibHbI pHCYHOK (pHcC. 168) u
HCcelyeM 3HaK nepBoil M BTOPOH NPOM3BOJHBLIX.

[MonyyaeM, uto Ha (— o0, —1) dyHkuus BoO3pactaer,
Ha (—1,1)—yb6oiBaer, a Ha (I, +o0)—cHoBa BO3-
pactaer. Touku 3kcTpeMyMa: NpH nepexone 4Yepe3 TOUKY

x=—1 npoussonHas f’(x) H3MeHsET 3HaK ¢ IUuoca Ha
MHHYC, a 4epe3 TO4YkKy x=1-—c MuHHyca Ha mmoc,
CIAEOBATE/ILHO, B TOYKE X= — | — MakCUMyM, a B TOUYKE

x=1—wmunrumy™m, npuuem f(-1)=2, f(1)=0. Ha
(=0, — \/5) rpaduk  HanpaBneH  BBINYKJIOCTBIO

BHn3, Ha (~ /3, 0)—BBepx, na (0, \/3)—BHu3, a Ha
(/3, +0)—cHOBa  BBEpX, CIENOBATENBHO, TOHKH
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3HaK i)+ 40 esa 441 ——--t—-- Tasstdsss
Suanfig s+ +4 —yJm e e - 0I¢¢¢¢¢0¢7J---—7

Puc. 168

\/3 x=0, x=/3—abcumccst Touex mneperu6a,

npuquf( f—l+f/2 f(0)=1, f(\/_—l—\/_/Z
7) Ilo nony4YeHHBIM NAHHBLIM CTPOMM rpadHuk QYHK-

uuu (puc. 169). @

Ynpaxuenns. [loctpouts rpaduxu  cneayrommx

yHxumi: ‘
2 .

1. f(x)=2 +l. (Oms. Mpu x=1—muaumym, f(1)=2;

npH x——l——maxcnmyM f(=1)= =2, x=0—pepru-

Ka/bHas ACHMNTOTA, y =X — HAKIOHHAA ACHMNTOTA. )
2. f(x)=—- (Ome. Tipu x=0—MakcumymM, f(0)=0;

npH x =4 —mMuHuMyM, f(4)=8; x=2-—BepTUKanbHas
aCHMOTOTA, y=X-+ 2 — HAKJIOHHAs acHMIOTOTA.)
2x3~5x2414x-6

3. f(x)—- 7 . (Omeg. MNpu x= —3— Mmakcu-

—3)=-49/12; nmpr x=1—Makcumym,
f( 5/4 npu x= 2—MnnnmyM f(2 =9/8; TouKa
X= 9/7—a6cuncca ToukH meperuba; f(9/7)=913/756;
x=0—BepTHKanbHas aCHMNTOTA, y=% —;—Ha-
KJIOHHAaA aCHMINTOTA; %, 0)—'r0tn<a nepeceueHns

rpajduka ¢ oceio Ox.)
O Ilpamep 8. Moctpouts rpadux ¢pyHkumn f(x)= Inx,

Pemenne. 1) ®yukuus onpenenena npu x>0, T. €. B
uHTepBane 0<x< + 00,

2) Fpad)mc ‘QyHxuuM nepecekaer ock Ox B TOuKe, B
koToport Inx=0, T.e. B Touke ¢ abcumuccoit x=1, a ¢
ocsio Oy nepeccqemxi HE HMMeeT, TaK Kak (bymculm
onpeneneHa npu x>0

3) BepTukanbHO# acHMINTOTOH SBASETCH npsMas

Inx
x=0, Tak kak lim —~= — o0 (noxaxcmc 3TO CaMOCTON-
x—0+ X
TCJIBHO) OThICKMBaEM aCHMITOTHI:
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k= lim 8= fim "%,
x—+o X x—+woX

Hmeem HEONpeaAe/ICcHHOCTD

o——b. [o o]
‘- -3 -1 ol v x Buga —. [lpumensas npasunio
0

Puc. 169 JlonuTtans, nonaydaeM
. . . 1
k= lim n—f= lim 1% fim —=0,
x—t o X x—+ 00 &X x—-o+w2x

x—+ao X

b= lim [f(x)- kx]— lim [—x—-o x]_ lim 2=
x—+

= lim Y= 1im =0
Xx—e+ =t X
(3aech Takxe 6bLIO HCNOJbL30BaHO mpasuio JlonuTans).
TaxuMm obpaszom, k=b=0, 1. . HAKJIOHHBIX ACUMNTOT
HeT; npaAMas y=0-—TrOpH30HTaJbHAA aCHMNTOTA.
4) /Ins HaxoxJIeHHA TOYeK BO3IMOXHOTO IKCTpeMyma
BLIMMC/IMM TEPBYIO NPOH3BOAHYIO:

f( ) l—lnx

Peluas ypaBHeHue l—lnx=0, nojiydaeM OJHY TOUYKY
BO3MOXHOTO 3KCTpEMyMa: X=¢.

5) [ina HaxOoXJECHHUA KDHUTHYECKHX TOYEK BBIYUCIHM
BTOpPYIO IpPOM3BOJHYIO:

S (x)=

2lnv 3

Pemas ypasHemne 2Inx—3=0, lnx=§, x=e¥?,

nosy4yaeM OJHY KPHTHYECKYIO TOUKy x=¢€°/2,
6) Ha BcnomorarenbHoM pucyHke (puc. 170) mccue-
JyeM 3HaKk nepBodl M BTOpPOH NPOH3BOJHBIX.
I—Inl __
1

Iomyyaem, 4to Ha (0, €) npoussoanas f*(1)=

1-0
=T=l>0’ cnegoBaTenbHo, QYHKIUA BO3PaACTacT; Ha
1—Ine? 1-2lne_1-2
(e, +) npomseommas f'(e})=——=—F=—"=
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YA
Inax fix) 444404 o o c e
JHaKIx)  Of=======gf ++44X

= —el‘ <0— ¢yHxuns y6isa-

er. Touku 3kcTpemyma: mpH Puc. 170
nepexofe 4epes TOYKY X =€

npousBofHas f'(X) MeHseT 3HaK C IUIOCA HA MH-
HYC, CJEJOBaTEIbHO, B TOYKE X =€-—MAaKCHMyM, IpH-

YeM f(e)=£. Ha (0,¢*?) Bropas npou3BoAHas

., 2Ine—3 1

f"(e)=———= ——<0—rpaduK HanpaBjeH BBIyKk-
4 c

mocTelo  BBepx, a Ha (e¥? +o0) npomsBoaHas
2lne*-3 1

S (e?) ——=;>0—rpadux HampaBieH  BEITYK-

JIOCTBIO BHH3, CJIENOBATEIbHO, TOYKa X =e€3/2 — abcumcca

3
TOYKH meperu6a, npuyem f (e3’2)=2e3,2. Takum o06pa3om,

32. 3
TOYKa <e 12 %Tn)—roqxa neperu6a rpajpuka yHKIMH.

7) Ha ocHOBaHMM NOJIyYeHHBIX HAHHBIX CTPOHM rpa-

dux Pyskumu (puc. 171). @
VYopaxuenusn. Iloctpouts rpaduxu  cnemyrommx

dyHKUMI:
L f(x)=xInx. (Oms. Tlpu x=1/e—MuHAMYM,
f(l/e)= —1/e; (1; 0)—Touka nepecedenus rpaduka c

ocero Ox; lim f(x)=0.)

x—0+
2. f(x)=x—Inx. (Ome. Tlpu x=1—MHAHUMYM,
f(1)=1;, x=0—BepTuKaibHas acHMNTOTA.)

3. f(x)=l+;nx. (Oms. Tlpn  x=1-—Makcumym,

f(1)=1; x=0—BepTuxanbaas acAMnTora, y=0-—ro-
pusoHTanbHas acumntota; (e'/?; 3/2e/?)—TouKka mne-
%en;Ga, (1/e; 0)— Touka nepecedenus rpa¢uxa ¢ OCblo
x.
Q Mpamep 9. Toctpouts rpaduk oyskuum f(x)=
=x‘e" "%
Pemenue. 1) O6nacts onpeneneHus GpyHKIUM — BCs
4HCiioBas NpAMas.
2) I'padux ¢ynkuum nepecexaer OCH KOOpDOMHAT B
Touke O (0; 0).
3) Tax kak ¢yHKuus HenpepbiBHA Ha BCedl YMCIIOBOM
npAMOif, TO BepTHKaJbHBIX ackMnToT HeT. [IpH oThicka-
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g HHMM HaKJOHHBIX aCHMITOT He-
! 00X0qMMO  paccMOTpeTh OT-
etr——— OEJIBHO CNyYaH X—»—00 H
zlw { X— 4 00, HMEEM
(4
|
vl B R X Al k= lim £t lim xe™*=o
x—~—0o X X——
JOKaXHUTe 3TO
CaMOCTOSATEILHO /'
CnenosaTesnLHO, HaKJIOHHOM
Pre. 171 ACHMIITOTE OpH X—%—0C HET,

a Tak kak ¥ lim f(x)= lim x%e™*= + o0, TO ropuson-
X— = a0 X—s— o

TaJbHOH acCAMOTOTHI Takke Her. Jlanee mMeeM

k= lim ®= tim X< 1im L=o;

x—+w0 X x—+ € x—+ot”®

b= lim [f(x)-0-x]}= im x2*=

2

= lim x—- lim 2—— 11m —=0

x-—o+ao¢ x—+we® x—-+poe
(3mecy wucnonb3oBasioch npaBuiio Jlonurans); TakuM
obpa3oM, mpH x— -+ 00 HAaKJIOHHOH acHMIITOTHI HeET,
npamas -y =0-—ropa3oHTaJbHas aCHMITOTA.

4) Ina HaxoXIEHHA TOYEK BO3MOXHOIO 3KCTpPEMyMa

BLIYHCJIHM NEPBYIO NPOH3BOAHYIO:

f(x)=x(2—x)e™ "

Pemrass ypaBrenne x(2—x)e *=0 (e *#0), nomydaem
IBE TOYKH BO3MOXHOIO JKCTpeMyMa: x,=0, x,=2.

5) [ins HaXoXOEHHA KPHTHYECKMX TOUYEK BBIYHCIHM
BTOPY}O NPOH3BOIHYIO:

f”(x) =(x?—4x+2)e”

Pemiasi ypaBHenue x*—4x+2=0, nonyqaeM nBe KpHTH-
YeCKHE TOUKH: X;=2— ﬁ, xX,=2+ ﬁ

6) Uccnenyem 3Haku nepBod H BTOPOH NPOM3BOAHBIX
(puc. 172). NosyqaeM, uto Ha (— o0, 0) dyHKIMA YObI-
Baer, Ha (0, 2)—Bo3spacraer, a Ha (2, +00)—cHoBa
y6unaer Toukn 3kcTpeMyMma: NIpH MEPEXOAE YePe3 TOUKY
x=0 mpomssofmas f (x) MeHser 3HaK ¢ MHHyca
Ha IUIIOC, a ¥epe3 TOYKy x=2—C IuIoca Ha MHMHYC,
ClieIOBaTEJIbHO, B Todyke x=0 MHHHMYM, a B TOYKE
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3wax -a -
NI = ===+ 444+ Qe m e
naxtoo+++ +¢I+ VAT =20 T+ X

e
OI 2-yZ 2 2+VZ x

Puc. 172 Puc. 173

x=2 makcumyM, mnpmiem f(0)=0, f(2)=4e~2. Ha
(-0, 2~ ./2) rpadux manpaBnen BbLmyKIOCTBIO BHN3,

Ba (2— /2, 2+ /2)—BBepx, a ma 2++/2, +00)—
CHOBAa BHH3, cieIoBaTenbHO, x=2—./2, x=2+ ﬁ —
abcumecel  Touek  mepernba, npHYeM  f| (2- \/5) =

=(2-/2)% VD, f(24./2)=(2+./2)%e" @+
7) Ha ocHOBaHMH nOJiy4eHHBIX HAaHHBIX CTpPOHM Ipa-
- ¢ux dysxuuu (puc. 173) @
Yopaxnennsn. Iloctpoute rpadukm  cremyrommmx
byHKIMiL:
l.f(x)=9;. (Oms. Tpn x=1—mumamym, f(1)=e¢;
TOYeK nepernba HeT; x=0—BepTHAKAIBHAA ACHMII- -
TOTa, =0—ropH3oHTaNbHAaA  acHMNOTOTa  MpH
X——00.

' 2.f£x)=x2e‘/". - (Ome. Tlpm x=1/2—MuEHMYM;
f(1/2)=1/4¢?; Touex nepern6a ner; x=0— BepTHKAIL-
Hasd acEAMNTOTa npm x—-0+, lilgl x2el*=0,)

3. f(x)= l—xge‘. (Oms. Tlpn x=0—MakcamMyM;
f(0)=1; (-1, 2/e)—Touxa nepern6a; y=0— ropu3on-
TajJbHasi ACHMIITOTA.)
Q Ilpumep 10. Tloctpouts rpadux ¢yrxumn f(x)=
=/x2+14+/x2—1. ¢
Pemenue. 1) O6nacrb onpesenenus dQyHKuum —
MHOXECIBO 3HaYeHHi X, YIOBJIETBOPAIOUIHX HEPABEHCTBY

x?—120 wm |x|>1, T.e. mbo x<—1, ym6o x>1.
HApyramu cnosamu, GYRKIMA onpelesnieHa B JBYX NpoMe-
xyTKax: (—o, —1] 'm [1, + ). Ilpmiem merpymmo
3aMETHTh, 9TO Ha THX NPOMEXYTKaX (QYHKUMA HEOTpH-
HaTeNbHA. '

2) Touex mepecedeHHs C OCAMHM KOOPIMHAT rpaduk
ynxkumn He HMeeT, Tak xak x#0 B y#0.
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3) Tax kak ¢yHKuMs HeNpepbiBHA BO BCEX TOYKaX
obnacTd onpeleieHHs, TO, OYEBHIHO, BEPTUKAIBLHBIX
. = acuMuToT HeT. MiueM Hax/JIOHHBIE ACHMIITOTHL
.‘ X + +/x*—
k= lim == lim =

x—+o X x—+

x(/1+1/x? +J1—1/x —le1=2;

x—o+oo

b= lim [f(x)=2x]= lim [/x"+1+y/x*~1-2x]=
= lim [(/%2+1-x)+(/**=1-x)]=

X~++ ©
= lim ({/x*+1-x)+ lim (Vx*-1-x)=
x—+ o0 x—+ o
= lim ———+ lim ———=—=0-0=0;

x—=+oo Jxil4x x—to Jxi-l+x

k= lim f(x = lim ./x +14+/x2=

x——oo X X——

——x(f+l/x +f—1/x 1==2

= lim

X— — o0

b= lim [f(x)+2x]= lim [Jx2+1+Jx2-1+2x]=

= lim [(/x*+1+x)+(/x*=1+x)]=

X~ — 00

= lim (/x2+14+x)+ hm( xt—l1+x)=

x— =00 X+ = 0

= lim ~_-‘——+ lim ——  =0—0=0.

—=—w [xI+l=x x—-w /x?-1-x

TakuM o6pa3oM, mojydaeM, 4TO rpaQuk GyHKUHH
EMeEeT [BE pa3jiMuHble HAKJIOHHBIC ACHMITOTBL y=2X
Opgd X—+00 M y=—2X Ipd X— —00.

Tak xax lim f(x)= + 00, TO FOPU3OHTAJBHBIX ACHMII-

X—

TOT HET.
334

CopepxxaHue



4) Jlns HaXOXOCHHA TOYEK BO3MOXHOTO 3KCTpeMyMa
BBIYMCIIMM TIEPBYIO HPOU3BOHYIO: -

f(x) 2x 2x x| x2—1+\/Fﬁ)'

= <+ =
2J/x2+1 2 /x% =1 Jxi=1

OKCTPeMasIbHBIX TOYEK HET, TaKk KaK YHCIHTENb
Apobu B Hynb He obpainaercs. [Ipu x = + 1 npoussonras
’ ( —
S (x)=c0. :
) [Ana HaXOXIeHUs KPHTHYECKHX TOYEK BBIYHCIHM
BTOPYIO IPOH3BOJHYIO!

£ ()= ( e J__l)=

-2x - x2x
NI e SR v pay i 2
_ * . 2,/x2+]+ * 2 /x*—1_

- xt+1 x2-1 -
_ 1 _ 1 _(x2-1)3’2~(x2+1)3/2
) R O R R ST

Kputuyeckux Touek Her, Tak Kak wMCIHTENb APOGH B
Hyl1b He ofpaimaercs.

6) Uccnenyem 3Hak mepBO M BTOPO# NPOH3BOIHBIX
(puc. 174). IlonyyaeM, uTO Ha (= o0, —1] dyukuus
yObiBaeT, rpa¢MK HampaBieH BBUTYKJIOCTBIO BBEDX, a Ha
(1, + o) Gynxuua so3pacraer, rpaduk TakxKe HampasieH
BBUIYKJIOCTBIO BBEPX. DKCTPEMYMOB K TOYEK mepe-
ruba mer. ChemaeM BCIOMOTaTeNIbHOE BBIYHUCIICHMUE:

fx1)=y/2. ‘
7) Ha ocHOBaHMHM MOJIyYeHHBIX NAHHBIX CTPOUM Ipa-
bux Pysxunn (puc. 175).
Ynpakuenne. Ioctponts rpaduk Qynkumm f(x)=
=/x2=1—/x*+1. (Oms. O6nacts ONpeNeaECHU:
|x|>1, 3kcTpeMyMOB M Touek meperuba Her; y=0—
rc}5n3onranwax acHMIITOTA.)

H . Bonpoce! gna camonposepku
1. fokaxute Teopemy 5.12 ana cnydas BO3pacTaHua yHkyun.
2. laite onpepeneHue NOKaNbLHOrO 3KCTpEMyMa hyHKLmU.
3. Moxer ni GyHKUMA HMEThb HECKOJBKO JOKANbHBIX 3KCTpe-
MymoBs? -
4. MoXeT N1 nokanbHbil MakCuMyMm HEKOTOpPON hyHKUUU OKa-
3aTbCA MEHbLLUIE KAaKOro-TO SIOKANbHOFO MUHUMYMA 3TOR Xe (byHKLNUN?
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5. Chopmynnpyitte Teopemy, Buipaxaiouyl Heodxoaumoe ycno-
aue NOKanbHOTO akcTpemyma. loxaxure Ha npuMmepe, 4TO 3710
ycnosue HE ABNAGTCA AOCTaTOMHbLIM.

6. Kakue TOMKM Ha3bLIBAIOTCA TOYKAMW BO3IMOXHOrO 3KCTpeMyMa
pyHxkymwn? : .

7. ChopMynupyiATe Teopemy, Bbipaxaioulylo foCTaTouHoe ycno-
BU@ NOKANLHOFO’ IKCTPeMYMa.

8. laite onpepeneHue HAnNPasNeHWs BoINYKNOCTH rpacuxa
PyHKLnK.

9. ChopMmynupyiTe Teopemy, C NOMOLbLIO KOTOpOoR pewaerca
BONPOC O HaNPaBNeHWW BLINYKNOCTH rpacduxa DYyHKUUN.

10. flawre onpepenenne Touxku nepernba rpadmka PyHKYMN.

11. Chopmynupyite Heobxoanmoe YCnosue TOUKM nepern6a
rpaduka yHkuuu. MoxaxuTe Ha npumepe, 4TO 3TO ycnoeue He
ABNAETCH A[OCTATOMHbLIM.

12. Kaxue TOYKM HA3LIBAIOTCA KpUTHYECKUMU?

13. ChopMynupyiiTe QOCTATONHO® YCNnoBue TOWKW neperuda rpa-
¢duka yHkumm, .

14. MoxeT nu yHKUMA uMeTb IKCTPSMYM B Touke nepernba
rpamnka yHKUUH?

15. [laiTe onpegenexna BepPTUKANLHORA, rOPH3OHTANLHOR W Ha-
KNOHHOW acumnTotr. [pnBeanTte® NpuMepsl.

16. loxaxuTe cnepyllee yTBepXKgeHue: ecnu npaMan y=kx+b
ABASETCA HAXIOHROH acummToTol rpapuxa dymxuymu y={(x) npwu
X— 400, TO CYWeCcTsylT fnpegensi

. f{x .

i st (100 k)=, )

u, 06paTtHo, ecnu 06a npegena (+) cyuecrayoT, T0 npAmMas y=~kx+b

ABNKGTCA HAKNOHHOW ACHMATOTOW rpaduKka (QyHKUKK y= f(x) npun

X~ +4 0. . .
17. Mpusegure cxemy nNOCTpoeHKs rpatuka GyHKUUn.

§ 16. KOHTPOJILHBIE 3AJAYU

5.1. [IpH KakHx 3HA4eHRAX X KacaTeabHHe X rpadExy QyHKIUE
y=x>—x mapajuiesbis npaMol y=x?

So.z.”l'lon KAKMM YTJIOM K OCH Ox xpusas y=2x>—x nepecexact
och 0)?

53.B Ttouxax (0;0), (2 1),
(4; 0) mpomexe xacaTenLHLIE K

_mapabone y= ye Hafinure \ v /
yrIn MX HAKIOHA Kk och Ox. '
5.4. Hammumre  ypaBHCHHE \\
xacarensHoll x rpaduxy GyRXmHH \ //
_x'+1 .

y=—3—» TOUKE €ro mnepeceuc- 1 \I/ 1
HHA C Ochbi0 alcumce. : - O T x

, 9) AN
3HAK e = = == rEe b / \
T/ p—— |  pe—— / \

"~ Pm¢. 174 Puc. 175
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5.5. Hakaure yron uaxnoma x ocu Ox xacatensHolt x rumepGosie
xy=1 8 Touxe (I;1). : s
5.6. Ipn xaxoM 3HAYCHEU @ XpHBAR y= : nepecexaer ocs Ox

non yrnom 45° (xora 6wl B oAMOH M3 Touex nepeceveHHs)?

53.7.2§)lme'rcs| JH npamas y=3x—4 rxacatembHOl Kk kpuBoOlt
y=x-27

5.8. CocraBhTe ypaBHeHHE KacaTebHON, NMPOBEACHHOM H3 TOYKR M
(-1 33 x runepbone y=g:./

59. Mamm ape mapabonam y=8-—3x—2x? ® y=2+49x-2x3
Hajtaute ypaBHeHue npsamoil, xotopas xacaeTca obeux napa6oa.

5.10. launt ape mpsAMBle y=—X ¥ y=5x—6. Haiioure 3nageHns
napaMeTpoB a u b, mpH xoTopux o6e AaHHLIC NPAMBIE KacalOTCA
napabonst y=x?+ax+b

5.11. OxpykHocTh 3ajana ypasHenuem x’+y®—4x=0. Haiigure
YPaBHCHHA KACATENbHLIX K HCil B TOMKAX €€ TIEPECEYCHHN C OChio OX.

5.12. Npuseaure npumep (T. e. 3anuuTe GopMyNy HIH aKKypaTHO
nocTpofite rpadux) BCiogy onpeacieHHOH GyHKUMN, HMetomeR TpoHI-
BOAHYIO BCIONY, KpoMe To%ex x=0, x=1 m x=2,

5.13. Joxazats, 49ro Gynxuus

sinx; ecnn x>0,
Ix)= x2, ecm x <0,

HE HMCCT TPOM3IBOAHOR B TOuXE x=0,
5.14. loxa3ats, 9TC QyHKIHS

Slx)= sinx, ¢CIM X PAIHOHANBHOC,
X, 6CJTH X HPPAITHORANLHOE,

HMCCT MPOH3BOAHYI0 B Touke x=0,
5.15. Hafitn npom3soanyio ¢yHKumu

2 o1
, f(x)={f sin_, ecrm x#0,
» 0, com x=0,

W moKXa3aTh, 9TO ©¢ NMPOM3BOAHARA pa3pLiBHA B Towxe x=0.

5.16. Paznoxure dynxmmo f(x)=in(1+x) no dopmyne Maxio-
PCHA C OCTATOYHLIM wicHOM B dopme [leano.

5.17. Pasnoxnre dynxmno f(x)=tgx no popmyre Maxnopena 10
wieHa ¢ x° BUTOMHTENLHO.

5.18. Pasnoxutsh cneayromue ¢ysxuau no dopmyne Maxnopena
RO WICHA YKaj3aHHOO NOPAAKA BKIIOYHTEILHO: .

a) f(x)=¢"* no unena ¢ x% 6)f(x)=e>*"* a0 unema c¢ x5
B) f(x)=In(cosx) mo wnema ¢ x*; r)f(x)=sinsinx no wnema ¢ x°.

5.19: C nomoumsio dopMymn Maxiopena nalith npemess:

t 2sinx-3 *feTF-2
a) lim gx+ sx:u: x; 6) limc +cz .
x—0 x x—0 X

. )
e . cosx—e ¥/

'?.."‘.‘a(;‘m)* ) g =
~/1+x%cosx o lim In (cosx+x?%/2)

x* a0 x(sinx—x)

1
n) lim
x—0
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Ecau 6b1 MHe 6HOBb NPUWLAOCH
Hauamb ceoe obyuenue, mo A
nocaedosaa 6ot cosemy Ilramona u
npunasca 6ol cnepsa 3a. mame-
Mamuky Kaxk Hayky, mpebyiouyio
MOUHOCMU U NPUKUMAIOWYI0  3a
gepHoe MOABKO MO, HMO 6bime-
Kaem KAk caedcmeue u3 OOKa3am-
HO20. :

I'. I'aauaseis

I'JIABA 6
UHTEI'PAJIBHOE MCUYHUCJIEHHE

§ 1. MEPBOOBPA3HAA " HEONPEJAEJAEHHBIA WHTETPAJ

1. ITonsitne nepsooGpa3zuodi dynxuwmm. OnHol w3
OCHOBHBIX 3amau  auddepeBIHaIbHOIO  MCYHCACHHUS
ABJIAETCA OTBHICKAHWE NPOM3BOMHON 3aJaHHON (YHKIHH.
PaszHoo6pa3Hble BOHPOCHI MAaTEMAaTHYECKOTO aHANU3a,
€ro MHOTOYMCIJIEHHbIE NPUJIOKEHNS B TFEOMETPHH, MeXa-
HHKe, GU3NKE M TEXHHKE NPMBOIAT K pelicHHIo oOpaTHOM
3amaun: no manHo# dyHkuum f(x) Haiity Takyo yHKiHIO
F(x), mpou3sBomHas koTopoi Obina 6bt paBHAa ¢yHKIHMH
f(x), T.e. F'(x)=f{x).

BoccraHoBjieHne (DyHKIMM 1O M3BECTHOM INPOH3BOA-
HOH 5TOH (QYHKUMH COCTABJISET OAHY M3 OCHOBHBIX 3ajad
HHTErPaJIbHOTO HCHUCJICHHMSA.

Onpenenenne 1. Pyuxyus F(x) nasvigaemcs nepéo-
obpazsnoii 01a @ynxkyuu f(x) na Hexomopom npomexcymie
X, ecau 044 6cex 3HAueHUl X U3 . 3M0O20 NPOMENCYmMKa
gvinoansemca pasencmeo F'(x)=f(x).

PaccMOTpHM [IpUMEDHI.

O 1. ®ynxkuus F(x)=sinx sBnserca mepBoobpa3Hoi

~ ans dyHkumm f(x)=cosx Ha Bcel MpAMOM, TaK Kak IpH
mo6oM 3HauYeHMH X (sinx)’=cosx.

2. @ynxumst F(x)=x> sBiserca nepsoobpasHoi s
dbyuxuun (x)=3x Ha Bcedl npsaMoil, b0 B KaxaoH
Touke x {x3)=3x2

3. ®yukums F(x)=./1—x? sBnsercs nepBoobGpasHoi
s Gyuxuua f (x)=——-x— Ha murepsane (—1, +1),
J1-x?
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TaK Kak B jno0oif Touke x 3Toro mHTepRana (\/1—x%)' =

o
J1-x2 :

3ajada OTHICKAHHA 0O MHaHHOH ¢yHKuMM f(x) ee
nepBoobpasHoit 1IA€TCd HEOAHO3Ha4yHO. JleHCTBH-
TenbHo, ecnn  F(x)—nepsoobpasHas ans f(x), T.e.
F'(x)=f(x), To dyaxuus F(x)+C, roe C-—npou3sons-
Has TOCTOSIHHaf, Takxke sBIAETCS nepBooOpasHo# s
jl}x)’ TaKk Xak [F(x)+C] =f(x) ana moboro uucna C.
anpuMmep, WA f(x)=cosx mnepBooGpasHoii sBAETCH
HE TONbLKO sinx, HO W ¢QyEkumsa sinx+C, Tak Kak

(sinx+ C)'=cosx.

ITokaxem Temeps, 4TO MHOXECTBO QyHKumit F(x)+C,
rne F(x)—mHexoropas nepooGpasnas mist dyHkuuy f(x),
a C—npou3BoJIbHag TOCTOSHHAS, HCYEPNbIBAET BCE
nepsooGpasueie mna Qynkumu f(x).

Jemma 6.1. Pynkyusn, npouszsodHas Komopoii Ha
Hekxomopom npomexcymke X pasHa Hyal0, NOCMOAHHA Ha
3MOM npomedncymKe.

O HoxasartenbcTBO. IlycTh BO BCEX TOYKax
npoMexyTka X npousBonHas QpyHkumu f(x) paBHa Hymo,
T. €. f'(x)=0. Toraa ans uoBLIX ABYX TOUEK X,, X,< X,
no TteopeMe Jlarpanxa,

Slx2)=f(x)=f (&) (x2—x,), x;<E<x,.
Tax kak f'(§)=0, To f(x;)=f(x,). 10 M o3Havaer, uto
3HaueHHs GyHKUMM BO BCEX TOYKaX NMPOMEXYTKAa OJMHA-
KoBbl, T. €. f(x)=C, rue C—Hekoropoe Hucio. W

Teopema 6.1. Eciu F(x)—nepsoobpasnan 0asn
dynrkyuu f(x) Ha Hexomopom npomexcymke X, mo awbas
Opyzan nepgoobpasnas 0a f(x) Ha mom xce npomexcymxe
moxcem bvimb npedcmassena 6 sude F(x)+C, 20e C—
NPOU360AbHAA NOCHOAHHAA.

O HokaszatenscTBo. Ilycts ®(x)—mobas apy-
ras nepsoobpasHas qns GyHKuMHU f(x) Ha IPOMEXYTKe X,
T.e. @' (x)=f(x). Torza mna moboro xeX

[©(x)—F(x)]' =" (x) - F' (x)=f(x) =f(x)=0,
a 570 3HawuT (o snemme 6.1), uro dyskums @ (x)— F(x)
NOCTOfIHHA, T. €. (D(x)—F x)=C, rae C—HekoTOpoe
aicno. Crnemosatensio, @ (x)=F(x)+C. m

W3 noka3aHHOM TeOpeMbl CilelyeT, YTO MHOXECTBO
dynxumit F(x)+C, rae F(x)—oaHa u3 nepBooGpasHbIX

, s yskumu f(x), a C—rnpoussonbHas HOCTOSHHAA,
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HCUEPNBIBAET BCE CEMEHCTBO NepBOOOpasHbIX (QYHKIMI
s f(x).
2. Heonpenenenubli mrrerpan.
Onpenenenne 2. Ecau gyniyun F(x )———nepeoo6pa3naﬂ
012 Pynkyuu f(x), mo mroxmcecmso Pynkyuii F(x)+ C, 20e
- C—npou3eoabHaa nOCMOAHHAA, Ha3bleaemca Heonpede-
AeHnblM unmezpasom om @ynkyuu f(x) u obosnauaemca
cumBoAOM

Jf(x)dxV=F(x)+C. )

Tpn 3TOM GyHRIEA f(X) Ha3BIBAETCH nOdbIHMEZPaAbHOiL
Pynkyueii, f(x)dx— nodvinmezpassneim svipaxcenuem, a
NEPEMEHHAS X — NePeMeHHOl UHMeZPUpoeanus.

Cumson [f(x)dx o6o3nagaer, Takum 06pa3om, CoBO-
KYIHOCTb BCEX NEpPBOOOpAa3HBIX IS (GYHKIAH [ (x)

BoccraHoByieHHe (yHKUMA 1O €€ NMPOM3BOJHOH HIIH,
9TO TO Xe€, OTHICKAHHE HEONpEeAEIEHHOrO HHTEerpana no
JaAHOH nom;mrerpa.nbﬂoii ¢yHKIMM Ha3BIBAETCSA uHMez-
puposanuem 310l ¢pyHkumu. MIHTErpupoBaHHE NpENCTaB-
nger coboii onepaimio, obpaTHyo maddepeHIApOBaHHIO.
Hns Toro 9To0bl NPOBEPHTH, NMPABHJIBLHO JIH BHINOJHEHO
HHTETPHPOBAHHE, JOCTaTO4YHO mnpomaddeperunposaTh
pe3yibTaT K NOJYYHTh OPH 3TOM NOIBIHTErPaJIbHYIO
$yHKIHIO,

O Ilpumep 1. IIposepurs, uTO j'3x2dx x3+C.
- Pemenne. [Inddepenuupys pe3yabTaT HHTErPHPO-
Bagus  (x°+C)'=3x?, nomysaeM mNOABIHTErpasbLHYIO
¢bynximro. CreoBaTesibHO, MHTETPHPOBAHAE BHITIOIHEHO
BEPHO. @
anaxmemm IIposeputs, uro: 1. fcosxdx=sinx+C.

2 "2"dx=—§ e ¥ +C. 3-[

LY

»

4
4. |x*dx=2+C. 5.J—d"_,

T x =arctgx+ C.

o~

6. "dx—-—+C 7. JT——arctg +C.

B cBA3M Cc noHATHEM nepBoOOpa3HO#Ml BO3HHMKAET
BOTIPOC: [UIA KakuX (YHKLHE CYIIECTBYIOT mepBoobpa3s-
Hble (a2 3HAYHT, W HEoOMpejeNieHHbie HHTerpasnsl)? 3gech
L OTMETHM, 4TO B § 4 OymeT Moxa3aHo, uTo modas
HempepbiBHAass Ha OTpe3ke (QYHKIHA HMeeT Ha 3TOM

D Yyraercs: «HeompenencHubii muTerpan f(x) xa dx».
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oTpeske mnepsoobpasHylo (cnemxoBaTenbHO, W Heompe-
JeneHHbl WATerpan). B nmanvheitizem 6yaeM cyMTaTh,
9YTO BCe (YHKLMHM, CTOSINME INOX 3HAKOM HHTErpana,
HenpepuiBEE M ¢opmyna (1) umeer cmiica. B ciyuae
pa3peiBHOH QyHKHHH OyleM paccMaTpuUBaTh €€ HHTEIDH-
pOBaHME TONBLKO B T€X MPOMEXYTKaX, B KOTOPLIX OHa
HENnpepbIBHA. :

Hanpumep, dysxuusa f (x)=1 /x ompenesieHa M Hempe-
phiBHA JUIS BCEX 3HAYCHMH X, OTJIMYHBIX OT HYJIS, T. €.
HUMEET pa3puiB B TOYKe X =0 H HenpepbIBHA B IIPOMEXYT-
kax (—o0,0) u (0, +o0). '

- Ecom x>0, TOo ommoi H3 nepBooOpa3sHBIX s
f(x)=1/x saBnserca F(x)=Inx, Tak kak (Inx)'=1/x.
Cnenopatesibo, s x>0

ffdx=Inx+C.
X

Ecmn x <0, To o/HO# W3 nepsoobpasabix ans f(x)=1/x
spnsercs  F(x)=In(—x), Tak kax [In(-X)]'=
=(1/—x)-(—1)=1/x. Cnenoparemno, mis x<0

J}dx=ln'(—x)+C.

Ob6renunan ob6a ciydas, nonydaeM dQopmyay

1. )Inx+C mpr x>0
- J;dx— {ln(-—x)+C npu x<0—ln|x|+C.

I'eoMeTpHYeckn HeoNpeNeneHHbI HHTETpak mpel-
cTapjseT coboil MHOXECTBO (CeMEHCTBO) KPHBBLIX, SB-
Astowmxcs rpadukaMu nepeoobpasubix y=F(x)+ C. Ec-
m y=F(x)—kaxasa-au6ynb kpasas, To, no TeopeMe 6.1,
BCE IpYrHE KpHWBBHIE MOJIyYalOTCA M3 Hee MapajuleNbHBEIM
caBaroM Baosb ocu Oy (puc. 176). [lpuueMm, ecnnm
y=F(x)—nepBoobpasnas w f(x), T. e. F'(x)=f ,gix), TO,
COTJIACHO TEOMETPHYECKOMY CMBICIY IPOW3BOJHOM, TaH-
reHC yrjia HaKJOHa KacaTeJIbHOH B KaxIoOH Touke C
abcumccot x kpuBoit y=F(x) pasen f(x). Bce mpyrue
KpHBbIe OyayT HMETh B KaXIOi Touke ¢ abeumccoit x
napaJjuieNibHbIE KacaTeJbHbLIE C TEM XK€ YIJIOBBIM KOXpdu-
IMEHTOM KacaTeJIbHOH f(x). —

oHnl p 2. Kakoe ceMeiicTBO KpHBLIX 06pasyroT
nepsoodpasmbie y=F(x)+C, ecnu yrnosoi Ko3(du-
LHEHT KacaTeJIbHOH B Kaxgo rtoukxe ¢ abcumccoi x
kpuBoit y=F(x) pasen f(x)=x2?
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] } Pemenue. Hmeem
= g=Fwec;  F'(x)=f(x)=x2 Tlo onpe-
/TI y-FO0C, JENEHHIO Heompeie/IeHHOTO
/'é*/ MHTErpana,
| o y=Fx) )
4 y=FxCy y:jf(x)dx;F(x)-{-C: .
| _- y=Fta)+Cy s
4{" ” =Jx2dx=%+C.
0 x 2

CrnenosaTe/ibHO, KpUBLIE 00-

Puc. 176 -
pas’yloT ceMeicTBo KyOH-

3
Yeckux napabon y= % +C. @

-~

Bonpockl AN CamonpoBepKu

1. fante onpegenenwne nepsoobpasvon yHKuun. [MpuseguTe
npumepsl.

2. B 4eM COCTOUT CMbICN AEACTBUA MHTErpuposaHua?

3. O6bACHUTE, NOYEMY NPU UHTErpupoBaHWK NOABAAETCA Npo-
W3BONbHAA MNOCTOAHHARA.

4. laiiTe onpegeneHune HeonpefieneHHoroe wHTerpana.

5. B 4eM COCTOMT reoMeTpuU4ecKMd CMbLICN HeonpeaenexrHoro
wHTerpana?

§ 2. OCHOBHBIE CBOHCTBA HEOIIPEAEJEHHOIO
HHTEI'PAJIA

- W3 onpenmeneHns HeompeAeIeHHOTO HHTErpana He-
NIOCPEICTBEHHO BLITEKAIOT CJEHYIOLME €ro CBOMCTBA..

1°. ITpouseodnan Heonpedenennozo unmezpaia pasHa
nodblkmezpasvHol Pynxkyuu; ouddepenyuar om Heonpe-
0eNeHH020 uHmMezpaaa pageH nNOObLIHMEZPAAbHOMY 6blpa-
JHceHuro, m. e.

(F(x)dx)'=/(x) u dff{x)dx=f(x)dx.

CHCTBHTEJILHO, x)dx)' =(F(x "= F'(x)=
=f(C)]c)ﬂn (f/(x)dx)' =(F(x)+ C) = F'(x)

dff(x)dx=({f(x)dx)' dx=f(x)dx. =
29, Heonpedesennviti unmeepaa om ouddepenyuara
Hekomopoii PyHuKkyuu pasen cymme Imoil PyHKyuu u
NpoU380AbHOU NOCMOAHHOW, M. €. .

[dF(x)=F(x)+C.

O B camom gene, Tak xak dF(x)=F'(x)dx, To
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[F'(x)dx=F(x)+C. ®

3%, Iocmosnnbiii MHOMNCUMEAL MONCHO GbIHECMU U3-
nod 3naxa uumezpaaa, m.e. ecau k=const#0, mo

kS (x)dx=k[f(x)dx.
O HeficTsuTenbHO, mycTh F(x) —nepBooGpa3snas mia
byaximm f(x), 1. e. F'(x)=f } Torna kF(x ——ne BO-

obpasHaa mis ¢ynxuuu kf (kF(x)) =kF' ) kf (x)
W3 ompenenenms ciegyer, 4TO

kff(x)dx=k[F(x)+ C]=kF(x)+C, = [kf(x)dx,
rae C,=kC. m
4%, Heonpedenennviii unmezpaa om aszebpauuecxoii

cymmbl  08yx pyuxyuii pasen aszebpauueckoil cyM,ue
unmezpasoe om smux @HyHkyuii omoeavHo, m. e.

Illf(x)+g(X)]dx—If(X)dxztIg(X)dx
O B camom gaene, mycts F(x) m G(x) seasiorca
nepBoo6pa3HbIMA i GyHxumit f(x) B gé . F(x)=f(x),
G'(x)=g(x). Torma dyrmxipmu x) sSBASIOTCH
NepBOOOpa3HBIMA Uit (pyHKUMH (x)+g . Cnegona-
TENBHO,

jf(x)dx+_[g(x)dx [F(x)+C,]£[G(x)+C,]=
—[F() £ G+ [Ci £ C:l=[F() £ G (] + C=
={[/(x)£g(x)] dx. m |

OTMeTHM, 9TO 3TO CBOKCTBO CHpaBEAJIMBO JUIA
Jio60ro KOHEYHOro HHCJIA CJlaraeMbiX (QYHKILHM,

?

H Bonpocw gnA camonposepkn

1. Nepeuncnure. OCHOBHLIE CBOMCTBA HEONPEAGNEHHOrO0 MH-
Terpana.
2. foxaxwnre CBOWCTBO 4° AN CYMMBl W3 Tpex charaemsix

PYHKUMA.

§ 3. TABJIMHA OCHOBHBIX HMHTEI'PAJIOB

IlpuseneM Tabamuy oCHOBHBIX MHTerpanos. Yacts
¢opMyn 3To#f TabaHNUBI HENOCPEACTBEHHO CJIEAYET M3
omnpeesIcHAA WHTETPHPOBAaHMSA KaK ONEpauHH, obpaTHOM
nuddeperMpoBaHnio, M TabuHILI mpon3BoAHLIX. Crpa-

' BEJUIHBOCTb OCTAJILHBIX (OPMYJI JIETKO NPOBEPHTH AHG-
(bepelmnpoaaanem
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+ VIl j'cosxdx=sinx+rC,

dx
os 2 x

II J‘T=ln|x|+C,‘ IX Jc =tgx+C,

111 J.%=arctgx+C, X Idx =—ctgx+C,

sin® x
[ ax [ q I
. X X—a
v M/l__;_z—arcsmx+C, X1 ] x‘—az_ﬂln x_ﬂ +
‘ +C(a#0),
P a* r doc
\Y% ] a dx=E—a+C X11 ] x2+k=ln|x+
(0<a;é1), + /x2+k|+C,
VI Jetdr=et+C, XIII J zdx 2=1arctgf+C,
xX“+a a a

VII {sinxdx=—cosx+C, ’XIVJ dx 2=arcsin§+

at-x
+C.

Murerpansi, comepxaimecs B 3Toi Tabnuue, npu-
HATO Ha3bIBATL MAbAUUHBIMU.
OTtMeTHM HexOTOpble 4YacTHhie cnyyad Gopmymasl I:

j.l-dx=x+C(u=0); xdx'=i;+C(oz=l);
dx 1
7;—2\/;+C(a— - 5).
B ¢opmyne II Bmecto J‘idx VIS KpaTKOCTH HAIMHCaHO

dx dx 1
—; Boobuue, J— o3Hauaer |——dx.
x o(x) ®(x)

Ipusenem eme oany odeBHmmyio dopmymy: (0-dx=
=C, T.e. nepeoobpasnvie om @yHKyuu, MoicdecmeeHHo
pasHoil Hyal0, ecmb nOcMoAHHbIE. :
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?

M Bonpocki Ans caMonpoBepku
1. Kakum o06pa3om cocrasnsetcA Ttabnnua OCHOBHLIX WHTer-
panos?
2. Ykaxute TabnuuHbieé  KHTErpansl,  KOTOpbie  NOMy4eHbi

13 Tabnuubpl NPOU3BOAHBIX AencTBreM, obpaTHbiM AndihepeHyupo-
BaHKUIO.

§ 4. OCHOBHBIE METOAb! MHTEIPUPOBAHHA

1. HenocpeacTsennoe uHTerpupoBanne. BbiuHCeHHE
HHTETPaJioB C MOMOLIbI0 TabiMubl MPOCTEHIUMX HH-
TErpajioB M OCHOBHBIX CBOHCTB HEONMPEAENECHHBIX HH-
TErpajioB HA3bIBACTCA HENOCPeOCMEeHHbIM UHMeZpuposa-
HUEM.

O TMpumep 1. Boiuucantb HHTETpAN J'<5 cos x+2—

4
. ') dx.
+1

Pemenne. [Npumenus csoicTaa 3% u 4° wumeem

J(Scosx+2—3x2 24 )dx:
+1
—5fcosxdx+2jdx 3J 2dx+J——4J
xi+1

anee, ucnons3ys coorsercTBeHHo dopmynsr VIIL, 1, 11,
II1 Ttabnuubl OCHOBHLIX MHTETpajloB, HaXOAUM

5fcosxdx=>5(sinx+C)=5sinx+5C;;
2{dx=2(x+C,)=2x+2C,,

2+1
3f 2dx= 3( +C3> x3+3Cy; J——ln|t]+C4,

—3x

2+1
4J%=4(arctgx+ C;)=4arctg x+4Cs.

Taxum o00pa3zoMm,
(5cosx+2——3x2+l— . )dx—
x +1

=5 sin'x+2x—x3+ln|x|—4arctgx+
+(5C;+2C,+3C3+C,+4Cy).
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OO6pIvHO BCE NPOM3BONBLHBIE NMOCTOSHHBIE CYMMHDYIOT,
pe3yabTat obo3HavaroT ogHo# Oyksoi: C=5C;+2C,+
+3C;+C,+4C;, no3TOMYy OKOHYATEJILHO NOJNYyYaeM

j(Scosx+2—3x2+l—'zL)dx=
x  x*+1

=5sinx+2x—x3+In|x|—4arctg x+C.

ITpaBUJILHOCTL MOJTYHEHHOTO pe3yibTaTa JIETKO MpPOBe-
puTh auddepeHUMPOBAHUEM. (C,uenamc 3T0 CaMOCTOS-
TEJBbHO.)

. dx
Ipumep 2. BbruucuTh HHTErpan f T
16—x
Pemenne. UnTerpan tabnnunniii. [ToaToMy MoXHO
NIEPEXOAUTh K HENOCPEeACTBEHHOMY HHTerpupoBanmio. [lo
dopmyne XIV, rae a=4, nonyyaem

d> .
— & —arcsini4C. )
16 —x? 4

HenocpeAcTBEHHO BBLIYHCJINTHL HHTErpajbl € TO-
Molliblo TabJIMIb! HA NPAKTHKE YAAETCA AOBOJILHO PEAKO.
[TpuxoanTcs npeaBapUTENbHO NOABIHTErPaJIbHOE BhIpa-
KEHHE TOXAECTBEHHO Mpeobpa3oBbIBaTH TAKHM 00pa3oM,
4TOOB! B pe3y/NbTaTe NOJY4YHTb TabGaM4HBIE MHTETpabl.

dx
sin?xcos?x’

Pemenue. Unrterpan ne Ta6nmm>m MO3TOMY mipe-
obpasyem ero. Tak xak l=sin?x-+cos?x, To MHTErpan
MOXHO 3alucaTh B BHIE

dx sin?x+cos?x 1 1
[ 4 2 = a2 2 dx = 2 + e 2 dx'
sin? xcos 2x sin? xcos? x cos?x sinix

Ipumenss csoiicteo 4°, umeem

1 dx
—+ ——-
» cos?x  sin?x cos? \' sin?x

ITonyununu nBa TaGJIPX‘{Hle udterpana. Ilo dopmynam
IX u X Haxoxum

dx
Jsm xcosix _[cos < Jsmzx—tg.\—ctgx-!-C.

O Ilpumep 3. Boruucauts ﬁmerpan

346

CopepxxaHue



Mpumep 4. Buraucants wmTerpan |tg? xdx.

Pewenue. Tak xak tgx= -1, 10

cos?x

tg? xdx= L1 )dx= |- — |dx.
cos?x cos?x

ITo ¢opmynam IX u 1 nonywaem

jtgzxdx=J d)Z)‘—J‘dx=tgx—x+C.

cos

1+2x?
xz(l+x2)dx'
Pewenne. Tak kak 1+2x*=(1+x%)+x2, To

1+2x2 ) +x? | 14X
Jx’(l+x2)dx— x(1+x3) dx—fxz(l+x2)dx+

x? dx dx
+Jx’(l +xz)dx~_[-x_z+ T+x%°

ITo ¢opmynam I u III nonmywaem

1+42x? dx dx 1
J.xz(l+x2)dx_J‘x2+J‘l+x2 x+amtg x+C. ®
Takum o6pa3zoM, Mbl BHAMM, 4TO AN HHTErPHPO-

BaHUA HENOCTATOYHO MNPOCTO 3HaTh (GOPMYIBI M YMEThb
AX NpUMEHATb, HEOOXOOMM €lIe H OMNbIT, KOTOPbI
MOCTENEHHO NpHOOpeTaeTcs B MpoLECCe peLIeHHs NpH-
MEpOB.

npaknenusn. IIpuMeHAs MeTOA HEMOCPEACTBEHHOTO
HHTErPHPOBAHKA, BLIYHCIHTL CAEIYIOITHE HHTErpaibl:

3 4 2
1 J(x2+3x3+x+l)dx. <0me. -2—+%—+52—+x+C.

445 14! x_s 3
2. J(t + x+3\/;+xz+x)dx. (Ome. s+

X x> x+2x\/——£+.ln|x|+C.

2 3 ) _
3. f(ﬁ?—ﬁ) d.\. (Oms. ZaI'Ctgx

~3arcsinx+C.)

TMpamep 5. Borumcnuts wmHTErpan
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(‘
X X 2)‘ 3X
4. | (2*+3%)dx. <0me. is5tistC

(Y

5. e"<2—e—:>dx. (Ome. 2e"+%+C.)
X 2x

o

6. jﬂ(sinx+5005x)dx. (Ome. —cosx+Ssinx+C.)
7. sin - +cos— dx. (Oms. x—cosx+C.)

r .

8. Eog\s—i‘?;dx (Oms. —(tgx+ctgx)+C.)

9. ”X—‘dx Oms ﬁ—x+arctgx+C
Jr+x2 ) :

10, 2729854 (Oma 3tgx+2ctgx+C)
J ocosix T ’ :
T ‘

1. | =80 gy (Oms. cosx—ctgx+C.)

sin’x

12, [ctg?xdx. (Oms. —(ctgx+x)+C.)
P .

13. sinzgdx. Omes. %(x—sinx)-{-_C.
r o

14. ylrxi-yi-x VAL (Omg.  arcsinx—In|x+

Ji-x* - '

+./1+x |+C.)

15. | o dx. (Oms. x—arcigx+C)

i 1 1 1 x-5
16. ] (m'{'ﬁ)dx (Ome Eln —5‘ +lnlx+

+,/x2+5|+c.)

(\
1 . X
17. u (7;1—x p +3>dx (Ome. a_rcsm5+

)

18. 2+2dx (Ome x+ ln

[ 5



2. Meroa noxcranoskd. Bo MHormx ciydasx BBege-
HHE HOBOH MNEPEMECHHOH HHTErPUPOBAHMA I103BOJIAET
CBECTH HAXOXJICHHE NAHHOTO HMHTErpaja K HaXOXICHHIO
TabJIMYHOTO, T. €. MEpEHTH K HENOCPEACTBEHHOMY HH-
TerpupoBanmio. Takoli MeTOA HasbiBaeTca Memodom
noocmanosku MM MemodoM 3amenst nepemennoii. B ero
OCHOBE JIEXHT CleAylollas Teopema.

.Teopema 6.2. ITycms Pynxyun x=o(f) onpedeaena
u Oufepenyupyema na Hekomopom npomexcymxe T u
nycmb X — mMHOXMCECMB0 3HaueHuli Imoii  PyHkyuu, Ha
Kkomopom onpedesena Pynxyus f(x), m. e. na T onpede-
aena croxcnaa gynxyua flo(t)]. Tozda ecau na mmo-
acecmee X gynxyua f(x) umeem nepeoobpasuyio F(x), mo

- cnpasedausa ghopmyia ‘

J1)axseq=[fTo (9] o' (1) dr. 0]

0O HokasarteabcTBo. Tak kak nepsoobpa3Has
F(x) onpenenena Ha TOM Xe MHOXeCTBe, 9T0 H DYHKIHESA
f{x), m cymecrByer cnoxnas ¢yHKUAS f [‘_(p 5], TO
cymecTByer M cinoxsas d¢ynkuma F[o(s)]. Torxa, mo

npasuny auGQepeHIMPOBARNS CIOXHON (PYHKUHH, YIH-
ThiBas, 910 F'(x)=f(x), monyuaem

(Fle @) =(Flo()]:o' ()=rTo (B @ (1),

T. e. ¢yHKUUA fL ()]o'(1) mMeer ma mmOXecTBE T
nepBooOpasHyio Y(p tﬁ H, CIEN0BaTENbHO,

iflo(] e (hde=Fo(n)]+C.

3ameuas, uto  F[@(f)] + C=(F(x)+ C)luge=f/(*)x
X dxX |, =gy OKOHYATENBHO HMeEEM

J(xpdxlsm g =[ /o (] @' (1) ds,

T. €. HcKomyro Gopmyiy (1). m ,
@opmyna (1) HasbiBaeTcs @opmyaoii 3amenvl nepe-

MeHHOU 6 HeonpedeneHHOM uHmezpaie.

M3 dopmynnt (1) cneayer, 4Tto s BHIMHC/ICHHA
unterpana [f(x)dx ¢ momomnio noxcranosku x=¢()
Hago B QyHKUpH f(x) 3amemnts Xx 4epes @(f) u mono-
xuth dx=¢'(f)dr. Tlpu 3ToM momydaeM - HCKOMYIO
QyHKUHMIO, BBIDaXEHHYIO 4uepe3 mNepeMeHHYIO f. Jiis
BO3BpAllEHHS K NMEPEMEHHOH X HEOOXOMHMO 3aMEHHTH ¢
3HadeHneM ¢=\(x), KOTOpOe HAXOMUTCSA H3 COOTHOLLICHHS
x=0(1).

Ecm ¢ymxmas x=¢(f) mmeer obpatayro ¢ymxmmo
t=Y(x), To u3 (1) cnenyer dopmyna
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§f(x)dx={fTo ()] @ (1)dt]m e
T. ¢. opmyny (1) MOXHO HPHMEHATH H B OGpaTHOM
nopsake (copasa Hajeso). [ns 3Troro B RONONHCHHC
X YCIOBHSM TEOPEMBl AOCTATOYHO HOTpeOOBaTh, YTOGH
bynxus x=g@ (f) 6618 CTPOro MOHOTOHHOA.
O Hpamep 6. Buramcmts mHTerpan | cos 3xdx.
Pemenune. Uaterpan He TaGnM4EBIA, XOTA M HANO-
mumaer maTerpan fcosxdx. IMostoMy s ero BhIMHC-
JICHAS €CTeCTBEHHO CHEJaTh IOACTaHOBKY, MHoOJiaras

t=3x; toraa dr=(3x)’ dx=3dx, dx= % dt. Tlo dopmyne
(1) mosxywaem
jcos 3xdx= % jcos tdt

—tabmuunsii  waTerpan. Ilpamenas dopmyny VIII
TaGiMnel OCHOBHBIX HHTETpajioB, HAXOJUM

%Icos tdt=§sin t+C.

Bo3spamiasch K NEpPeMEHHOH X, OKOHYATEJBHO MOJIY-
qaeM o

Jcos 3xdx=%sin 3x+C.

JIaHHBI# HATErpajl MOXHO BLIYHCIHTh H HENOCPE/-
1
CTBEHHO, 3aMeHHB dx yepe3 sd(3x), T. €. BHOCA HOJ{ 3HaK

maddepenumana MHOXHTEJ:L 3 H pa3sjeMB Ha HEro
HTerpan. B pe3ynbrare mnonydaeM

J.cos 3xdx= % J-cos 3xd (3x)= % sin3x+C.

3nech NpEMEHEHA MOJCTAHOBKA !=3X. TOT 3KOHOMHBIH
H npocroi npueM OyaeT HEOJHOKpPAaTHO HCHOJB30BaH B
DaJbHCHIIIEM. @

ToxecTseHHOE NpeoOpa3oBaHHE NOIALIHTErPAJILHOIO
BLIpaXeHHsl C BblaeneHueM muddeperumana HOBOH mepe-
MeHHO HMHTErpHpOBaHHUA — OpOCTeilas 3aMeHa mepe-
MeHHO#. TakdM mNyTeM YycTaHaBiMBaercs H ofmas
¢opmyna ‘
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'[f(x) dx=%jf(x) d (ax).

xdx
T—x2
Pemenue. BuyucauM JaHHBIA HHTErpan Hemocpen-

CTBCHHO, BbiAcasAs AubddepeHunan HOBOH mnepeMeHHOH
uHTEerpupoBanus. Mmeem

J'xdx =fl/2d(,v2)= —12d(1-x%) _
J1-x2 J1-x? m

= —%J(l —x3)"12d(1-x?)= ——%-2(1 —=x})24C=

O Hpamep 7. BoluuciuTh HHTErpaj J

= —(1-x2)!24C.

JlasHbI HHTErpas BHIYUCAACTCA C MOMOIUBIO NOACTaHOB-
KH t=1—x2 (BbIOJHHTE 3TO CAMOCTOSATEJHLHO.) @

CymecTByeT Opyroil HECHOXHBIA, HO BecbMa 3ddex-
THBHBIN MPHEM, MO3BOJSIOMIAA YNPOCTHTBL BLIYHCJICHUE
UHTerpasos. Ecim vucnutenp noaplHTErpajibHOM (yHK-
UMM f(x) paBeH NpOH3BOAHOH 3HaAMEHATEN, TO ClpaBe/i-
mmBa ¢opmyna

f(x)

JleAcTBUTENBbHO, UCNIONB3YS NMOACTAHOBKY (=f(x), di=
=f"(x)dx, umeem

f'—(x)dx=f%5 ~Injt]+C=In|f(x)|+C,

Jf(") dx=In|f(x)|+C. Q)

Sf(x)
O Ilpnmep 8. Boiyucauts HHTErpas _[ctgxdx.

: COs X
Pemenue. Tak kak ctgx=-"—, TO HHTErpajl MOX-
Sin x

HO 3anMcatb B BHIAE

fctg xdx= fiosj dx.
sin x

3ameuas, 4To (sinx) =cosx, no gopmyne (2) noaysaem

J\ctgxdx=f%d.t=fwd,v=lnlsinxl+C.

sin x
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Jannbiid MATErpajl MOXHO BBMHCIHTD H C HOMOIIBIO
NMOACTAHOBKH f=SinX, H HENOCPEACTBEHKO, BbLICHANA
muddepeniman HoBol nepeMeHHO#. (Bnmommure 3TO
CaMOCTOSATENLHO.)

IMpumep 9. BuiYnCIATL WHTErpasn et

e+t
Pewenne. [Nonaraem t=e*, x=Int. Orcrona dx=
, d¢
=(Iny) dt=--. CnenosatesnbHo,

je*—ndx J —ldt J'zx (1) g,

e*+1 t+1 ¢ (t+ 1)t
"

_ofar _ 9:4@- 4 (140 =Int+C.
1T +1

Bo3Bpainasich K NEPEeMEHHO# X, OKORYATEAbHO NOAYYaeM
r

Cjdr=2In(l+e%)-x+C.

ITprmep 10. quncmrrb HHTErpa I = l)zdx

Pewenne. [Nonoxnmm —1=t, cnemoBateiBbHO,
x=t+1. Orciona dx=(l+fl)'dt=dt; Toraa

x3 _ (t+l)3 - Z l _
j Erdem [ g f(;_+3+,+,,)d,_
| =212 43t43In|1]—1+C.

Bo3Bpamasich K nNepeMeHHOH X, OKOHYATENLHO NOJIYIUM

3 l .
jai—nyd“;(x—1)z+3(x—1)+31n|x—11—;-_—,+c.

4 dx
Ipumep 11. BoiuuciHTh HHTETPaN
prnep P Jﬁ%

Pemenne. UMeem

I \/;T{/fj Ve

Monoxam t=%/x; Torma x=t° dx=6¢°dt. Haxomum
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6rde t_’-g{
7 >=+(xf N EETER
Boinenss neneHueM Leayo %acts apo6u, mosydam
Ode 2
j:‘:'“U" _tH)dt_J‘_ﬁ]"
) 3 1 :
i OKOHYATEABHO HMEEM
f _=2./x— 3{/—+66\/_ 6In(¢/x+1)+C. @
Vr+ifx

H, Booﬁme, eCJii NOALIHTErPAJIbHOE BBIPAXEHHE HE

: b
CONCPXHUT APYTHX KOpHEH, KpOME KODHS m ax—:d, rae a,
4 v cx

b
b, ¢, d—mHexoTOpHIE uHC/A (5762); m — HaTypajbHOE
‘ ax+b
ex+d
l+x dx
1-x 1-x'

YHCJIO, TO CeAyeT NPAMEHATH noncrandsxy t=m

O Ipavep 12. BouruCIHTL HHTErpai I

o l+x
Pemenue. Cnenaa IOACTAHOBKY = —l , nony-
—-X

Lol+x 2 121 -1y
UM 2.7 l—x=—v— = — == =
! 1-x’ x 21’ X 241’ dx (:’+1) dt

! o Atde
NN

1+x dx tzdt_z :’+1—1 _
—x1-x < |ax1 ° ) 7+1 -
=2t—2arctgt+C=2 /-l—+—x—2arctg /li—x-!—C.

3x+5 dx

Jax+1 )
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Pemenn.e. MonoxuM t=./4x+1; Torma t2=4x+1,

1., 1 1
=-t*—_-, dx=-tdt. Haxomum
*=3 4 2 A

o /'312 3+5 \

[ 3x+s & a7 3., 17

I dx= | et rdr= | D24 |de=
\/Zx+l 4 2 8 8
3

' 17 _b ey , =
=2 §+§t+c__é.\/4x+l(4x+18)+C—

=41(2x+9) JE+14C o

Heo6x0auMO 3aMeTH1b, YTO yIOadHbIi BLIOOp MOACTA-
HOBKH OOBIYHO NIPEJCTABJACT H3BECTHBIE TpYAHOCTH. [ls
UX YCMEUIHOTO NPEOROJeHHS HeoOXOAUMO XOpOUIO Bid-
OeTh TeXHHKOH auddepeHIUpOBaHUS U TBEPAO 3HATh
TabJIM4HbBIE HHTErPaibl.

i dx
O Ilpumep 14, Briuncnuth MHTerpai J.— .
pumep Joite
Pemenne. Ilonoxum x?’+a+x=t, oOTKyaa

<—’i- + 1) dx=ds;, Takum obOpazom

Vxi+a
2
dx=—Y2E2 gy,
' VX tatx
TaK YTO
dx dr ?
=|—=In|t}+C=In|/x*+a+x|+C.!
Jxita !

Mpumep 15. Buiuuciuts uHTerpan fsin®xcosxdx.
Pemenue. IMonoxum t=sinx, orkyna dt=cosxdx.

Torna
Jsin"xcosxdx=ft"dt=
ln+1 § si n+1 i
+c=""tC npu n#¥ —1,
_)n+l n+l
Inlt|+C=Injsinx|+ C npu n=~1.
D 3pecy sumiuncicx Tabauunni wrerpan XILL
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-Tipamep 16. BumcIHTS mn-erpan I( 2+1) y n#lL
Pemenue. [Monoxmm x24+1=t, 2xdx=dt, cnemo-
BaTeNbHO, '
xdx 1 dt__ 1 __l__ _
m‘if?-‘ I Wl
=T 1_c

2(n—1) (x2+1)*!
Ilpr n=1 aBanorm4HO MOJYyIHM

xdx 1

3aMeTHM, YTO HHTerpajsl B npumepax 15 m 16
MOXHO BBIYHCJIIHTb HENOCPEACTBEHHO NYTEM BBIACICHHA
zm(btbepemmana HOBOH NepeMeHHo#. Ybemurech B 3TOM.
Yopaxuenns. IIpaMensas MeToA 3aMeHBI NEpeMEHHOM,
BRIMHCJIHTE CJICAYIOUTHE HHTErpaIbl:

1. sin(3x+5)dx. (Oma. —gcos(3x+5)+c.)'

.~

2. |e?*dx. (Ome. %ez" + C.)

3. |tgxdx. (Oms. —In|cosx|+C.)
4. e * xdx. (Ome. -—%e""-{—c.)
F

4x
5. | —dx. (Ome. §e3x+ e2* e* +1n|e —1|+c)

. 4y,
6. :,_:"7. (Ome —lnlx +7|+c)

r»

7 |-, (Ome. 'gtg3x+c.)

cos?3x
o

8. v*_/;ldx (Ome. '6(%{/7—%‘{/:7+%‘J;—

—5\/;+ arctgg/;)+ C.) '
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9. j@dx. (Oms. x+4/x+1+4In|/x+1~
x+1-

~1]+C)
dx

10. J'x(l+lnx)

11. fe***sinxdx. (Oms. —e***+C.)

12. J__“H::xdx (Qma. ;(l +In x)3’2+C.)

__m\50 11 e g\s2
13. [x(5x—7)°%dx. (Oms. 25[52(5x 7)‘ +

(t=1+Inx). (Oms. In]1+Inx|+C.)

7
+5(5x—7)5‘]+c.)
14. I */f_‘ldx. (Oms. x—2/x+In(/x+17+C.)
+

Jx
5x—6 2(44—15x) —
15. \/l__b_‘dx (Ome. > 1 =3x4+ C.)

16. szs./x3—8dx(t=x3—8).
<0me. i(x:’-—8)‘5’5+C..) .

18
e*+1-1

.
dx
17. t=./e*+1). | Ome. In +C.
,/e“+l(> ) ( "e JeEr1+1 )
(314 1 ju
18. = (t—;). (Oms. _E+C‘)

 (arcte x)1°° arctg x)1°!
19. (%%dx (t=arctg x). (Ome.( 101) +C>

e

<

r

e*dx . e*
20. ] \/4___;2;. (Ome. arcsm—2—+C.)
21, co;{;dx. (Oms. 25in\/3c_+C.)
R x

P
dx 1
2 [— % _ (om — _+c
J (arccos x)* (/1 —-x? ( me 4arccos* x )
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IMpy MHTErpHpPOBAaHHM HHOTAA TPHXOJUTCA METO.
3aMeHbl TIEPEMEHHON NPMMEHATH HECKOJIBKO pa3.

O IMpumep 17. Boruyuciiute HHTErpa
fVa*—=x*dx(—a<x<a) '

Pewenune. Tlonoxum a=asint(—n/2<t<n/2).
®DyHKUUS X=asin! MOHOTOHHA U HMMeET HENPEPHLIBHYIO
npousBoauyo x;. Ilpu 3toMm, kxoraa ! u3MeHseTCA OT
—n/2- 1o m/2, nepeMeHHas X W3MeEHsSeTCs OT —a o d.
Hanee umeem dx=acostds. CnemosatensbHo,

fVa*—x?dx=f./a’—a*sin’tacostdt=
=a’[cos?tdr.
Cuosa nonyunnn He Tabauynbiii uuterpan. Ipeo6pasyem
1

ero. Tak xak coszt=§(l+cos2r), TO

2 2 .
azfcoszt dt=a7J(1 +cos 2t)dt=32-fdt+ :

I+{12—-J‘cos 2t dr.

[lepsblit U3 ABYX NOCNEIHHX MHTErpanoB TabIMYHbLINA
H BBIYUCAAETCS HEMOCPEACTBEHHO:

a2 aZ
—2“‘[‘d1=?t+cl.

ﬂﬂﬂ BBIMHCJIEHHA BTOPOro HHTCrpaJla cacjlacM rnoacra-
du .

HoBKy u=2¢t Torma du=2d, dt=—2— it

a? a’ a’ . a? .
5 cos2tdt=—4— cosudu=Tsmu'+C2=—4—sm2t+C2.

CnenoBaTtenbHo,

2
J az—xzdx=a?[t+%sin21]+c,

rae C=C,+C,. Ina Toro 4tobbl BEpHYTHCS K mepe-
MEHHOH X, M3 pPaBEHCTBA X=asin! HaXOMHM

Ja*—x?,

2
. x 1
sint==, cost= [1— -

a a a
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. . x 1 . X :
sin2t=2sintcost=2--./a’—x?, t=arcsin=. Iloacra-
aa i a A

BHB, OKOHYATCJABHO I10JIy4acM

2
2 2 a X X 2 2 -
a‘*—x*dx=—arcsin=+>./a’*—x*+C.
J > a V) +C. @

3. Meton wnuTerpupoBamusi no uacTaM. Merox HH-
TErPUPOBAHHA 110 YacTAM OCHOBaH Ha MCIONb3OBa-
HUH popMyJibl audpepeHUMPOBAHNS NPOU3BEACHHSA ABYX
byHx1IHM.

Teopema 6.3. ITycmv @ynxyuu u(x) u v(x) onpede-
AeHbl U ouddepenyupyemvl Ha HeKOMOPOM NPOMeENCymKe
X u nycmo gynxyua u'(x)v(x) umeem nepsoobpasuyio nHa
amom  npomexcymke, m.'e. cywecmsyem [v(x)u’(x)dx.
Toz0a na npomexcymke X GyHryua uésx)v’ X) maxxce
umeem nepgoobpasnyio u cnpagedausa @dopmyia

Ju(x)v' (x)dx=u(x)v(x)—[v(x)u’ (x)dx. (¥))
0 JokaszaTenbcTBO. M3 paBeHcTsa

[0 0 ()] = ()0 + ()’ (3
w0’ () = [ (x) o ()]~ (9 ).

MepsoobpasHoit GyHKUMH [u()gv (x)]’ Ha mpomexyTtxe X
aBaseTcs QyHKIMs Ij‘ix)v(x). YHKIIHst u'&)v(x HMeeT
nepsoobpaznyio Ha X 1o ycinoBuio TeopeMsl. Clienosa-
TeNAbHO, H GYHKUHUS u(x)v’?’x) uMeeT nepBoobpasHyio Ha
npoMexyTke X (KaK pa3sHOCTb HMHTErPUPYEMBIX (YyHK-
umit). iATerpupys nocieasee paBeHCTBO, NOJyYHM ¢op-
Myny (2). m

®opMyiia (2) Ha3LIBAETCA HopMyA0ii UHMeEZPUPOBAHUA
no 4acmAM 6 HeonpedeieHHOM urmezpase.

Tak kak v'(x)dx=dv, u'(x)dx=du, TO0 ee MoOXHO

3anMcaTh B BMAE
A fudv=uv—[vdu. 3)

OHa No3BOJISiET CBECTH BLIYHCIICHUE _[ udv X BLIYHCJICHHIO
HHTErpana j' vdu, KoTopblii MoOXeT oka3atkca OGonee
OpOCTBIM [UIA HHTErPUPOBAHHA.
O Ipumep 18. Buiuucrmts HHTErpan .jarctg xdx.
Pewmenne. IMonoxum u=arctg x, dv=dx. Toraa

CIenyer

N o
du=(arctgx)' dx= Tt f dv= fdx, v=x
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(3meck B KauecTBE v MOXHO B3ATh JiOOyio M3 1nepBo-
‘obpasneix BHAa x+C, rae C— npon3BosbHas HOCTOSH- -
Hasg. Mbl B3 v=x, T. .C=0). Ilo popmyne (3) numeem

Larctgx.g_ﬁgrctgf‘_ X dx? -—xarctgx—l d(x2+1)
T u dv v u v 14+x? 2 T+x%

du

LJ‘d—(i":i—l)=llll(1+J\:2)+C,

Tax xak

2) 1+x* 2

TO OKOHYATENHHO MOJyYaeM
J.arctg xdx=xarc_tgx—-%ln_(l +x})+C. @

Hazo orMeTuTb, YTO METOA HHTETPHPOBAHUSA IO
HacTSIM MpPEJACTABJACT M3BECTHbIE TPYAHOCTH Ui HaYM-
Hatouux. Henwv3s Buibupats B ¢opmyne (3) v u dv
NPOM3BOJIbHO, WHa4e MOXHO NOJYUHTh eme GoJee
CIIOXKHBIH WHTErpaji, 9€M HCXOIHBIM,

O Ilpamep 19. Buuncaute mHTerpan [xe*dx.

Pemenne. B orimuuue or npembimymero mnpumepa
3[eCh CHTyallUsi COBCEM He scHas. MOXHO MOJIOXHTH
u=e*, dv=xdx, wm u=x, dv=e*dx, unm, HakoHe.w,
u=xe*, dv=dx. Ilonoxum, Hanpumep, u=¢e*, dv=xdx.
Torna :

ciu:(e")’dx=e"dx; fdv:jxdx, v=%x2.

.

Tlo dbopmyne (3) monyuyaem
x _1 2 x_l 2,.x
fxe dx=-x%e zfx e*dx.

BuguM, 4910 npunuid kx 6oJiee CIOXHOMY MHTErpany.
3nauuT, BeIGOp ¥ M dv B JaHHOM citydae HeyaadeH. To xe
caMoe IIOJIYUHTCS, €CJIH TOJIOXKHTh u=xe*, dv=dx.

D Maumuit METErpan MOXHO BBLIYHCIHTH NMOACTAHOBKOH f=1+x?
(chenaiite 3TO CaMOCTOATENBHO) WM HEMOCPEACTBEHHO, BLUIE/AA

nuddepennnan HoBoH nepemeHHOH, 3amMeHuB xdx uepes Ed (x2+1), uro

Mbl M CASJIANH,
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(Y6equtech B 3TOM caMocTosTesnbHO.) Ocraercs pac-
CMOTPETh TOCHACAHMH Cciy4ai.
Ionaraa u=x, dv=e“dx, naiinem

du=(x)'dx=dx; [dv=[e*dx, v=e"

ITo ¢opmyne (3) nonyuaem
[xe*dx=xe*—[e*dx=xe*—e*+C.
UcxomHulit HHTErpan BBIMMCICH. 3HAYMT, B JAHHOM

cnyyae u #1 dv BbIOpaHbl BEpHO. @
Yacto MeToa MHTETPHPOB2HHA IO 9acTAM IPHXO-
IATCA TPHUMEHATH HECKOJILKO pas.

O Tlpumep 20. BouiuMcauTbL MHTErpai je" cos x dx.
Pewenue. IMonoxum u=e*, dv=cosxdx?, Toraa

du=(e*)'dx=e*dx; [dv=[cosxdx, v=sinx.
Mo ¢opmyne (3) umeem
fe*cosxdx=e*sinx—fe*sinxdx. )

IMony4YeHHBId WHTErpajl CHOBa BHIMHC/IAEM HBTEIPHPOBA- -
HHEM TO 4acTaM, nojoxus u=e*, dv=sinxdx, oTrKyna
HaiigeM du=e*, v=—cosx. Torma

fe*sinxdx=—e*cos x+[e*cos xdx.

IMoacTaBniss 3HaueHHE NOJIYHYEHHOTO HHTErpaja B BhIpa-
*eHue (4), HaxoauM

fe*cosxdx=e*sinx—(—e*cosx+ fe*cos xdx)=

=e*sinx+e*cos x—~[e*cos xdx.
[lepenocss wWHTerpajn H3 NpaBOH YacTH paBEHCTBA B
NeByI0, TOJydaeM

2fe*cosxdx=e*(sinx+cosx) +C,
M OKOHYATEJIBHO HMeEeM

j'e"cosxdx=%x(sinx+cosx)+ C,

C
rae C=—2—‘. (Tax xak C—rnpou3BosibHAsE NOCTOAHHAA, TO

n C,/2—TraKkxe NpPOU3BOJIbHAA IOCTONHHAN.) @

IMpakTuka nokasbiBaeT, 4TO OOJBUIYI0 9acTh HHTEr-
pasnoB, BBIYHCASEMBIX MHTETPUPOBAHHEM IO 9YaCTAM,
MOXHO pa30uThb Ha TPH TIPYIILL

U 3peck MOXHO MOAOKHTh Takke u=cosx, dv=e*dx.
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1) K nepeoii zpynne OMHOCAMCA uHmezpassl 6uoa
| P(x)arctgxdx, |P(x)arcctgxdx, {P(x)Inxdx,
§ P(x)arcsinxdx, [ P(x)arccos x dx,

rae P(x)—mmuorounen. [JIna ux BBLIYHCJICHHA CJICIYET
NOJIOXHTL u DaBHBIM ONHOM H3 YKa3aHHBIX BHILIE
¢yrkuni, a dv=P(x)dx (cM. mpumep 18).

2) Ko emopoii 2pynne ommuocamca uHmezpaavt 6uda

fP(x)e*dx, |P(x)sinkxdx, j'P(x)coskxdx,

rae P(x)—MHorounen, a k— Hekotopoe umcio. s mx
BBIYHCJICHHA CIIEAYET MOJOXHTh u=P(x), a dv= e""dx
dv=sinkxdx, dv=coskxdx coorsercTBeEHO (CM. npm-
Mmep 19)

3) K mpemveii 2pynne ommocamca unmezpanvi euda

fe**cosbxdx, [esinbxdx,

The a U b——Hexoropme yucaa. OTH MHTETPAJIHl BHITHC-
JAIOTCA ABYKPATHLIM HHTErPUPOBAHHEM MO 4acTEM (cu
npuMep 20).

Pasymeercs, ykazanHBIe TPH IDYNNBI HE HCYEPILIBAIOT
BCEX MHTETPajioB, BLIYHCIAAEMBIX C MOMOIILIO METOHA
MHTETPHPOBAHMA MO 4YaCTAM.

Pemwenne. DTOT MHTErpan He BXOAWT HH B om{y u3
ynoMsHyTeIX Tpex rpynn. Tem He MeHee, mosaras u=x,

-dv=si:':V , HaliageM du=dx, v=—ctgx. ITo dopmyne (3)

noJiyuaeM
J.‘dv = —xctgx+jctgxdx= —xctgx+f°°s,.de=
sm-x sinx

——rctgx+‘[g%‘—) —xctgx+In|sinx|+C.

xdx

AHaﬂOFH‘lHO BBIYUCAAECTCSA MHTerpan .
cos?x

Ynpaxuenns. C noMolpio MeToJa HHTErPHPOBa-
HAS N0 YaCTAM BBIYHC/IMTL CJEAYIOUIME HHTErpaibl:

1. | xarctgxdx. | Oms.

2 1 .
b arctgx—§+ C.

361

CopepxxaHue



™~

. farcsinxdx. (Oms. xarcsinx+./1—x>+C.)
. fInxdx. (Ome. xInx—x+C)

x? x?
. fx Inxdx. (Ome.-z—ln x—o+ C.)

- W

2
fxcoszxdx. (Ome. J%—+%xsin 2x+%cos 2x+ C.)

{xsinxdx. (Oms. —xcosx+sinx+C.)
. [x?*sinxdx.(Oms. —x?cos x+2(xsin x+cos x)+C.)
. [x?e*dx. (Oms. e*(x*—2x+2)+C)

2x H
. fe?*cos3xdx. <Ome. ¢”(3sin 3:; 2e0s3) 1 .,

© W N W

10. 'J‘(4x3 +6x—7)In xdx. (Ome. (x*+3x2=Tx) x

’ x*  3x2
xlnx—-<7+7.—7x>+C.>

11. [(x3+1)cosxdx. (Ome. (x*—6x+1)sinx+(3x2—
—6)cosx+C.) ' :

12. {In(\/1—x+./1+x)dx. (()me. xln(\/r:;+i

+ l+x)—%x+%arcsin x+ C.)

Tlpn MHTErpHpOBaHHH HaCTO NPUXOAMTCA NPHUMEHSTH
CHayana METOX 3aMCHbI NIEPEMEHHOMH, a 3aTeM METOXR
HHTETPHPOBAHHA MO HaCTAM.

O Ilpamep 22. Boruncauts HHTErpal

J,/x2+l[ln(x2+l)—2lnx]dx
R x‘ *

Pemenue. DTOT HHTErpan He BXOAUT HH B OIOHY H3
TPeX TPYNI HMHTErpajioB, HHTErpHpyeMbIXx no vYactaM. C
DOMOILBIO METOAA 3aMeHbl NepeMeHHOH mnpeobpasyeM

1 2dx
ero. ITonmoxum t=1+7. Torna dt=—-;7, oTKyna

dx

1 "
= —Edt' Iloce HecMOXHBIX NpeoOpa3oBaHHH MOALIH-

X
TErpajJlbHOTO BBIPAXEHHA H IOJACTAHOBKH IIOJIYYHM
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J‘./x’+l[ln(x2+l).-—21nx]dx=

j /l+ n*t! d—x—- ——IJlntdt

BuauM, 4TO NpHIUIM K HMHTErpajgy, KOTODBIH JIETKO
HATErpHpyeTcs nmo vactaM. Ilosnaras u=In¢, dv=

=/tds,
5 dt 2 ’
HaligeM du= - V=3 t\/;. CnenosaTebHO,

—%Jﬁlntdt: —%Btﬁlnt—%ﬁﬂdr]:
1[2 4
= —5.[§tﬁlnt—§tﬁ]+c.

HaxoHen, BO3BpaIasch K NMEPEMEHHON X, OKOHYATEILHO
noJIy4aeM

J,/x2+l[ln(x2+l)—21nx]dx=

3/2 3/2 :
1]2 1 1 4 1

2
0 g(144)+c o

Vopaxksenne. BriuncimTh HHTErpan j'e‘/-dx (0OJIOXHUTD
t=/%). (Ome. 2(/x—1)e"*+C)
BeruucouM muTerpan I={./a*—x?dx ¢ nomompio

HHTErpUpOBAaHHA MO 9acTaM (paHee (cM. mpumep 17 m. 2)
OH OBUI' BEIYKCIEH C HOMOHIMO 3aMeHBl HEPEMEHHOIH).

Tonoxam u=./a*—x? dv=dx; Torma du=

X

, v=Xx. CnemoBaTejbHO,
a’—x? ’

I—f,/a —x%dx=x./a*—x*+

()

a—x
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Jlo6aBiuM H BLIYTEM a? B YMC/IMTEsE MOABLIHTETPANbHON
¢yHKUMA MATErpana B NMpaBod 4acTH paBeHCTBa. Toraa,

pasnenmms Ha /a’—x?, momyunm

2 2 (42 42 -
f x’dx _ |a (a*—x )dx=02J' dx = 2 xldx=
Jar-x? Jai=x? Jat—x?

. . X
=g?arcsin=—1I.
a

IMoncraBue 3TO BhipaxeHue B (5), NojJyuuM
X
I=x./a*—x*+a%arcsin=—1I.
a

O6vemuusas oba wuHTErpana I= J a*—x?dx B nesoit

YacTH, HMeEEM
. « X
ZJ. a’l—x%dx=x./a*—-x*+a?arcsin=.
a

Otcroa OKOHYATENBHO HAXOMUM
- 2
X a X
j. /a*—x? dx =34 /at—x? +-arcsin~ +C.

B 3a1<moqe}me BBIYHCIINM HHTErpan

dx
= [

g:—uenoe NMOJIOXKHUTENBHOE 4YHCJIO), KOTOPBIA MNMOHAHO-
utca B cienyrouieM naparpade. Ilpy n=1 umeem

I, =arctgx+C.

Ilycte n>1. 3aMEeHHB B HHCIANTENE €OHHHUIY Pa3HOCTBIO
(x*+1)—x2, momyynm

_ dx x¥dx

L (x*+1)"? (x’?l-l)"'

Bo BTOpOM HHTErpajie MOJIOKHM
u=x, du=dx

p= xdx p= Coxdx i
eI T )T @e-2) (e
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(cM. mpumep 16 m. 2), nostomy

x3dx x . dx
W -t 1)""’+j(2n—2)(.r2+ 1yt

CJ1€10BaTC/IBHO,
X 1
I=I_ - - I
n n 1+(2n_2)(x2+])n—l 2m—2 n-—1»
T. €
[ = x ‘ +2n—31

T 2n=2)(xi 1)t 2p—2 Y

TaxuMm obpazom,

dx X 2n—-3 dx
I(xz+ l)"'=(2n—2)(x2+ l)""+2n—2 f(x2+ -t (n> 1)'(6)

®opMyiabl THRAa (6) HA3LIBAIOTCA pexyppeHmuvimu ',
OHu no3BONAIOT CBECTH BBIYHC/ICHHE HHTerpana I, x
BBIYHMCJIEHHIO MHTerpasa /,_, ¢ MHAEKCOM, MEHBIIHM Ha
€IMHHLY, a B CBOIO ouepelb, BblYHchAenue [, ,—K
Beiyucienuto [,_, M T. A B pesynbTaTe mnpuaeM K
H3BECTHOMY HHTerpany /I, u Oyner BLIYHC/IEH HHTEr-
pan I,.

dx
O Ilpumep 23. Bruiuuciuts f (‘_2*'_1)3

Pemenune. Ilo pexyppentHoil dopmyine (6) nmeem

dx X +§ dx
(310 421 4 | P+ 0)

dx _  x +1 dx dx —arctg x:
P+ 1) 20 +1) 210 [xraq ATCE

OKOHYATECJIBHO NOJY4YaeM

dx x 3 3
. J‘(_‘-2+l)3_4(_“2+|)2+8(7\_2+l)+§arctgx+c. o

D Ot nar. recurrens — Bo3aspatialoutHiics.
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?

" Bonpocbl ANA. Camonpoeepku

1..B uem cocrout metofq HenocpeAcTBENHOro WMHTErpupoBaHun?

2. Hanwwute (popMyny 3aMeHbi NepeMeHHon B HeonpegeneHHoM
uHTerpane. Illpu kaxkux ycnoeuax ara ¢opmyna cnpasegnusa? =

3. Hanvwwute copMyny WHTErpupoBaHua NO YacTAM. I'lpu KaKux
ycnosuax 3ta c¢opmyna cnpasegnusa?

4. Kakne unterpansi Hanbonee yaoGHO BBIYUCNATL WHTErpUPO-
BaHWeM no 4YacraAm?

5. KakoBo Ha3zHaueHue peKyppeHTHblx ¢dopmyn?

§ 5. UHTETPUPOBAHUE PALIMOHAJIBHBIX ®YHKLIAHA

Baxuplii kxnacc ¢yHKuMi, HHTErpajbl OT KOTODBIX
BCETJa BBHIPAXAIOTCA 4YEpE3 JJIEMEHTapHble (QYHKIMHH,
obpa3yioT pauHoHanbHble YHKUMH, T.e€. QYHKIHH,
KOTOpblE MOXHO NpPEICTaBHTL B BHAE ApooH

P(x)
Q(v)’

rae P(x), Q(x)— MHOrouneHs!.

ECfM cTeneHb MHOTOWIeH2 B YHCIHTENE paBHA WIH
GOoIbILE CTENEHH MHOTOJICHA B 3HAMEHATENE, TO, BHINOJI-
HUB JleJICHHE, TOJIY4UM

P(x) _ R(x)
o0 W(x)-i—Q(x), (1)

rae W(x)— HexoTophlit MHOTOYJIEH, a R(x)-—MHoro'meH
crenenu Hmke ueM Q(x).
O Tlpumepni.

Xt —x241 2x3—6x+2
=N
X’ —=2v+1 x*=2x+1
4x+1 1
2. T
x3+1 +.\'2+1 o

B Boiciieit anrebpe [0Ka3bIBAETCHA, YTO KaXJbIH
MHOrowieH Q(x) Moxer ObITh NpeACTaBJEE B BHAE
NIPOU3BEACHUS

O(x)=A(x—a)(x—P)...(x—7)

rae A—xo3dduuHeRT NpH CcTaplled CTENCHA MHOro-
unena Q(x), a o, P, ..., Y —KOPHH ypaBHCHHS Q(x)=0.
Muoxutenu (x—o)(x—B)...(x—v) Ha3bIBaroTCA 31€MEH-
maphblMiy ALHONCUINC 1MUY, Ecnu cpean HHX €CThb CoBIIa-
JaoIrHe, TO NOJYYHM NpeIcTaBJIeHHE
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Q(x)=A(x—a) (x—B)*...(x—7)", ()

roe r, S,..., !—IeaBe YHCIa, KOTOpble Ha3biBAIOTCA

Kpamnocmamu, COOTBETCTBYIOUTMMH KOpHSM a, B, ..., v,
OpHYEM r+s+...+¢=n, n O3HAYaeT CTENEHbL MHOIO-
wieda Q(x).

Tax, nanpumep, MHorowteH Q(x)=5(x—1)?(x+4)*
HMCEET CIIEQYIOIHE KOpHH: a=1, B= —4, npu 3TOM YHCIIO
2 ecTb XpaTHOCTb KOpHA 1; uKCiIO 3 —KpaTHOCTh KOpHA

—4).

( &pezm KOpHel mpexactasneHds (2) Moryt ObIThb H
KOMIUIeKCHBIe. B Broiciied anrebpe AQOKa3BIBAETCH, ¥4TO
€CIIH o.=d+ bi—r—KpaTHbI# KOMILIEKCHBIH KOpPeHb MHO-
TrOWICHa C BEIeCTBEHHbIMH KO3(p(QHIUMEHTaAMH, TO OH
HMEECT TakXe CONPSDKCHHBIA C HUM. r-KpaTHBIA KOpeHb
a=a—bi. [ipyrAMA cioBaMH, ec/iH B npeicTabieHue (2)
BXOZHT MHOXHTENb (x—af, TO OHO COJUEPXHT TaKke H
MHOXHTENb (x—&)". JIepeMHOXHB 3TH [Ba MHOXHTEIN,
HOJIyYHM

(=0 (x— 8= ([x—(a+ ] [x—(a— b0y =
=[x?—x(a+bi)—x(a—bi)+a*+b*]'=
=[x?—2ax+a*+b* ] =(x*+2px+q),

rae p=—a, g=a*+b? p*—g<0. :

Takum o6pa3zoM, nmpousBeneHHE MHOXHTENEH, COOT-
BETCTBYIOIIAX CONPSDKEHABIM KOMIUIEKCHBIM KOPHSM,
MOXHO HpPEACTaBHTb B BHAE KBaJAPAaTHOrO TPEXWIEHA C
BELICCTBCHHLIME ko3dunmentamu. [Mocrynas anajormy-
HO C OCTaJbHBIMH KOMIUIEKCHBIMH KOPHSMH, MpeacTaB-
nenue (2) 3andieM B BHIE

: Q(x)=A(x—a)y (x—B)..
(X2 2px+q) (X2 4 2ux+o)"... . 3

B Bbiciueii ayrebpe mokasbiBaeTcs CleAyroliast Teo-
' . R(x
peMa: ecau payuoHasvHaA PyHKyus é—; 8 COOMHOWeHUY
X
(1) umeem cmenenv MHO20useHQ 6 uucaumese MeHblue
CmeneHu MHO204AeHA 8 3Hamenamese, a mHozouaen Q(x)
npedcmasaen 6 6ude (3), mo smy GyHKyw0 MONCHO
eouHcmeeHHbIM 00pa3omM npedcmagums .8 Guode

R(")= 4,
Qx) (x—e)

A,
(x—a)

+...

2
(x—«a

St
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MlX‘*'Nl MzX"‘Nz M,x+N‘
T 3 s+t =+... (4)
2 4+2px+q  (x*+2px+9q) (x*+2px+4q)

rae Al’ Az, vasy A', wosy M". IVL, Mz, Nz, seey M‘, Nl’ Y A
AexoTophie uncna. Pa3soxenne (4) HaseiBaeTca pasao-
JKcerueM PAYUOHAAbHON PyHKYUU HA I1e MeHmapHbie Opobu.
PapencTBo (4) mMeeT MeCTO IUId BCEX X, HE ABJLAIO-
LIMXCA BEIIECTBEHHBIMH KOPHAMHA MHorowieHa Q(x).
Yrobm onpenesuts yncia A, A, .., A, ..., .
Nyy ooy My, N, ..., YMHOXAM 00€ 4aCTH Pa3jlOXCHHSA 4
Ha Q(x). Tak KaK paBeHCTBO MeXAy MHOrowicHoM R(x
U MHOTOWICHOM, KOTOpHI{ MOJyYuTCA B NMpaBo#t vacTH,
CNpaBe/UTHBO UIA BCeX X, TO KOMpPHIHEHTHI, CTOAIME
OpH PaBHLIX CTENMEHAX X, PaBHW Mexgy coboi. Takxum
o0pa3oM moslytMM psAA YpaBHEHHE mepBoi cTencHM, u3
KOTOPLIX HaHIeM Hew3BecTHbie wacna A,, A,, ..., 4,, ..
wey My, Nyy ooy My, Ny, ... . U30XeHHEBIH METOX OTBICK2-
HHR Pa3JIOKECHAS PpalHOHATLHOH (YHKIMH HBa3mBacTCH
Memodom HeonpedeseHHuX KoIpduyuenmos.
O Ilpumep 1. Pa3noxurh panHoOHANLHYIO (YHKIMIO
-1
xt—5x+6
Pemenue. Tak kax x?—5x+6=(x—3)(x—2), 1o mO
¢opmyne (4) mMmeeM

w-1 A4, B
x:-5¢+6 x-3 x=-2

HA 3JICMEHTApHLIE ApoOH.

VmuOXas o6e 9acTH paBedcTBa Ha Xx2—S5x+46,

nojIyYaeM ’
2x—1=A(x—-2)+B(x—3), wm
2x—1=(4+B)x~-24-3B.

Ipupasuusas ko3bdaUMEATH TpH o;mmxom;l;( c*gmezmx
o +0=2,
X, MOJY4acM YPaBHCHUS NEPBOH CTENeHH: I, . +3B=1,
orkyna A=5, B=-3.

Taxum obpasom,

-1 _ 5 3

l'[plmep‘ 2. Hafitu pasnoxedne pauuoHamHON PyHK-
xi—1
" x(x*+1)?
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Pcwenne. Tak Kak xBanpaTHbil TpexwieH x+1
HMEET KOMIUICKCHBIE KODHH, TO 1O dopmyne (4) nmeem

a'~1 A4 Bx+C Dx+E
x(x*+1) AR (x2+ 0¥

VmMHOXas 06e 4acTH pasedcTsa Ha x(x*+1)?, nonyaem
¥2—1=A(x2+1)*+(Bx+ C)(x*+1)x+(Dx+E)x,

Wi o

x*=1=(4+B)x*+Cx*+(24+B+D)x*+(C+E)x+A.

CpapunBas kodpopuummentsr npu x°, x!, x2, x3 n x4,
NpUAEM K CHCTEME YpaBHEHMI

x*: 4+ B=0,
x3:C=0,
x2:2A+B+ D=1,
‘C+E 0,

\'° A=—1.

Pemas 3Ty cuctemy, HaitaeM A= —1, B=1, C=0, D=2,
E=0, mo3ToMy HCKOMOE pa3JIOKEHHE HMEST BHJ
xr=1 1 x 2x

—_— = — e
x{x*+1)? x oxT+l 0 (¥ 1)? o

M3 u3noXeHHOro crnefyer, 410 3ajaua HHTETrPHPOBA-
HHS paUMOHANbHOH (bymculm (1) crogutca K merpnyo-
BaHHIO PAUMOHANLHOR (YHKUMM w(x)=apx"+a,x"™
+...+a,,, uHTErpan or xoropou SIBJIACTCH 'ra6numbm

Jw( )d\—-a0

H HHTErPUPOBAHUIO PALMOHANBHON (GyHKUHH QH 4TO

CBOJMTCA K HAXOXACHUIO UHTETPAJIOB CIEAYIOMHAX YeThi-
peX THIIOB:

L Jidx=,41n|x-a|+'c.
X—a

—+ +a,x+C,

A g A Y
IL. J(x_a),dx (r_l)(x_a),_l+C(r>l) .

Y Unrerpanst 1 u [I Tuna MHTCrpUPYIOT C NOMOIUBIO MOACTAHOBKR
t=x—a.
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111 x+B
+2pr+q

Ax+B

IMpu s10M MHOTOYAEH X +2px+q HE MMeEET BelleCTBEH-
HbIX KOpHeif, Tak 4to p’—g<0.

Boruucium uaterpan Il tuna, xotopuii npmHAame-
XKHMT K 4YMCIY MHTEIPasjioB, 4acTO BCTPEYAIOHIMXCA Ha
HNpaKTHKE.

Boigenum W3 TpexuieHa B 3HaMeHATeNle NOJHBIA
KBaapaT:

X3 4+2px+q=(x+p)*+q—p*.
D10 pa3znoxeHue MOJICKA3BIBACT MOACTAHOBKY x+p=t, .
x=t—p, dx=dr. JQanee, g—p *=h>0 u nepeiigeM K nepe-
MeHHOH ¢. B peaynbrate uHTErpan npeoGpasye'rcsl K BHIOY

" ’Ax+B dy= At+B—Ap |

J x4 2px+q 1*+h

1 2tde dt
=-A | —+(B-—A4 —-—
2 J.t2+h+( P)J,z_,_h
IepBblil MHTErpas B NpaBsoif YacTH BLIYHCIAETCH HEIOC-
PEACTBEHHO: '

2:dt

r +1—1 n|t?+4+h|+C=In|x? +2px+ql+C

Bropoii wuuTterpan Buiuucnsercs no ¢opmyae XIII
Tab/MIbl OCHOBHBIX MHTErpa’ioB. ' '
6x+5

t4+4x+9
Pew e HHUE. BLIIICJ]HM B 3HAMEHATeJIe MOJHBIA KBaj-
pat: x*4+4x+9=(x+2)?+5. CnenaeM mNOACTaHOBKY
x+2=t, x=1-2, dx=dt; B pesynbraTe HOJy4aeM

f 6x+5 dx:=f 6x+5 _dx__Je(x— D45 4,

x2+4x49 {x+2)+5 1245

6f—- 2ede d;
l—'i“';“‘ dt - 3 J\ p 5

O Ipumep 3. Boiuucauts HHTErpas j

- 7 t
=30p (124 5)— ——arcig —+C.

NERVE
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Bo3ppamuasck K MNEPEMEHHOH X, MOTYYHM

6x+5
L +4x+9dx 3In(x? +4x+9)—7arctg ‘/_+C P

Tenepb nepeitieM K BeIMUCIeHHIO HHTerpaia IV Tama
f&—"fﬂ—d ‘g—p?>0, r>1. BeeaeM HOBYIO mepe-

24 2px+q)
MEHHYIO! ,
e x+pz, x=z./q—p*-p, dx=/q-p*dz. (5)
Va-r ‘
Janee umeeM
24l= (x+p) Fl= 2+i;;x+q )

TaxuM o6pa3oM, HCnoONb3ys NOACTaHOBKY (5)
npuHMMas BO BHMMaHHe (6), mnosyvaem

Ax+B dx;J'A[z\/q—-pz—p]+B

(x*+2px+q) (22 + 1y (g—p?)

- [pee=m [y N [ .'

rae M, N—nOCTOSHHBIE YMCNA, 3HAYCHHA KOTOPHIX
sSCHBI W3 HpeanocneaHero pasenctsa. Ko BTropomy
MHTErpajy NOCJIETHETO pPABEHCTBA MOXHO HPHUMEHHTD
pexyppenTHyro ¢opmyiny (cMm. § 4, n. 3, dopmyry
(6)); mMONOXMB B NEPBOM M3 MHTerpaioB z2+1=¢,

MOJTYYUM .
zdz M [dt M 1
M5 7= sy e+ e=
M i

=50 @y C

g—p*dz=

O Ilpumep 4. Boiuucauth HHTErpan J. (—xz—i-%z-dx
Pemenne. IMonokum = x___l_=i_—],r OTKyJa X=
J5-1 2
=142z, dx=2dz, a x>—-2x+5=4(z2+1), cnenopa-
TENBHO,

n
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5x+3 (1+2z)+3 B
J(.tz—Z.r+5)2dV J“‘Z( P41y 2dz=

1048 5
= [ J0eH8 4,3
8(z2+1)? 4

dz z
J(z +1)? 2(22+])+ arclgz
Taxkum oOpazom,
5x+3 501 oz 1 -~
J‘(x 2_2¢+5)? "'—§ zz+]+2(zz+l)+§arctgz+C—
4z—

5 1
_m+5arctgz+ C.

Bo3Bpaumlasce Tenepb K NEPEMEHHOHR X, MNOJYyYaeM

5x+3 o 2x=T
j(xz—zx-i-S)de—Z(.\‘z—zx+5)+ arctg( )+C o

Hrak, ycTaHOBNEHO, YTO HHTErpHpOBaHHE JNOOOI
pauMoOHaNbHOH (QYHKUHH CBOOMTCS K HHTErPHPOBAHMIO
MHOrO4JIeHa ¥ KOHEYHOrO YHCJa JJeMEHTapHbIX Apobei,
HHTETPAJIbl OT KOTOPBIX BbIPAXAIOTCA Yepe3 paluOHAIb-
Hble (YHKIMH, JiorapHdMbl W apKTaHreHCHl. MHBIMHA
cnoBaMy, Jobas pauwoHanbHas GYHKUHS HHTETPHpYeETCS
B 3/IEMEHTAPHBIX (GYHKIMSX,

Ynpaxkuenus. Boluuciuth cnegyrolide HHTErpaibl:

1. dev (Ome. 21n |x—2|<In|x—=3]|+C.)

2x+3 . —
2. de.\. (Oms. In|x=2]+In|x+5|+C)

3. fwd,v. (Ome. 3n|x|+In|x—1|=In|x+

x{e—=1)(x+1)
+1{+C)

341 1 9
4, fde (Oma. x+gln|x]—§ln|x—2l+
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+33§1n|x—3|+c.)

4 3 2. 3
5. r +3x+2x +x+!,dx. (Ome. %+x2—x+

2+x+1
1
—arctg— ( —>+ C.)
f J3 2

5x+2 5 2 _ x+1
6. L T (Ome.iln(x +2x+1Q) arcig——+

+<)

dx ~ (x+l)z
3+l.»(0me -In +—arctg 7 +C)

6 xl-x+1 ﬁ

(Ome. —lln|x+l|+%ln(xz—x+l)+

8.

--

x3+

+ = arctgzi—+C)

SV
1, |x=11 1

9. J-x T (Ome. zln ;—ﬁ‘—iarctgx+C.)

3x+1 1 2 3x+1
10. 'f(H ' (Ome. Inlx| =3 In(1+x?) 45t
+ - arctg x4+ C.)

3x+5 2x~
11. I(" +2x+2)2 (Oms m+arctg(x+l)

+C)

B 3akimod4eHHe OTMETHM, YTO PacCMOTPEHHBIE NpHe-

MBI ¥ METOAbI MHTErPHPOBAaHHA HE HMCYEPNBIBAIOT BCEX
KJIACCOB aHAJIATHYECKA HHTETPHPYEMBIX 3JE€MEHTapHBIX
¢byakumit. B To xke BpeMs H3 H3JIOXKEHHOrO CJIEQYET, 4TO

. TEXHHYECKH MHTErpHpPOBaHHE CJlIOXHee mAubdepeHnupopa-
pus. HeobxomuMel ompenesieHHbIC HaBbIKH W HM300pe-
TaTeNIbHOCTh, KOTOpPble MPHOOPETAIOTCS HCKJIIOYHTEILHO
NpaKTHKO peuieHns Gomnbuioro 4ucjaa npumMepos. Kpome
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TOrO, ecM muddepenApoBaHue He BHIBOAUT M3 KJacca
9JIEMEHTApHLIX (QYHKNMH, TO NpH HHTETPUPOBAHHH Cy-
LIECTBYIOT TaKHe 3J¢MeHTapHbie (GyHKUMH (HampHMep,
-x2 1l sinx :

e BT 1.), mepBoobpa3Hbie OT KOTOPBIX HE
SBJIAIOTC JJIEeMEHTapHbIMHM ¢yHKuHsMH. Taxue nepso-
obpa3Hbie XOpOLIO M3YYEHBI, MX 3HAYEHMS BLIYHCJICHBI
gpnﬁnnxcenno, Ui HUX CcOCTaBJieHbI TabJHUBI M Ipa-

HKH.

?

. Bonpocbl ana camonposepku

1. Kak pauyuonanbhyio Apo6b pasnoXuTb Ha 3NeMeHTapHbie
apobu? )

2. Yto Takoe mertop HeonpeAeneHHbix KoaduyueHTos?

3. K wHTerpanam Kakux TUNOB NPUBOAUT MHTErPUpOBaHUE pa-
yuoHanbHoOh Apobu?

4. Mpusegute npumeps anemeHTapHbiX (YHKUWA, nepsoobpas-
Hbie OT KOTOPbIX HE RABNAIOTCA INEMEHTAPHBIMU (PYHKUUSIMH.

§ 6. ONIPEAENEHHBII WHTEIPAJ

1. Onpenenense onpeaesnennoro umrerpasa. I[lycrts
dynxuus y=f(x) onpenenena nHa orpeske [a, b], a<b.
Pa3zobbeM 3TOT OTpe30K Ha n NPOU3BOJLHBLIX YacTeif
TOYKaMH

=X <Xy <X <...<Xi-y <X;<...<Xx,=b.

O6o3natuM 310 pa3bGHeHHe depe3 T, a TOUYKH Xg, Xy, ...
..y X, OyZleM Ha3bIBaTL moukamu paszbuenus. B xaxaom
M3 NOJIyYeHHBIX YaCTHYHBIX OTPE3KOB [X;_,, X; | BoIGepem
NpPOM3BOJILHYIO TOUKY &,(x;—;<E;<x;). Yepes Ax; obo-
3HAYHM Pa3sHOCTh X;—X;_;, KOTOpyl0 OyxeM Ha3bIBaTh
O4uHoll 9acTHMHOTO oOTpe3ka [x;_y, x; ]

CocraBuM cymmy:

c=f(§;)Ax, +f(§2)Ax2+'"+f(§n)Ax"=
=i=zlf(§i)Axis )

KOTOPYIO HAa30BEM urmezpaabHoli cymmoti aaa Gynxuun
f(x) Ba [a, b], coorBercTByIOmE#t NaHHOMY pa3buchHIO
a,b] Ha vacTHUHBIE OTpe3KH H [JaHHOMY BHIGOpY
OpOMEXYTOYHBIX Touek &;. TeoMmerpmyeckmii cMBICH
CYMMBl G OWYEBHJICH: 3TO CyMMa Iuomajiell mpaMo-
YTOJLHHKOB C OCHOBaHHMsSMH Ax,, Ax,,.., Ax, ®H
Boicotam f (&, ), f(€2), ... f(E,)> ecm f(x)=0 (prc. 177).
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O6o3HauuM depes A ¢
IMHY HambGonbiuero 1ac-

THIHOTO OTpe3ka pa3bue- y-rx
’ \
ms T A=max {Ax;}. : \
1i<n -

Onpenenenne. Ecau
cywjecmsyem KOHeuHbli \
npedes I unmezpanvHol N

4xda a5y X
cymmot (1) npu A—0, mo &\
amom npedea Hasbieaemca
onpedeneHHbIM  uUHMe2pa-

aom® om Pynkyuu f(x) Puc. 177
no ompesky [a,b] u obosnauaemcs caedyrowum 06-

ol

XQ 5 X Ea Xy Niqkixi  Fa-lEn b°Xa X

pason.
I=[£(x) s @)
uau :
[t6)ax=lim 3 /(6

B atom ciydae GyHKums f(x) Ha3blBaeTCA uHmezpu-
.pyemoii Ha [a, b]. Uncna a H b Ha3bIBAlOTCA COOT-
BETCTBEHHO HUMCHUM W GEDXHUM NpedeAamu urmezpupo-
sanus, f(x)— nodvinmezpaavroii gyniyueii, x— nepemen-
HOli UHMEZPUPOBAHUA.

Heobxomumo crenath paj NOACHEHHWH, Tak KaK HMeeT
MECTO He COBceM OOBIMHBIH HNpeleNbHBIR = NEPexon.
JlarHOE oOnpedcncHHE ONPERACACHHOro HHTErpana mno
dqopMe HanoOMHHAET IEpBOE OmpeleneHue mpenena ynx-
IMH «HA S3LIKE MOCJIEAOBAaTENbLHOCTER», INE BMECTO
(yHKUMH CTOMT MHTerpanbHas cymMMma (1), sBasiolnascs
nepeMeHHON BeNMMYMHOH, XoTOpas 3aBHCHT oT_A. [edcr-
BHTEJBHO, MpENIONIOXAM, YTO OTpe3ok [a, b] mocnemo-
BaTeNbHO pa30OMBAaIOT Ha 4YaCTH CHavaja OJHMM CHO- .
coboM, 3aTeM —BTOpHIM, TpeThUM H T. A. [lpuyem
JuMHA HambosblEro OoTpe3ka B KaXIOM CIy4ae YMCEHBb-

D B HeKOTOpBIX y4eOHBIX MOCOGHAX, Il HEONMPENENCHHBIH HHTET-
pan, xax MHOXecTBO Qynkuuit Buma F(x)+C, Ha3mBaeTCA «mepBo-
. ofpa3noit», ompeneNeHHHN HHTErpan Ha3biBalOT NPOCTO «HMHTErpa-
noM”,

2 UYpraerca: «onpencneHurii wHterpan ot a ao b f{x) ma
dx», .
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waercs A—0Y, xorma n—oo. Takam obpasom, no-
JTy4aeM NOC/e0BATENLHOCTD, pa3brennit {1, }, y koTopoi

limA,=0, = MOXHO JaThL ONpEMCJICHHE ONpENE/ICHROTO
n—-w

HHTETpaJla Ha YXE¢ 3HAKOMOM (S3blKE IIOCJIEHOBATEb-
HOCTeH»: Pynkyusn f(x) nasvieaemca unmezpupyemoii na
[a, b], ecau 048 mobot nocaedosameabHocmu pasbueruit

{r,}, y xomopoii lim A,=0, coomeemcmeyroyas nocaedo-

B

éameabroCmy  unmezpasshvix cymm {C,} cmpemumca

6cez0a Kk O00HOMYy u momy e npedesy I=limac,.
N>

MoxHo AaTh onpe/ciicHHE ONpeeIeHROro HHTErpajla
H «Ha sA3bike €—O»: uucao I nasvigaemca onpedesennvim
unmezpasom Pynkyuu f(x) na ompesxe [a, b], ecau daa
mobozo €>0 cywecmsyem 6>0 maxoe, smo npu A<
(m. e. ompe3ox pa3bum Ha uacmu, OAUHA KOMOPHIX
Ax;<d) Hezasucumo om ewvibopa mouex &; evinoanaemca
Hepasencmeo :

n
L &) Ax—1I
i=1

JloxaszaTh 3KBHBAJICHTHOCTh OOOHX oOmNpenencHMii
MOXHO N0 aHAaJOTHH C J3KBHBAJICHTHOCTBIO ABYX OIIpe-
henennii mpenena ¢ynxumn. OnpenesienHe «Ha A3bIKE
NOC/IeIOBATEILHOCTEH» JaeT BO3MOXHOCTbh NEPEHECTH
OCHOBHBIE NOHATHSA TEOPHMH NpENEJIOB ¥ HAa 3TOT HOBBIM
BHJ Tpejena. :

H3 onpeneneHus onpeneseHHOro MHTErpaja Clemyer,
49TO BEJIMYHMHA HHTErpasa (2) 3aBHCHT TOJBKO OT BHIAA
dymxumit f(x) m or umucen a m b. CnemoBatensHo, ecin
3afanbl f(x) M npenesnsl HHTErpHPOBAaHHS, TO MHTErpaj
(2) onpenensercs OMHO3HAYHO M HPEACTaBJsET coboit
HEKOTOPOE YHCIIO. .

0 Ilpnzep 1. Hcnonw3ys onpeneneHHe, BLIYHCIHTH

<Eg.

waTerpan [ Cdx, rme C—HEKOTOpOe 9HCIO.
a

) Bmecto A—0 6buto 6l HEMPAaBWILHO MMCATH M— O, TAK KaK
MOXHO NDHBECTH NpuMep (moaymaiite, xaxoii?), xorga ypenHdeHHE
4HCNa TovYek pa3buenua [a, b ] ewe He 0GA3aTeABLHO O3HAYaeT, YTO BCE
Ax; HeorpaHHveHHO YObiBaloT; eciu ke A—0, To Bee Ax,—0 n
00643aTENILHO N—»00.
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Pewenue. Pazo6bem otpesox [a, b ] Ha n npousso-
JbHBIX . YaCTEH TOUKAMH a=Xo<X;<X,<..<Xi-; <
<x;<..<X,=b H COCTaBUM COOTBETCTBYIOIIY}O HHTEr-
panbHyio cymmy (1). Tak xak nogviHTerpanbHas GyEKIAL
f(x)=C nocrosuna, To nns moboro BHGOpPa MpOMEXY-
TOYHBIX TodeKk §; MOJIyYHM HHTerpanbHyl0 CyMMy BHAA

0=CAx;+CAx,+..+CAx,= ) CAx,.
i=1

Hanee umeem

i CAx;=C Z": Ax;=
=C[(x,—a)+(x,—x,)+..+(b—x,)]=C(b—a).

BuauMm, 4TO HHTErpanbHas cymMma Ans AaHHOH QyHKIMH
HE 3aBHCHT HH OT pa3OHeHHs, HM oT Bbibopa Touek &, H
paBHa C(b—a). CnenosaTeqbHo, W - ee mnpeaen IpH

A=max {Ax;} >0 paBeH To# Xe BenHuMHe.
Igign

Taknm oOpa3oM, mo onpeaenenMio,
b .n
fCdx=1lim Y} CAx;=C(b—a).

A-0i=1
ﬂpnmepl 2, Hcnonb3ys onpeneneHne, BHIYHCIHTD

unterpan | xdx.

V]
Pemenne. Pazobbem orpesok [0, 1] ma n pasHEx
(B mDaHHOM ciaydae 3TO YOOOHO) uacTeH ToukaMH (=
=Xg<X; <X <. <Xjm 1 <X;<...<X,=1. [lnuBEa Kaxm0-
ro yacTuyHoro otpeska Ax;=1/n. [IpuueM ecmm n— oo,

TO A=max {Ax,.}=:-l—>0 1 HaobopoT. B kayecTBe mpome-

1gign

KYTOYHBIX TOUEK E,.,.(x,-_lsﬁ,.sxi) BO3BMEM MpPaBHIE
KOHLBI YaCTHYHBIX OTPE3KOB: ﬁ,.:x,-:i(i:l, 2, .., n)
n
CotTaBMM COOTBETCTBYIOIIYIO HHTErpajibHY10o cyMmy (1):
n n
i1 1 ' ‘n(n+1) _n+1
o= Ax,= ) - 2= (14+24+..+n)= =—,
] Zé' ! l.;n n MZ( Tttt ) 2n 2n

i=1

BeiyuciuM mpefen MHTErpagbHOM CyMMBI TPH N—00.
IMonyunm .
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lim n+l im I+1/m 140 1
2n

2 2 2

n— 0 n—0

CnenosaTeibHO, 110 ONpCAC/ICHHUIO,

0o {n—~0)

Vopaxknenne. Ha npumepe 2 nokaxure, 4To nNpH
ApyroM BbIGOpE MPOMeXyTO4HBIX Touek &; (Hampumep,

i—1
E,=———JieBble KOHI{bI HaCTHYHBIX OTPE3KOB) Npene
n

HHTCI‘paJ’IbHOﬁ CyYMMBI, 2 3HA4YUT, ¥ BCJIHYHHA NAHHOIO
HHTErpana HE HU3MCHATCA.

2. Ocuog;m;le CBOMCTBA oONpe/de/ICHHOr0 HHTerpaja.

WUurterpan [f(x)dx 6bur BBenenm nana cnydas a<b.

a .
O6001MM TNOHATHE ONpele/IeHHOTO MHTErpaja Ha Cly-
yay, xorga a=b u a>b.
1°. Ecau a=b, mo, no onpedesenuro, nosazaem
a

{f(x)dx =.0. (3)

a

Ecau a>b, mo,no onpedeaeruto,
b

J7t)dx==[/(x)dx. @

- a

29 Kaxosvr 661 nu 6blau uucaa a, b, ¢, ecezda umeem

Mecmo pageHcmso '
b c b
ff(x)dx=[f(x)dx+[f(x)dx, )
a a c
(371ecy M B JaNbHEHLIEM NpeAnosaraercs, 4To HHTErpa-
Ibl, BXOASLIME B JOKa3blBaeMble (OPMYJIbI, CYyLIECT-
BYIOT). :

O JdokazaTenabcTBO. JlonmycTuM CcHadaja, - 4TO
a<c<b. Tak xak mpeaes WHTErpajbHOH CyMMB! G HE
3aBHCHT OT crocoba pa3bueHus: oOTpe3ka [a, b], TO
6yneM npoBOIUThH pa3bueHHe Tak, 4TOOBl TOYKa ¢ BCerja
6blna 661 To4KON pasbuenus [a, b]. Ecnm, HanpuMep,
¢=X,, TO G MOXHO pa3OHUTh Ha HABE CYMMBL
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=§: f(E )Ax—Zf( i) Ax;+ Z f&)Ax

i=m+1

[Tepexons B nmocneaHeM paBEHCTBE K INpeneny npn A-0,
Mbl M TIOJIyYHM paBEHCTBO (5).

CyTb OOKa3aHHOrO CBOHCTBa COCTOMT B TOM, 410
OTIpe/ie/IEHHbI UHTErpasi o BCEMY OTPE3KY PaBEH CyMMe
HHTErpajioB IO €ro 4acTsiaM.

Jloxa3zaTenscTBO IJis APYTOro pacloJIOXEHHS TOYEK
a, b, ¢ nerko cBOOMTCA K PAaCCMOTPEHHOMY CJIydalo.
Ilycte, Hampumep, a<b<c; Torma, mo HAOKa3aHHOMY,
nMeeM

if(x)dx=§f(x)dx+_if(x)dx

oTKyHa, yuntbiBas (4), nosyuaem

§7(w) b= (a) b [(a) b (o) b+ [ a) o

T. €. ONATH NPHULTA K PpaBeHCTBY (5). W
30, ITocmosanmvlit MHONCUMEAD MONCHO GbIHOCUNID 3a
3HaK onpec)e/leunozo uumeepa/la m. e.

j'kf(x)dx=kjf(x)dx. 6)

O Hokxa3zaTtenbcTBo. Hdelicreutensuo, g mobo-
ro pasbuenus otpeska [a, b | 1 moboro BeiGOpa TOUEK &;

Z kf (& }Ax;=k Z f(&)Ax,.
i=1 _ i=1
Ilepexoms x mnpeneny nmpu A—0, uMeeM

Ekf( )dx—hm Z kf(&;) Ax; —llmk Zf(f; )Ax,=

—klim ¥ f(&)Ax, —kff( )dx

-0 =1

T. €. JIOyHEHO PaBEHCTBO 6).m
4°, Onpe()eﬂemwtu uumezpan om aﬂee6pauuecxou cym-
Atbl ¢3 HIKYUIl paseft a12e0pauueckoll cymme uUX uHmez-
panoe, . e.
379
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L) £g(x)] ax= [0 2o ()

0 JoxasaTtenbcTBoO. JlelicTBuTeNnbHO, Mg JT060-
ro pa3buenus orpeska [a, b ] u moboro BeiGopa Touek ;

3 ()42 ()] Ax= T /6)Axt ¥ g()Ax.

Tak kax

n b n b
lif: ;lf({'u)Ax:=J.f(x) dx u 111_12 '21 g(&:)Ax;=[g(x)dx,
TO ;'l(in)"laCM, tnao \ . ’ ’

{[f(x)ig(x)]dx:lirr; ) [f(gx)ig(au)] Ax;=

A0 i=

~lim ¥, /(&) A% tlim ¥, g(6)Ax,=

=[f(x)dx+fg(x)dx: m

3aMeuanue. CpoiictBo 4° mumeer MecTo I
moboro KOHEYHOrO HHC/A CJIaraeMsiX.
3. Onenkn mmrerpaios. dopMyna cpeasero 3HaveHHd.
1°. Ecaueciody na ompesxke [a, b ynxyua f(x)=0, mo
b

{f(x)dx>0.
a .
O HokasaTtenbcTBOo. B camoM nene, mobas

MHTerpanbHas cymMMa o Juis dyrkmud f(x) Ha [a, b]
HEOTpHIaTeMbHA, TaK KakK

f&)20, Ax;=x,—x,-,>0, i=1, 2, .., n.
Ilepexons x mnpenenry mnpu A—0 B HepaBeHCTBE

2 f(€:)Ax; >0, nomysaem
.?f(x)dxzo. n
2°. Ecau eciody na ompeske [a, b] flx)<g(x), mo
b b .
{f(x)dx<fg(x)dx. R
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0 HokasatenbcTBo. IlpaMenss omenky 1° x
dynxuan g (x)—f(x)=0, nmeem

b
g ()~ ()] dx>0.
Ho, COr1acHo CBOHCTBY %°,'

fLele)=ste)]dx=fe)x- 1) x30,

OTKyla mnoJiydaeM HepaBeRCcTBO (7). B
39, Haa gynxyuu f(x), onpedesennoii na ompeske
[a,b]), umeem mecmo nepasencmeo

iﬂﬂd4<©fhndx e

- [0 Hoxkaszarennctpo. [IpaMenss ouenxy 29 x oye-
BUOHLIM HEpaBEHCTBaM
—1/)<f(x) < (x)]
H TNPOHMHTErPHPOBAB HX IIOYJCHHO, YYHTBHIBas CBOCTBO
39, noaytam

—}If(x)ldxsif(x)dxszlf(x)ldx,

a 3TO paBHOCHJILHO HepaBeHCTBY (8). B ‘
CaenctBue. Ecau 6ciody Ha ompeske [a, b], a<b,
1 f(x) 1<k, mo

i70)ax

O HeiicTBuTenbHO, H3 HepaBeHcTBa |f(x)|<k u one-
nok 2% u 3° cnegyer, urto

Ef(x)dx‘Silf(x)ldxsz'kdx=k§dx,

<k(b-a). ©)

0TCI0la, TIpHHHMAaaA BO BHHMAHHC, YTO -
b L]
j'dx=lim Z 1'Ax;=b-a, (10)
a A0 =1

nojiyuaeM cootHomenue (9). m _

4° Ecau m u M — coomsemcmeenHo HaumeHvuiee U
Hauboavuwee 3nauenun @ynkyuu f(x) na ompesxe [a, b],
a<b, mo

m(b—a)sff(x)dst(b—a). (11)
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0 Aoxkasatensctso. [lo yciosuio, ang moboro
xe[a, b} nmeem

m<f(x)sM.
IIpuMeHss oueHky 2° x 3THM HepaBeHCTBAM H NPOMHTET-
PHpPOBaB HX -JIOWIEHHO, TOJYYHM S
b b h b
mfdx<[f(x)dx< M [dx,
a a a

oTkyna, yuuteiBas (10), momyyaem HepaBeHcTBa (11). W

Teopema 6.4 (o cpeamem). Ecau @pynxyun f(x)
Henpepvigna Ha ompeske |a, b, mo na amom ompesxe
cywecmeyem mMoOYykKa ¢ maxkasa, wmo

§70)dx=1(c) 6 -a). 12

Dopmyaa (12) naszvisaemca dopmyaoii cpednezo 3HAYEHUA.

O doxaszatenncrso. Tak kak f(x) HempepniBHa
Ha [a,b], To, mo BTOpOHi Teopeme BeitepmTpacca,
CYWIECTBYIOT 4ucia m u M Takue, 41O

min f(x)=m<f(x)< M =max f(x).
[a,8] [a.8]
Ortcrona, cornacHo ouenke 4°, Haxoaum
b
m(b—a)<[f(x)dx<M(b—a)
M, Clef0BaTeNLHO,

; £ (\') dx

m<s <M.
b-a

IMoxoxum

Ef(x)dx
b—a

=p (m<p<M)

Tak kak p 3aKII0Y€HO MEXIY HaHMEHBIUHM M HaHOONb-
LM 3HAYEHHSMH HenpepbIBHOH Qynxuun f(x) Ha [a, b]
(puc. 178), To, mo Teopeme 4.11 o npoxoxjcHuH (QYyHK-
MM 4Yepe3 Jito00e NPOMEXYTOYHOE 3HAYEHHE, CYIIECTBYET
Touka cela, b] Takas, uro f(c)=p. IToaromy

. 382

CopepxxaHue



b !I4

§fix)dx I .
b_a =f(c)’ ﬂ —————— : .
a 3TO PaBHOCHJIbHO - PaBEHCT- 1 i
By (12). m : ! :
Bemwunna f(c) B dopmyne " 7 i ,
(12) Ha3bIBaETCA CPeOHUM 3HA- - 1 /5 »

uenuem_Pynxyuu f(x) na om-
pesxe [a, b] ) Puc. 178
3ameuanne. TeopemMa O cpenHeM HMeeT  4eTKH#
reOMETpHYECKHH CMBICI: BEJIMYHHA ONpENENIeHHOTO HH-
Terpaja npa f(x)>0 paBHa IIOWAAM NPAMOYIOILHAKA,
uMefolllero BHICOTY f(c) M ocHoBamue b-—a.
4. YcoBER CYIleCTBOBAHMA OHpE/e/ieHHOI0 HHTerpaja.
Teopema 6.5 (ueobxomumoe ycjioBRe MHTerpHpye-
mocTs Qyuxmmm). Ecau gynxyus f(x) unmezpupyema Ha
ompeske [a, b, mo ona oepanuvena na smom ompeske.
0O HoxaszatenbcTBO. [lpennmonoxum obparHoe,
T. €. JomycTHM, 4To f(x) He orpanmmyena Ha [a, b]
IToxaxeM, 4TO B 3TOM Cilydae HHTErpajibHyl0 CYMMy O

MOXHO 3a cueT Bhibopa Touex &, &,, .., £, coenAarb
(fxom, yrogHo 6osbio# npH moboM pa3bueHHsH oTpe3ka
a bl

CHCTBHTENBHO, TaK KakK f(x) He orpamHYeHa Ha
[a, 6], To npn nrp6om pazbuennn orpesxa [a, b] oma
obnajgaetr aTHM cBolficTBOM XxO0Ts 6Bl Ha ONHOM dac-
THYHOM OTpe3Ke pa3bHeHus, ckaxeM Ha Ax,. BuibGepem
TOrJa Ha OCTaJbHBIX oTpe3kax Ax,, Ax,, ..., Ax, TOYKH
€,y &3, ..., €, NMpoM3BONBHO H 0603HAYHUM :

o’ =f(t§z)Ax2 +f(§3)Ax3+-~-+f(§n)Axn-
3ateM Bo3bMeM Takoe &, Ha Ax,, 4TOOH
||+ M

7(&)i=— S

rae M-—mobGoe HanepeA 3aJJaHHOE MOJIOKHTEILHOE
“ACN0. DTO MOXKHO CHENaTh, MOCKOAbKY f(x) Be orpann-
yena Ha Ax,. Toraa

IfE )| Ax 2|0’ |+ M & lol=1/(&:)Ax;+0'|>
>|f(§1)|Ax1-|o"|>M,

T. €. HHTErpajibHas CyMMa G no abco/IOTHOH BeaHIHHE
6onnme moboro Hamepen 3amaHHoro uucaa. Ilostomy
HHTErpanbHas CyMMa G He HMEeT KOHEYHOro mpejeia, a

383

CopepxxaHue



2TO 03Ha4aei, 4TO ONpeleieHHBbI HHTErpajs OT Heorpa-
HUYEeHHOH (VHKUMH He CYIiecTByeT. M

3ameuanue. OOpaTHas TeopeMa HE BEpHA, T. €.
ycioBHe orpaHMueHHOCTH (yHkuum f(x) Heobxommmoe,
HO He HOCTAaTOYHOE YCJIOBHE [JIi HMHTErPHPYEMOCTH
dyukuuu. IloacuuMm 310  yTBepkIcHHEe Ha HMEPE.
PaccMotpuM ¢yHxumio Jupuxie Ha oTpe3ke l.IE()), 1]

1) 1, ecin X palHOHABHO,
0, ec1d x MppanHOHAILHO.

®yukuus dupuxie, oueBHaHO, orpaHumdeHa. Omnako
ona He uHTerpupyema Ha [0, 1]. TTokaxem 3to. Ecam
npu mobom pa3buennn otpeska [0, 1] BuGpath TouKH
E:(xXi-1 <& <X;) pauHOHANBHBIMH, TO NOJIYTHM

n n
’ G=Zf(§z)A/\',-=Z 1-Ax;=1,

i=1 i=1

a ecad B3ATb &, MppaUMOHAJbHBIMH, TO HMEEM

n n
G = Zf(g,)Ax,= Z O‘Axi=0.
i=1 i=1

Wrak, npu pa3OueHun Ha CKOJb YTOAHO MaJbie
OTPE3KH HUHTErpajbHas CyMMa MOXET NPHHMMATbL KaK
3HauyeHue, paeHoe 0, Tak U 3Hadeuue, pasHoe 1. ITosromy
HHTErpajbHas cymma ¢ npu A—(Q npelena He HMeET.

Takum 06pa3oM, OYEBHIHO, UTO JUIA CYIECTBOBAHHSA
OTpe/Ie/IEHHOr0 MHTErpana OT HeKOTOpoH (yHkmmm f(x)
HOC/eHAS TIOMMMO OrPaHW4YEeHHOCTH JOJIXKHA obiazaTh
JIOTIO/IHUTETbHBIME CBOMCTBaMH, OOECIEYHBAIOMIAME €€
HHTETPUPYEMOCTbD.

Teopema 6.6 (rocTarounoe YCJIOBHE HETErpEpye-
moctn ¢yukumn). Eciu Pyukyua f(x) wenpepviena na
ompeske |a, b ], mo ona unmezpupyema na Hem, m. e. 04a
ar06ozo >0 cpwyecmeyem 6>0 maroe, umo npu A<
8bINOAHAEMCA HEPABEHCMBO

_ilf(éi)Axi'_I

0 doxazartenbcTBo. Tax kak ¢yHKIMA f(x)
HenpepsiBHa Ha otpeske [a, b}, To, mo Teopeme Kanro-
pa, OHa W PaBHOMEpPHO HempepbiBHA HA HEM, CIENOBa-
TejibHO, Ons moboro £>0 cymectsyer 8>0 Takoe, 4TO
ans mobeix  AByx Touek X', x"€fa, b], ymoBnerso-

384

<e. (13)

CopepxxaHue



PSIOLUMX HEPABEHCTBY |x“—X'|<d, BHLIMONIHAETCH Hepa-
BEHCTBO

L) =f ()<= (14)

[Tokaxem, 4YTO 3TO M €cTh T4KOE &, NMPH KOTOPOM
HepaBeHCTBO (13) BhIMONHsETCt npa A <.
Nycte t— pa3buenne orpeska [a, b] Ha yacTHuHBIE

oTpe3kn [x;_y, x; ], HHA kOTOPBIX Ax, <A <&. MMpume-
HA TEODEMYy O CpENHEM K KaXAOMY H3 OTPE3KOB
[xi-1, ¥ 5’ NOJIY4HM

S X

f () dx=f(E1)Ax, xioy<Ei<x; (i1, 2, .y n).

CymMHpys 3TH PaBCHCTBA NO BCEM YACTHYHBIM OTPE3KaM
[xic1. x/], umeem
X,

i 5‘ f(x)d-‘f=z'f(X)dx=c‘,

i=1x_

" :
rae 6°=) f(£)Ax;. BosbMem Teneps Ha KaxaoM M3
i=1

OTpe3koB [x;_y, X; ] npoussonsHyo Touky &, Torma
,

o~ [/(x)ds=0-0"= 3 f(6) x,- . £(Ei)Axi=

i=1

- .; [/(&)—~fE)] Ax;.
Tak xak [&,—E&;|<Ax;<A<d, To, NnpuHHMas BO BHH-
‘MaHHe HepaseHCcTBO (14), nonyuaem

n 1
£ €
li;f(&,-)A.\,. 1<b~a,.;Ax" b—a(b a)=¢,
T. €. TpebyeMoe Hepasenctso (13). m

Kak cneqyer u3 Teopembl, yCJIOBHE HENpepPLIBHOCTH
GyHKUMH Ha OTpe3Ke fa, bj A3/HETCA  KOCTATOMHBIM
ycnosueM ee uHterpupyemoctd. Ho 310 He oO3Hawaer,
YTO ONpeNesICHAHbI HHTErpan CyLIeCTBYET TOJBKO IS
HenpepbiBHbIX ¢yHkumit. Knacc unTerpupyemsix ¢ymx-
uHiA ropaszgo wmpe. HanpuMep, MOXHO JOKa3aTh,
YTO CYHIECTBYET ONpEACCHHbIH HHTerpan ot QyHKumil,
MMEIOIIMX KOHEYHOE YHCIO TOYeK pa3psipa b,

D Cm. xH.: Hlungues B. C. Buicmas maTematuka. M., 2000. Q L’}Dg
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?

. _ Bonpoct gna  caMonposepku

1. Uro Ttakoe pasbuenne oTpeska_[a, b]?

2. Yo Ttakoe uHTerpanbHas cymMma QyHKUAU f(x); Ha oTpeske
[a,b] M B YEeM COCTOUT €€ TeoMETPUYECKHUA CMbICN?

3. [laiiTe onpepeneHve ONpeAEneHHOro WHTerpana Kak npegena
MHTerpaneHoi cymmui. Modemy Bmecto A—0 Henb3n nucatk N-+00?
4. ChopmynupyiATe OCHOBHLIO CBOWCTBA ONPEeASNeHHOro MHTer-
pana. fokaxute csoictso 2° ana cnyuasm pacnoONOXEeHWA Touex
b<c<a. :

5. nepqucnme OLEHKW HHTerpanos. -

6. Mycts [ #(x)dx>0. Cnepayet nu otciopa, uto f(x)>0 Ha [a, b]?
7. ChopMmynupyhTe Teopemy O cpegHem.
8. Mouemy B opmyne cpefiHero 3HavyeHus (12) TO¥Ky € Henb3s
cynTaTb NPOU3IBONLHOR?
9. MNpueegure npumep, .xorga cdopmyna (12) cnpasegnusa Ans
nio6oi Touku cela, b].
" 10. Cchopmynupyite HeobxoAuMOe YCNOBUE WHHTErpUPYEMOCTU

(PYHKLMUN. .
11. Beakan nu orpaHwdeHHas ¢yHkyus uHterpupyema? Orteer

' 0BOCHY#ATE NPUMEPOM. -
12. Chopmynupyite [OCTATOMHOE YCNOBUE WHTErpupyemocTu

PyHKUUN, )
13. Npusegure npumep UHTErpupyemon QyHKUUK.

§ 7. ONPEJAEJIEHHBIA HMHTEIPAJ C NEPEMEHHBIM
BEPXHUM IIPEXEJIOM

Jo cHX mop Mbl pacCMaTpHBAIA ONpeeSICHHbIH
MHTErpajl ¢ NOCTOAHHBIMH TpeJieSIaMi MHTETPHPOBAHHS a
n b. Ecnu u3MeHsTh, HalpHMep, BEPXHHWM Mpenes, He
BBIXOAA H3 oOTpe3ka [a,b], To BenmumHa wunTerpana
Oyner . u3MeHATbCA. [JpyriMHM cioBaMM, HHTErpail ¢
NepEeMEHHBIM BEPXHHM IPENEJIOM INpEACTaBiseT coboil
$YHKIHIO CBOErO BEPXHEro Npenena.

Takum 06pa3oM, €ciH HMeeM HHTErpaj

[f()dr, V(a<x<b)

C TNOCTOSHHBIM HIDKHHM TpelejioM d H TepeMeH-
HRIM BEPXHHM. TpPEACJOM X, TO BEJHYHHA 3TOTO HH-
Terpaja sBJseTCs (YHKuMEH BepXHEro mpelena Xx.
O6o3naynm 51y QyHEmMIO Hepes ®(x) (puc. 179), T.e.
MOJIOXHM ‘

1} Iina ymoBcTpa mepeMeHHAas MHTErpHpPOBAHHA 3lech 0603HaYeHa
GykBoii 7, Tak xak GykBo#f x 00O3Ha4ecH BEpXHHil NpeleNl HHTErPAPO-
BaHHA. : : : N
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q>(x)=:ff(t)dt. "

U Ha30BEM €€ uHmezpaiom ¢
nepemMeHHbIM BEPXHUM npede-
aom. TeoMerpuueckn ¢QyHk-
was @(x) npeacrasaser co-
60ii - mIOomans 3amITPHXOBAH-
Ho# Ha puc. 179 kpuBoJMHEH- :
Hoit Tpanemmn, eciu f(x)>0. Ilpu stom dyskmas @ (x)
BO3pacralomas, Tak Kak ¢ POCTOM X IUIOINafb KPHBO-
JIMHEHAHON Tpaneuud YBEJINYHBACTCA.

Tenepb paccCMOTPHM OCHOBHYHO TeopeMy iuébdepes-
IMaJIbLHOTO M HHTErpajibHOIO HCYMC/IEHHI, YCTaHABIIH-
BalOHIYIO CBfA3b MEXIY MPOM3BOJHONH M HHTErPAJIOM. -

Teopema 6.7. Ilpousgodnan unmezpasa om Henpe-
DbiBHOU  PYHKYUU NO - NepeMeHHOMY BEDXHEMY npedesy
cywjecmeyem u pasHd 3HAYEHUIO NOObIHMeZPAAbHOU (yHK-
Yyuu 8 mouke, pasHol GepxHemy npedeay, m. e.

d>'(x')='(1ff(t)dt);=f(x)- @

0 Joka3aTteabCcTBO. Bo3pMeM moboe 3HaueHHE
x€[a, b] u npunagum emy npupamenue Ax#0 Taxoe,
4tobbl x+Axefa, b], T.e. a<x+Ax<b. Torna ¢ynx-
uus ®(x), onpeneneHnas BeipaxeHuem (1), moNydHT
HOBOEC 3HAYEHHE:

0] t

Puc. 179

x+Ax

O(x+Ax)= [ f(¢)dr.

CornacHo csoiictBy 2° onpeneneHHOro HHTErpasa (Cm.
n 2 § 6), ameeMm

<D(x+Ax)=§f(t)dt+X}Axf(t)dt=(I)(x)+x}uf(t)dt.
Ortciofa HaxomuM mnpupaimenne QyHkuur @(x):
x+Ax

O (x+Ax)-0(x)= ;\: fl(r)de.

Tlpumensis Teopemy 6.4, mony4um
O (x+Ax)—®(x)=f(c)Ax,
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- TAE . c—MMCJIO, 3aKJIOYEHHOe Mexay x B x+Ax.
Pasnenum 06e wacrH paBencTBa Ha Ax:

O(x+Ax)—d(x) _

Ecymn Teneps Ax—0, To c—>x, TOTAa, B CHJIY HENpephiBHOC-
4 dynkumn f(x) Ha [a, b], f(c)—f(x). osTomy, nepexo-
s K Ipeiesly B OCJ/ie{HEM paBeHCTBe npu Ax —0, nonyvaeM
tim 262D _ oy f(c) = lim f(c) =1 (x),
Av—0 Ax Ax—0 c—Xx
wiH ' (x)=f(x). =
Takum o6pa3oM, ycTaHOBJIEHO, 4TO JnoGas Henpe-
pbIBHAas HAa OTpE3Ke ta, b] dynxuus f(x) umeer Ha 3TOM
OTpe3ke TiepBoo6pasHyo, npudeM ¢ynkuus ®(x) (unTer-
" pan ¢ TEpeMEHHLIM BEPXHHM IpEnesioM) SBJSETCS
nepsoobpasnoit mia f(x). A Tak kak BcAKas JApyras
nepsoo6pasnas ans GpYHKUHH f(X) MOXET OT/IHYATECA OT
‘®(x) nmmb Ha mocrosHHylo (CM. Teopemy 6.1), TO
YCTaHOBJIEHAa CBfI3b MEXIY HEONpERENCHHLIM H Ompene-
JICHHbIM HHTErpajlaMu:

[f(x)dx=[f(r)di+C,

rae C—npon3BojiibHas NOCTOSHHAA.

U3 Teopemsi, B 4acTHOCTH,_ cienyet, 9o ®(x)—He-
npepuiBHas Ha otpe3ke [a, b] ¢yHkumua. (O6wsichure,
nouemy?) Cny4aii, koraa onpexesicHHbIH MHTErpan HMeeT -
NIepeMEHABI HWXHHH NpeAen M MNOCTOAHHBIA BEPXHMH
npenen, JIErko CBOHUTCA K PACCMOTPEHHOMY € [OMOIIBLIO
L . 0 .
cpoiictrea 1Y (cMm. dopmyny (4), § 6).

. Bonpocti gna caMonpoBepKu

1. Kakan ¢yHKUMA Ha3LIBAGTCA MWHTErpanom C NepeMeHHbIM
BEPXHUM npepenoM? B 4eM COCTOWT ee reoMeTpH4eckuit CMmbicn?

2. Yemy pasha npoM3sBoaHas OT uHTerpana no ero BepxHeMmy
npegeny? floxaxmnte COOTBETCTBYIOLYIO Teopemy ¥ 0ObsicHuTe,

NOoYEeMy €@ CHNTAIOT OCHOBHOR B And@epeHUnanbHOM U WHTerpans-
HOM WMCHMCNEHWK.

§ 8. POPMYJIA HBIOTOHA —JAEABHMIIA

BuiuHcnenne oOpEeNENCHHRIX MHTEPAHOB METOAOM,
OCHOBAHHRIM Ha ONpERCJICHMH WATErPajia Kax npeacaa
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HHTETPajibHOA CYMMBI, CB3aHO C 60JILIIMMA TPYIHOCTS-
mu. Iloatomy cymecTByer Apyroifi mpakrudeckd 6Gosice
ynoOHbIH METON BHIYACIICHHS ONpPENEICHHBIX HHTErPAJIOB,
KOTOpLIi OCHOBAH HAa TECHOH CBfA3M, CyINECTBYHOLICH
MEXJy MOHATHAMH HEONPEAECIICHHOTO M ONpPEAEIEHHOIO
HHTETPAJIoB. : : :

Teopema 6.8 (ocmoBHAS TeopeMa HHTErpaILH
ncumcienns). [Tycmo @ynxyun f(-x}_ HenpepvigHa Ha ompes-
ke [a, b]. Tozda, ecau gymxyus F(x) neasemcs nexomo-
Doii_ee nepsoobpa3snoii Ha 3mom ompeske, mo cnpasedauea
caedyiowan gopmyaa: -

b
[/ (x)dx=F(b)—F(a) Y
dioguy/ta (l) Ha3vieaemcn  gdopmysoii  Hovromona— -

etibnuya. ' .
O HoxasateascTso. Ilycts ®(x)={f(t)ds. Tor-

a
na, no teopeme 6.7, dyrkuma ®(x) sBasercs mepBooG-
pasmoit ana Qymxumm f(x) ma otpeske [a, b]. Takum
o6pasoM, F(x) m ®(x)—ase_ nepBooGpasubie OAHOH H
TOH %e QysrimE f(x) Ha [a, b]. Tak xax nepBoobpa3Hbie
OTJIHYAIOTCA Ha MOCTOSNHHYIO (CM. TeopeMy 6.1), T.e. -

' ®(x)=F(x)+C, a<x<b,
TO. HMEST MECTO PaBEHCTBO

[f()di=F(x)+C, a<x<b,

rae C— nexoropoe uucno. [ozacrasnss B 3ro PaBEeHCTBO
3HaYeHHE X=a W ‘HCHOJIL3ys cBoiictBo 1° (cm. . dop-
myay (3), § 6), ameem :

;‘f(t)dt=F(a)+C, 0=‘F(¢1)+‘C,‘ Cé —F(a)‘,j\
T.e. am moboro xe[a, b] - |
§1(6)dt=F(x)~ Fla).

ITonaras 3aech x.=b, gosaydaeM dopmyny (l) ]
Paznocts F(b)— F(a) npuESTO YCNIOBHO 3aNHCHIBATH
B BHOC ) ' '
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F(x)|5, ama [F(x)]5;

torga ¢opmyna (1) npuHMMaeT BHI
b
[/(x)dx=F(x)l2.

Heobxoaumo elne pa3s rnoavepkHyTh, 4TO B (opmyiie
(1) B xauecte F(x) MoxeT ObITh M0bGas nepsoobpasnas
¢ynkumu f(x) u3 cemeiicrBa F (x2+C

Uraxk, nonyuyennas dopmyna (1), ¢ ommoi CTODOHBI,
yCTaHaBJIMBAECT CBS3b MEX/y ONpEIc/JCHHBIM H Heonpene-
JIEHHBIM MHTErpajiaMH, ¢ APYrod CTOPOHBI, JaeT NPoCcTOi
METOJ BBIYMCIEHUS ONpEJ/IENeHHOTO WHTErpajia: onpede-
ACHHBIL  UHMe2pai om HenpepvleHoti @PyHKyuu pasen
pPasHoCMu 3HaueHuil Moboil ee nepeoobpasHoll, EbINUCAEH-
HbIX 044 6ePXHE20 U HUMCHE2O0 Npedenos UHMe2puposanusn.
Dta ¢dopMyna OTKPHIBAET IIHPOKHE BO3MOXHOCTH if
BLIYHCJICHHS ONpPEIC/IEHHBIX UHTErpajoB, Tak Kak 3ajaya
BLIUUC/ICHUS OMNpPEICJICHHOTO HHTErpajsa CBOOMTCH K
3ajaye BLIYHCICHMS HEOIpENESIEHHOrO0 HHTErpana, KoTo-
pas pacCMOTpEHa JOCTAaTOYHO IIOJHO.

O Mpumep 1. Boraucants uuTerpan |sinxdx.
a
Pewenue. Tak xak oqHOH u3 nepBooOpa3HBIX A
byukiuun f (x)=sinx sasiasgerca ¢ynxkuusa F(x)= —cos x,
TO, npuMenss ¢opmyny HproroHa —Jleiibanna, nosy-
‘yaem
b
fsin x dx=—cos x|;=cos a—cos b.

a

Mpumep 2. BoluuciuTbh HHTErpai jxrz dx.

0
Pemenue. Tlo d¢opmyse Hurlorona— Jlei6mmma
AMeeM

Vnpaxunenus. Bbruuciuts ceayrouwme HHTErpasbl
2

1. J(3x2—l)dx. (Oms. 6) 2. ‘—’;’f (Oms. n2)
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3. f e*dx. (Ome. e (e—1).) 4.

1

+,/10).) s. Isinxdx. (Oma. 2.) 6. J.x"dx (n#—1).

. [))
gt
(Ome. 72—
n+1 -
Cuenyrommii npuMep nokasbiBaeT, 4To (popManbHOE
Hcnonb3oBanue ¢opmyan Hsblotora —JleitGanna Ge3
yueTra YCJIOBHH ee TIPHMEHHMOCTH  MOXET npm;ecm K

HeBepHOMy pe3yibTary.

- dx
.(Oms. In(3+
JI+x2
. +x X

O Ilpamep 3. Bol9HCIATL MHTErpa f T

Peuwenne. Ilo cbopmyne Hmorona —-—JIenGmma
HMeeM

dx
J‘ l+x2—amgx
-1

1
n

;arctg 1—arctg(— 1)=; - (- z)=

-

-1

2°

3nece dopmyJia Hmeona—JIenﬁﬂuua npmweﬂeﬂa BEp-
HO, Tak kak ¢yHKkums F(x)=arctgx HempepnhiBHa Ha
[—l 1] u pasencrBo F' (x)=f(x) BHIIONHAETCA Ha BCEM
sTom otpe3ke. Ecim ke B KauecTBe mneppoobpa3moii

¢yBExuun B3ATH F (x)=arcctgl, TO ¢dopMaibHOE Iipnme-

Heaue ¢opmymsl Hrirorona — Jleitbrmua npnnonm K

paBercTBy
1 .
dx i 3n
ﬁ_-x—,—aroctg;l =arcctg 1 —arcetg (— I)—— - %=

===

=—z
[lonyuen HesepHBIH pe3yabTaT, TaK kak u{2¢ n/2.
Oumbka npomsomsia H3-3a TOro, 9T0 npu x=0 GyHxuus

1
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1 T
F(x)=arcctg— paspbiBH2 M He MOXeT ObiTb nepsooG-
. X

pasnoii. Tpumenenne ¢opmynn HruioTona — JleiGunua
Npe/NoNaraeT HenpepbIBHOCTL mepBoobpasHoi F(x) Ha
3alaHHOM OTpE3Ke. @. ,
3ameuanue. Popmyna HuroTona — Jleiibmmua Obi-
Na BbIBEJICHa B TIPEANOJIOXKEHHH, YTO TOABIHTErpaJibHas
¢yuxuus f (x) HenpepbiBHA. IIpM HEKOTOpBLIX YCIOBHAX
¢opmyna Hurotona — JlelibHHIa MOXET MMETbh MECTO H

‘and ’3a3pbmm>lx OYHKLHHA.

. . Bonpocbl Ans CamonposepKH

1. foxaxute c¢opmyny HeloTona — Jledbuurua. ;
2. Nouemy ¢opmyny HbioToHa — JledGHMYa CUNTAIOT OCHOBHOM
(hopMynoi HHTErpanuHOro . HCYNCREHUA?

§ 9. 3AMEHA NEPEMEHHOI B ONPEAEJIEHHOM
MHTETPAJIE

Teopema 6.9. ITycms f(x)— nenpepbigHasn Pynkyus
na ompesxe [a, b). Tozda ecau: 1) Pynkyus x=o (1)
oudppepenyupyema na [a, Bl u @' (1) Henpepvigna na- [a,
B1; 2) mHoxmcecmeom 3nauenuit Pynkyuu x =@ (t). a6asem-
ca ompesok [a, b}, 3) ¢ (a)=a u ¢ (B)=>b (puc. 180), mo
cnpasedausa gopmyaa ’ ,

b 8 .
[fx)dx={f[o()] ¢ () dr. M
0O HAokasatensctBo. Ilo ’q)opmyne HrbroTona —

Jleitbnnua,
{ f(x)dx=F(b) - F(a),

rae F(x)— xkakas-uubyap neppoobpasHas ana QyHKUHM
f(x) Ha [a, b). C .apyroH CTOpOHBI, PaccCMOTPHM
cnoxuyo ¢yukuuio @ (£)=F [@ (1)]. Cornacno mpasuiy
nubpepeHUMPOBAHUA CNOXHON (YHKUHH HaXOHMM

¥ (()=F'[o()] o ()=S[o ()] ¢ (¢
OTciona caenyeT, yto ¢ynkuus @ () spaseTcs neppood-
pasHoii ans ¢ysxnw [ [¢ (1)] ¢ (1), BenpepriBROil Ba [«
B], m nostoMy corxacHo ¢opmyne Hruiorora — Jleirbnu-
0a nonyuseM ' : '
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I 019 () ar=0 () ()=

—Flo(®] ~Flo()]=
=F(b) —F(a)=(/(x)dx. m

a

®opmyna (1) nassiBaetcs gop-
MYAOil  3aMeHbl nepemMeHHOli WK
noocmaHoéKu 8  OnpedeAeHHOM Puc. 180
uHmezpaae. ‘

3amewanne 1. Ecim npu BhiuMcneHmm Heompene-
JICHHOTO HHTErpaja ¢ MOMOIUIbIO 3aMeHbI MEPEMEHHOM
MBI JJOJIKHBI OBLIH OT HOBOI NEpeMeHHOM ¢ BO3BpalATh-
CA K CTapoi MNEpeMEHHON X, TO NPH BLIYUCICHHM
ONpele/ieHHOTO HHTErpajla 3TOr0 MOXHO He [1e/1aTh, TaK
KaK 1eJib— HAaiTH YHCJIO, KOTOPOEe, B CHJIy JOKa3aHHOM
(opMyJiBl, PaBHO 3HAYEHHIO KAXZOrO M3 paccMaTpHBae-
MBIX HHTErpaios.

a
O Mpumep 1. Berucouts nurerpan | x2./a®—x? dx.
: 0

Pemenune. PaccMoTpuM mnoncraHoBky x=asint,
0<r<n/2. Takas 3aMeHa mnepeMeHHOH YAOBJETBOPAET

BCEM yCnOBUSM TeopeMbl 6.9. [leHicTBUTENBLHO, BO-nep-
BuIX, f(x)=x%/a’—x? nenpepuiBua Ha [0, a], Bo-BTO-
puix, Gynkums x =asin t uddepeHunpyema wa [0, /2] n
X{=acost HenpepbiBHa Ha [0, ®n/2] n, B-TPETbHX, NpPH
u3MeHeHnH ¢ ot 0 1o n/2 pyHkums x=asin ¢ Bo3pacraer
oT 0 no a, npn 3tom ¢ (0)=0 u ¢ (n/2)=a. Tak xax
dx=(asin#)’dt=qacostdt, To, npumenss ¢popmyny (1),
noJjiy4aem
a n/2 n/2

4
Jxﬁ/ a*—x?dx=a* Jsinzt cos? tdt=% Jsin",tht=

'\V

(=]

[\
n/2 s

a* a* 1. "2
=5 f(l-—cos4t)dt—?<t—zsm4t)

4

Ra
6 ®
(1]

3ameuanne 2. Ilpu ucnonb3osanun dopmynsl (1)
Heo6XOMMMO TPOBEPSATH BBLINOJIHEHHE TIEPEYHCICHHBIX B
TeopeMe ycnosuil. Ecnu 3Tu ycnosus Hapymiarores, TO
3aMeHa nNepeMeHHOM 1no yka3aHHO# QopMyae Momer
NpUBECTH K HEBEPHOMY pe3yabTaTy.
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O Tpumep 2. BBLIYHCIMTHL HHTErpaj j'dx ’
4]

=mn. C apyro# CTOpOHHI,
[¢]

n n
- dx dx
dx= |- v 2 PRy
sin? x+cos®x ] cos?x{l+tg?x)
0o 0

n
Pemenne. Umeem [dx=x
[¢]

0
MoacraHoBka f=tgx (OpPMANLHO NPUBOAMT K CIERYIO-
LICMY pe3yJbTrary:

0

n n
jdx=Jd(tg;) =J 4 0.
1+tg°x 1+¢
o 0 0 '
IMosyueH HeBepHbIN pe3yibTaTt, Tak kak n#0. JT0
MPOU30LLIO TIOTOMY, 4TO QYHKLHMSA /=1tg X Pa3spWBHA OPH
X=7/2 W He YIOBIETBOPSET YCIOBUAM TeopeMbl 6.9.@
Vnpaxuenwe. 1) Haiitn ommbky, nonymeHAyl npH
CNEAYIOIEM BBbIYUCIIEHHH HHTErpaa:

1 dt 1
2 X= —1-; dy=— 1_2 ) 1/2
J dr _ @
44x27 | x| -2 |2 - ARy
he __”2(‘ 4+t_2
e | =12 12
1/2
1/2
dr 1 4
=— ——=— —arctg 2t =—-.
4rr+1 2 g —12 4

-1/2
(Pe3ynbTaT $sBHO HCBCpr{i, 1Izum:r)pan OT BCIOAY

NIOJIOKUTEJIbHOH (pyHKIUU ywe >>0] okasajucs pas-
X

HBIM OTpPHLATEJILHOMY uHuciy -— m/4.)
2) BoiumciuTh JaHHBIE WHTErpal. (Oms. n/4.)

D 3nech BEPTHKANBLHBIMHM JIMHHSAMH OTHC/ICHBI BCHOMOTaTENbHbIE
3anucy. 3ameHy NPEee/ioB MHTErPUPOBAHMUA yIOOHO 3aNMCHBATL B BHIE

Tabnuus|x|aib].

tlalp
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?

M Bonpocki ana camonpoBepku

1. Mpn Kakux ycnosusx cnpasegnuea QOpMyna 3aMmeHbl nepe-
MEHHOW B OnNpefeneHHOM uHTerpane?

2. MNouemy npu 3ameHe NepemMenHoi B ONpeENeHHOM HHTerpane
MOXHO He BO3BpatjaTbCs K CTapon nepemMeHHon?

3. MNpuseaute npumep, Korga HapyiueHwe ycnosui Teopembl 6.9
npuseno 6bl K HEBEPHOMY pesynbTarty.

§ 10. POPMVYJIA MHTEITPHPOBAHUSA IO YACTAM
B ONPEJAEJEHHOM HHTEIPAJIE

Teopema 6.10. Ecau ynuxyuu u(x) u v(x)— Henpe-
pbigible 8secme co cgouMu npou3gooHsimu u' (x) u v’ (x)
Ha ompeske [a, bl, mo cnpasediusa ¢opmyaa

b b b
fudv=uv —fudy. _ 1)

0 JokazaTteabcTBo. Tak kak ¢yHKUMH u(x) H
v (X) MO YCNOBHUIO MMEIOT NPOU3BOMAHbBIE, TO MO MPABHIIY
,umbd)epeﬂuupoaaﬂm NPOU3BECHUS

[ulxyo ()] =u(x)v" (x) +o(x) ' (x).

Otkyna crnenyer, uro oyHkumst u(x)v(x) sBasercs
nepsoobpa3Ho ans QyHxkuuu  u (x) v’ (x) +v(x) u’ (x).
A Tak xak ¢yHKuMA u(x) v’ (x) +v(x)u’ (x) HenpepbiBHA
Ha OoTpe3ke [a, b], TO HHTerpajs OT Hee CYHIECTBYET, T. €.
OHa HMHTErpupyeMa Ha 3TOM OTpe3ke U, mo ¢opMyie
beorona — JleliOnuua,

() () o) ()] =)o (4]

Orciopa, cornacto coiictBy 4° onpeneneHRLIX HHTErpa-
JoB (cM. m. 2 § 6), moaydum
b

{u (x)v' (%) d.\'+§ v(x)u’ (x)dx=[u(x)v(x)]2,

HJIH, 4YTO TO X¢,

b b b
fudv=uv| —fovduy,
a a a

T. e. dopmyny (1). m
®opmyna (1) Has3bIBAETCS Bopmyaoli unmezpuposanus
no yacmam 6 onpedeaeHHOM uHmezpaie.

395

CopepxxaHue



O Ilpamep 1. Beruuciauthb | j' In x dx.

1
Pewmenune. [Mogoxum u=Inx, dv=dx, orcroga du=
dx
=—, v=x u no ¢dopmyne (1) Haxomum
X
< €
¢ dx :
Jlnxdx=xlnx - Jx——=[x1nx—x]°1=l.
1 - X
1 ‘ 1
L2
Tpnvep 2. Bomucmuts | xe*dx.

. 1
Pemenue. Monoxum u=x, dv=e*dx, orcrona du=
=dx, v=¢* u no ¢opmyne (1) mmeem

2 2 2
[xe*dx=xe*| — [e*dx=[e*(x—1)]i=¢>
1 1

1
1
Tpumep 3. Boruvciuty | arctg x dx.
(1] .
Pemenue. [Monoxum wu=arctgx, dv=dx, orcioma
_dx :
T1x?

1

du v=x #u no c¢opmyiae (1) mosydaem

1
! x dx .
o 13 x2

0

1 ,
=4E—1n'ﬁ. ®

0

jarctg xdx=uxarctg x

0
[x arctg x — %ln(l +x2)]

?

M Bonpocbl Agns caMonposepKu
1. Ookaxure cdhopmyny MHTErpuposaHvMa NO 4YacTaM B onpepe-

JIEHHOM WHTerpane. . . )
2. ['je KOHKpEeTHO MCNONb3OBaHO B XOf€ AOKA3laTenscraa Teope-

Mbt 6.10 YCIoBHE HENPEPLIBHOCTH NPOM3BOAHLIX hyHkumi u (x) m v (X)?

§ 11. HEKOTOPBIE ®M3MMECKHE U I'EOMETPHMECKHE
NPUWIOXEHHNA OINPEAEJEHHOI'O HHTEI'PAJIA

1. Ilnromans kpuBoanneiinoi Ttpamemn. ITycte Ha
-mnockoctd Oxy AaHa Qurypa, OorpaHHYcHHAs OTPE3KOM
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YA
!/=X"’
\‘\Jm
N \ \
0frsa §,'x§x-i' Bern . A\
A z;"c";'s;' o ~ Puc. 182

[a, b] ocu Ox, npsmpiMuE x= =a, x=b u rpapuxom
HETIPEPLIBHOM H HEOTPHLATENbHOH QyHKIMM y =/ (x) Ha
[a, b] Takyio ¢ury Ry Ha3bIBAIOT KpuUsOAuneitnold mpa-
‘neyueil, nnomanb S’ KOTOPO#H MoXeT ObITH BBIYACIEHA
no (I)opmyne

S=zf(x)dx. R )

0O HoxasaTtenbcTBO. Pazo6beM NpoH3BOJBLHO OT-
pe3ok [a, b] Ha n wacTedl TOUKAMH A=Xxq<X; <X, < ...

v <Xi—1<X%;<..<X,=b, BbIOEpEM Ha KaXIOM 4acTHY-
HOM OTpe3ke [x, 1 X ], i=1, 2, .., n, NPOH3BOJBHO
TOUKY ? i(x;i-1<E<X;) M pacCMOTpEHM CTymeH4aTyio
. ¢purypy (puc. 181). Ee nnomans GyneM cuurath npubim-
XKEHHO pamoﬁ Iwiomans S KPHBOJIHHEHHOH Tpameuuu:

Sw Z /(&) Axs

rae Ax;=x;—x;-;. Takum obpasom, nonydeHa- MH-
Tcrpanmas cyMMa c 1ana mHTerpana (1). Tak kax
¢yHkuma f(x) HenpepmiBHa Ha [a, b], To npemen
3TOM CYMMBI CYINECTBYET HOpH A= max {Ax;} >0
15i€n
M wiomans S KPHBONEHERHOH . Tpanemm 4HCJICHHO
paBHa ONpERECREHHOMY HHTErpajy oOT (yHKuHM f (x) Ha
la, b]:.

1 C noustnem mwnomamu npomnonbnoﬁ wiockoid durypet (s
Takxe o0bemMa Tena H NAOINAAH AOBEPXHOCTH) MOXKHO MO3HAKOMHATLCH
B moGeM ROBHOM Y9oOHRKE 0O MATEMATANECKOMY AHAITH3Y.
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§=1lim igi‘ f(E,;)Ax,=E'f(x)dx. .

Htax, onpedesennviii unmezpas om neompuyameAbHoU
-Henpepuienoii gynxyuu f (x) na [a, b] uucaenfo pasen
naowadu KpusoauHeiinoii mpaneyuu ¢ ocrosariuem [a, b],
ozpanuvennoii ceepxy zpaduxom Pynxyuu y=f(x). B
3TOM 3aKIOYaeTCd Te€OMETPHYECKHH CMBIC] ONpeJeJicH-
HOrO HHTErpaja. :

O INpmmep 1. Halitn wromans GHIypH, OrpaHHYcH-
mo# rpapuxoM dyExmam y=x°, o>0, npaMoH x=1 H
ocelo Ox (pmc. 182).

Pemenme. Ilo ¢opmyne (1) mmeem

1

atl 1

_ 1
o o+l

S=IJ:"<1J:=’lr
J o+l

0

Ipr 3tom ecmm a=1, To S=1/2; ecm a=2, TO
S=13mn 1.8 @

Bonee cnoxHbie 3aa4Y4 Ha BBIYACICHHE IUIOLNAJEH
pelLaroT, HCHOJIB3Ys CBOHCTBO @ddumusHocmu. naowadu:
MOXHO pa30HTh QUrypy Ha HemepeceKaroluecs 9acTH M
BBIMMC/IATH IUIOMAAL Beei GUIyphl KaK CyMMY ILTOAaAeH
3THX dYacreih.

O Tpamep 2. Halite mwiomane S ¢rryphl, OrpaHMIeH-
Hoil JyMEESME y=Xx, y=1/x3, y=0, x=3.

Pemenne. Hanayo ¢urypy MOXHO paccCMaTpHBaTh
KaKk KPHBOJIMHEHHYIO TpPanCHHIO, OrpaHHYCHHYIO OCHIO
abcmucc, npsMeiME x=0 B x=3 # rpadpuxoM ¢yHKIHM,
xoTtopas Ha otpeske [0, 1] paBEa x, a Ha OTpe3ke
{1, 3] pasma 1/x%. 3ammucats n%pnoo6pa33ylo Takoi
¢yaxkmum Benerko. Ilostomy pa3oObeM HaHHYIO KpHBO-
JHHCHHYI0O TpanemEio npsMod x=1 Ba [Be 4YacTH

pc. 183). IMnomamm 3rEx wacredi Jjerko HalTH 1O

mysie (1):

1

1 3

2

S1=J-de=% !

3
oo [ rqn_ 1P 1,2
=2 Sz—J';dx—- =—3+1=1
1

X

0 1

[

Cornacao CBOWCTBY aJIMTHBHOCTH nnomanﬁ, . S=8+
+S 2= 7/ 6. o :

D Appwresunii —or mar. additivus (momywacmEill cromenMeM).
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L2 YO
| !
s
4 Y
- v Uyl .
\' // 2 _:_X_
sl / 52 -‘/=7/2 A :
_m - ! | I
4] 1 2 3 x o[ 4 X
Puc. 183 Puc. 184 Puc. 185

Mnorna npu BbIUMCIEHMH mwowaneit ¢uryp. OwiBaer
HOJIC3HO CLIE OAHO CBONCTBO IUIOHIAIA, KOTOPOE Ha3biBa-
eTCA  UHEAPUAHMIOCMBIO V) OMHOCUMEAbHO NepeMewenusi:
OIMHAKOBbIE (MIYphl HMEIOT OJUHAKOBBIC IUIOMAMH.

O Hpumep 3. Haiitu nnomans S Gurypsl, orpaHHyeH-
HOW nmuMaMM y=./x, y=2, x=0.

Pewmenue. [dannas ¢urypa (puc. 184) cramer xpm-
BOJIHHEHHOW Tpafneuuei, ecil OTpa3uTb €€ OTHOCHTENb-
Ho npsmoil y=x (puc. 185). I'padux dynkumu y=\/;
oToOpa3urcs mpH 3TOM B rpapuk obpatHOM ¢yHK-
uiM y=x2, npamas y=2-—B upamyio x=2. Tax
KaKk CHMMeTpHUHble (UIypsl OJMHAKOBHI, TO OHH HMe-
I0T paBHble IUIOlAAW, nodtoMy no Qopmyne (1)

nMeeM '
2

S= tzd\‘:ﬁ i
i } 3

_8
o 3
0

3amMeuanue. [Ipyroe pelieHue 310l 3aJa9¥ MOXHO
NOJAYYUTb, 3aMETHB, UTO LaHHad (urypa XOHOJHACTCS
KpUBOJIMHEHHOW Tpaneuueil (CHU3Y) 00 NpsIMOYroJjbHHKA,
njomaaes kotoporo pasHa 8. ITosromy

4
4
S=8— J\/;dx=<8— §x3/2)

16_8
=8——=—.
o 33

0

Takoe pellieHHe —e€lle OJMH TNPUMED HCIOJIb30BAHHA
CBOWMCTBA AJIMTHBHOCTY IJIOLIAAM: AaHHas ¢urypa npexn-
CTaBJISETCA KaK «pa3sHOCTb» ABYX Gojiee mpocTHX ¢Hryp.

Y MHBapnanTHBIA—OT (paHL. invariant (Hen3MeHAIOUWIAICA).
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Puc. 186 Puc. 187

[MpueM BLIYMCIICHHA TIJIOIIAJEH, PAaCCMOTPEHHbLIH B
3aMeYaHUU, MOXHO chOpMYIMpOBaTh B OoJjiee oOLIEM
suze. [1ycrth Ha oTpeske [«, b] 3ananbl JiBe HEMPEPBIBHbIE
byakuuu ¥y =/i(¥) @ y,=/>(x), npu4eM MNpH BCEX .
3HAUEHUAX X U3 3TOrO OTpe3ka )| <),. HaigeM mwomans
urypbl, orpanuueHHoit rpaduxamu OTUX GyHKUHA, a
Takke OpaMbIMH v=a U x=0) (puc. 186).

Eca ob0e QyHKUMM HEOTPULATEAbHBI, TO MJIOIHAThL
JAHHOM (UIYpbl PaBHA PA3HOCTH LIOLIAACH KPHUBOJIMHEH-
HBIX Tpaneuui, OTPAHHUYEHHbIX CBEPXY COOTBETCTBEHHO
rpadukamu  QyHKumit 3y =f(x), »i=f1(x), OpAMBIMH
x=q " x=h n ocbto abcuucc. CneoBaTebHO, IWIOWEADL
S /jaHHOM (Urypel MOXHO HAHTH Tak:

5= dx= 510 de=f(A0) A ax @

dopmyna (2) cnpaBeasinBa UM JIOOBIX HENPEPHIBHBIX
Gyukumit vy =/, (x) 1 y,=/f>(x), He 00A3aTEALHO MOJIO-
KHTeNbHbIX. JlelicTBUTENBHO, eciM QYHKUHH y; H Y
MOTYT MNPHHMMATh M OTPHUATC/IbHBIC 3HauYeHHs (HO
no-npexHeMy )y <y;) (puc. 186), To npubasum k oberm
GYHKUMAM OAHY H Ty ke nocrosnaHyio C, KOTOpYHO
BLIOEPEM HACTOJILKO GOJIBbILION, 4TOOLI rpaduku GyHKuMH
y3=f1+C u ys=f,+C okasanuce Bblle. OCH abcumcc
(puc. 187). durypa #a puc. 187 nosnyvaerca U3 QHTYpSI,
n300paxeHHoN Ha puc. 186, napasuie/IbHBIM MEPEHOCOM H
M0ITOMY HMMeeT Takyw xe miowaab. K ¢urype Ha
puc. 187 npumennMa Qopmyna (2):

b

Szi[fz () +Clax= (£ +C] dx=§[(fz(x)‘+c) _
— (f1 (%) +C)] dx.
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Puc. 188 Puc. 189

Ilockonmeky — (f2(x) +C) = (f; (x) +O) =13 (x) —f1 (x),
¢dopmyna (2) BepHa u 1is Gurypel Ha pHc. 186.

O Ipamep 4. Haiitn nnomanb ¢Gurypsl, orpaHdyeH-
HOH rpadukamu QyHKUHHE y;=f; (X)=x H y,=f5(x)=
=2—x2 (puc. 188).

Pemenue. Ha puc. 188 Buano, uyro npenenamu
HHTErPUPOBAHHUSA ABJIAIOTCA abCUMCCHI TOUEK MEpeceveHUs
rpadukoB paHHblx QyHkumit. Haiinem ux. Jns aroro
pEIIMM CHCTEMY ' ypaBHEHMI

y=x
y=2—x2

B pesymsrate nomysaeM x;=-2, x,=1. Hckomywo
- IIOWAAL HAXOAUM TeMepb C MOMOIILIO (GopMynsl (2):

21

S= J£ [(2—x?) —x] dx=[2x— 532 - %] _2=§.

Ilpumep 5. Halith miowanb, 3aK/IIOYEHHYIO MEXAY
napabonou y=x2—2x-+2, kacaTefbHOH K HEH B TOYKE
(3; 5) . u ocero Oy. : ,

Pewenne. VYpaBHeHHe KacaTejbHOM K KpHBOM
S (x)=x%*—=2x+2 B Touxe (3; 5) uMeet BUR y— 5=/ (3) X
X (x—3). IMocxonbry f'(x)=2x—2 u f'(3)=2-3-2=4,
TI0JTy4aeM YpaBHCHHE KacaTesibHOH y—S5=4(x—3), wm
y=4x—7. Takx xak BeTBH napaboibl HarpaBJieHb! BBEPX,
TO napabona JIeXHT Hal KacaTeabHOM, T. €. x2—2x+2>
24x~7 Ha otpeske [0, 3] (puc. 189). Ilo dopmyne (2)

. HaXOJHM HCKOMYK ILIOMIA/b
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Ya
"//
; da W
L >
0 L { 2ma X
Puc. 190 Puc. 191

3

=j[x2—2x+é— (4x—7)] dx=f(x2—6x+9)dx=

x’ 2 3
=[——3x +9x] =9. @
3 0
VYnpaxknenns. Boiuuciurth miomanun ¢uryp, Orpasu-
YEeHHBIX JIHHHUAMH:
32

1. y=4—x2%, y=0. (Ome. -3—.) 2. y>=2px, x=h.

(Ome. ;h 2ph ) 3. y=Inx, x=e, y=0. (Ome. 1)

4. y=x2 y=2—x2 g0me =.) 5. y=sin3x, y=0, rne

0<x<n/3. (Oms. 2/3)) 6. xy=4, x=4, y=4, x= 0
y=0. (Oms. 41n(4e).)

Tlpu BLIWACNEHHH MUIOIIAJH KPHBOJHMHEHHOH Tpane-
IMH B CJydae, KOra BepXHss FPaHHIA 3aJaHa TapaMmer-
DHYECKHMH YpaBHeHHAMH x=¢ (#), y=VY (¢), a<t<B, B
dopmyne (1) Hamo chenaTh 3aMeHy NEPEMEHHOH, MOJIO-
xuB x=0 (1), dx=0¢' (B) 1)dr. Torga mnonydum

S=I\Il(t)<P (nds, 3)

rae o M P-—3HaveHHA napaMeTpa t, coomeTcrayronme
3Ha4YCHHSIM X=a U X=b, T.e. a= (p(a) b=¢ (B).
_O Ilpumep 6. Haiitn mnomans ¢urypsl, orpaHuveH-
- HO#M opnHOM apkoi umknoums!) x=a(t—sint), y=ax
x(1—cost), 0<t<2n, u ocelo Ox (puc. 190).

Y Iluxnouna—naockas KpHBad, KOTOPYIO ONMCHIBAET Todka M
OKDYXHOCTH, PajHYC KOTOpOR g, XaTAueiCcR Ge3 CXONLXCHHA 1O
ApAMOH  JIHHUK, :
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Pemenne. Ilo dopmyne (3) mmeem
2x - : 2

S= Ia(l —cos f)a(l —cos t) dtb=a2 'f(l —cés Hidt=

[+]
2s

=q? J‘(l—Zcost+ '+°2°sz')dt=

1]
I3 . 1 2
=a’[-t—231n t+—sin2t] =3na’. @
2 4 0

HrTepecao 6pu10 6bl ¢ MOMOMLIO HHTErpPHPOBAHHS
NOJYIHTh H3BECTHYI0 (opMyldy MIA IWIOmMAamE Kpyra
paamyca R. :

- O Ilpumep 7. Tlokasats, 4TO0 wWwiomams S Kpyra,
pamuyc xotoporo R, pasEa nR2.

Pemenne. CocraaM HyxHLI HETerpan. Jns atoro
BBEJEM CHCTEMY KOOpIMHAT OXy H PacCMOTPHM KpyT
gz.armayca R ¢ nearpoM B Hauase koopmamHar (pmc. 191).

OT KpYr—MHOXECTBO TOWCK (X; ), KOOPAMHATHI
KOTODBIX YJOBJIETBOPSIOT COOTHOIIEHHIO Xx2+y2< R2.
Yerpepte kpyra B I KBagpanTe-—3TO KpHBOJHHEHHas
Tpamelys, OrpaEMicHHas rpa¢ukoM ¢yExIEE y=
=./R*—x2, ocblo Ox u npsmeME x=0 B x=R.
CnenosaTteapHO,

R
S_ | /R _22
Z—J- R x4 dx.
[+]

BerumcoaM  3TOoT HHTerpas. CaenaeM HOACTAHOBKY
x=Rsint, 0<t<=n/2. IIpoBcpEM 3aKOHHOCTH TaKOM
3aMeHN NEPEMCHHOH, T. €. BHIACHHM, BHIOIHSIOTCH JIH
ycopds Teopembi 6.9. Mmeem:

1) ¢ynxmas f (x)=,/R?*—x? BenpephiBHA Ha OTpE3Ke
[0, R], a dpysxmma x=9@ (f)=Rsin¢ zmq;q)epemmpycma
Ha otpeske [0, n/2] m ee mpomssommas ¢’ (f)=Rcost
HENpephiBHA HA 3TOM OTpE3Ke;

2) npa Bo3pacrammd ¢t OT 0 1o =/2 ¢yExkmHEs
¢ ()=Rsint Bo3pacraer .ot 0 Ko R, T.e. MHOXECTBO
3HaueHH# ¢ymxnum x=¢ (f)—otpesox [0, R];

3) 9(0)=0, ¢ (n/2)=R.
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Puc. 192 Puc. 193

Takxum oOpa3oM, NMOACTaHOBKa x = R sin ¢ yAOBJIETBO-
paeT BceM ycaosusM teopemsl 6.9. IMpumenas dopmyny
(1) u3 § 9, naxooum

n/2

R
*g:J Rz_x'zdx=J R®—R?%*sin?t Rcostdt=
J )

0

n/2 n/2 .
2
=R? Jcosz tdt=R7 J(l +cos 2f)dt =
0 0

"/Z_NRZ
= IR

R? 1.
——Z—[H— Esm 21]

l/lzax, nonydeHa ¢opmyaa niaowagM Kpyra: S=
=nR*. @

2. Maomaas xkpuBo.mueiinoro cexropa. Ilycte kpusas
"AB 3ananHa B MOJIAPHBLIX KOOPAHHATaX YpPaBHCHHEM

p=p(p), a<p<P,

npudyeM GyHKUMS p (@) HenmpephlBHA M HEOTPHIATEAbHA
Ha otpeske [a, PB]. Tlnockyro ¢urypy, OrpaHHYCHHYIO
KpuBOil AB w OByMs NONADHBIMH paJWycaMH, COCTaB-
JSIOWLAMA  C TMOJIAPHOH OCBIO YIribl O H ﬁ, 6ynem
Ha3BIBATL Kpusoureiinsim cexmopom (puc. 192). Ilno-
1adb KPUBOJIMHEHHOTO CEKTOpa MOXET ObITh BhLIYHCACHA
no gopmyne

0

B
S=1jp2 (o) do. “)
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0O loka3aTeabCTBO. Pa3061>CM TNPOH3BOJILHO OT-
pe3ok [a, B] HAa n vacTedl TOYKAMH A=Q<Qy <P, < ..

W <Qi-1<@;< ... <@,=p, BHIOEpEM Ha KaXkaOM 9acTH-

; HOM OTpe3Ke [(p,_l, ¢}, i=1, 2, ..., n OpOH3BOABLHO

TOUKY &; (¢;—1 <& <@;) U NOCTPOMM KPYrOBBIE CEKTOPHI
¢ pamuycamu p ().

B pesymbraTe mnosyueHa BeepooGpasHas ¢urypa,
wiomanb KoTopo GyneM CYHTATDh NPHOJIKEHHO paBHOH
wiomaay S xpnsommemloro CeKTOpa:

Szi Z p? (gi)A(pi:
4=

rae Ag;=@;—¢;—,;. Takum obpaszoM, momyuena HHTEr~
pajbHAst CyMMa G JUls MHTerpaja (4). Tax xax pyBRkmas
P2 (p) HEMpeppIBAA Ha OTpe3ke [x, B], TO mpenmen atoik

CYMMBbI CYHIECTBYET NpH A= max {A(p.} — 0 7 wiomans

KPHBOJIHHEHHOTO CEKTOpA 'mcnemio paBHA ONpEAEsIEHHO-
My uHTerpany ot ¢ysxumm pl (@) Ha [o, P
p

N - TP 1] o,
S=3lim 2, " &) Ae: Jp (¢) do.
Orcroma cnexyer cnpaBeMBOCTb GopMyast (4). m

O Ilpumep 8. Briunciauts miowans ¢Hrypnl, OrpaHs-
YEHHOH NOJAPHOH OCBIO H NEPBHIM BHATKOM CIHPAJIH
Apxumena p=a@, TAe a—TMONOXKHTEJIBLHOE 9HCIIO
(puc. 193). ' '

Pemenue. [lpy nsmenenun ¢ or 0 Ao 2n noisp-
HbIil PajgHyC ONMMIUET KPHUBYK, OrPaHUYHBAIONIYIO KDH-
BojuHeiHbli cextop OABC. Iloatomy mo ¢opmyne (4)
HMeeM

2
SOABC=£2‘ J(Pzd(P =a? %‘

3ametuM, 4TO TO4ka C OTCTOMT OT MHOJIOCA: HA
PacCTOsIHMM p =2Ra. Hoaromy Kpyr pammyca OC mmeer

wiomans n-0C*=4n3q%=3- 31t a?=3So.sc, T. €. IIO-

aab GUrypel, OrpaHHYEHHOHR MOJIAPHON OCBIO M MEPBBHIM
BHTKOM CIUpajd Apxumena, paBHa 1/3 miomamm xpyra ¢
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Olxo=a X; xa  Xj_y X; Xny 6=xn X

Pnc. 194

paaMycOM, paBHBIM HamOoOJIbLIEMY U3 NOJISPHBIX pa-
auycoB BuTKa. K 3TOMy BhIBOAY mpuiues emie ApXHMe.

3. Amma ayrn xpmeodi. Ilycth miockas xpusas AB
3ajaHa ypaBHEHHMEM y=f(x), a<x<b, roe f(x)—mHe-
npepriBHass Ha oTpe3ke [a, b] o¢yHkuma. Pa3zobpem
KpUByl0 AB Ha n npPOU3BONLHBLIX HaCTeH TOYKaAMH
A=My, M\, M,, ..., M;_,, M, ..., M,= B B HanpasJe-
Hud 0T A X B. CoeqVHHB 3TH TOYKH XOPAaMH, MNOJIyIAM
HEKOTOPYIO BNHCAaHHYIO JIOMaHYIO JIMHHIO, NEPHMETD

"XoTopoH o6o3HauuM depes P (puc. 194). O6o3HaumM
Yepe3 /; IIMHY OQHOTO 3BeHa M;_, M; noMaHOH JIMHWH, a
uyepe3 MP—AMHHY HambOJIBIIETO M3 €¢ 3BEHbEB: U=

e, (0}

Oupenenenne. Yucao L nazvieaemca npedeaom nepu-
mempos P npu p— 0, ecau 0aa mobozo £>0 cywyecmgyem
8>0 maxoe, ymo 0aa écakol somanotl, y Komoposk p<9o,
8bIN0AHAEMCA HEPABEHCMEO

|L-P|<Ee.

Ecnu cymecTByeT KOHewHHH npenen L nepumerpa P
BIMCAHHOH B KPHBYIO JioMaHOH Jmaum npa p—0, TO

3TOT Npefesl Ha3bIBaeTCA OAuHOil Oyzu AB:
L=1lm P,
r—0
‘Ecnu ¢pyrxums f (x) HenpepuiBHa BMecTe ¢ f” (x) Ba oT-
pe3ke [a, b], To LmHA KYTH AB BHIpaxaercs (popmynon
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L=} 1 -;—f " (x) dx. 5)

0 HoxasatenbcTBo. OGo3HAYMM uepes x; uf(x;)
KOOpAMHATBI TOYKH M;, Tak 4TO JUIa abcuucc 3THX TO-
HEK HONYYHM =X <X1 <X3< ... <Xj— 1 <X;< ... <X,=b.
Torna nnmma omHoro 3sena momawoil paBHa

bi=/(xi=xi-1 )2+ [ (x:) = (ai-1)]7.
ITo dopmyne Jlarpanka mumeem ‘
f(x) —f(xi—1)=f'(§i)(xi-xi—'x), Xi-1 &KX
CnenoBatensHo, :
L=/ 1417 (&) Ax;, Ax;=x;—x;_;.
Taxum ob6pa3om, nepumeTp Bceii JIOMaHO# paBeH

, P=_Zn: b= _i V1+f*(E) Ax;,

T. €. NOJIy4eHa MHTErpajbHad CyMMa © JUis MHTerpaia
(5). Tak kak dynxuus /14+f(x) HenpepbiBHa Ha [a, b],

TO mpejen 3Toil cymMbl npH A= max {Ax;} -0 cymecr-

1€i<n
ByeT H paBeH ompeAeneHHOMY HHTerpany (5). Tak kak
A<pY, To A0 npu p— 0. CiegosatesnbHo,

L=lim P=lim > /147" (&) Axi=] /117" (9 dx. m

n=0
O Ilpumep 9. Beraucnuts nuuuy nyru sepxaeH petsu
nonyxy6uueckoii napa6onu y=x"" or x=0 go x=5 (puc.

195). o o
emeHnue. U3 ypaBHeHMs y=x°/* Haxomum y'=

=§x‘/2. Crenosarensno, no dopmyne (5) nomyuum

5 5
L=I 1+y”(x)u=f/i+i3dx=
0 0

8 ox\32|°
=5(1+%)

335

0

D h=(Ax) +(Ay)?, otxyma |Ax|<l;
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y+ Ilpy BHIMHCNCHWH JUTHHB
| AyI¥ B Ciydae, KOrja KpuBas

AB 3angna napaMeTpy4ecKH-

I MH YypaBHeHMAMH Xx= ¢ (f),
| y=Vy (1), a<t<B, rae a n
| B—3Hauenns napaMmerpa
I !, COOTBETCTBYIOHIHE 3HAYCHH-
| aMx=aux=b, T.e. a=¢ (o),
|
I

» b=0(p), B bopmyne
X

L= j\/ 14" (x) dx mano cae-

J‘la’l‘b 3aMeHy TepeMeHHOM,
nonoxus x=¢ (), dx=¢’'(¢)dt. Torma nony4um

N

0| ]

Puc. 195

(1)

B

= J. o (1) +V (1) dr. (6)

O Iipamep 10. Buiamcnate AMHY AYTH OAHOH apku
LMKJIOHABI:

x=a(t—sint), y=a(l—cost), 0<t<2rn (cM. puc. 190).

Pemenue. W3 ypaBHeHHs UMKJOHABI HaXOMUM
o' ()=a(l—cost), Yy (r)=asint. Korma x npoberaer
orpe3ok [0, 2ra], napamerp ¢ mnpoberaer OTpe3OK
[0, 2n]. CnenoBarenbHO, HCKkOMas IJIMHA HOYI'M paBHa

- [+ e= [Vor@rv -

2z
= J.a\/(l —cos f)2+sin* 1 dt=2a fsin%dt=
o

0o

2x
=8a. @

t
= —44g¢0s -
2 0

Ilpy BBIMHCNCHMM JIMHBI AYrH B CHy9ae, KOTH2
KpuBas AB 3amaHa B NOJAPHLIX KOOPAMHATAX YpaBHeE-
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HHeM p=p (@), a<Q <P, rae p(p) UMeeT HeNnpePLIBHYIO
npou3BoaHyo p’ (@) Ha oTpe3ke [o, B] u Toukam A u B
COOTBETCTBYIOT 3HA4CHUA o M B, nepexoas OT NMOAAPHLIX
KOOpAMHAT (CM. Th. 2, § 3, dopmyna (1)) Kk HpIMOYTOJib-
HbIM, TIOYYHM mapaMeTpudeckoe 3aJanue KpHBOi AB
YPaBHEHHSMH X=pCOSQ, y=pSin @ C NapaMeTpoM ¢.
Torna

X' (@)=p'(p)cosp—psing,
- V' (9)=0p"(¢) sin 9+ p (o) cos @
n dopmyna (6) npuuumaer BHI

L=II}\/ p(o) +p* (o) do, (7

rne o M B-—3HaveHus napametrpa o.
O Npunep 11. Boiuucautb IIMHY mnepBOro BHTKA
apxuMenoBoH cnupaan p=a¢@ (cM. puc. 193).
Peuwrenue. Ilepsuiii BUTOK apxumenoBoil crnHpanu
o6pa3yeTca npu M3MEHEHHH NOJSpHOTO yrna @ or 0 Ao
2n. Toraa, no dopmyne (7), nckoMas AJMHA AYTH paBHA

2r 2n
L=J‘/a2(p2—+—’a2 d(p_=aJ,/(p2+l do=
0 0

u=Jo*+1; du=—2_do

= \/(Dz+| =
dv=dop, v=e.
, 2r
- 2 B ¢’
—a[(p ¢ +1 —J d(p]=
) o*+1
(]
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2%
a[%(p <p"+l+%ln((p+~/(p2+l)] =
°

1  {

=a[1t 41t2+1+5(21t+./41t2+l)].

JlaHHbli HHTErpas BBHIYHCIEH HHTErPUPOBAHHEM IO Hac-
aM (cm. § 10).

Ipumep 12. Iloxasath, 4TO [UIMHA L OKPYXHOCTH
paguyca R paBHa 2mR. ' ‘

Pewenue. I'papux oyaxumu y=,/R% —x* npn
0<x< R/ﬁ npeAcTaBaseT cobod BOCBMYIO  4acTh

okpyxHoct (puc. 191). CnenopartenbHo,
RIVZ

= | V14 [ (6] o

RZ
5. Io-
x

Tak xax f'(x)= o

X 1o 1+ [f'(x))*=

JR?-x?

3TOMY, corjlacHo ¢opmyne (5), nojyyaeM
RiV2

L dx

8 RZ__xz .
(4]

Kax u B npumepe 7, cienaeMm 3aMeHy NEpEeMEHHOM:

x=Rsint, rae 0<r<n/4. Torna no dopmyne (1) 3 § 9
3aMeHBI TIEPEMEHHOH HMMEEM
n/4

R

=R | dt=%,

o=t

0

oo t~

OTKYZJa TPHXOAMM K HYXHOMY pe3yJbTaTy. @
3ameuanue. Xors B npumepe 12 ynmobGHee ObLIO
CYHTATh MHTErpai B npefenax ot 0 Ao R, Mbl HOCTYNHJIH
uHAave. DTO CBA3aHO C TeM, 4YTO NpHU BbIBOJE (POpMYJIbI
IUIMHBI JYr¥ TIpEeAnojaranock, 4ro ¢ynkmas y=f (x)
MMEET HENpEepBHIBHYIO NPOU3BOAHYIO HA BCEM OTPE3KE
[a, b); B namHOM ciy4ae npH x=R NpOH3BOAHAA
dbynkuuu y=./R*—x? obpaiaercs B GeCKOHEWHOCTb.
B 3akmoueHue paccMoTpuM nonatre aubdepernmaina
JIyTH, TpEACTaBJAIONIeC CaMOCTOATEIbHBIA HHTEpEC.
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Ecu B ¢opMmyne (5) 3ameHnTh BepxHMit mpeaen b
nepeMeHHO® X, TO JUIHHA JYTd CTaHeT (QyHKIueH
BepxHero mpeacna B Gopmyna (5) npHHEMAET BHI

1= V1+77() dt,

rae l(x)—nepeMenBas InMHAa' ayrd. Tak kak 37ech
NOJABIHTErpajibHas (QYHKUAA HENPEPHBHA, TO, COFJIACHO
TeopeMe 6.7 0 IPOH3BOHON HHTErpayia NoO NEPEMEHHOMY
BEpXHEMY MpeaesTy, HMeeM

1'(x)=(:f I+ "(t)dr);m,

x

oTkyna ciaexyetr ¢opmyna i mupdeperunana Iyra

di=0'(x)dx=+/1+f"(x)dx wm dI=+/1+y"(x)dx, (8)

a TaK xaK y’(x)=g-%, 10 dl= [1+ (%) dx, B oxoHva-
TEJILHO NOJydacM '
di=/(dx)*+ (dy)?. )

®opmyna (9) no3BonseT AaThb MPOCTOE FEOMETPHYECKOE
ucroikoBanne auddepermmana ayrm d/. Bo3eoas B
kBanpat, noinydaeM (d/)?=(dx)>+ (dy)?. YunrbiBas, 4910
madpdepenmman dyaxmum y=f (x) paBeH HpHPALICHHIO
OpIMHATH kacaTesbHOH (cM. 1. V, § 3, n. 1), momyuaem,
yro muddepenmman ayru d/ (puc. 196) pasen mmHE
OTpe3ka KacaTeJIbHOW K KpHBOH OT TOYKH XKacamus M (x;
y) mo Toukd P (x+dx; y+dy), T. e. rENOTERY3€ NpAMO-
YyrOJNBHOTO TpEyrojibHHKa ¢ kateraMd |dx| m |dy|, a
pasercrso (df)?=(dx)?+ (dy)* upeacrasser coboit Teo-
pemy Iludaropa. :

4. [lromans nosepxuocTH Bpamemms. [Iycth xpHBas
AB 3ajaBa ypaBHeHWeM y=f(x), a<x<b, m mycTb
¢yaxus y=f (x) HeOTpHLATE/IbHA H HEOpPEPhIBHA BMECTE
CO CBOe# mepBoit mpom3Boapoi Ha orpe3ke [a, b]. Torma
MOBEPXHOCTh, OOpa3oBaHHAs BpalleAWeM kpHBod AB
BOKpPYr ocH Ox, BMeeT miIomaab S, KOTOpas MOXET
OBITL BRHITHCJICHZ N0 (opMmyne '

S=21t;f(x) 147 (x) dx. (10)
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Puc. 196 Puc. 197

0O Noka3aTtenbcTBO. Bo3pbMeM Ha kxpmBoii AB
Touky M ¢ abGcmmccot x. Torma mmma nyrm AM
onpenenserca ¢GopmMynox ,

1) =fV1+7 () dr.

Tax xak ¢yuxums / (x) Bospacraromasn (v 1+ (x)>0) u
genpepuiBHag (/(x) madpdepenmupyema) Ha [a, b], TO,
coriacHO TeopeMme 4.15, mns Hee Ha 3TOM OTpeE3Ke
cymecTByer oOpaTtHas ¢ymaxums x=¢ (/). Ho torma y=
=f (x)=f [¢ (D]=V ()—cnoxsan ¢pynkums ot /, Benpe-
poiBEast Ha [0, L], rne L—umHa kpuBod AB. Taxum
obpa3oM, xpuBas AB MoxeT OBITh 33a/laHa mapaMeTpHYe-
CkH ypapHeHUSMH X = (/) y=V¥ (), 0<I<L, roe |—na-

paMerp. » -
Pa3obneM kpuByr0 AB Ha n 4actedl Toukamu.-A=A,,
A, Asy ..., Ai-y, Ai ..., A,=B (puc. 197). Nmmy .

yacTAYHOM OYTH A;-;A; 0603HauuM uepes Al=[—I;_,.
IIpn Bpamenmn kpuBod AB BOKpyr ocu Ox HOJYyIHM
MOBEPXHOCTb, COCTABJICHHYI0O H3 n OOKOBBIX MOBEpX-
HOCTEH, MpHOJIMKEHBHO PaBHKX GOKOBHIM IOBEPXHOCTSIM
ycedeHHbIX koHYcOB (mmmeapos). Iliomane GoxoBoit
OOBEPXHOCTH i-TO YCEYeHHOTo KOHYCa (. a) paBHa
NMPOH3BEJCHAI0 JUMHLI OKpYXHOCTH 2rR (R pasHO
HOJIyCyMME paJuycoB BEPXHEr0 H HHIDKHErO 'OCHOBaHMH
KOHYca) Ha JUHY oOpa3sylomeii (xopmul A4;_4A4;). Ilo3ro-
My, eclH noNnoXuTh R=y (&), ;-4 <& </, Ay xopast
A;—1A;, paBHOM Al;, TO momyusmMm, 4TO MWiIomaabL S;
GOKOBOH MOBEPXHOCTH NPHOJHKEHHO paBHA '
S;~2my (&) Al

Inomazin Beel NOBEPXHOCTH BPAILEHNS NPHOIHXEHHO
paBHA CyMME HJIOIIaieH YaCTHYHRIX IOBEPXHOCTEH S;, T. €. -
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77
- Y=VR=x
77 \
/ N
J/ \‘ ,
-R al O M bR ,\'>

Puc. 198 Puc. 199

™=

S~

i

i}

S;= i 2ny (&) Ali=2n ';y(c";.) Al

1 i=1

C mpyroii cTopous!, 3Ta cyMMa sBisieTcs HHTErpaILHOM

cymmoit. Tak kak ¢$yHkuus y (/) uenpepeiBaa Ha [0, L],

TO npeden 3ToH CyMMbl npu A= max {A/;} -0 cymect-
1<sisn

BYET M DaBeH OMNPENENCHHOMY MHTErpajly OoT (YHKLMH

y(0) mo [0, L]. CnenosatenbHo, v

= h . L= 1. ; j i iy
S m 20 2,y (6)Al=2r fm 3.y (6) A
HJIH

S=2[y()dL T

[lepefinem B unterpane (11} ot nepemenHo#M MHTEIrpUpO-
BaHHA [ K mepeMeHHONW X. DTH NepeMeHHBe CBA3AHBI

“opmyoit I(x)=;f I+/7()dr. Ecnu I=0, 10 x=a,

ecim =L, To x——:b. A Tak kak y=y()=f(x) u dl:
=1+ (x)dx (cm. dopmyay (8)), To u3 popmynmt (11)

OKOHYaTEILHO UMeeM
b
S=2nf(x)V1+f*(x)dx. m

3ameuanne. Ecim nosepxHocTs nosnysaercs Bpare-
HHEM KpHBOH AB, 3amaHHOH ypaBHeHHeEM Xx=@ ),
c<y<d, Bokpyr ocu Oy, TO ee NOBEPXHOCTh
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S=21r‘j:'q>(y)\/ 14+ (y)dy.

o MNpamep 13. Yacts cbhepsi, BhIpe3acMas MBYMsA
NapauIeJbHbLIMA TUIOCKOCTSIMH, HaXOIAIMMECA Ha pac-
crosaun H ApYr OT ApYra, Ha3bIBAETCS UAPOBHIM NOACOM
BbICOTH! H. BLIYHCIMTH IUIOLIAAL MOBEPXHOCTH IAPOBO-
ro mosica, €Clld paauyc IHapa paseH R, a BHCOTa mosca
pasaa H (puc. 198). :

Pemenne. [ToBepXHOCTL LIApOBOro MOSCaA MOXHO
paccMaTpHBaTh Kak INOBEPXHOCTH Teja, MOJY4EHHOro
NpH BpAIICHWM KYTH OKPYXHOCTH y=./ R*—x?%, rme
a<x<bh, b—a=H, Boxpyr ocu Ox (puc. 199). Tax xax

2
V=g, T0 14 [ (9=

2 2
R*—x*. R*—x

so ¢opmyine (10),
b b
S=27tJ~~/R2-—x%. \/ﬁz———i———?dx=21tRdex=

=2nR(b—a)=2nRH.

MTtak, miolaas NOBEPXHOCTH S IIapOBOTo MOACa BLITHC-
nserca no ¢opmyne S=2nRH. Ecom H-2R, 10 B
npeziesie TMONYYMM IUIOLIAAL MOBEPXHOCTH Bceit coephl:
S=4nR% @

Jameuanue. Vi3 pemenus npuMmepa 13 cnenmyer,
HanpuMep, 4YTO €CJIH OKOJIO Liapa ONMCAaH IMJMHAD, TO
IIOBEPXHOCTh LIAPOBOTO TOsACa, 3aK/IIOYCHHOTO MCHKIY
JABYMs ILIOCKOCTAMH, KOTOpbIE MEPICHIMKYJISPHEL OCH
UMIAHApA, DaBHA YacTH TMOBEPXHOCTH IMAMHApa, 3a-
K/JOUYEHHOH MeXIy 3THMH € IUIOCKOCTSIMH.

EciM NOBEPXHOCTb IIOJIyMAa€TCs BpAINCHAEM BOKDYT
ocdk Ox kpuBoil AB, 3aJaHHOH NapAMCTPHIECKHMH
ypasrermamu x = (f), y=V (1), e <7<p, npmem ¥ ()>0,
¢ (1) n3menseTCA OT a 1o b NpH MIMEHEHHH f OT O [0 B,
TO, mpou3BoAs B uHTerpase (10) sameny nepeEMERHoH HO

dopmynam x=<p(t); y=V(f), momyIum
S=2nj\|/(t) @' 2(f) +V'2(gat. (12)

Hakomen, eClM KpHBas 3aJaHa ypaBHCEEEM B DO~
nspHEIX KoopmuHaTax p=p(Q), a<@<P, rIe p(®)

414

, TO3TOMY, corjac-

CopepxxaHue



Puc. 200

MMEET HENpPEPHIBHYIO NMPOM3BOMHYIO Ha [a, B], To sroT
Ciydai, KaK yxXe OTMEYanoch B 1. 3, C NOMOIILIO
dopmyn mepexoma x=p(p)cos@, y=p(p)sing mpu-

. BOIATCH K NapaMeTpHuecKod (opMe 3aaHHA KPHBOH, M
¢dopmyna (12) npuHHMaeT BHA

' p
— 3 2 ’2
- | S=2n{psing./p*+p?de.

O Ilpamep 14. BorauciuTh wiowans S nNOBEpXHOCTH,
NONIy4eHHOH  BpalNCHHEM _LMKNOHAB Xx=a(f—sin¢),
y=a(l—cos t), 0<1<2m, Bokpyr ocu Ox (cm. puc. 190).

Pewenune. Ilo dopmyne (12) numeem

2r
S=2n | a(1—cos1),/(asin t)*+[a(1 —cos )P dt =
(1]

2x .
=2,/2na? | (1—cos1)*2 dt=?na2. °
] 7

S. O6vem Tema. Kak yxe H3BECTHO, C TOMOMLIBIO
ONPENCACHHOTO HHTErpaja MOXHO BBIYHCIATH IUIOUIAAM
“(uryp u nnmubl xpusbix. Haxoxienue 06HeMOB HEKO-
TOPBIX TE€Jl TakKXe MOXHO CBECTH K BLIYHCJIEHHIO
ONpPEEJICHHbIX HHTErpasios.

PaccMoTpuM RekoTopoe Teso (puc. 200) M BEIMHCTHM
ero obvem V. Jlonycrum, uTO H3BECTHBI IUIOMIAMH
CECHEHHH - ITOTO TeNa MIOCKOCTAMH, NEpPNeHTHKYITPHBIMU
oc Ox. C U3MEHEHNEM X MJIOINAADb CEUCHUS TAKXKE 6yner
H3MCHATHCA, T. €. ABJATBCA HEKOTOpO# yHKuMeH x.
OGo3nauum 35Ty ¢yHRUMIO yepe3 S(x)pn 6ynem cumrats
€c HempepuiBHOH ¢yRkumelt Ha oTpeske [a, b]. Torma
obreM Tena

» ,
V={S(x)dx. (13)
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0 HoxasaTesbcTB0. PazobbeM NpOU3BOIBHO OT-
_pe3okK

X <X;<..<Xx,=b. Uepe3 3TH TOYKM NPOBEICM
IJIOCKOCTH, NEPHeHIMKyJIspHbie ocH Ox. DTH IUIOCKOCTH
pa3obploT Teno Ha n cioes. Haitnem obwem i-ro cios,
06pa3oBaHHOro ceueHusMH ¢ abcumccamn x;— ¢ ¥ x;. Ero
06beM V,; nprOJIHKEHHO paBeH o0BeMy NpPSMOro UH-
AMHApA, OCHOBaHKE KOTOPOro COBNAA2ET C CEYCHHEM
Teaa, COOTBETCTBYIOIIMM Kako#-mubo Touke &;(x;—; <
<E;<x), W, ClefoBaTeNbHO, MMmeeT miomam S(E), a
BLICOTA paBHA Ax;=Xx;—X;-;, T.€.

VixS(E)Ax;

CyMmia 00BEMOB BCEX n COEB NPHOJIMKEHHO paBHA
o0BpeMy V nmavHOro Tena:

V=) S(E)Ax.
R i=1
TakuM 00pa3oM, NoJiydeHa MHTErpajbHas CymMma JUis
unterpana (13). Tak kak (yHkuus S(x) HenpepbiBHAa Ha
[a, b], To npemen sToi cymmer mpu A= max {Ax;}—0
. 1<isn
CyNIECTBYET M paBeH ompeaeneHHoMy umterpany (13).
Takum oOpasom,
. b

V=lim zl S(&)Ax;= J S(x)dx. m

“

O TINpamep 15. Boiuncauts 06beM nUpaMuibl, BHICOTA
KoTopo#i paBHa H, a miomaab OCHOBaHUS 0.

Pemenue. BeeneM cucremy xoopauHat Oxy Tak,
yTobOB HAYAJ0 KOOpPAMHAT HAXOMWIOCH B BEpLUMHE
nupaMuael, a ock Ox mpoxoxuna no Bbicore H ot
sepuMHb K ocHoBaHuto (puc. 201). Ilepeceyem mupaMuay
IUTOCKOCTBIO, NMapaJUIeibHONH OcHOBaHMIO. PaccrosHue OT
BEpLIMBbLI MUPAaMU/bI A0 Cekyiliel m1ockocTH 0603HaYNM
yepes x, 0<x<H, a miomiagb CeYeHHS — UEPE3 S(x).
Haiinem ¢ynxnmio S (x) Jing 3TOro BOCNONbL3YEMCH
W3BECTHBIM H3 JJIEMCHTApHONH TrEeOMETPHH CBOHCTBOM
CeueHMH NHpPaMH/bI, TapajUieNbHBIX OCHOBAHHIO, M COC-
TABUM TPOTOPIYIO

S(x)_ x? _
o @
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.

OTKyda Haxoaum 0
S(x =—Q—,x2.
(=2

[Moncrasasas nocneanee pa- *
BeHcTBo B dopmyny (13),

uMeem : y
H H
~
V= I S(x)dy=| Lxtdx=
JH
4] ]
‘ "
H
_ 0 2g._0 2| _ou_1
=H x d.\’--Hz 3|, 3 —3QH.
]

Mtak, mbl nonyunau ¢opMmyay obbeMa nHpaMuib:
V=§QH. °

B wactHoM caydae, xorma Teno obpa3oBaHo Bpa-
INEeHHEM BOKPYr OCH Ox KPHBOJIMHEHHOH Tpaneumm,
3aJaHHO# HenpepeiBHON ¢yHKuMed y=f(x), a<x<b,
obvem Tena BpalleHHA BBIYMCASETCA TO (GopMyne

b b
V=ch‘(/'(x))2 d.r=nj)'2dx. (14)

HefcTBATEIBHO, CeYeHUE Tenda BpPALUCHHA TUIOC-
KOCTbIO, MEPNEHAHKYNApHOR ocH Ox Hu upoxoasinei
Yepe3s TOYKY X, MNpeacTasaseT coboil kpyr pamuyca
Sf(x) (puc. 202). MostoMy mioWALL 3TOrO CeYEHHsS
(naowans xpyra) pasHa n(f(x))’. Taxum ob6pa3om,
ANA pacCMAaTpUBAEMOro Teja BpAlIEHMA IUIOWAAbL Ce-
wenust S(x)=n{f(x))>. U3 ¢opmyant (13) mnonywaem,
uTo

= f n(/(4)* dx=n f (f(x)? dx=n J': ydx.

3amevanue. Ecin  kpuBosHeiiHas  TpameuMs
0<Sx<@(y). a<y<b spauraerca Bokpyr ocu Oy, TO
o6beM Tena BpallCHUS
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\
[ LA A
N
)
/ _
/
Puc. 202 Puc. 203

b .

per j (o0 dr=r [0

a a

o HNpumep 16. Boruncauts o6bem mapa paguyca R.

Pemenwue. Mlap panuyca R nonyyaercs BpalleHHEM
nonyokpyxsnoctu  y=./R*—x* Bokpyr ocm Ox
(puc. 203), mostoMy ero obreM V MOXHO HAaHTH NO
¢dopmyne (14). Ucnoapsys cHMMETpUIO AAHHOrO Iiapa
OTHOCHTEJIBHO Rocu Oy, Haxo%nm

V=n J ((x))? dx=2r J (\/Ezf?fgbc:

-R

3 IR

: 4
=2n| R*x—= | =-nR>.

3], 3 :
Takum obpazom, nosyueda ¢opmyna obbema wiapa:

V=f;-1rR3. °

VYnpaxnenus. Boruucints 06beMbl Tel, 06pa3oBaHHBIX
BpalieHHeM (GUTYpHl, OTPAHHYECHHOH JIHBHSMH:

c :
1. Z_Z+by—2=l’ y=0, rae y>0 Bokpyr ocu Ox.

(Oms. 4/3mab?))

2. y?=2px, x=h Bokpyr ocu Ox. (Oms. mph?.)

3. y=sinx, y=0, 0 < x <7 BOKPYT KaxJOH H3 ClieAylO-

wux npsmbix: 1) y=0; 2) x=0; 3) x=2=n; 4) x=~1, -
2

5) x=-2; 6) y=1, 7) y=—2. (Ome. %; 2n%; 6n%;

n(8—m), 1:(1!+16))

2n(n+2); 2n(n+4);, - 5
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4. y=x*, y=./x, Boxpyr ocu Ox (Ome. 3n/10.)

5. y=¢* x=0, x=1, y=0 Bokpyr: 1) ocu Ox; 2) ocu
. SR ‘

Oy. (Ome. "(ez l); 2m.)

6. y=x3, y=1, x=0 Bokpyr: 1) ocH Ox; 2) ocu Oy.

(OtB. 6m/7; 3m/5.).

7. y=Inx, y=0, x=e BOKpYr kKaxmoii u3 CJICAYFOLIHX

mpambix: 1) y=0; 2) x=0, 3) y=—1, 4) x=1,

2
5) x=~1, 6) y=1. (Ome. nle—2); M;

2 <
n(e 2— 3); n(e2+ 5); n (4 _ C))

8. x*—y?=4, y=2, y=0 Bokpyr ocu Ox. (Oma.

= (V2-1)

9. y=4/x, x=1, x=4, y=0 Bokpyr: 1) ocu Ox; 2) Ocu
Oy (Oms. 12n; 24n.).

| 10. y=|+—'x2-, x=1, x=—1, y=0 Bokpyr: l) an Ox; 2)

ocu Oy. (Oms. "‘L:i) nln2.)

6. LlenTp TaxecTH KpUBOH M KpHBO/HHelHOH Tpanemus.

LleHTp TAXeCTH CHCTEMB MaTEepHaNbHMX
To4ek. Ilycte Ha mnuockoctu Oxy 3ajmaHa CHCTema
MATEPHANBHBIX ToYeK: A, (x;; ;). Ay (x5 y,), s Au(Xa
V»)» MACCBI KOTOPbIX COOTBETCTBEHHO PABHBI my,m,,..m,

Cmamuveckum momenmom M, 3TOll CHCTEMBI OTHO-
CHTEJbHO OCH OXx Ha3biBaeTCi CyMMa NpOM3BECHHH
Macc 3THX TOYEK HA HX OpPAMHATHI:

M.,=my, +myy,+. +myy,.

AHaJIOTHYHO OMNpPEAENAETCH CTAaTHYECKHH MOMEHT M,
CHCTEMBbI OTHOCHTENEHO ocu Oy:

M,=mx,+myx,+..+m,x,.
M, M, .
Touka ¢ koopauHaTamu % Z) rme m=
m m

=m+..+m,  Ha3bIBAECTCA  yewmpom  mAaxcecrnu
CHCTEMBI. '

’ " MBI He pa3siuvaeM NOHATHS KUEHTP TAKECTH» H HCHTP Mace».
419
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MOXHO noKa3aTb, 4TO LEHTP
TAXKECTH 00najnaer CileayrolmuUM
CBOMCTBOM: €CllM TIOMECTHTH B
HEro Maccy, paBHYIO CyMMe
MAacCc BCEX TOYEK CHCTEMBI, TO
CTaTHYECKUH MOMEHT 3TOH Mac-
Cbl 'OTHOCHTENbHO JI060#H ocu
paBeH _CTAaTHYECKOMY MOMEHTY
BCE CHCTEMBI OTHOCHTEJIBHO
: 3TOH OCH. :

Otecrona chaelyeT, 4TO IOJIOXEHHE - LEHTPA * TAXKECTH
CHCTEMBI HE 3AaBHCHT OT BbIOOpa CHCTEMBI KOOPIHMHAT.

- O MNpamep 17. IToka3aTh, YTO UEHTDP TAKECTH CHCTE-
MBbI; cocTofileit u3 Tpex Touek P, (, R, B KOTOpBIX
COCPENOTOYEHBI €AMHHYHbIE MacChl (Mmp=my=mg=1),
HaXOOUTCH B TOUYKE MEpeceyeHHs MeJWaH TPeEYrOoJbHHKA
(puc. 204). - ’

- Pemwenne. ¥Yoeaumca, HanpuMep, B TOM, 4TO LEHTP
TSXECTH HAaXOAMTCA Ha MeauaHe PM. Beeaem cucreMy
KOODAMHAT B ILUIOCKOCTH TpeyronbHuka PQR Tak, 9To6BI
ee ueHtp (0; 0) Haxoauica B Touke P, a oce Ox mpoxo-
guna no npsMoit PM. Toraa ecnu opAuMHaTa TOYKH Q
paBHa y,, TO OpAMHAaTa TO4YkH R paBHa (—y,). OTcrona
clieyeT, 4TO OpOWHAaTa Y. LeHTpa Tsaxectw C paBHa

0-1+4po-1—=yo-1
)’c=—"—‘“02 *—=0.

Puc. 204

Taxum o6pasom, Touka C JexuT Ha ocH Ox (NpsMo#H
PM). Paccyxnas aBaJOIMYHO, NOKaXeM, 4YTO LEHTP
TsokecTHh C nexuT Ha meamaHax QL um RN. Cneposa-
TenbHO, C——TOUKa MNepeceueHUs MeTUaH. @

Hycth Teneps Macchl He COCPEOTOUYEHBI B OTAENBHBIX
TOYKaX, a PacloJIOXeHbl «CTUIOIIHBIM 0Opa3om», 3ano-
Hss JUHAI0 MM mockyto ¢urypy. Torma ans ompene-
NEHKMS CTAaTHYECKOTO MOMEHTa BMECTO CyMMbl NoOTpe-
6yeTcs MHTErpan.

LlenTtp TaxecTw kpuBoil. PaccMoTpum Heko-
TOPYIO IIOCKYIO KpHBYIO AB. Bynem npeanonarars, 4T0:
1) xpuBas 3ajaHa TNApaMETPHYECKM YPaBHCHHAMH
X=¢ (II)) y=¥ (/). 0<I<L, rae napamerp /— nnuHa ayrH,
OTCYHTHIBAEMass OT TOukM A, L—UMHA BCel KpHBOH
AB, u dynxumu (/) n (/) HenpepbiBunt Ha [0, L];
2) xpuBas OQHOPOAHA, T. €. €€ JHHEHHAA MIOTHOCTH P
(Macca, pUXOAAMIAACS HA EOHWHULY JUIHABI) NOCTOSHHA M
JUIs DpOCTOTHI PaBHA CEIHHHIE.
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ya B8=A,
Cxc;Ye)
|
A, i
“it Ye
|
] X¢ X
- Puc. 205

 OnpenenuM  CTaTHYECKHE MOMEHTHI 5TOH  KpPHBOI
OTHOCHTEIBHO oceli Ox M Oy H ec LEHTP THKECTH
(puc. 205). {na storo pazo6reM xpuByio AB Ha n vacteit
TouKaMH  A=Ao(xo; o) A,(x,, Y1) e Aixs y)
Aiv t{Xit 15 Yier)s oo Aj&,; Yp)=B K mycTh 3THM TOYKaM
COOTBETCTBYIOT 3HAYCHUs £=0<I.<l;<...<1.-<1,+.<...:
...<l,=L napamerpa l. O6o3Hauum wmHy nyru AA,,,
yepes Al;=1;,,—I, a maccy stoil ayru —yepe3 m,. Toraa
macca m;=pAl;=Al;(p=1). Cocpenorouum Maccy kax-
noi u3 yactedl A;A;,, B ONHOH kako#-HHOGYAB ee TOuKe,
Hanpumep B Touke A;(x; y). Ilpu stom ycnosum Bcio
KpHBYIO AB npHOAHXEHHO MOXHO 3aMEHHTb CHCTEMON
MaTepHabHbIX TOYeKk A,, A,, .., A4, .., A, Torpma
CTaTHYeCKHA MOMEHT M, KkpuBoit AB npubnmxeHHO
PaBEH CYMME€ CTATHYECKHX MOMEHTOB CHCTEMBI Ma-
TEPHAJIbHBIX TOYEK OTHOCHTEJIBLHO ocH Ox:

n n
M.z Y my=7Y yAl

i=1 i=1 _
C apyroil CTOpOHEI, 3Ta CyMMa SBISIETCS HHTErpasbHOM
cymmort mns ¢dyukumm- y=Vy(/), a Tak xak QyRKUHA
HenpepbiBHa- Ha [0, L], To mpemen 3Toif. CYMMBI 1IpH
A= max {Al} -0 cymecrsyer u pasen ONpeRETICHHOMY

1<i<n '

unrerpany ot Qymxkuun y=y(l) no [0, L] ‘Crienosa-

TENbHO, -
L
n [
M, =lim ) yAl=1|ydl
A—0; =7y o
) (4]
AHanoruyno Haiimem
| o L
M,=tm ) xAl=|xdl.
T A—0; 57 - .
5
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Mockonbky Macca Beeit kpusoit m=pL=L(p=1), no
ONpe/eeHHIo LEHTPa TSKECTH MNOJTyYaeMm
L

L
[xal fydi
x =0 . 0

c L 4 y(.‘= L *

B uactHoM ciydae, kxorama KpuBas AB 3amana
ypaBHEHHEM y=f(xi a<x<b u muddepenuman ayru
dl=/1+y?dx (cM. popmyny (8)), KOOpAMHATHI LEHTPa
TSXECTH KpuUBOH AB BbluHCHAIOT 1o QopMynam

b b
fx/1+y%dx fy/14y%dx

X.=

€ L L

' 3

W3 dopmyust ans y, cemyeT, uto Ly, =[y/1+y?dx,
e

OTKY[a, YMHOXHB 00€ 4acTH PABEHCTBA HA 2R, MONYYaeM

b
2ny.-L=2nfy\/1+y?*dx.

IMpaBas 4acThb TOCJNEIHErO PpABEHCTBA MNPEACTABIACT
coboii miomaaL NOBEPXHOCTH, TOJYYECHHOH BpalleHHEM
kpuBoit AB Boxpyr ocu Ox (cm. dopmyny (10)), a
BBIpAXEHHE 27Ty, B JIEBOH 4YacTH — JUIMHY OKPYXHOCTH
paguyca y.. v
TakuM o00pa3oM, NojyueHa CleAyllnas Teopema.
Mepsan Teopema I'yasaena®. Iliowyads .no-
8epXHOCMU MmeAa, NOAYHeHHO20 6paljeHuem Oy2u nAoCKoi
Kpugoul 8OKpy2 HeKOmOpou He nepecexaioweii ee oOcu,
KOMOpAs pacnoAoxceHa 6 ee NAOCKOCMU, pasHa OauHe
IMoil 0y2u, yMHONCEHHOU HA OAUHY OKPYICHOCMU, Onu-
CAHHOU NpU 3MOM 6PAUEHUU YEHMPOM MANCECHIU KPUBOIL.
O HNpumep 18. Haiitu nnowanr GoxoBo#l moBepx-
HOCTH KOHYycCa. ) ,
Pemenune. KoHyc MOXHO NpeICTaBHTH Kak TeJo,
noJyYeHHOE BPALUCHHEM NPAMOYIOJLHOTO TPEYrOJibHHKA
Bokpyr katera. [lycThb JaHHBIH KOHYC HOJIy4YeH Bpalle-
HMEM NPAMOYTOJILHOTO TPEYrO/bHHKA C TMNOTeHy30i L #
KaTeToM R BOKpYr Opyroro katera. BeemeMm cucTeMy

D [ynpaen Mayns (1577—1643)— wseituapckuit MaTemaTix. O6g
NpUBOANMBIE TeopeMbl Obinx H3BecTHH eime B JII B. H. 3. BHAaloLle-
p p
Mycs rpedseckcmy Matemarnky Ilanmy.
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YA

N
X3

<>
b )

Puc. 206 Puc. 207

KOOpAMHAT Tak, 4ToOBl OCb BpalleHus OblNa OCBIO
abecuuce (puc. 206). OueBHIHO, LEHTP THAXECTH OTpe3Ka
HaxoOMTCs B ero cepeauHe. [To3TOMy LEHTp THXECTH
obpasyromied  kOHyca — MNOTEHY3bl  NPSAMOYTOJLHOTO
TPEYroJibHUKa — ONMHUCLIBAET OKPYXHOCTb paauyca R/2.
ITpumenss nepsyto Teopemy I'yibaeHa,. mojiydaeM IUIO-
mwaap S 60KOBOM NMOBEPXHOCTH KOHyca: S=L:21R/2=
=nRL. : '

Tlpumep 19. Haiitu koopanHaTBHI LEHTPA THXKECTH
HOJMIYyOKPY)KHOCTH paauyca R ¢ 1eHTpOM B Hauaje
KOOpJHMHAT, JIeXKalleH B BEpXHEH IOJYIUIOCKOCTH IIpH
ycnoBud, uto p=1 (puc. 207).

Pewenne. Ilockonabky mnosyokpyXHOCTh pacnoso-
XEHA CHMMETPHYHO OTHOCHTENBHO npsiMoit x=0, uentp
TSDKECTH IYTH JIEXHUT Ha 31oil npsmoi ¥ x,=0. IInowans
S 60KOBOI NMOBEPXHOCTU TeJIa, MONYYEHHOTO BpAIIEHHEM
NIOJIyOKPYKHOCTH JUIMHBI L=nR BOKpyr ocu Ox, paBHa
4nR 2. Ilpumenss nepsyio Teopemy I 'ynbaeHa, moayyaeM
2ny.-mR=4nR?, oTkyma HaxomuM y,=2R/n. @

IleuTp TaxecTH KpHBONHMHEeHHOH Tpame-

.UHH. AHaJIOTHYHO MOHSATHUIO LEHTPA TSHKECTH KPUBOH
BBOAMUTCS TOHATHE UEHTPA TAXECTH KPHBOJHHEHHOH
Tpaneuun 0<y<f(x), a<x<b. :

Bynem npeanmonarate, uto: 1) o¢yHkuus y=f(x)
HenpepeiBHA Ha OTpeske [a, b]; 2) mo aToif Tpafeuuu
PaBHOMEPHO pacnpenesieHbl Macchl Tak, YTO HX MOBEpPX-
HOCTHasi MJOTHOCTh p (Macca, IpUXOAsAIasc Ha eIHHH-
Ly IUIOWAOU) MOCTOSNHHA, H I HNPOCTOTHI TMOJOKHM ee
paBHoH eauMHHue. Torpa macca moOOH 4HacTH Tpaneuuu
OyzneT H3MepAThCA €€ IUIOLHAAbIO.

OnpegenuM craTHdeckHe MOMEHTHI ITOH Tpaneuuu
OTHOCHTENBHO oceit Ox u Oy H e€e UEHTP TXKECTH
(puc. 208). [dns atoro pasobreM ortpesok [a, b] Ha n
qacTen TOYKaMH A=Xa<X; <Xy < KX < Xy Sl

...<Xx,=b, a KpMBONHHE{IHYIO TpPaNeUUIO NPAMBIMH X = X;
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Ha n COOTBETCTBYIOIUMX Yac-
Teil. 3aMEHHUM Kaxayro 2Jie-
MEHTApHYIO TpaneuHio, nps-
'MOYIrOJIbHUKOM C OCHOBaHH-
€M, paBHbBIM Ax,=x;—X;_,,
‘ M BBLICOTOW, paBHOM (§b,
0] a-ro & xiars - Hirki i Amsbnkad & TO€ E,—CpEOHAS TOYKA | X;_,
' Puc. 208 x;). Torna macca m; = pf{(&;) x

x Ax;=f(&)Ax;(p=1) paBHa

fUIOLAaH i-ro NpsMoyrojibHHKa. M3 MeXaHMKH H3BECTHO,
YTO LEHTP TSXKECTH NPSAMOYroJibHMKA JIEXHT B TOYKE ne-
peceveHHst ero AMaroHanei , ciefoBaTeNbHO, KOOpAHHA-
Thbl LIEHTPA TSDKECTH i-TO NMPSMOYTOJbHMKA PaBHbI COOTBET-

J

CTBEHHO §; U % f(£&;) (cm. puc. 208). CocpenoTouum maccy

KaXJoro i-ro NpsAMOYyrojbHHKa B €ro LeHTpe. Toraa Bes
Tpaneuus npuOJMKEHHO 3aMEHHTCA CHCTEMOH MaTepu-
aapHbIXx TOdek: C,, C,, .., C;, .., C, (i-x LEHTpOB
TSAXECTH MPAMOYroyibHHKOB). CTaTHYECKHE MOMEHTHI i-TO
NIpSMOYTOJIbHHKA OTHOCHTEJIbHO ocel Ox u Oy COOTBET-
CTBEHHO PaBHbl

f(&x) Ax;- %f(&.) = %fz (&.) Ax; n f(é.) AxE,,

a cTaTHyecKHe MOMEHTH M, m M, naHHOW Tpaneuuu
NpuOIMXKEHHO paBHbI CyMMaM CTaTHYECKHX MOMEHTOB
BCEX NPSMOYrOJILHMKOB OTHOCHTENbHO oced Ox n Oy:

l n . n
M~ Y FE)Ax; m M= Y ES(E)Ax.

i=1 i=1
C Ipyroii CTOpOHBLI, 3TH CYMMbI SBJSAIOTCS HHTErpaib-
HbIMH CyMMaMH, a Tak kak ¢ynkumn f2(x) u xf(x)
HempepbiBHEI Ha [a, b], TO npedensl 3THX CYyMM npH
A= max {Ax;}—0 cylmecTBYIOT ¥ paBHbl ONpEAENICHIIbIM

1€i<n

NHTCrpajam. CJIC}.IOBaTCJILHO, ’

:

b
M,=; lim Z f’i‘(g,.)Axi% I f(x)dx u

My=im § 6 (6) axi= [ /(0.
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Tax kak Macca BCell TpaneuuM paBHa
n b .
m=lim Y f(&)Ax;={f(x)dx=S,
A=0=y a

rAe S-—naomanb BCEH TpaneuuH, TO IS HaXOXACHUSA
KOODJMHAT LEHTPa THKECTH TPANELUHH, COTJIACHO Ofipene-
JICHWIO LEHTpa TAXECTH, CleayeT 3Ha4€HHs CTaTHYECKHX
MOMEHTOB M, ¥ M, pa3meJuTh Ha mJOWAAL BCEH
TpaneuHu:

: _Exf(x)dx Mx %Ef’y(x)dx
X=-g=——g— R Je=F=

S S S S )

Kak u B ciy4ae LEHTpa TAXECTH KpPHBOH, MOXHO
NONYYHTh IJIs OPAMHATHL y, UEHTpA TSKECTH KPHBO-
JMHEAHON Tpaneuuy cieayloliee reoMeTpHYecKoe ciel-
CTBHE: -

b
2ny S=n{f*(x)dx

unbn,man, 9YTO 2my.— JUIMHA OKPYXHOCTH paaMyca

Vo a mff2(x) dx—oﬁbeM TeNa, MOJYYEHHOro B PE3yJib-
a

TaTe BPAIUCHUS KPMBOJIMHEHHONM TpaneuMu BOKPYr OCH

Ox, nony4aeM Cleayloullylo Teopemy.

BTopan Tteopema Tyannema. Odsem mena
8PAWEHUA KPUBOAUHELIHOU mpaneyuu 60Kpy2 He nepecexaio-
weil ee ocu, pacnoaoxicerHoli 8 Mol xnce NAOCKOCMU, pasex
nPou3gedeHUIo NAOWAaou Mo mpaneyuu Ha OAUHy OKpyXiC-
HOCMU, ONUCAHHOL 1PU_3MOM epaweuuu YeHmpom mancec-
mu mpaneyuu.

O Ipumep 20. Haditn UCHTD TAXKECTH OAHOH apku
uBxjonasl x=a(t—sinf), y=a(l—cost), 0<t<2xn, npu
ycnopuu, 4T0 p=1 (cMm. puc. 190).,

Peuwenue. ObbeM Tena, nonyquHoro B peaynb'raTe
Bpamemm OJIHOH apKH UMKJIOHIBI BOKpYr ocH Ox, paseH
‘2R
V=n j y’dx na’ _[ (I—COS 1)3d1—51t203

IMnowaa, oaMoH APKM  LMKJIOHAB S= 3na? (cM. npm-
mep 6). I'lycrb Y.— OPAMHATA LEHTPA’ taxectn. Cornac-
HO BTOpO# Teopeme ['yannaeHa, 2ny . S=V, oTkyna y.=
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Alx:y)

OI D ’ ! x [ Xo=a X3 X3 Kiq Xi b=y x .
Puc. 209 ‘ Puc. 210

=5a/6. U3 cuMMeTpHH OIHON apKH UMKJIOHIb OTHOCH-
TEJILHO MpSMOH X=ma cieayer, 4yro abcuucca HEHTpa
TAKECTH X, =Ta. :

Ilpamep 21. Haiitu uUEHTp THAXKECTH OTHOPOAHOM
TpeyrojbHOH IUIACTHMHBI.

Pemeuue. Beenem cucremy koopaunat Oxy Tak,
Kak noka3saHo Ha puc. 209, 4To6bl ee Hayano HAXOTHIOCH
B OJHOH W3 BEpUIMH IUIACTHHBI, 4 APYras BEpLIMHA UMeENa
koopmuHathl (1; 0); mycTe TpeTbss BEpILUMHA - UMEET
KoopauHaTel (X; y).

HaiimeM opaMHATy HEHTpa TSXeCTH IIaCTHHDI, HC-
nojs3ya BTOpyo TeopeMy [ynbaena. OueBHAHO, ILIO-

maAb TPEYTrOJLHHKA paBHa %-1 ‘y=y/2; obbveM Tena,

NOJIYYEHHOTO B pe3yjibTaTe BpalleHUAs TpeyrojbHUKa
OAB Boxpyr ocu Ox, paBeH cymMMe 006beMOB KOHYCOB,
MOJIy4eHHbIX B pe3yjibTaTe BpalleHus CTOpoH OA u AB
COOTBETCTBEHHO, H DaBeH

—1t|AD|2 (oD} + IDB|)=§ =3
. 1

ITo BTOpOI Teopeme I'ynbaena, Znyc-’i':Snyz, OTKyAa
y < 3' .

Wrtak, LEHTp TAKECTH NAACTHHBI HAXOAHTCA Ha

~ paccrosamH y/3 or cropoHbsl OB. AHaJIOTHYHO MOXHO

1
1OKa3aTh, 9TO OH HAXOJHMTCA Ha PaCCTOAHHH 7 COOTBET-

CTBYIOIIIMX BBICOT OT APYIHX CTOPOH TPEYroJbHHKA.
TaxuM 06pa3oM, LEHTP TAKECTH TPEYrojibHOH OJXHOpOA-
HOM IJIACTHHBI HAXOIMTCA B TOYKE NEpeceYeHHs MeaHaH
TpEeyrojibHUKA. @
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Yopaxnennwe. HaliTH KkoopmMHATBI UEHTPAa TIXKECTH
NOJIyKpyra ¢ HEHTPOM B Havalle KOODAMHAT, JeXalue-
ro B BEpXHEH NMOJYIUIOCKOCTH, NPH YCJIOBHH, 4TO p=1.

(Ome. x,=0, yc=§§.>

7. Pabora nepemenno#i cuabl. IlycTh MaTepuasibHas
TOYKA MEpeMeLlaeTcs noxa AeHCTBUEM cmiabl F, Hanpas-
JEHHOH BAOAL och Ox W HMeloUIe MNEepEMEHHYIO
BEJIMYMHY, 3aBHCALLYI0O OT Xx. Tpebyerca ompeaenutn
paboTy A, coBepliaeMyro cuiod F, mo nepeMeleHMIo
MaTepHaJbHONH TOYKU BAOJL OCH OX U3 TOYKH X=4a B
ToYKy x=b (a<b). Pynkuus F(x) mnpemnosaraercs
HenpepbiBHOH Ha otpe3ke [a, b] (puc. 210).

PazobreM npousBonbHO oTpe3ok f[a, b] Ha n wac-
Tel TOUKAMH =X <X <X3< ... <Xj=1<X;< ... <Xp=b.
BribepeM Ha KaaoM 4YacCTHYHOM oOTpe3ke [xi—j, X:]
TOoYKy &;. Cuna, meiicTBylolas Ha MaTEpHAIbHYIO TOYKY
Ha OTpe3ke [x;-,, X; ], U3IMeHseTCsH OT TOYKH K Touke. Ho
€CJIM JUIMHA OTpe3ka Maja, TO 3HAYCHHE CHJIBI B TOYKaX
orpeska [x;-;, x;] Mano OT/JMYAETCA OT ee 3HAYEHHs B
moboi Touke ;€ [x;-, x;], Tak xak F(x) HempepniBHA.
[MoaroMy paboty A;, cosepwaemyro cunoii F Ha [x;-,,
X;], MOXHO cyMTaTh npuOINKEHHO paBHOH pabore,
COBEpILIACMOH Ha TOM € OTpe3Ke IMOCTOAHHOH CHJIOiH

F(é,‘), T. €.
A,zF(&,) Ax,
Paccy)l(llaﬂ AHAJNOrH4YHO 19 Kaxaoro OTpef,Ka pas3-

OuenHs, moJsiysaeMm NpUOIMKEHHOE 3HAa4YeHHe paboTel A
cunel F Ha BceM oOTpeske:

A~ Y. F(5)Ax.

C npyroit CTOpOHBI, CyMMa B [paBOH YacTH paBEHCTBa
ABJIAETCA UHTErpasibHON cyMMoit as yrkumu F(x). Tax
kak ¢QyHkuus F(x) HenpepbiBHa Ha ortpeske [a, b], To

npenen 3Tol CyMMBbl npx A= max {Ax;} -0 CYIIECTBYET

1<i<n : _
M paBeH ONpeieNeHHOMY HHTerpany ot ¢oyHKumH F(x) no
otpe3ky [a, b]. Takum obpasom,

A‘=xli_£r(1) i F(&,i)Axi=}F(x) dx. (16)
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IMpumep 22. Onpegenurs pado-

m ‘Ty A, HeoOXxoauMYyrO MUIS 3amycka

Tena . Maccol m ¢ TOBEPXHOCTH

3eMsM BepTHUKAJbLHO BBEPX Ha BbI-
coty h (puc. 211). :

Pemenune. OGo3HayuM Hepes

> X F cuny nputsixenns tena 3emueii.
Nycts m3—macca 3emmu. Cornac-
R HO 3akoHy HbloToHa,
“ / mny
FZG—Z,
X
My rAe X-—paccTOfHHEe OT Tela [Jo

uentpa 3emau. [lonaras Gmm,=k,
nony4aeM F(x)=k/x?, R<x<h+R,
rae R—pamuyc 3emun. Ilpu x=R

cuna F(R) paBHa Becy Tena P=mg, T. e, F=P’ OTKyJa

Puc. 211

k=PR?, u F(x)= % Takum obpasom, mo dopmyne
(16) nonywaem
R+h R+h

R+h_— PR

I R R+K

A= f F(x)dx=PR? J‘“:—PRZ}(
R

R
VYnpaxkHenue, DACKTPHUECKUI 3apsX e;, NOMEINEHHBIN
B Havaje KOOpAUHAT, OTTA/IKUBAEeT 3apsAd TOTO .XKe
3HaKa €, W3 TOYKM x=a B TOYKY x=b (a<b).
Onpenenuts pabory A cuabl F npH nepeMeLiCHHU

3apana e;. (Oms. A=kee;(1/a—1/b).) (yxaaaﬂue:

JJICKTPHYECKHUE - 3apAdbl OTTAJIKUBAKOT APYr Apyra ¢

v ee
cunoit F(x)=k=22, rae k—nocrosHHas, e; U e, —
R

BCJIMYHUHBI 3apsa/]0B, X — pPaCCTOAHHE MCXIY HPlMH.)

N3 paccMOTpeHHBIX 3aJay ClAEayeT, 4TO Ui HX
peuieHduss ObL1 . MpUMEHEH OIWH M TOT XK€ METOM:
nprOJHKEeHHOE 3HAYEHHE HCKOMOH BeJIMYMHBI NMpeaCcTaB-
JIAM B BUAC MHTETPAbHOM CYMMBI, a 34TEM. IPEAENb:
HbIM TMIEpeXOJ0OM NOJIyYaJili TOYHOE 3HAYEHHE B BHIE
uaTerpasa. C MOMOIIBIO 3TOr0 XKE METOAAa MOXHO
PELIUTD PSAA APYTHX 3a7ia4% MEXAHUKH, GU3HKH ¥ TEXHHKH.
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M Bonpock Ans camonposepki

1. Y10 Ha3bIBAETCA KPUBONKHENHOR Tpaneuwen? »

2. B yem 3aKNIGYAETCA TEOMETPUYECKHA CMBICT ONPEEeNneHHOro
wHTerpana? ) S
. 3. Mo kaxuMm opmynaMm BHHUCNSKIOTCA nnouwanu curyp:
a) B NPAMOYronbHbIX KOOPAUHaTax; 6) B NONAPHLIX XoopauHarax;
B) 8 criyyae napameTpuueckoro 3afjaHuA  TpaHuYsI? -

4. YTo TaKo€ CBOWCTBO AAAUTHBHOCTM nnowaau?

S. NaiTe onpepeneHve npegena nepumeTpos nomadon npu
p=0. .

6. Yto HasbiBaeTCA ANUHOW Ryrm KpuBOW?

7. Mo xakuMm @OpMYnam BbLIMUCNAETCA ANMHA AYTW  KPUBOW:
a) B NPAMOYronbHuIX KoOpAwHaTax; 6) 3afaHHOW napameTpuieckm;
8) B NOAAPHBLIX KoopauHatax? .

8. Yto Taxoe guddepenyman gyru? B uem COCTOMT reoMeTpuue-
cku# cmbicn audbdepeHynana ayru? )

9. Mo xakum chopmynam BbiuHCNAETCA RNOWAAL noBepxXHOCTH
BPaUleHWA’ a) B NPAMOYrONbLHLIX Koopawnatax; 6) B cnyyae napa-
METpUYECKOFrO 3a4aHWA KPUBOW, B) B NONAPHBLIX KOOpAWHaTax?

] 10. C nomowbio Kako# Gopmyntl BLYMCNAETCA: a) obveMm Tena ¢
U3BECTHLIMU NOMNEPEYHLIMU cedeHusimu; 6) o6beM Tena BpaujeHus?

11. Yto Takoe cratMuecKkMe MOMEHTHLI CUCTEMbI MatepuanbHbiX
TOYEK : OTHOCHTENBHO KOOPANHATHLIX OCen?

12. Y7o Ha3LIBAETCS UEHTPOM TAKECTH CUCTEMBI MaTepuanbHbIX
TOuEeK?

13. Mo kakum popmynam suiducnaeTcs UEHTP TAXECTU KPUBONA:
a) 3agaHHoh napametpuuecku; 6) B NPAMOYrofbHBIX Koopgurarax?

14. Cchopmynupyiite nepsyio Teopemy [ynbaeHa. )

15. Mo xakum .hopMyNnam BbIMUCAAETCR LEHTP TAXECTH KpWBONU-
HEeHWHOW Tpaneyun? :

16. Cpopmynupynte BTOpYi0 Teopemy [ynbpeHa. ,

17. Copmynupyiite obumint MeToq peweHns 3agay ¢ NOMOLYbIO
ONpeAenenHoro uHTerpana.

§ 12 KOHTPOSIbHBIE 3AAYM

B 3apavax 6.]—6.3-113110 BBIYHCAUTL YKa3aHHBIE HMHTEIPAJIBL.

V3 8 .
dx - N
J‘,/4—x2 dx. 6.2.J- bl .6.3.[ * dx.
. 3,/I+Jc i x
2

6.1.
-J3

R \ B
6.4. Boruucnute HH'rcrpan'j 3/cos x dx, He Haxons nepsoobpasioii
° .

NoALIHTErpanbHOH PyHKuHN.

B 3amayax 6.5—6.7 Tpebyercs HaliTH miowagu cbnrypu.
OrpaHHYCHHOH YKa3aHHLIMH JTHHHSMH.
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6.5. Mapabona y= —x?+4x—3 u xacate/bHble K Heil, nposescH-

Hule yepes ToukdH (0; —3) u (3; 0). :

6.6. CuHycouma y=sinx W mapabona y=x2—mnx.

6.7. Nlunua y=|x| +1, npamele y=0, x=-2 u x=1.

6.8. llaposbiyv c.10esm Ha3bIBAETCA TCJO, MOJyYaeMoOe NPH Bpamie-
HMH KPHUBOJIMHEMHOW TpaneuuH, OrpaHH4YcHHONH QYTro# OKPYXKHOCTH y=
=R*—x?, npambiMH x=a W x=b (—R<a<b<R) n ocsio Ox,
Bokpyr ocn Ox (puc. 2]12)", Haitaute obwveM uwIaposoro cios,
BbIpe3agmoro 3 wapa x2+y2+z2=16 nnockocTaMH x=2 H x=3.

6.9. Ulaposeim ceeménnmom HA3LIBAETCA TeEJO, MOJYYCHHOE NpH
BPALUEHMH AYTH OKPYKHOCTH BOKPYI AHAMCTPA OKPYXHOCTH, MEPNEHAH-
KyJApHOTO Xopae, cTarupatowieit kouusl AyrH. Ha#aute obwveM
WApOBOro cerMeHTa, 3Has paauyc OKpykHocTH R u Buicory H
CerMeHTa — JUIMHY Yy4acTka OCH BpallleHUA, HaXOASIYHOCE BHYTpH
cerMenta (puc. 213). ) .

6.10. Llaposeiy cexmopom HA3BIBACTCA TENO, NOJY4EHHOE NPH
BpAILEHMH KPYIOBOTO CEKTOpa BOKDYT OJHOTO M3 €0 IpPaHHYHBIX
paanycos. Haiiante o6seM 11apoBOTO ceKTOpa, 3Haf pagHyc wiapa R u
BBICOTY cextopa H (puc. 214). .

6.11. Cepexa Hacbinan B LMIHHAPDHYECKYIO KacCTPIOMIO HEMHOro
mueHa u cnpocua coceaky TeTio Jliony: «CKONbKO HYXKHO HAHTh
BOJAb, 4TOOBI MOJyuusiach BKycHas kawa?» —«3To OHeHb MPOCTO,—
oTBeyana cocenka,— Hak/JOHH KaCTpIo/IO — BOT Tak; MOCTYHH, 4ToOml
Kpyna Mepechinanach ¥ 3aKpbijia pOBHO NONOBHHY AHA. Tenephb 3aMeTh
TOYKY Ha CTEHKe KaCTpIOJIH, Onuxaimyio Kk Kpawd, A0 KOTOpOi
noAHasach Kpyna, ¥ 3axMH ee naipueM. [lo 3TOro yposHs M -Hamo

D [oBepXHOCTbL 3TOrO Tena Mbl Ha3blBANH IIAPOBLIM TIONCOM H
uckaan B npumepe 13 § 11,
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HamTe Boay'» (puc. 215)—«Tax Benn NINCHA MOXHO HACKINATHL
6ONbILE MM MCHBLIE, 1A M KACTPHOJIH ObiBalOT pa3HBIC — INHPOKHE B
yakne»,— ycomununcs Cepexa.— «Bce pasHo, Moil cnocob6 rommrcs B
aobom cnyuael» —orseTuaa Ters Jhona.

a) Joxaxute, uto Tets Jlioaa npasa: oTHoWleHHE 06LeMOB BOIBI
¥ NUICHA RO cc pcucnTy A Jnoboll HIHHApHYeCKo# KacTplonH
[O1y4aeTcs OAWHAKOBBIM. :

6) YeMy paBHO 3TO OTHOWICHHC? .

~6.12. 10Bcaupy 3aKa3aHO 30710TOE KoNewko WHMpHHOR H, Hmelolnee
¢dopMy Tena, orpaHHYeHHOro cepoit ¢ ueHTpoM O H MOBEPXHOCTBIO
LMAMHApA paaMyca R, oCb KOTOpOro MPOXOAMT depes Touky O
(puc. 216). Macrep caciaan Takoe ko.euko, HO Bubpan R cmuuxom
ManenskuM. CkoJbKO 30710Ta eMy npuaeTcs no6aBuTh, eciM R HyXKHO
YBCTHYKTL B m pa3s, a lwmupuHy H ocTasuth npexneft (YACHbHBIA Bec
30710Ta CYMTAETCA M3BCCTHBIM)?

B zanauax 6.13, 6.14 nago HaiiT®: a) mnowmamb ¢urypsl,
OrpaHHYCHEON 3aJaHHBIMH JHHHAMHE; 6) 06BeM Tena, MoJy4eHHOro
BpalucHucM 3Toit. purypel Bokpyr ocu Ox.

6.13. Tlapaboasl x=1-3y2 u x=—2y%

6.14. Kpupas y=cos’ (v/2) —sin?(x/2) u npamme y=0, x=0 n
x=n/2.

6.15. Haittu pauny nyri nosayxyGuueckoi mapabomn y=x*?2, rae
xe [0, 4]

6.16. 3amanws: mapabona x=y? u npsmeic y=0, x=a, rac a>0.
HajinuTe: a) miomaab Gurypbl, OrpaRMYEHHON 32JaHHHMH KPHBLIMHE;
6) ob6bem; B) MIIOLIAAL NOBCPXHOCTH Tefla, 06pa3oBaHHOrO BPAILICHHEM
3TO# Gurypnt Bokpyr oci Ox. [Ipu BLIMUCIEHHK IUIOLIARA NOBEPXROCTH
cuntaTh cHasaia O<b<x<a, a 3arem yctpemuts b x O.

B 3anavax 6.17, 6.18 tpebyerca HaiiTH ¢ NOMOILILIO TEOpEM
IynabaeHa u coobpakcHUi CHMMETPHH LEHTPH THKECTH yka3aH-
HbIX MATCPHAJILHBIX TCT.

6.17. Jlyra OKpyXHOCTH paauyca R, CTArMBaIOaf NCHTPaALHBIH
yroa BCAMMHMHBI 2%,

6.18. Kpyrosoit cektop ¢ yrioM 2u MEXAy OrfpaHHYHBAIOUIMMH
€ro paamycaMy BeJIHYHHBI R.

6.19. Topos Ha3bIBAETCA TE10, TNOJIYYCHHOS BPALCHHEM yra
BOKpYr Hemepecekatomeii cro ocu («Oy6amx»). Haiigmre: a) olg)'bcm
Topa; ©) nmIOWAde TOBEPXHOCTH = TO- :
pa, TONY4YCHHOrO  BpalleHHEM  Kpyra
(x—2)2+y2<1 Boxpyr ocn Oy.

6.20. Boruncauth pabory 4. KOTOpPYHO
HYXHO 3aTpaTUTb, 4ToGbl PacTAHYTb NpY-
xuHy Ha 0,05 M, eciM H3BECTHO, YTO CHIA,
pacTaruBaronlas NPYXHHY Ha X M, paBHa
F(x)=kx, rae k—xoapduuneHt nponop-
LIHOHAILHOCTH, - 3aBUCALUMA -OT YNPYroCTH
TOPYXHHBI, H 9TO AJIA PACTHKECHHA MPYXKHHbI
Ha 0,01 M HeoOxommma cuna 1 xr.
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OTBETHI, PEINIEHUA, YKA3AHUA
- K KOHTPOJILHBIM 3AJIAYAM

(Bozmoxcnul unme, nemceau npusedennwe 3decs, peruenus 3adaw)

LL Pewcnne. Tax xax pin moboro xe(0, 1) semonusiorcs
HepasencTsa 0<x <1, To ‘mauHoe MHOXecTso orpammucuo. [forromy
qMCao 1, a cnenoBaTensHO, M BLAKOe GOMLICE YHCAO ABIACTCR BEPXHCH
rpanbio, a8 IHCAO 0 H BCAKOE MEHBIIEE YHC/IO —ero HUKHeH rpanbio.

Bonee Toro, wacno 1 aBisercs TOwHON BEpXHell TpaHbioO AaHHOTO
MHOXecTBa, T.e. sup(0, 1)=1, Tax xax anma moboro £€>0 Bceraa
Hafiaercs x€(0, 1) Taxoe, 4TO 6yAeT BLIMOMHMATLCA HEPARBEHCTBO
x>1—g. [elicTeurenso, nycrs €=2, toraa cywecrayer x&(0, 1)
TaKOe, YTO BHIMONHACTCA HEPaBCHCTBO x> —1; nycts £€=1, Toraa
cymecrayer x€(0, 1) Takoe, Wro BuMONHZETCA HepaseHCTBO x>0

‘mycts £=1/2, Torna cywecrayer xe(0, 1) Taxoe, YTO BMWMONHAETCH
HEPaBEHCTBO x> 1/2 u T. &. A 370, cornacHo cpoictTsy TouHol BepxHeii
rpain, o3xauaer, 4ro sup(0, l)=1.

AHanorH4Ho MOXHO moxasats, wto inf(0, 1)=0. (Cacnaiite 3to
CaMOCTOATETLHO.)

L.2. Pewenue. Jlonycrum obpaTHOe, HanpHMEp, YTO AaHHOE
MHOXecTBO X orpanuveHo cepxy. Torza, s cuny Teopemnt 1.1, ono
HMECT TOYHYIO BCPXHIOK TpaHb. 3HAYMM €e uepes ¢, T. €. sup X =c.
CornacHo cBOHCTBY TOuHOH BepxHeil rpauu mis e=1 HailaeTca Takoe
yesoe TACI0 x€ X, 9T0 6yacT BuMONHATLCS HepaseHcTso x>c—1. Ho
Torga x+1>c #, Tax xak x+ 1 € X, T0 370 O3HauacT, 4TO C He ABIACTCH
TOWHOH BepxHei rpaubio Muoxectsa X. Takum ofpasom, nomysewo
TPOTHBOPCYHE, KOTOPOEC AOKA3LIBACT, YTO [AHHOE = MHOXESCTBO HC
OTpaHH4YCHO CBEpXY.

AR2NIOTHINO ROKAILIBACTCH, 9TO MHOKECTBO X HE OTPAHHHCHO
cuusy. (Caenaifte 310 CaMOCTOSTENBHO.)

1.3. Yxasanue. To, 4To MHOXECTBO X HE OIpPaHMUEHO CBEpXY,
cneayeT W3 ROKa3aHHOro B 3ajave 1.2 yreepxaenus.

1.4. Pewenne. B camom aene, B cuny yraepxacuus 3aasn 1.2,
Ans wncna b/a maiinerca TaKoe uenoe wHeno n, uto bja<n. 3to WKcno
HCKOMO€, TaK KXaK, YMHOXas HEpaBeHCTBO b/a<n Ha MONOXHTENbHOE
YHCIO a, nonyuaeM an>b, uto u Tpebomanoch AOKa3aTh.

LS. Pewenne. [Tycrs sup X =4, sup Y= B. Tpebyerca noxazats,
uto B< A. Mpeanonoxum obpartHoe, 1. . uro B> A. Toraa, cornacuo
CBOHCTBY TO4HON BepxHeH rpaum, ans moboro £>0 HaHAETCA YHCNO
yeY taxoe, uro y>B—¢. Tax xak B—A>0, 10 BO3bMeM £=B—A.
Honywum y>B—e=B—B+A4, 1.¢. y>A. Ho ye Y, a Y c X, 3uauur,
yeX. o onpenenenuio sup X, moboit y< A. Ho nonycrus, uro B> A,
MOXHO HaliTH 4HCIIO y€ X Taxoe, 9t0 y> A. [onyseunoe mpoTusope-
YHC M NOKA3bIBACT, 9T0 BA mmm sup X>sup Y.

Bosmoxto m apyroc Aokasarensctso. Tak xak Y c X, to mns
mobaro xeX n moboro ye Y BUNOMHAIOTCA HEpaBeHCTBa X< sup X,
y<supX u y<sup Y. Ho sup Y—nanmensuice H3 uMcen, orpasHu4y-
BaIOLWIMX MHOXECTBO Y CBEPXY, a SUp X -——OOHO H3 UHCEN, OrpaHHYH-
BAIOUWMX MHOXECTBO Y cBepxy, cileqoBaTensHo, sup Y <sup X. Auano-
THYHO foxa3suiBaétcs, 4T0 inf Y2infX. (Caenaiire 10 camoctos-
TEIbRO.)
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L6. Pewenue Iycts sup(z|z=x+y. xeX, yeY}=C, supX=

=A, sup Y=B. o onpeaencuwio sepxucit rpann, ans moboro xe X

) u ans moboro yeY sumeonusercs nepapercrso Czz wm C3x+y.
: C apyro#i croponst, cornacHo cBoficTay TowHoK BepxMell rpanm,
ans moboro €>0 naligytes xeX um yeY rtaxme, 4TO BHIIOAHR-
I0TCA  HepasencTea x> A-—gf2 u y>B—-gf2. Orciona nonysaem
x+y> A+B-t. A Tax xax C2x+y>A4+B—¢e, C>A+B—g, 10

C2A+B.
Moxaxem mepb. 'rro C=A+B Jleﬁmmenwo. MMEEM z=x+y.
X=z~y, HO, 0O ONPCACHCHNIO BCpxHeld rpand, A B x=z— 1 nB;m A3
>z—4

?z— orcyma y2z—A. C npyroi c-r:iponu Bayzz—

+A>z Cornacso csoficTs pepxiell rpams, AnN
a>0 naligeTcs z Taxoe, ¥TO z>C—e noa'rouy B+ A>C—¢, orxyaa
nonysaem B+ A42C. Taxmm obpasom, B+A<SCEB+4; ocracren
npuusTe C=B+ A,

ANANOTHYHO MOXEO AOKA3ATH, YTO |nf{z|z-x+y, xeX ye¥}=
=inf X+inl Y. (Caemiive 310 camocTosTe/LHO.)

L7. x<-1 wm x31. \ )

Vra3lanue. Jlmuoepanencno cnpnewmno AR TEX 3HAUCHMH

X, A KOTOPHIX -—-—>0

18, x>5. . '

Pewenne. Pasencrso Ix+y|=lx|+|y| cnpnne;umao TONLKO
TOrAA, XOTAZ X M y HMCI0T ognuaxosuili amax. Tax xax x4+ 2x+5=
=(x+1)>+4>0 npu mobux 3uaYeMMAX X, TO ASHHOC PABENCTBO
cnpg.ezuuuo Anm Tex 3Hawesmil X, UPH KOTOPHIX x-5> orciona
X2

19, x=—-x/24+2kx (k=0, +1, 2, .)).

Pewmenuec. Nannoe nencuocnpuewmommmsem X,
ans xoropsix sin x <0, noarouy HMeeM:  —Sinx—sinx=2, WM
sinx=—1, orciona x=—=x/2+2%x (k=0 £1, £2, ..)

L10. x| ./3.

Pemieune. Papencrso Ix-ylalxl Ixi pneum
TOFAA, XOTAA X M y MMCIOT OAMHAKOBMHA 3max M |[x|>|y|. B sannom
C/lysac PaBCHCTBO CHUDABCAINBO ANAA Tex 3mascuuil x;, npm NpH  XOTOPHIX
x*—42x242, umi x*-221, orciona lxl;«ﬁ.

LIL 1) x=0; 2) x=2/5 u x=2; 3) x=1/2.

(x+4), ecnx x> —4,
—(x+4), ccan x<—4,

- f(x—4), ccnu x>4,.
lx—4|={ - (x-4), ecni ‘x<4.

Cnenou*run»ao, mpu x< —4 nony-ueu ~ (44 x)= — (x—4), orxyaa-
8 =0-—HesepHOE PABSHCTBO — HET; NIpu —4 € x <4 nogyuaen
(x+4)- — (x—4), orxyna x=0; npn x34 nueeu x+4=x—4, onzm '
8 =0 —nescproe PaBCHCTRO — pemelml uer. Taxim obpasom, x=
petlesnc RauHOro ypasncmns ! ,

2) Pewicune. HMmeem

l) Peweuxe. Hueeu jx+4|= {

¥ 3pece memonu3osam crieuManbusti NpHEM— KMETOR MHTCPSA-
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1] x—1, ecau x21, 11— 2x] 1-2x, ecnu x<1/2,
x—— = —_— =
—(x=1), ecan x<1, —{1-2x), ecm x>1/2,
]' | X, ecan x2=0,
x|=
—x, ecnd x<0.
Cnenosarensto, npy ¥ <0 nmonysaem — (x—1) +1—-2x=—2x, orxyna
x=2—pelicHui HeT, Taxk kak 24 (— oo, 0); npu 0<x<1/2 nonysaem
— (x—1) +1—=2x=2x, oTkyaa x=2/5—pClLICKHC ypaBHCHHS, TaK KiK

2
ge [0, 1/2]; mpu 1/2<x <1 noayyaeM — (x~—1) — (1—2x)=2x, oTxyna

x=0-—peweHnii Het; NpH l<x<+o0 HMeeM x—1— (1-2x)=2x,
OTKyAa x =2 -—pclucHic ypaBHcHHA. Taxum obpasoM, v=2/5 B x=2—
PCIUCHHS TaHHOTO 'YPaBHCHHS.

3) Pewenue. HUmeem: a) [3—2x| —1=2|x}; 6) {3—2x|—-1=
=-2]x|

a) 13— 2x| 3-2x, ecnu x<3/2, x| x, ectH x20,
—LX|= X|= .
— (3~2x), ecu x>3/2, —x, ecmi x<0.

Cnenosartcibio, nmpu x<0 nonydaemM 3—2x—1=-~2x, orxysa
2=0—HesepHoe PaBcHCTBO — pelieHHA HeT; npu 0K x<3/2 noayyaem
3—2x—1=2x, oTKyaa x=1/2—pelieHHe ypaBHCHHA;, NpH 3/2<x<
<+ o0 uMeeM —3+2x—1=2x, orkyna 4=0-— HeBepHOE PaBCHCTBO —
pelueHHA HeT.

Herpyano nposeputs, 4TO B Ciayyaec 6) ypaBHCHHE HE HMeEET
peticina. Takum obpasom, x=1/2-—peluenHe [AHHOTO YPABHCHHA.

1.12. x<0 uan O<x<3. i

Pewenue Hepasenctso |a—b|>|al — |b| cnpaBeymeo Torpaa,
korna: 1) wucia a v b umerT pasnnie 3uaku; 2) |a|<|4. B caysae 1),
Tak kak x>0, TO HEPaBEHCTBO MMEET MECTO /I 3HAYCHHA X, TPH
xotopsix 3x<0, T. ¢. A x<0. B cityyac 2) HepaBeHCTBO BHNOJHAACTCA
ZUTA TEX 3HaueHHi X, [ KoTopuix x° < 3x win x2—3x<0, x (x~3)<0.

BoaMoxHbl asa caydas: aunbo { x<O, mbo { x>0, IlepBas cuc-
' x—-3>0, x—-3<0.

TeMa HC HWMCCT pCLUCHHI, a BTOpas MMeeT pemteHHe 0<x<3. Taxum
o0pa3somM, mnonydaeM oTeeT x<0 wiM 0<x<3.

1.13. x< -4 nmu x>4.

1.14. Pcwenuc. Umeem: 1) npu n=1 yTBepkKieHHE BEpHO, Tak
kak 4'=4>1=1% 2) npcanonaras BepHOCTL [JaHHOTO YTBEPKACHHA
LI HEKOTOPOTo n, AoKaxcM, uto 4" 1> (n+1)2. IelictBuTensHo, Tak
kak 4"*1'=4-4">4n%, a n?2nun’zl, To dntzn 4+ 2n+1=(n+1)%
Oxonyatcasio noayyacm 4"*! > (n+1)2, yTo u TpeGoEatoch AOKa3aTh.

1.15. Pewecuue. Mimcem: 1) npu n=4 yTBEepXACHHE BEPHO,
nockoabky 4!=24>16=2% 2) npeanonaras BEPHOCTb JAHHOTO yTBEPX-
JeHus LA HekoToporo n>4, pokaxeM, uto (n4+1)!>2"*1, . Heiicran-
TeasHo, (n+1)!=nl(n+1)>2"(n+1)>2"-2=2"*! "rax xax n+i>2
npu nz=4.

OkonuaTensHo moaydaem (n+1)!>2""! yro u Tpe6Gosanocs moxasaTs.

1.16. Pewenne. Mmecem: 1) npi n=2 yTBcpxiacHHe BepHo. B ca-

Mom gete, /2 <1+1//2<2/2 nan 2</2+1<4. Do sepHo,

NOCKOJILKY l<ﬁ <2; 2) npeano;aras BEPHOCTh JAHHOTO YTBEPXAC-
HHAa JAng HEKOTOpOro n>2, AOKQKCM, HYTO
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<}+\/_ 0/_ f \/—n—T{—&ﬁ;T'

llm 'roro. 4ToOH AOKa3laTh cnpmmmaocrb HEPaBCHCTBA

\/t_l+_<|+\/_ f ﬁ-,

AOCTATOYHO no‘auTb, 47O
Jrrl</n+

1
Jn+1
310 JNelCTBHTEIIBHO BEPHO, TaK Kak

1
Jnrl</n+ oVntlc/nn+]) +1
Jn+l
wni<(/n(n+1))=n*+n<0<n,

YTO OYEBHAHO NpK 713>2. AHANOTHYHO, 4TOGB A0KA3aTb HEPABCHCTBO
1 1 1
+—+.t—=+ <2, /n+1,
J? - NN T
AOCTaTOMHO NOKa3aTh, YTO

2\/—+‘/__

310 HEPABEHCTBO BEPHO, MOCKONBKY
2\/'+‘/__<2f+|«»2\/n(n,+1)+1<2(n+|)¢

2 /n(pF1) <2n+1esdn?+dn<dn?+dn+10<l.
TakuM obGpaioM, nanHoe ynépxneilué 0Ka3aHO,
n(n+1) nin+1){n+2)

2 /n+1.

117. 14346+ ... +

2
Pewenue. O603HaYHM HCKOMYIO gynmy yepes S,. Torna
n(n+1) 12+1 2742 n*+n
Se=14+34+6+ ..+ 5 =3 3 +..+ 5
_ _ afn+1)(2n+1)  n{n+1)
1424 dnt 424t 6 t3
= 2 = 2 =
_n(n+1)(2n+1+3) n(n+1)(n+2)
12 . 6 )

'Y 3yax <> O3HAYACT PaBHOCHABHOCTB. Hanpnucg 3anucy A<>B
o3Hauaer, W0 W3 A cneayer B W, HaobGopoT, H cneayer A.
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3ameuannc Popmyaa 12422+ . 442

nin+1)(2n+1)
B = —————— f0Ka3’a-
6 :
Ha B § 6 (cm. npumep 3), a ¢opmyny 142+4..4n
OOKHB! ObITM  A0KA3aTh CaMOCTOSTEILHO.
I

nin+1)
I
1.18, — + —

Bbl
2
1
+ ...+
-3 3.5

1
(2n—1)-(2n+1) 2
Pemenue. O6o3naunm suckom
1

T2ty
Y10 CymMmy uepe3 S, u npencraBum
B BHAC - . Torma
n=1)(2n+1) 22n~1) 2@n+1) )
5=(1_1>+(1_i)+...+< L] )=
"\2 6 6 10 2(2n—1)  2(2n+1)
LIV N I
2 6 10 222n—-1)  2(2n-1) 2(2n+1)
1 ! ‘
Urtobbt  ybeauTncs

2 2(2n+1)
B TOM,

4TO cymMma
BOCTIOIb3YEMCH MCETOAOM MaTeMaTH4YecKOH MHAYKuMH. MMmeem:
1) npu n=1 yTBepxIeHHe BepHO, Tak Kak

ONpeacaeHa NpPaBHILHO,

S - 111
13727 6
2) DOMYCTHM, 4YTO 1714 HEKOTOPOrO H BEPHO PaBEHCTBO
1 1
S,,="‘ e
2 2{2n+1)
Toraa | |
Sn +1= Sn + =3
1

1 1

@t D) 2n+3) 2" @ar1)(2nt3)  2@Easd)
2n+3-2 1

T2

2n+1

1
Takum 06pa3oM, METOTOM MaTEMATHYECKO# HHAYKUMH MBI NOATBCPAH-
M CNpaBeNIMBOCTL MCKOMO# dopMmynbl S, =—

1
2+ 0)(@n+3) 2 Z(2n+1)(2n43) 2 220+ 3)

2 20n+1)
2.8. 8) |6l lal. Yxaszaune. Mcnonsiyiite dopmyny ®— 30,
2.9. 1) Jamua cTOpoHBI XBaApaTa g=

17 (ea); 2) Sascp=17 (ca?);

3) cepenuiibl cTopon kBaapata — Touku: M (3,5; 3) (ccpeanna Cropons!
AB), N(1; 4, 5) (ccpeanna croponst BC); K(-0,5; 2) (cepenuna
cropoust CD); L(2; 0,5) (ccpeauna cTopoust AD). ’
Pewenne. 1) Hdanna cropons KBajpara
a=|AD|=/{x—x0)*+ (pa~yp)’

JE=07+ (1-0)7 = /17 (en).
3§85

"' 3mech u Aanee B ITOM riaBse ccbiika «d —
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") l'lnouxazlb KkBaapata Supcp= gh '
=al=17 (en.?). . .

3) Koopaunatel cepeaH CTOPOH
AB, BC, CD, DA uaxoaum no ¢opmyie
18 KOOPAMHAT CepeAHHBI OTpe3ka (cM.
cnencreue Ha C. 41). [lycts M (xu;
yu)E[AB), |AM|=|MB|. Torga Totka
M nmenutr oTpe3ok AB B OTHOLEHHH

|AM |
A=———=1, nodTomy, cornacio ¢ —35,
| MB|
3+4 1 I+5 3
Xy=——=3—, = ——=),
M 2 2 Im 2
AHaNOrH4HO MO.y4aeM OCTajibHbiE OT- Puc. 217
BETHI. ’ :

2.10. x.=2; y.=1.

Peurenue. LleHTp TaAXecTH nnacTuHkH, HMelomek dQopmy
TPEyroNbHMKA, HAaXOAUTCA B TOYKE TNEpecedCHHN MeJHaH Tpe-
yronbuuka (puc. 217). Tlycte D —cepeauna cropoHn BC Tpe-
yronsinka ABC. Toraa Touka D aenut orpesox BC B OTHOIle-
HuM A=1, nodromy, cornacHo ®—S5, koopauHaTol TO4kH D Ta-
KOBBI: ‘ . '

xg+xc 0+4 }'3+yc 1-2 !

Xp= ==

2 2 2 2 2

MeaHaHbl TPEYrolbHHKa MEPECcekaloTca B ONHON TOYKE, KOTOPAA AC/IHT
KaXAYI0 M3 HUX B oTHowenuwu A=1/2. OGo3Hayas 4epe3 xc H yc
KOOD/JAHHATHI LEHTPA THKECTH HCKOMOH IUIACTHHKM M NPHUMEHSARA
dopmyny @ —35, noayuum

1 1
-\'D+§-\'A 2+§2
N, = — =-—=2;

+12 32

1 1
."D+§)‘A —l/2+§‘4

Y= = =—~=l_

1+1/2 32

Takum obpaszoM, x.=2; y.=1.

2.11, Bepuiutbl umetoT koopauHatel M (0; —3); N(—4; 5) u
K(@8; 1. .

Peurenue. [lycts A4 —cepeanna cropoust MN; B—cepeanna
ctopousl NK; C-—cepeanna cropoust KM B TpeyrosbHuke MNK.
Toraa, cornacio ®—5 (mpu A=1),

¢ . _XM+XN. v _XN'("XK' X _Xx+xu"
A 2 sy B~ 2 ’ c~ 2 '

_ymtrn o pwtyx Yty
PASTS BT Ye= T

’, MoacTasus B 3TH ypaBHEHKS KOOPAMHATH To4ek A, B, C, npuxonuM K
ABYM CHCTEMAaM YDABHCHHIL:
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Xu+xy=-—4, (1) yutyn=2,
xptxx=4, () 4 yatyx=6,
xx+xu=38, 3) yetyu=—2

Cnoxus nounesHo ypasHerus (1), (2) u (3), nomyuum 4=xp+ x5+ xx.
BrIMHTas MOCNCAOBATENLHO H3 HOCHCAHCIO ypaBHEHHS ypaBHeHus (1),
(2) u (3); HaxonuM: xx=8, x)=0, xy= —4. BLINOJHHB aHAJOrHYHbIC
ncﬁcgnnx C YpaBHEHHSMM BTOpOH CHCTEMM, Hadmem: yx=1, ypy= -3,
YN=J.

2.12. Touxa C aoN%HA HMETb XOOPAMHATHL (Xx;+X2; ¥y +y2)-

Pewenne. Iycts O—Touka mepeceveHus AnaroHaiedl nmapajiie-
norpamma ABCD, torna oHa fBNf€TCR cepeauHoit AuaroHaneid. Tax
xak O —cepeanna orpeska BD, 1o, cornacio ® —5 (A=1) (puc. 218),

Xp+Xp _ X1+X3 ystyp nity:

Xo= 2 2 (1) ® yo= 2 2 ).
Tax xak O—cepeanna oTpeska AC, TO AHAJOTHYHO HAXOAMM
xo—x‘+xc . yo=}’4+)’c‘
2 2

Orciona monyvaeM xc=2xo—x4 H yc=2yo—y4 IHoacTraBnis B 3TH
paBeHcTBa HaiineHunle B (1) » (2) 3HaueHHA Xxo M yo, HAXOAHM OTBET.

3amevanHe. 3amayy nNpolle pPEWIHTh C MOMOUIBLIO CIOXKECHHA
BEKTOPOB C 3aflaHHBIMH KOODAMHATaMH.

2.13. C(32; 0) wmu C(—8; 0).

Pewenne. IMycty C(xc; yc)— Bckomas sepumHa. Ilo ycnosuio,
Yc=0. Cornacro (bopmync mwiomaad TpeyroabHrka O -—4, umeem

=_( 2-5)(0-1) — (xc—5)(2- 1)},

oTkyaa | 12— x¢|=20. 3uaunT, 12— xc=20, wm 12 —xc= —20, nosTomMy
Xc=—8 W x¢c=32
2.14. Inowajs weTnipexyronbuuxa pasHa 13 (ex.2).
Pemwenne. Tak xax (puc. 219) S, pcp=Sssc+ Sicp H, corsiacHo
(popmyne d—4, SABC"13/2 SAcp—l3/2 TO SABCD=I3 (en

2.15. IlpaMoyronbHee KOOpPAMHATH TOukH paBHB (245 3 8).-
Pewenne. Tak xax B npaMOyroasHoM TpeyronbHuke O'AB

1
(puc. 220) AO'B=30°, To |4B|=310"4]=5, nosromy

10'Bl=/IO'A|* = [AB|* = /75 =5,/3. Dance, x,=2+|0'B|=2+
+5/3, ya=3+|A4B|=3+5=8!

2.16. Paccrosuue pasHo /34 (ea. an.). '
Pewenne. I1 O—nomoc, A 4 B— nanneie TouxH (puc. 221).
Tpeyrom»_xmx AOB— npaMOYTONLHLIN, NOITOMY -

|4B|=/140*+ |BO|® =/9+25 =/34.
2.17. Cm. puc. 222—230. x>0,
{y>0 YpaBHCHHE —

Vxazauus m pemwrcuuns. 2) B ciysae

=l
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Puc. 220 Puc. 221
yh x=fy/
Y g
0 r'e
0] x
Puc. 222 Puc. 223
ok petu
4 X
Puc. 224 Puc. 225
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= npuHuMaeT Bua l=1, a B cnyvae x<o'—c.ncnyloumﬁ BHA:
Iyl ly<0
— 1= -1, cnenoparensho, Bce Touku, nexauwme B I u Il werseprax
(6e3 rpanmu, Tax xak x#0, y#0), npuAagnexar HCKOMOMY MHOXECTBY.
Ecau x u y umeror pasuwie 3naku (1. e. 1ns Touek Il u IV 4eTBEPTER),
TO mONydacM HCBCPHOE PaBeHCTBO I= — 1, 3uauur, Bo Il u IV yerpep-
TAX HET TOYCK MCKOMOTO MHOXECTBAa (pHc. 225).
4) (=) (=2 =0 { ¥ TI=0 JJy=x
x~2y=0 y=x/2,
UTO HMCKOMBIM MHOXCCTBOM ABARETCA 0OBCAMHEHME NpAMBIX y=x N
y=x/2 (puc. 226).
5) CymMma KBanpaTos MokeT GbiThb PaBHA HYMIO TOMBKO B cny4ae
PaBEHCTBA HYIIO K4XAOrO C/laraeMoro, CjeAoBaTeNbHO,

(r=1)*+ (y+|)‘=0¢>{""=°'°{X=l.

OTKyAaa. nojiy4aem,

y+1=0 y=—1,

T. €. HMCXOMOE MHOXecTBO —Touka M (l; —1) (puc. 227).

6) x+y>0< y> —x, oTkyna CleayeT, YTO HCKOMOMY MHOXECTBY
TPHHAAERKAT BCE TOUKHM, NEXAIUNE «BLILE» NPAMON y= —x (puc. 228).

{x— y>0, y<x,
9) -
x=2y>0 y<x/2,

HAANEXKAT TOUKH, SBAIOUIMECA NMEPECCHEHHEM NONMYNIOCKOCTEH y <X M
y<x/2 (puc. 229).

10) (x—y)(x—2y)>0.

NO3TOMY HCKOMOMY MHOXECTBY HpH-

—-y>0,
Cnyuyais ’ pasobpaH B janade 9); gHanormyHo paccMart-
x—2y>0
. | x~y<0,
pHBaeTCa cny4ail 9y <p.’ | & MCKOMOE MHOXECTBO NpeAcTaBnsieT
x—2y<0,

coboit napy BepTHKanbHBIX yrioB (puc. 230) 6e3 rpanuu.

2.18. a) y=0; 6) y=x+10; B) |x|=2.

Yxa3zaHus u peurenns. a) Touka A(1: 0) cama nexuT Ha ocu
abcunce y=0.

6) Ypasueuune npsmoii, napansensHoit npaMoR y=wx, iMeeT BUA
y=x+b, rae b— nocrosunoe uncno. Toyka B(—3; 7) nexur Ha sr10iT
npaMoi, nodToMy 7=—3+b, otkyna b=10. Urax, uckomas npamas
HMeeT ypaBHeHue y=x+ 10. :

B) MHOXECTBO TOYEK, HAXORAWMXCA HAa PACCTOSHMH 2 OT OCH Oy,
NpCACTABNAET Napy NpAMBLIX, NMapanneibHbix ocH Oy W TPOXOANLIHX
uepe3 ToukH (—2; 0) w (2; 0). YpasueHus 3rux NPAMBIX X= —2 WIH
x=2. ’ B . ot

2.19. a) -30)(=x43)=0; 6) (—)[(x+1)*+ (r—2)?]=0;

) yex 1) O< <1 -) O<x<l, : :
8) y2x; 3 N .
yEx D <t D Yocy<l. ‘ o

2.20. Pewenue. HMcnonsiys ® —9, 3anumem 'YPaBHCHHE. NPAMOIi
Capviy Y¥6 x=3 L , .

ABYY —— =" " omx = —2x. Koo, aTH Towsn C
UB)Y 76 Tan0—3 °T™Aa y Koopasus ouxN

TOUXH A W
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(x-gHx-24)=0
4
| /v
' 0
x
Puc. 226

Puc. 228

v

o

nﬂﬂmﬂnm"

Puc. 230

(x-yxx-2y)>0

(-1’ (y+1)2=0

, L
0 | X
]
I F——M(1;~1)
Puc. 227
’ yh //
{x—y)o
x=2¢4>0
ATHTH”
Puc. 229
ya
C(x2:y2) D(x, +x3;47)
o|Ar0:0) B0 x
Puc. 231

YROBNETBOPAIOT ypaBHeHHIo npamoii (4B). Ieiicteutensuo, —2000=
= —2-1000. Taxum obpazom, Ce(A4B), 1. c. Touku A4, B u C nexar Ha

OaHOI npsMoi.

2.22. Pemeune. Bacnem npsMOyro:sHylo CHCTEMY KOOPAMHAT C
HIYA/IOM B BCpUIMHE A NapajicNorpamMaa B ocblo abcuuce, HanpasieH-
HOit o npaMoii (4B) or Touxn A k Touwke B (puc. 231). 3annwicm
KOOpNKHATHL BepiluuH napannenorpamma: ‘A (0; 0), B(x,; 0), C(xy; y2),
D (xy+X3; y3) (cM. 3anasy 12). Mcnonesys dopmyny ®—3, Hailnem
JUIMHB CTOPOM M AMAroHanei napasuiefiorpamma:

tACI= S =02 + (72 =0)2 = /x} +y3;

’ ' 14B)=/{x; = 0)7¥ (0—-0)F = /x7;

CopepxxaHue
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|BD|=|AC|=/x}+)}; |CD|=|AB|=/x};
|AD|=/(x1+x2=0) 2+ (12— 0) =[x, + %) +y3;

[CB=/(x2=x;) + (1= 0)2 = /[x;—x1) 2+ yZ.
Teneps MOXHO NpOBEPHTH, HTO CyMMa KBaApaTOB [UIMH BCEX CTOPOH
napajiesorpaMMa paBHa CyMMe KBaapaTOB JJIMH €ro JHaroHanei. B
caMoM fiejie,
|AC|*+ |ABI*+ | BD|*+ | CDV? =(x} +3}) +x2+ (x}+y}) +x}=
=2xf+2x}+2y3
[AD|*+ | CBI® =(x{ +2x,xs + x3 +y}) + (x} =22, x, + X2 +y3)=
=2x{+2x3+2y3.

2.23. a) Touka N He JEKHT Ha QaHHOH OKPYXHOCTH.

Peuienue. 3anuuieM ypasHeHue naHHOH OKpYXHOCTH (cM. & —
13) (x=1)2+ (y4+2)2=25." [ToacTaBuM B Hero KOOP/JAMHATBl TOYKH.
Mmeem (—1+4,1)° 4 (+2+1,9)°=25. PackpeiBas ckobKH, momydaem
HeBepHOe paBeHCTBO 24,82 =25,

224. a=1 wmmu a=-35.

Pewenue. Hcnonniys Jbopmyny ®—13, sammmeM ypasHeHue
RaHHOW okpykHOCTH: (X+2)°4 (»—3)?=25. [lockoneky Touka A (a;
—1) NeXHT na JaHHOM OKPYKHOCTH, ¢¢ KOOPAWHATHI YHOBJETBODPSIOT
YPABHEHHIO OKPYXHOCTH, T. €.

’ (a+2)*+ (-1-3)*=25.
Pewas nocnemnee ypasucHHe, NOJydaeM /Ba 3HAYCHH & a4, =1,
a;= -35. -
2.25. (48): y=\3x+/3; (BC): y=—3x+/3; (CD): y=
=\/3_.\‘—\/3_; (AD): )‘=—\/3_.\'—\/.’T.

Pewenue Haitaem xoopaunaTtel Touek B u D:
|0B|=]A40|1g60°, |AO|=1, |[OB|=11g60°=./3;

|0D|=10B|=/3; B(0; \/3), D(® —./3).

[To dopmyae & —9 sanuwem ypasrenns npameix (AB), (BC), (CD)mn
).

(AD
(4B): _il+l—=l; ~Ix+y=3; y=V3x+/3;

(4D): _i]-f- _;v/izl; Ixty=-3; y==-S3x-/3;

P

(cD):. R =1 ~fIxty=~/3; y=3x-/3;
=G
(BC): %+%=1; S3Hy=3; y==SIx+ /3.
2.26. y=x-5.

Pewenne Bnccekrpuca 1 uw Il xoopmuHaTHBIX YII0B HMEET.
ypaBrchue y=x. Hckomas npamas, no ycioBuio, mapajuieibHa ITOM
GHCceKTpHCE, MOITOMY ypaBHEHHE NpAMOH HMEeT BHA y=x+b.
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VuursiBag, w10 Touka A(0; —5) y
JIEXHT HAa NpSMoii y=x-+b, Hail- A(0;6)
nem 3Havenme b —5=0+b; i
b= —S5. Taxum obpaiom, ypasne-

HHEC KCKOMO# HPAMOH WMEET BHA

y=x—5. ~Sa
2.27. a) y=2x+2. S~
Pemenne. Tlockonabky #HC- I~<

KOMas npsMas Napajuic/ibHa MpsA-

Mol y=2x+ 1, ee ypaBHCHHC HME- 0 x
eT BHA y=2x+b. YUHTLIBas NpH-

samiexHocTs Toukn M (0; 2) uc- B(4;-2)
xoMoii ‘npsMO#H, HaXOMMM 3Haue- )

iHe b: 2=2-0+b; b=2. Wrax, Puc. 232

HCKOMAs OpAMAs MMCEET ypaBHeHHe y=2x+2.

2.28. 1§ Ypasnenue BHCOTH AD y=2x+6; 2) JMHA BRICOTH AD
paBHa lZ/ﬁ (en); 3) Ssoa=12 (ea?).

Pemenue. Haiinem abcuuccw Todex 4 u B. Iloacramnss B
ypasHenue. 2x+y—6=0 opaMHATH y, W yp, HONydacM 2x+6—-6=0,
2x—2—6=0, oTkyaa x,=0 u xz=4 (puc. 232). Hcnonr3ysa popmyny

1
®—9, sanuuicM ypaBHCHHE npamoit (OB): _y_2_=§ HITH y=—-2-x.
Ianee, na ocHoBaHHH dopmymst & —7, 3anuiieM ypaBHCHHE npaMoi
(AD). y—6=k(x—-0), y=kx+6. Tax xax, no yciosHio, npamas (AD)
nepneHaMKynspHa mpamoit (BD), TO, coraacno ®—10 6), k B
ypasHennd mupsmoii (AD) paBso 2. CnemosaTeNbHO, ypaBHEHHE
ncxoMoii  BucOTH AD mmeer Bup  y=2x+6. Pemas cuctemy

=—1{2x,
r [2x HAXOMM KOOPWMHATH Touxn D: xp=—12/5, yp=6/5. Tlo

dopmyne ®—3, [AD|= lZ/ﬁ, a no popmyne ® —4, S,0p=12 (en.?).

2.29. 2x+Ty—5=0.

Pemenne. 3ameTuM, 9T0 Touka A (—1; 1) npHHAANEXHT npamoi
x+2y—1=0 (puc. 233).

1) Mycrs mcxomas ApsMas NepecexacT MpAMYlO x+2y-3=0 B
touxe B(xo; yo). Torma xo+2yo—3=0. -

2) Koopaunatht (xc; yc) cepeannnt C orpesxa AB MOXHO RHalTH
no ¢opmyne ®—5 (npu ).=1§:° "

x _—l+x° _1+}’o
C™= ) » Je= 2 .
Touxa C npuummem npaMoii x—y=~1=0 H, cneaoBaTeIbHO,
—14x9 l4+po . :
 Xc—yc—1=0 wm 3 ——T—-—l=0, 1.6 Xo—Yyo=4.
3) Koopaunatsl (xo; yo) Toukn B Haxomm w3 CHCTCMH ypas- -
HEHHHA ‘
' {xo+2y°=3.
Xo—yo=4. -

orxyma Xo=11/3, yo=—1/3. :
4) Ypasmcame WcxoMoH mnpsmoil (AB), rac A(-1; 1), a BQY3;
—1/3), maxomum mo dopmyne &7 .
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x+1 y—1
=———— un
H3+1 —13=1 "™

2x+7y—5=0.

2.30. x—7y+6=0 "
Tx+y+4=0.

AT Pewenue. IMo ycnosuio

/ 9 %) -
3 Heob6X0AMMO HaiiTH MHOXecT-
/ ROV BO Bcex Touek M (x; y), pas-
~0 HOYJQICHHLIX OT NpsMuix L,

(ypasheune 3x+4y—1=0) u
L; (ypaBHenue 4x—3y+5=0),
T. €. TAKHX, YTO PACCTOAHHE d|

Puc. 233 OoT ToukH M (x; y) 10 npamoi
L, pasHo paccrosmuio d;, ot Toukm. M (x; y) no npamon Ly (d,=d,).
Corsaco ®—11, o

d _3x+4y—1| d _4x=3y+5|
NN

* Taxum obpasom, ncxdmoe MHOXeCTBO Touek M (x; ) 3amaercs
YPaBHEHHEM i
dx—3y+5| |3x+4y—1
=3y +51_Drtdy—1) [4x—3y+5|=[3x+dy—1|,

JaI. s

[Tocnennee ypawuenne pasnocHMBHO Creayiowmum NBYM YPaBHCHUAM:
4x—3y+5=3x+4y—1 wm 4x-3y+5=-3x—4y+1, T. ¢ x~Ty+
+6=0 umn Tx+y+4=0.

231. Mpu mobuix a. MuoxecTso Touwexk M eCTb  NpsMas,
TCPACHAUKYAAPHAs OTpe3ky AB.

Pewenue. BseaeM  npamoyronbuyio CHCTEMY KOODAMHAT €
UCHTPOM B CepeiiMHe OTpe3ka AB u ocbio abeumce, HANpaBlIeHHON OT
ToukH A k Touke B (puc. 234). Tlycrs |AB|=d, Toraa umeem
A=(-d/2; 0), B(d/2; 0). [lycts M (x; ¥)— TOYKa HCKOMOFO MHOXECT-
Ba. ‘Cornacho -popmyne & —3,

d\? d\?
IAMI’=(X+ E) +y7 IBMIZ=<x—5> +y2

otkyaa |AM|>— |BM|*=2xd. C ppyroit CTOPOHBI, 1O YCIOBHIO,
[AM|*—{BM|*=a W TeM CaMbiM HCKOMOE MHOXECTBO TO4eK 3a-
Aaetcs  ypasHcHMeM 2xd=a. OueBMAHO, 3TO  mpsAMas, nepresn-
KyJIsapHas ocH abcuucc M nepecekalollas ee B TOYKE C KOODJHHATAMH
(a/2d, 0).

2.32. (0; 1) mam (3/5; —4/5).

Pewenue. Hckomas Ttouka A(xo; yo) nexur Ha naHHOM
OKPYXXHOCTH, HOJITOMY €€ KOODAYHATBI CBA3AHL! -COOTHOLIEHHEM Xx{ +
+y¢ =1. Kpome Toro, no.ycnosuio, Touka 4 (xo0; ¥o) paBHOynanena or
Touek (1; 3) m (—2; 2); nosroMy, cornacHo o —3,

(o= 1)+ (30 =3)* =[x +2) 2+ (yo—2)".

Taxum  06pa3om, . KoOpAUHATEL TOUKH -A-{xo;. Yo) MOXHO. MOAYYUTD,
PCUIAA- CHCTEMY: ypaBHEHMI: :

44

CopepxxaHue



x3+yi=1, :
<>
(o= 1)+ (yo=3 P =(x0+2)* +(yo—2)* -

{"‘5"‘)’3:], {xo=0- {Xo=3/5,
- <> <> Hnn .
Yo=1-13x,, Yo=1 Yo= —4/5.

t 5
233, y= —§x+§.

Pewenne. 3aMeTHM, 4TO Tax
Kak 12422=5—pepHOe pABEHCTBO,
To Touka A(1; 2) nexur Ha nauHo#
okpyxyoctu. Cormacio ®—9, nps-
Man (OA) uMeeT ypasHenwe y=2x.

cKOMas KacaTeNbHas nepneH-
ONKYNSAPHA  PAaJMyCy =~ OKDPYXHOCTH,
NPOBEJEHHOMY B TOUKY KACAHMA A, -
1. ¢. npamoii (OA). [lodromy, co- A(gi0) ©
" rnacio ®—10 6), yrnoso#t kodxpdu-
UMEHT MCKOMO# KaCAaTE/bHONl paBeH Puc. 234
(—1/2) n, chrenoBaTtenbHO, ¢c ypaBHe- .

Mx.y)

————

o 8(§:0) 7

HUE HMEET BHA y= —>x+ b.

Ans HaxoxnaeHHs b BOCTONb3yeMCS TeEM, 4YTO TOYKA A(I;Z)
NPHHAA/IEKHT KacaTelbHOH, T.€. €¢ KOOPAHHATH YAOBJICTBOPMOT

1
YPaBHEHHIO XacaTejibHol: 2= -3 1+4. Otcrona b=—2-.

Wrak, ypasHenHe KacaTesJbHOM K HaHHON OKPYXKHOCTH B ' TOWKC
| B :

A(1;2) umeer Bun y=—yxts.

a
234, y=-x.
Y bx - » )
Pcwenne. JIse TOYKM ncpecedcHUs OBYX AAHHBIX OXpyxmoOcTeR
YOOBNCTBOPAIOT CHCTEMC YPaBHCHUM
{x’ +y?=2ax,
X3 4+y2=2by
H, CNeAOBaTENLHO, YCIOBHIO 2ax=2by, T. €. NeXaT Ha npsmMoR ax=by.
3ameTuM, yTo npu a#0 U b#0 cuctema umeet asa peuschns (0; 0)
2ab*  2a%b '
al+b?" a*+b?
235. x+y-3-3/2=0 u x+y-3+3/2=0.

Pewenne. MNpuncacM aaHHbIC YDABHEHHA X XAaHOHHYCCKOMY BUAY
(x2+y?=6x)es((x—3)*+y?=3%) n
(x*+y?=6p)e(x?+(y=3)"=3’).

OKpYXKHOCTH HMEIOT OJMHAKOBbIE DAIHYChi, 3HAUHT, €C/IM MPOBECTH

NPAMYIO Yepe3 KX LEHTPH, TO ObLUAE KacaTeNbhbic GyRYT napaancibiini
JTOR NPAMO M yJadeHbl OT HEe HAa PacCTONHMC, PABHOC PARNYCY

4M4S

, TO3TOMY oxpy;kuocru uMeioT obutyio xopay.

CopepxxaHue



(puc. 235). YpasHenne npaMo#, npo
xoasweii Wepes uentpl 0, (3; Om
0,(0; 3), cnenyrowee:
x-3 y-0: o
E——j_—o@x+y-,3—0.

CnenoBaTenbHO, HCKOMBLIE KAaCATENb-

Hble — MHOXECTBO TodeK (x; {), yaa-

JeHHbIX OT npamoit x+y-—3=0 Ha

gwcrc;nuuc, passoe 3. Cornacno
-1 .

|x+y-3]_

Puc. 235 J?2

OTKyﬂa H Mnojay4aeM OTBET
1
2.36. y=-x2.
r=3

39

Pewenne IlapabGona mnpoxoauT dYepel Hauano KOOPAHHAT M
CHUMMETPHYHA OTHOCHTENBHO ocu Oy, ModToMy, cornacHo P—16, ee
ypaBHeHue MMecT BHA x’=2py VYuurbiBas, 4To To9Xa (6;9) MpH-
HallexuT napabone, Haiinem 3Mayenue p: 6°=2p9, p=2. Hrax,

uckoMmas napabona MMeeT ypasHeHue x2=d4y, un y=2x’.

.\'2 yf
237, T2
%79

Péwenne. Opaunatel p; TOHEK noJyueHHo# kpHBoit BABOE
MEHbUIE OPAMHAT ) TOYeK OKPYXHOCTH x2+y?=36 ¢ Temm xe

abcuMccamu, T. €. y; =§y, oTkyaa y=2y,. [loatoMy ypaBHeHue HOBOit .

KPMBOﬁ HMCET BUHI

x? oyl
X+ (2 =36t
v +(2y,) %9

IMonyyeHnas xpuBas  3JUIHIC.

2.38. a=./10; b=/6. _
Pewenne. [NpeobpazyeM RaHHOE YPaBHECHHE K KAHOHHYECKOMY
BUIY : .
3, 2 s 2 2
34 5y?—30=0% -t 2=l 2

2
x
+ =P
0030 (/10 (Jep
Takum obpasoM, 6osblas noayocs dmunca a=./ 10, Manas nomayoch
b=/6.
xz 4}.2

239, —+——=

Pewenne. VpasHeHHe JUINNCA, CHMMETPHYHOTO OTHOCHTC/ILRO
oceit Ox U Oy, TaKoBo:
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Puc. 236 ' Puc. 237

—:+;3=

Vaurnsas, wro Touxs (1;4) m (7;2) nexar Ha ImMmCe, ROMYWHM
CHCTCMY YypaBHCHHH

F="
‘49 4

+—=1

bZ

Peums ece, Hafinem d=,/65, b=i'/65' Moncrasasg HailacHHLIC

. . xl 4,,:
: mqemaubloneeypawemawma,nonym6s+6s =1
x? yz
40, ———=1.
2 3 5

Pewenue. Januuil JUMNC HMECT NOJNYOCH a—f b=ﬁ u
doxyct B Touxax Fy(c;0) m Fy(—c;0), rac c=[al=b=/3.
. Hicxomas. 1 8. umeer doxycst B Touxax Fi(cy; 0) n Fi(—c; 0),
e ¢, = a,-;lu, {lo ycnos#wo, ¢,=a u a,=c. [lostomy mmeeM
a=/+H, omyma | -
. a'=c*+blesa’=(a? +b?)—blerbP=bi b, =b.
HUrax, ypasscuue Mcxomoil TEnepGomd .
x2 yz T X2 y2 x? y?
=Ll —T =1
Prs g B TRk

241. 2x-5y+19=0..
Pemecune. [TpuseacM ypaBHCHHEC OXPYXHOCTH X KaHOHHYCCKOMY
BuaAy: . :

K +yi+4x—6y—1T=0<(x+2)*+(y—3)*=(,/30).

Taxum 06p230M, ICHTP OKPYXHOCTH HAXOMHMICE B Toaxe {—2; 3), W,
CTCIOBSTEALHO, ACKOMAL TPAMas (mlaMa'p oxpyxnocrl) NPOXOAMT
uepes 3Ty TOYKYy. -
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Hckoman npamas nepucHauxyIapHa npsmoil S5x+2y—~13=0, 1. 2.
5 13 )

ApaMoi y=—§x+7)-, no>toMy, coriacio ®—I10 6), yrnosoit

kodpouuneHT McKOMOR npavoii pasen 2/S. Hrax, YpaBHEHHE ITOM

NpYMOH KMECT BHA y=§x+b. 3navenne b HafieM, mcnonsiys npw-
L 2
HAUIEKHOCTB TOukH (—2; 3) HcKoMO# 1psmoii: 3=§-(—2)+b, oTxyna

19 2 19
bz?. 3uauuT, ypasHeHHe auameTpa y=§x+—— i 2x—S5y+19=0.

5

242, a)7.

Peweunne. [annas ckpyxusocts x¥+p?=9 umeer USHTD B
Hauane koopaunar O(0; (3 ¥ paauyc, passiii 3. Coeqmrum Touxy M, ¢
HA1ajloM KOOpP/MHAT. YCTL oTpelok MO nepecexacT AaHHyio
OKPYXKHOCT: B Touke A (puc. 236). Toraa | MyA ] — Hexomoe paccros-
HHC, . !
Hafigem |M,A4]. VuutuBas, wro |0A|=3, HMEEM | MoA|=
=|MoO|~3, T.e. [MoA|=/6*+(-8)2-3=7.

2.43. a) Iepecekaer.

Pewenne Peumm cuctemy ypaseeHmi

2x—1r—-3=0, y=2x-3,
<>
X142 3x42y—3=0 x(5x—11)=0..

Noayuaem x=0, p=—3 u x=11/5, y=7/5. Hrak, nannas oxpymmuocrts
nep(ccexaeTcs)i C ZlaHHOil npsMoit B aBYX Toukax: -A,(0; ~3) u
A, (11/5; 775).

2.44. 2) a=5, b=3; 6) F,(—4; 0), F,(4; 0); 8) e=4/5; r) x= —25/4

H x=25/4
Pewecnue. anBCHCM YPaBHCHHE Jnnunca x KAHOHHHECKOMY
BitNly:
-2 19 2 o] .\.Z y :
9x +55_}' =24.5°5—2'+3—2=|.

a) INonyocu snamnca a=S5, b=3 (puc. 237).

6) Koopzunatel doxycos Fi(—c; 0), F,{(c; 0), T.e. F,(—4;0),
Fy(40), 1ax kak c=./a*—b*=4. .

B) DKCUCHTPUCHTET: £=c/a, T.e. e=4/5.

r), YpaBHCHUA AUDEKTPHC X= —afe M X=afe, T.e. Xx=~25/4 u
x=25/4.

2.45. a) MNepecckaer.

Pewenue. Peunm cucremy ypapuewuit

2x=y=3=0, (yp=2x-3,

x? )2 <> v

A A x(73x=192)=0.

ilonysaem x=0, y=-3 u x=192/73, y=165/73. HWrax, 3zapanuas
NpAMAR TICPECCKAET AaHHBIA 2Mnc B ABYX Toukax: B, (0; -3 u
B, (192/73; 165/73). )
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Puic. 238 " Puc. 23

246. a) a=3, b=4; 6) F,(-5:0), FyS; 0); B) e=5/3; r)_y=;x u

) 2 H X
p= — X X=—= H Xx=-.
yEmyw A 5 5

Pewenue. MMpuscicm ypasHeHuc runcpboibl K KaHOHMMECKOMY -
BHIY . . ‘

2 2 x? oyt
16v" 9y =144 0 o= 1.

a) floayocu runepSonst: a=3, b=4 (puc. 238).

6) Koopaunaret doxycos: F,(—5.0), F,(5:0), Tax max c¢=
=J/a+b%=5. :

B) JKCUCHTPHCHTET: £=c¢/a, T.e. £=5/3.

b 4
r) YpaBHcHHE acHMATOT: y=-X ¥ p=—-X, T.C. ygsx X
. a a

4 ’ !
y= —sx.

911) YpaBHCHHR AMPEKTPHUC: X=—a/€ H X=afg, T.€¢. X=—-9/5 u
x=9/5.
Jannas runepbona u3obpaxexa ua pwc. 238.

2.47. a) e=5/4; 6) y=16/5 B y=—16/5.< ..

Pewenue, llpusens ypasHesse runcpGosini X KAHOHHIECKOMY
BUIY :

2 .2
16x*—9y?= - lMoi—z-—;—z= 1,

NONyvHM, YTO NOJYoCH runcpboant a=4, b=3, xoopmuuaTu o B
Fi(0; —5) u F,(0;5), orxyna axcueurpacwrer e=c/a=5/4. Torma
ypa?gfstmu‘ aupextpuc runepbonam G6yayr mmers B y=-—16/5 =
y=16/5. .
2.48. c¢) Hcxomoe MHOXeCTBO H300paxeHO Ha pEC. 239.
Yka3anue. IIpeobpaiyeM uepaBeHCTBa [aHHOH CHCTEMB K BALY,
yao6HOMY JUIS TOCTPOCHMA:

15 OcHOBH BbICLIEH MaTeMaTHKu “9 |
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y<-——=, ] (l)

x1+8y<0, ' 8 e
2x+3y+6<0, << y<—2——, 2)
16x2—9y2> 144 x? y? 3
. ———21 3)
9 16

Hepagencrso (1) 3a1aeT MHOXECTBO TOYEK IOCKOCTH, JieXaluux
«nmxe» mnapabonml y= —x?/8. HepasencTro (2) 3apaeT MHOXECTBO
TOYEK, NEKALIHX «HHXKe» Npamoil y= —2—2x/3. HaxoHen, HEPaBEHCTBO
(3) 3aaeT MHOXECTBO TOYEK [IOCKOCTA, JEXAIHX «npasee» TPABOH.
BETBH W «IeBee» JIEBOH BETBH runepbosinl, BKIIOMAs TOYKH, JIEXKALIHE HA
camoit runepboae. e .

2.49, Ecim C <0—mycToe MEOXecTBO, ecni C=0-—mnapa NaHHBIX
npameix, ecmi C>0—nape CcONpaKeHHbIE rUnepbombi.

Pewenue. BeibepeM CHCTEMy KOOpAMHAT Tak, 4Tobbl och Ox
ABANAACE GHCCCKTPHCOH OnHOM M3 Nap BEPTHKANbHMLIX Yrnos, obpa-
3yeMbIX JAHHLIMH MPSMbIMH, 2 Hauajo KOOPIHHAT COBMANO C TO4KOH
ux nepeceuchHma. Torma ypasHenusa npamuex L, u L, #HMeOT
COOTBETCTBEHHO BHA y=kx n y=—kx. .

Mycts M(x; y)—npoussonsHas TOYKa HKCKOMOIO MHOXECTBa,

. Torna, cornacio ®—11, umeem .

_lkx—y}- Jkx+p|

N re MR o

“rae d, w d,—pacctosuns oT ToukH M(x;y) mo mpsmex L, n L,

COOTBETCTBCIIHO, & YCJIOBHC 3a83aYH MOXHO NepenmucaTs B BHOC
lkx—y| lkx+y|

Jki+1 Jk 41

=C(const)

Hkx —y)(kx+y)|1=C,,. rae C,=(k*+1)-C.

Ecnu C; <0, .TO HCXOMOE MHOXKECTBO TOUEK IyCTO.

Ecan C, =0, To MHOXECTBO TOYeK — [IBE JaHHbBIE NpaMEIe y= + kx.

Ecnn C, >0, T0 MHOXeCTBO Touex — ape runepbonmt kZx?—y?=
=C, u yl—k*x*=C,.

2.50. MNapabona. - . .

Pewenue. Tax xax ang moGoil TOYKH. HCKOMOrQ MHOXECTBA
paccTosuus OT Hee A0 Toukw A K ;O mpamoil L pasubt (paamycy
OKPYXHOCTH), TO, NO OMPEHEJICHHIO, MHOXECTBO BCEX TaKHX TOUYEK
sensercs mnapabonofl ¢ ¢pokycom B TOuke A # jmupexTpucod L
(puc. 240). ¢

31 X90=—l; X;g"‘s’-‘v].. ’

Pemenue. JaHnas nocaeqoBaTeibHOCThL NEPHOANYECKAR C NEPHO-
OM, paBHBIM wecTh: X, =0, x,=1, x3=1, x,=0, xs==1, x¢=~-1,
_."7=0, FIPTIN noaTOM}' X9q='x15.6=xs=—l, x3.5=x|‘7:6+3=x3=1.

CopepxxaHue

3.2. PewieHne. }Iax_mu HOCNEAOBATENLHOCT HMCET BHR 3; 347

393, . 3% . Jlns NOKA3ATEMLCTBA BOCTOB3YEMCS OMNpPENECHHEM
Gecxoneuno Gonmiuoii’ mocnemosatennuoctu. Bosnmem moboe umcno
A>0. W3 mHepasencrna |x,1=13"%|>4  nonyiaem - HepaBeHCTBO
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|3%(=3"> A, l'lpondrapu(buﬁposas,‘ Hait- 7

L
: . lgA '
zeM ﬁlg3>lg A, \/;>—l-g—3 oTKyxa
| ' g4 ‘ /
g . Ecnu B3ATD, N= 24 TO - -
l 3 : IgS \ 0
Ans Bcex n>N BBINOJHACTCH HCPABEHCTBO - 7] x

| x,{> A4, T. e., cornacHo onpegencuuio 6ecko-
HEuUHO GONbLIOH MOCIEAOBATEABHOCTH, NOCIE-

nosatenshocts {3v"} Geckomeuno Go:auas.

'3.3. Pemenue. Jaunas nocnenoaa're.rlb-
HOCTb HMEET BHA -
1 2 2 2

‘ 35 /241 5 /340 5'4+1""'

sﬁ+l

,[lnu JAOKa3aTeNbCTBa BOCTIONB3YEMCH onpeneneuuem 6eckoueuio Manoil.
nocaeqosaTenbHocTH, Bo3bMem moboe wucno £>0. M3 HCPaBCHCTB

(-2 2 2
s/nttl S /ntl sf 2ff

nosysaeM HepaseHcTso ./n> l/e, otxyna n>1/e®. Ecau Biate N=

[I/s ] TO AN Beex n> N OyReT BLIMONHATHCA HEPAaBEHCTBO |a,{<E,
T. €., cornacko onpcnenenmo KOBCHHO MANOi IOC.1C/1I0BATCIBLHOCTH,

Puc. 240

la,|=

TIOC/ACAOBATE/ILHOCTD -—-——— OGeckoHEuHO Manas.
5 n+1

34. Pewenue.

"0 HoxasaTtenncrpo. Iycrs {a,} —6ecxoneuno matan nocne-
nosaTenbHOCTh. Bo3bMmeMm nioboe uncio A >0 u nosoxum e=1/4. Mo
onpeaesicHHIO OCCKOHEYHO Masioifl MOCNEAOBATENBHOCTH, 19 JTOTO €
-cymecTsyer Homep N Takoil, uTo npu n>N BLITIONIHACTCH Hcpaseucrso
| j<e. Torma . -

1] 1 1
X, = =—
) " an I

A ‘310, 10 onpecaencuuio GeckoHedHO GonbINOi MOCNENOBATCIILHOCTH,

i -
>-=A, 1.¢. |X,|>A ansg Bcex n>N.
e

03HaYaeT, MTO MNOCHCAOBATENBHOCTL 4§ — » bOeckoueuso Gonbwas. W
- s ,

: 1
35. Pemevnne. [lannda nocaenosarensHocTs umeet BuA I 2; 3

1

. , A L
4; g; et -BO3bMCM umcno A>1. Toraa nHépaseHcTno | x> A
HE MMCET MECTa IS BCCX DIEMEHTOB X, C HEMCTHBIMH HOMCpaMY: X,
X3, Xsy . . JTO H O3HAYACT, 4TO nocncnosarehbuocn, {n‘ "} me

ABJIAETCA 6ccxoncquo 6om.mon
36. PcmcHune. [faHHasm NOCHCAOBATCNLHOCTD HMeECT mux
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D I

Jlns nokazaTenbcTBa BOCMOAB3YCMCA ONpEACCHHEM Tpefea noce-
NOBATEIbHOCTH, HO NPEIBAPHTEIBHO C NMOMOLILIO (GOPMYNBI CYMMBL

FCOMETPHUECKON NPOrpeccHit NpeacTaBHM BhIpaxeHue obuero snemMex-
Ta TOCJEAOBATCILHOCTH B BHIE

1 | 1
x,=1 +5+...+?=2—§ wm x,—2= o

BoibMem  a06oe uncno e>0. Toraa u3 HepasencTBa |x,—2|=
1

1
=~ =§<c nonywacM HepaBeHCTBO 2">-—, MM, sorapudMrpys,
’ £

1 C ] 1.
nlog:2>log,~, oTkyna n>log,-. Ecan Bisgrh N=|:log2-], TO pna
£ , £ £

Bcex n>N OyaeT BLINOJIHATBCS HepaBeHCTBO |x,—2]<e. Takum
06pa3omM, COracHO ONpeacsiCHMIQ Mpelesia TNOCAeA0BATEALHOCTH, TO-

1 1 ] :
CNEROBATCILHOCTD <« | +;+ +; CXOQHTCA H €€ NpEAcy] paBeH 2, T. €.

lim x,=2.
n- o
3.7. Pewenne. [daHHas Rocnel0oBaTeNbHOCTb HMEET BHR
1 2 3 n
i; T3 P'; vy ?; T

Ana  noka3aTensCTBa BOCNOJb3yeMCH OMNpeAcleHHEM Mnpendena
NOCNIEAOBATENILHOCTH, HO TNpPEABAPHTEILHO C MOMOLIBIO (HOPMYJb,
6unoma HplOTOHa ONEGHMM BbIpaXeHHe o6uiero snemMeHTa AaHHOM
nocnenosatenbHocTH. Mmeem
(n—1)
———

-1 2
P41y =1+nt" Nl N

+..+1>n .
2 2 2
CrnenoBaTtensHoO,
x| n n 2
X, l=—<s—=-.
"U2" h¥2 on

: n 2
Bo3semem moboe €>0. Toraa u3 HepaseHCTBa |x,,—0|=;<-<s
. <

nony4acM HepaBeHCTBO n>2/e. Ecan B3sTh N=P/e], TO [Is BCex
n>N 6yaeT BuInoOHATBCA HepaBeHcTBo |x,—0{<e&, T.e., cornac-
HO OTpENEICHHIO TIpe/ieia NocieA0BaTeIbHOCTH, NOCNEA0BATEILHOCTD
1]
,)—’n cxoauTea W oec npeaen pase 0, T.e. lim x,=0. 3amernm, yTO
“ n—w
[AHHAsA TIOCNEAOBATEILHOCTL ABIAETCA OCCKOHEYHO MAaNoi.’ ]
38. Pewenwue IokakeM, uto mna moboro umcna £>0
CylecTryeT HoMep N Tako#, yTo npyu n> N BLINOSHAETCH HEPABEHCTBO
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[x =i n+1—/n—1l<g, T. & cnpaseqtnso ofpeaenenue Gecko-
HEYHO MANOH mocieloBaTeNbHOCTH. Tak Kax

(n+ = n—1){y n+1+\/n—-l)
u+1+,/n——
2
—\/n+1+../n—l‘

2 1

x —\/n+l— /n—1=

TO

lx, =

‘ < .
NEESE NS B \,/n~l

Orcioaa  caeayer, w4ro  ajas aodero uucia - €>0 mpm n>N=
_[l~1 " ] BbIMOIHAETCA HCPABCHCTBO | X,|<&. DTHUM AOKA3AHO, YTO

lim (\/ n+|—\/n—1)=0. Jdas 1okazaTeIbcTBa MOXHO 6huio Gl
n=x
BOCNONB30BATBECA W ONPSAETIEHHEM  NpPCieaa  MOCHeNOBATEIBHOCTH.
(Caenafite 310 €aMOCTOATENbHO.) i
3.9. Pcinenne JeHCTBHTCALHO, COTTACHO OMpElENIEHHIO mMpejena
NOCNCA0BATENALHOCTH, AdA moboro £>0 cywecrsyer Homep N Tako#,
4YTO Tpu n>N BBINONHAETCA HepaseHcTso |x,—al<e. Ho, cornacho
cBoficTBy abcomoTHON BeauuMHbl 4ucna (cM. npumep 2 § 5 ra. 1),
| x,i—lali<|x,—al| u, cacaopateabHO, nps n>N BBINOJHACTCA HeEpa-

BeHCTBO |[|x,|—|all<e, 1.e. lim |x,|=]al.
n—x )

3.10. Ilocrea0BaTEALHOCTL |X,*V,} OGcckOHeuHO Gompluad.,

1
Pewenue. [Mo teopeme 3.1 nocnegosatenbHoCTh { — - Gecko:
xﬂ

1
~ HEYHO Manafl, Mo Teopeme 3.6 NOCAEAOBATENBHOCTD {— OrpaHH-
L

N
YeHHAA, TaKk Kak lim —=- (ZOKaXuTC CaMOCTOATENbHO), a Mo
n-x), a ~

1 1 1 '
Teopeme 3.4 npou3BEACHHE { — } : { —} = { - } — beckoHeyno Manas
X, .

y'l 'x—“)/"lv
NOCJIe10BATENBHOCT, M0 Teopeme 3.1 nocnesosatensHocTs {x,°y,
aBascTca GeckoHevHo 60ABUIOH. 3aMETHM, YTO JAHHAS 3ajaya ABNACT-
csi NpPOAOJXKEHHEM mnpumepa 5 u3 § 2.

st ind={; b= 9 {5} w b= to)
3) (x,} = {1} 0 (= {0 9 L) = =11/} 0 (3= ). (Ormers

obocHyiite.)

3.12, NocnenosarenbHoCTs {X,'¥,} PACXOLHMTCA.

Pewenue. IIposenem paccyxaeHus ot nporuBHoro. OGo3nauuM
‘z,=X,"y, H NPEONONOKHM, YTO MOCIEAOBATENLHOCTh {z,} cxommTCa.

Tak xax, no ycaosuto, lim y,=a#0, To, cornacHo reopeue39
n—x
nocneoBaTeabHOCTs {X, } ={z,/y, } cxonutes. Ho ato npomopcqu'r
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YCIOBHIO. Cnenonare.nbno, nocnenoaaTeanocn {x ‘¥.} pacxommrcs.
3.13, l'locnenonaTcanocmj T+ Yo} B (X, ¥} MOI‘{T CXOIHUTLCA

&y 1= {( Iy} w {p}={(-1)""}) wm pacxomutecs ({x,}={n} u

314 l) —-5/4, 2) w; 3)0; 4) —1/2; 5) —5/4.

3.15. Pemenne. MOXHO BOCNONBL3OBATHCH TEM, YTO HavHHas
C HCKOTOPOrO n BLHIONHSIOTCA HepaseHcTBa l/n<a<n. Toraa
",/l/n<'{/£<'{/_ Ho Tak xakx \/——»1 H ",/l/n—l/{/—r;—»l MPH n— 00
(cm. npumep 3 w3 § 2), 1O, cornacHo Teopeme 3.11, monydyaeM, 4TO H

lim t/a=1.

n-»o@

3.16. 5.

Pemenue. Bocnonasiyemcs Tem, uto lim -\/-r;=l H lim "\/c;=l
: n— o n—w

(cm. 3apawy 3.15). Mmeem

lim 5v/3n'°=5 lim 2/3 lim v/n'%=
n—+ 00 n-»e f!—oeo

=5 lim £/3( lim 1/n)1°=5-1-119=5,
‘n-+00 n—o .

3.17..1.
Pewcnne. MNpeobpaiyem Bhipaxenne obiiero ajieMeHra mocne-
ROBATENLHOCTH:

( n2+n—_\/n —n)(/n*+n+/n? —n)
(W +n+/n*<n)

" n - 2
S Siitn+ fmi-n [ 1 1
4 v 14—+ [1--
n n
HoxaxeM, w10 lim ’ }+— ’ l——-l IeiicTBHTENBHO, AN
n—-o n- 0

BeeX n>1 BLMOMHAIOTCH nepancnma

/l+ <l+— " l—-< /1——<l

Ho Tax rxax hm( —) (l———)—l (noxaxm'e IT0 ca-
N n

n—0 nj

1
Mocronmmno), 70 No 'reopeue 3.11 ponysaem, w10 lim [14-=

n-+00 - n
Y A |
=lim [1—-=1. Cnenosarensno, -
-0 n :
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hm (,/n +n—./n -—n) liin -———-—=1_+—l-=.i_—_-l, -

n—-o | 1

3.18, 0

PeuwcHue. Ilamiaﬂ nocnenosarenbnocrb UMeeT BHA
2 22 2"* L2
l' 2! 3!, ...,;'—l; e o
" Ona MOHOTOHHO yGmiBacT, Tak Kak
'x,.“ rHor 2wt 2
; (n+l)' n! n'(n+l)2" n+l
T. € x.+,<x,,. K OrpaHHICHAa CBEPXY, HANPHMCED, JIEMCHTOM X,.
Kpome Toro, Tax kak x,>0, MocneAOBaTENbHOCTh OTPAHUYCHA CHH3Y.
Crne10BaTeAbLHO, . JAHHAR - TOCNCAOBATCALHOCT MOHOTOHHA M OFpaHM-

wena. Flo reopeme 3.12 ona cxomurca. O6o3HaYHM e¢ Npeacn Yepes a ¥
Hafiaem ero. [lna 3TOrQ BOCMONB3YEMCH  TEM, 9TO

<l npu n>1,

x.ﬂ; 2 . 2 x
xy _m—l _ M Xy, n+1

Tepexoas B nocneaHeM _.paacnc"rne‘ K mpeaeny UpH n—+00

2 2
lim x,,,=lim ( x,): lim —- lim x,,
n+l _

.m0 «po n—oo ! n—0
. .
noJTy3aem a-O a, orxyua ‘a=0. Cnenoaa'renbno, lim —=0.
n—sooflt:

3.19. 2.
o Peweﬂuc ﬂauual nocnenosarcnbuoc'rb MMeEeT BUR

.b = 2 x; \/2 2; x,—ﬂ/
x,= 2-./2...[;.....

n xopHeit
IpobepuM cHawana ¢$axT . cymiecTBoBanks mpefena. OueBuaHe, 9FO
X <X <X3< o <X, <Xy41< ooy T. € JAHHAK TOC/ICAOBATENBHOCTH
MOHOTORHO' sospac'raromax H OTpPaHHYEHA CHH3Y OJJIEMEHTOM X,.
MetooM . MHAYKUMH [oKakeM, HTO X,<2 npH Juobom n, T.e.
NOCAEAOBATELHOCTL - OIPAHHYCHA cnepxy B camoM pene, Tax kak

x=/2<2, 10 x;=/2x,</2:2=2; x3=/2-x,</2" 2-'9
l'Ipe;monoxm.«, fOKa3aHo, ITO X, <2 Toraa x,41=/2"x,</2" 2

A Tax xak x,<2, TO Wi BCEX n x,<2, 4T0 H TpeGopanock noxasan
Taxum o6pa3oM, YCTAHOBNEHO, 4YTO MAaHHAA HOCHCAOBATEALHOCTD

" MOHOTOHHa M orpanmvena. ITo Teopeme 3.12 lim x, cyuxecrsye*r
. n—+o
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Wcxoas u3 @axTa CylmiecTBOBRHHS npencia, Haliliem Tenepb ero
3vavenne. [1ng 3TOro BO3BEAECM PABEHCTBO X,y =,/2°X, B KBAaapar:

xi.1=2x,. Toraa, ecm nocre10BaTentHOCTS {X, } HMeeT npegen a, To,
nepexoas B TOCAEAHEM PABEHCTBE K Npeaesy Npu n—oo

lim x;., = lim 2x,= lim 2 lim x,,
n— e n— o N=0 N ®©

nonyuaem pasencTso a’=2a, otkyaa =0 uau a=2. Ho Tax xax, no
A0KA3AHHOMY, NIOCACIOBATEABHOCTD {X, | BO3PACTAET U B TO Xe BPEMS

ans moboro n x,<2, 1o a=2, lim x,=2.

n— L
5.1 x=+./2/3.

Pewenne Tak kak kacaTenbHas napaincibHa NMPAMo# y=x, ee
yrnosoft ko3pduumeHT pased | —yrioBoMy kodduuHenTy ITO#H mpa-
moii. C apyroit cTopoHbl, yriosoii ko3$p¢GuuUKenT KacaTeNbHOH B TOYKE
Xo pasen f'(xp). .

Wrax, Hamo HafiTH. NpH KakMX 3HAYEHMSX X BEPHO- PABECHCTBO

S (x)=1. Mockoasky f(x)=x>—x, /"(x)=3x2—1, nonysaem ypaBuenue
3x—1=1. Otclona x=+./2/3.
5.2, —45° ‘

Pewenue. Hckompiii yriosoii xoapduumeHT paBeH 3HaYEHHIO
npon3BoaHoA Qynkunu B Touke x=0 (Touke nepeceveHus rpaduxa ¢
ocblo Or). Tak xak f(x)=2x"-x, 710 f'(x)=6x*—1 u f(0)=—1.

5.3. 457 07, —45°.

PewcHue Hexombic yriosbie xoa(MmuueHTblzpaanu 3RAYCHHAM

4-2x

rE

. 4x~x
npou3soaHoil B Toukax 0; 2; 4. Tak kax f(x)=-4—,.Tof'(x)=

CooteeTcTBeHHO nmeem: f'(0)=1; f'(2)=0; f'(4)=—1.

54. y=x+1

Pewcnue. Toukn nepeccycHUs € OCbio abCUMCC HAXOASTCA H3
yenosua yo=0, T.e. (x3+1)/3=0. Orcrona xq=—1. YpasHenne
KacaTebHOM, MPOXOAsLICH wepe3 Touky rpacuka ((xo; Yo} MMeET BHR

y=vo=1"(xo)(¥=xq). Tax xax f(x)="2=, 10 f'(x)=x* u f*(xs)=1:

3
Monyyaem ypaBueHHe KacaTenbHoM: y=x+1.

5.5. —45°

Pewenne. Hckomslit yrnoeoit xosbdHuHeHT paBeH 3HAYCHHIO

npoussoaHoii npn x=1. Tak kak f(x)==, 70 f'(x)=—1/x* n
X
S (=-1
5.6. a=4.
Pewenuc. TO‘IKI; NEPCCEYCHHA KPHBOH € ocblo abcuMee naxoanm
axo—x
H3 YpaBHEHHs -°4—o=0; otciona Xo=0 nunu (npu a>=0) xo=i\/;.

Vriaosbie x0XQPHUUUCHTHI B ITHX TOYKAX paBHBI '(xo}. Tax xax
S(x)=(ax—x>)/4, 10 f'(x)=(a—3x?)/4. Otciona f*'(0)=af4 umm (npn
a20) f'(x/a)=—a/2. | o

Mo ycnosuto, f'(x,)=1. 3nauur, a=4 wm (npw a>0) a=—2.
3HaveHHe a= —2 He NOAXOOMT.
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5.7. Mpaman y=3x—4 spaseTca KacaTe1bLHON K KpHBOI y=x3-2

Pewenune. Ecmn npsmas y=3v—4-—xacaTenbHas K KpHBOH
y=x3-2 B TouKe 'Ea; a*-2), 1o f'(a)=3. Orciona 3a*=3, cneso-
BaTeabHO, a= + 1. KacateabHas, mpoxoasllas uepe3 TOYKY KPHBOH €
abcunccoii @, HMeEET ypaBHEHHC y—f(a):f’(ar(?v—a). Mpu a=1
noiyyaem y+l=3(x—1), orkyna p=3v—4. .

58. y=—-x+2; y=-9%—6.

Pewenne. VYpaBHeHue KacaTelbHOH, mpoxoasuieil wepe3 TOYKY
runepbone  {a; 1/a). y-‘l/a=fl'}a)(.\'—a).‘ Tak kax f(x)=1/x, To -
f{x})==1/x* n f'{a)=—1/a*. UTaK, ypaBHEHHE KacaTeLHOH HMeEET
pua y—lja= —(1ja*){x—a), oTkyaa L
bl

—-X 2
yE—rH. : OF
a‘* a .
o ycrosuio, 3Ta NPAMAA NPOXOAHMT HEPE3 TOUKY (-13) Te..
I=1/a*+2ja. Orcioga 3a*—2a—1=0. 3uamTt, 4,=1, a,=—1/3.
Moactasnas 3TH 3HaueHus B (*), noay4acm OTBET. ol
59. y=x+10.

Pewenne. ITycTb uckomMas npamMas NPOXOAHT UEpe3 TOUKY
(a; 8 —3a—2a?) na ncpeoii napaboae. Obutee yPaBHeHue' KacaTe/ILHOK
y=f(a)+f’((? x—a). Tak kak f(x)=8—3x—2x% 70 f'(x)=—-3—4x u
JS'(a)=—3—4a. Takum 06pa3om, aawras NpsAMas KMEET ypaBHEHHC
y=8~—3a—2a’-(3+4a)(x—a), T.e. y=—(4a+3)x+2a>+8. nzpe,nno-
TIOXMM Teneps, 4TO NPAMas NPOXOAMT ucpes Touky (b; 2+49b—2b%) na
BTOpOii napaGoe. PaccyX1as aHAIOTHYHO, MOYHacM, YTO ypaBHEHHe
npaMoi p= —(4b—9)-x+2b*+2. TMoayucHHblC 1BA YPABHCHHA HOMXK-
Hbl 3a4aBaTh OAHY M Ty xc npamyi. CaenoBaTcibHO,

d4a+3=4b-9,
2a°+8=2b+2.

Pewsas 3Ty cHcTemy, HaiiacM a= —1. Takum oOpa3om, ypaBHeHHe
uckoMmoit npamoit y=x+10. .
5.10. a=0; b=1/4. L
Pewenne. YpabreHue kacaTenwhoit k napabone B Touke (c;
c*+ac+b) Taxoe: y=c?+ac+b+/'(c)(x—c), npuuem f'(x)=2x+a,
T. e f’z(c)=20+a. MostoMy ypasHenue xacatensnoil y={(a+2c)x+

+h—c*.
Ecnu xacaTe/bHOM ARIACTCA NPSMas y= —X, TO MOAYHAEM
—(a+1) :
= ———, . :
a+2c=—-1, 2 a+1\° . .
pos o —— | =ba’+2a+1=4b. *
{b—-cz=0 I=b ( 2 ) ©

Bo BTOpOM ciyvae KacaTcIbHas—npamas y=S5x—6. Toraa
' 5—a T
c=—,

{a+2¢'=5,'

b6 crappg @ T I00T =4 (=)

M3 (#) u (**) noayyacM CHCTEMY
a*+2a+1=4b,
a*—10a+1=4b.
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BoliMTas H3 nepsoro ypasHeHHs Bropoe, uMeeM a=0 u b=1/4.
§.11. x=0 n x=4. . )
Pewenne. Ipuseaem ypasHeuue OKDYXHOCTH K KaHOHUYECKOMY

Buny: x*—4x+4+y*=4, orxyna (x—2)*%y?=4. Taxum obpazom,

HEHTD OKPYRHOCTH—TouKa (2; 0)—nexuT Ha ocu abeumec. Tostomy

xacaTe/bHBlE K OKPYXHOCTH B TOYKAX MNEPECedeHHN ¢ ockio abcumcc

BepTHKanbHpie. Tak Xak paadHyc  paBeH 2, TO ITH KacaTe/bHbIE

npoxoast uepes Touk (0; 0) u .(4; 0) '

5.12. Pewenne. OyHKUHS y=|x| HE MMEET NPOH3BOAHONH TONLKO

8 Touxe x=0, a ¢pyuxumun y=[x—1|, y=|x—2|—coorsercTBeHHO B

Toukax x=1 u x=2. IlosToMy ycnosuio 3asaunm yOOBJETBOPSET,

Hanpumep, bynxima y=|x|+|x—1]+]x-2] o

) 13. Pemcenue. Tax xax oyuxuin f(x) samaerca pasnuanbiMu
- ¢opmynamn Ha npomexyTkax (—oo; 0) ® [0, + o) c obwmuM xouzOM
-x=0, TO HeOOXOAHMO BHIYHCIHTL NPaBYIO H JIEeBYI0O NPOM3BOAHBIC B

Touke x=0. Hmeem ' .

Ay (0+AxP-0  _ (Ax)*
“{0)= lim —= lim = lim, = lim Ax=0,

/-0 Ax—0—AX  Ax-0- Ax Ax=0- AX  Ax-0-

L Ay sin(0+Ax)—sin0
0= lim = fim ——T 77T gim
A Axm0+ AX  Avw0+ Ax Ax—0+

sin\Ax_'v1

‘Tax xax npasas H IcBaf NPOH3BOAHLIC PA3NHYHBI, TO JaHHAN GyHXUMS
HE MMECT MPOM3BOAHON B Todke x=0, 4TO M TPcOOBANOCH AOKA3ATS.

' 5.14. Pcuwenne. Ilycte Ax crpemurca X HymO, NpHHHMAR
paunonaneuste 3navchnA. Torma Ay=sin{0+Ax)—sinO=sinAx u,
ClIEROBATENLHO, e : i

Eciu xe Ax—0 npunumas uppauMoHaNbHBIC 3HayeHus, To Ay=
=(0+Ax)~0=Ax u, cneposatensHo,

| . Ay . Ax
‘{0)= lim —= lim —=1.
f( ) Ax=-0AXx  Ax.0Ax

062 npesena cOBRAAAIOT, NOITOMY RaHHAA DYHKUNA HMEET NMPOH3IBOA-
Hy10 B Towke x=0, 4r10. ¥ TpeboBasoch AOKa3aTh. :

5.15. Pemeénne. B cnydae, xorma ¢ysxuus f(x) 3ajaHa He
onnoll Gopmynoi, a HECKONLKHMMH, NMPOHIBOAHYIO NPHXOAUTCH HHOT-
na Bbil;lHCJlﬂTb HETIOCPCACTBCHHO, HCXOAA M3  ONPENAC/ICHHS MpOH3-
BO/JHOM. . .

B nansom cnyyae npu x#0 npoussoaHas (yEKuMA f (x) eywecr-
BYET ¥ BBIMHCJIRETCH MO dpaopmynam H npasunaM auddepeHuHpoBaHHS:

Y L1 AV
f’(x)=<xzsm—) =(x?)sin—+x*{sin- )| - ) =
x x x x
| )
=2xsin—-—-cos—.
x x
B Touke ¢ x=0 mpOM3BOAHAs HAXOAMTCA HENOCPEJACTBEHHO MO

ONPEACNCHHIO:
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© Ay . (Ax)}sin(ljAx) . :
"(0)= lim —= lim *————————= lim Axsin(1/Ax}=0
1'0); Ax-0AX  Av-0 Ax Ax=0 (1/4x)

(npou3seenie GecKoHEUHO Manoil (yHKIMM Ha OrPAHHYEHHYIO €CTh

Geckoneyno® Manag). Takum obpa3oM,
, 2xsin(1/x)—cos(1/x), ectn x#0,
f(x)={ ’ () 0 1 ecm x=0.

Otciona, B YaCTHOCTH, ClliefiyeT, 4To ¢ynxuus f(x) audpdepenuupyema
Ha . BCeli .9HC/IOBOH# NpAMOR. - ‘ ’
TMoxaxeM Teneps, 1TO Npoussoanas /' (x) pa3puBHa B Touke. x =0,

B camom gene, Tax xak lim 2xsin(l/x)=0, .a limcos(l/x) He
. . x-0 , x—0 )
cywecryer, To # limf’'(x) He cymecrsyer. Orciona creayer, 4To
x—0 .
nponssoanas ¢ynxumn f(x) B Touke x=0 paspeiBHa.

5.16. Pemenne. Tax xax -

(1+x)

10 ¢(opMyna Maknopena umeer BHA

=T O g (ipt i), 0)=ini=0,

x* X3 L X n
ln(l+x)—x——i-+—§-+ e (1) —¥e ).
5.17. Pemecnue. Tax xax
4 _ - -2 .. — g —1-
f(x)_ws‘x‘cos» x,v_ 7(0)=0, (0)--1,
ST (x)=2cos™ 3} xsinx; 17(0)=0;

S (x)=6cos *xsin*x+2cos”2x; f"(0)=2,
To no dopmyne Maxiopena HMeem »
tgx=x+x/3+0(x3).

3aMeTHM, 4TO Ha CaMOM JeJie OCTATOUHbIH WieH uMeeT BuA o(x*), Tax
xaKx f“)(0)=0 (mposeppTe 370 CAMOCTOSTENLHO).

: . 2
5.18. a)c“;l—x+§.'-+o(x’); 6) ez“"=l+2x+x2,—31lc°—-§x

1s s __x = 4 in si
xxt—tox +o(x%); B)In(cosx)= —7—E+o(x ) r)sinsinx=x—

3 .
—%—-'i-o (=3). ;
5.19. a)0; 6) I; 8) 0; ) =1/1% n) 1I/3; ) —1/4.
VYxazauue. Ilpy BuTACICHAH NOAOOHELIX NpEACNOB HaAo pas-
narath Gpysxmur no Gopmyne Maxnopena B YHCIUTENIC B 3HAMCHATENC

0o WIeHa OIMOro mopsaxa. Tax, manpmmep, B npuMepax a), I) # &) A0
anena. ¢ x*. :

6.1. an/3+./3.
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Pewcuite Ilpumenny noactanosky x=o{t)=2sint, cuuras, 410
—n/3<t<n/3. Oynkums ¢(r)=2sin¢ na orpesxe | —n/3, 1:/3] yAoBJeT-
BOPAET BCCM  YC/IOBMAM TCOPEMBI O 3dMCHE NCPEMEHHOM, Tak xak

OH4 HempepbiBHO AH(depeHUnpyeMa. MOHOTOHHA H tp(—u/3)=—ﬁ,
¢(n/3)=\/3. 3ametnm, 4to /4—x2=2|cost|=2co0st (|costi=cost,
TaK KaKk npu —n/3<r<n/3 B [ o IV uerBepry, cosr>0), @' (t)=2cos1.
[Morromy )

V3 r’3 '3
[ JA-x7dx=4 | cos’rdr=2 [ (I+cos2t)de=
-3 -z 3 -x!/3
1 Im3 4
=2(:+—sian>|' =-’E+\/§.
2 -3 3 N
6.2, 32/3.

Pewenue Caenaem nosncranosky t=./1+x. Beipasus orciona
x. nosyuuM, 4ro x=¢(r)=1>—1; Tax kak t=2 npu x=3, a npu x=8
umeeM 1=3, Gymem cumTaTh, 4TO Oysxuus x=@(t) onpenenena ma
otpeske [2,3]. IMockosbky ¢yuxuus ¢(t) ymosnersopser Btem
YCAOBHAM TEOPEMBI O 3dMeHe HEpeMEHHOW, NoaydaeM
8

3
" xdy [ R t3
==2 (I'—l)d!=2(——-t)
Jﬁ: A 7))

3 2

3

2 3

6.3. \/3/32.
. 2
Peurenuc. Bocnoabsyemes 1noacTaHoBKo# .\'=g(t)'=———;=2sec1,
cos ’ :

sin ¢ ;
rae 0<r<m3. Torma g'(r)=2 7 Mockoabky dynkuns x=g(t)

YAOBAETBOPACT Ha orpeske [0, n/3] BCEM YCJIOBMAM TEOPEMBI O 3aMeHe
NepeMeHHOIl,
3

w—\' , d = 1 1¢O ld’
B sm . *
\4 A cos ( ’

0
YTo0bl  BBLIYMCIHTD HOCIICIIHHIE HHTCFp‘d'J;I, 3aMCTHM, HTO eCJlH B

opmyse 3amenni nepemennoit [ f (x)dx={f [¢ (/] ¢’ (f)dt B unTerpa-

o
ne cimeBa moaoXMTbL f{x)=x? a x=¢()=sins, TO

Flo ()] ¢ ()=sin®rcos1,
T. €. TOAbIHTErpaibHas OyHKUNA B MHTErpaje B TpaBOit HacTh
paBeHCTBA (+) pamHa f [@ ()] ¢’ (¢). Tloatomy, ucnonssys ¢opmyny
3aMeHbl NEPEeMEHHON CNpaBa HAJAeBO, NOAYHUM
/3 NEY VT

1 = 1 5 1
- | sin“rcostdr=- u*du=-
4 4 4

o

qu3
3

0

(=3
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Puc. 241 . Puc. 242

6.4. 0.

Pewenne. B cuny dopmyn BpUBEACHHS, CO8(R—X)= —COSs X.
Mostomy 3/cos (t—x) = —3/cosx, u ¢uryps1, uMmelomue romany S
H_S; (puc. 241), CHMMETDHYHLI OTHOCHTENLHO TOMKH nf2 Ha ocH
abeuucc, 3nauut, §;=S5,. C apyroii croponmr, Hcnolin3ya dopmyay (5)
U3 § 6, uMeeM ) .

x "2 "
J3/cos x dx= | 3/cosx dx+ | 3/cosx dx.
0 [ )

/2

/2 C L3
Mockomsky { Y/cosx dx=S;, a | 3/cosx dx= —S;, monyvaem
] n/2
f3/cosx dx=5,~S5, =0’
0
6.5. $=9/4.

Pewenune. Vbenumcs B Tom, YTO [JaHHBIE TOYKH JIeXaT Ha
napabone: —3=—0%4+4-0— 3; 0=-3%4+4-3-3, Haiigem YpaBHEHHS
kacatenbHbIx. TloncTaBnas B ypaBHenue kacaTenbHOM =

=S (xo)=/"(xo0)(x~xo)
CHavana xo=0, f(xo)=—3 u f'(xo)=—2xo+4=4, a 3aTem Xo=3,

S (x0)=0u £ (xo)=—2, nony4aeM y=4x—3 u y= -2x+6. Haxomum
TOYKY MNEpeceveHUss KacaTeabHBIX: ) :

y=4x-3, x=3/2,
<~
y==2x+6, y=3.

Haiigem nnowaas nosysennois ¢uryper (puc. 242):

S= ! [(4x=3) = (= x?+4x—3)] dx+ 3'/[ [(~2x+6) —
~ (=x?+4x=3)]dx=
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Puc. 243 . P}ic, 244

372

: S |
= J'x’dx-f— J'(x——3)1dx=?
° 3 IR

6.6. S=2+1n°/6.

Pemenue. 3aMeTHB, HTO X = 0 H x=%— KOPHH QyHKUHH y=x*—
-fix, H MOCTPOMB rPadHKH AaHHLIX JHHUA — CHHYCOMIY H napa&ony
puc. 243), naxouuM omank. § :uuwmoﬁ burypst:

3/2 _33 3 9
+(_x_____)_| =

o 3 b 4

S=£[sm x—(x? —nx)] dx=£(sm x—x?+nx)dx=

=[—cos x—x*3+n}2)3=[(1 —x*B+7°2) ~ (= )]=2+7/6.

6.7. S=11/2. . : .

Pewenue. Tax xak y=|x|+1= x+1 npu xé [0, foo)’
—x+1 opt xe(—w, 0),

pa3busas nauuylo ourypy Ha asé sactu (puc. 244), maiinem mio-
manb:

$= ]'(—-x+l)dx+j(x+l)dx (—x ’/2+x)| +(x=/z+x)

=[o—(-(- 2)’/2+( 2] + [(1/2+1) o]—n/z
6.8. V=2321t.‘

- Pewmenune. [Jlanswit waposoft cnofi MOXHO NpPEACTuBMTL Kak
TeNo, HOJMYHYEHHOE BpALICHHEM x MBOJHHCHHON Tpaneuus, XOTOpOe

orpannveno nmmusmu y=./16—x*, x=2, x=3 u ocuo Ox, BOKpYT
ocu Ox (puc. 245). l'loarouy, corjacHo  popmyne V-n[ y (x)dx s

ofheMa ¥ 3TOro IApOBOrO CJIOR HMEEM
3

=n J‘(qs;xzj_dx;u[iex— f;—]3=3-?-1:.

2

,
6.9. V_ﬂ(m H).
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A 9

-2k y=\REx2 |~

~
/7 \ N
/ . \

\\ ol 2 ~RNJ-R+H|0O ;] x .
. /

N : /o

NG » s .

~4 - ~ e —

T3S
\m_,/
>

Puc. 245 h . Puc. 246

Pewenmue. maposoﬁ cermMeHT (CcM. pic. 213) MOXHO baccma'rpu-
BaTb Kak Teno, NMONYYCHHOC B pe3ynbTaTe BpaLEHHA KPUBOJMHENHON
Tpanenuu, o6pasonannoit ayrofi oxpyxHocTi y=./R?>—x?, npsmeiim
x==R u x=—R+H n ocvio Ox, Bokpyr ocu Ox . (puc. 246).

Moatomy, cornacuo Qopmyne V=x{y*(x)dx, rae V—obsem Tena,
. . a - ' . :
NONYYCHHOTO B PE3yABTaTé BPAlUCHUN KPHBOJMHEHHOR Tpanewsu
oy</Sf (x), a<x<b, Boxpyr ocu Ox, 06beM 1WapoBoro cermMenya
MOXHO HaliTH Tax: :
. -R+H

' 37 -R+H HZ .
f (R*—x?)dx= n[sz— )—‘3—] =n—(3R H)
~R

3ameuanne. dopmyny ob6neMa apoBoro CEFMCHT2  MOXHO
nonyauTs U3 GopMynH 061.eMa 1apOBOro cnos:

V—nj(R‘-—x’)dx,

€CnM ycTpeMuThL a kX —R.
6.10. V=2rR*H/3.
Pewennc. O6EM MAPOBOro CEKTOPA MOXKHO MOJTYSHTb, CIOKMB

obbeM  maposoro cerMenta (cM. 3amady 6.9) u obbeM.  xomyca
(1/3)x14B)*| OB| (puc. 247), nonydaem, uTO IABI-—,/R’-( R+
“+H)*=/2RH-H?*; |OB|=R-H. Tanm o6pa30M, ans obbema
1IAPOBOTO  CEXTOpa’

2
Ve xH (33R H) (2RH HY)(R— ”)_211;11

-6.11. Pemenne. ByneM c'urra'p, YTO NUICHO 3aNOXHACT KaKylo-
TO 4acTe xacTptoms 6e3 mycror, nanogobuc. xuaxocti. Iycrs pamwuyc
OCHOBRHHA (AHA) UMIMHAPHYCCKOH XaCTpIOIH paBeH R, a mimeHa
HACHIMAHO CTONBKO, 4TQ OHO NOJHSNOCh IO BHICOTHI H (puc. 248).
Haiigem o6bem NPOCTPaNCTBa, 3aHATOTO MIICHOM. JHna sroro pocnonn-

syemca dopmynoit V= jS(x)dx rae ¥V —obrem Tena, noncpetHze

CeueHHs XOTOPOFO HMCIOT nnomans S (x). MycTs O-—UeHTP OCHOBAHHA
WAIHHAPA, OCh-OX HanpaBHM NO AMAMETPY ocHoBaHHR AB. Hailinem
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Puc. 247 .. Puc. 248

nnomanb S(x) ceIeHUSs HCKOMOIO TENM2 IUIOCKOCTLIO, NEPNCHIUKYJIAP-
‘Hod ock Ox H mpoxopsuieii 9epe3 TOUKY 3TOH OCH ¢ xOoOpAMHATOH X.
Ecnp 1utockocTh mepecekacT Teao no tpeyroasuuky 0,Z,K,, To
AO\Z K, ~ AOZK (pnc 248), orx;l'_na l:R=h: H (:mer |OK|=R,

-IZKl—H |0:K |=1, |K\Z,|=h). Tax xax l =R*~x?, 10 S(x)—
1

=§lh E;I’=§—(R’—x‘) Takum oGpaaoM o6veM V; muena

paBeH

I r
1H H 2
=2 s R ) = 2_ 2 2)dr=<HR2
f ZIZR(R x?)dx RJ‘(R x?)dx 3HR
o °

O6umii o6vem V Boam H MEHa paacu 061.cuy mmmmpa, pammyc
xotoporo R u Bhicota H, mo3tomy V— nR2H; otHowenne o6neMoB ¥,
- BomM M V) muexa pasHoO

2\ 2 3x
SV Vi=(V=-V,): ¥V -—=}io=——-123,7
2= ( 1) 1= ("-’ 3) 3732 3,

M He 3aBHCHT OT KOJHYCCTBA MUICHA H pa3mepoB xactpioym. Urar,
npeanofsarag, 4ro IIUEHO MOAHOCTBIO, 6& NPOCBETOB, 3aNOJHACT
o0peM, MBl peunti 0032 NyHKTA 33/A9H.

6.12. 3onora poGamnaTth HE TPHACTCA.

Pewenue. Halinem obsem xonewxa. Mo (bﬁpuyne V—n]y (x)dx

rae V—obvem Tena, NONYUEHHOTO B PE3YILTATE npamem KpHBOJH-
Heitmo#t Tpaneumu 0<y<f(x), a<x<b, soxpyr ocm Ox, Haliaem
ucxoMbiii o6beM V' xax pasHocts obbeMos Tena, ob6pa3oBaHHOro
spamenneM xpuBonuuchnodi tpamemmn 0<y<./(R*+H¥4) —x?,
—H[2<x<HJ2, » mwmmapa, o6pa3oBaHHOTO BpAINCHUEM HPAMOi

y=R soxpyr ocn Ox (puc. 249). Hrax,
H/2 ' Hi2 - . . H[2

. . 2 Y 2 :
V=nr I [(R’+ -’:—-) —qg?]dx—n J. R¥dx=2n J(HT- —x’)dx:
-8/2 ' -H/2 °

H!_ x3 H/2 nHJ
=2n(—4—x-——3-)

o 6
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Takum o6pasom, oGbeMm kosteuka He Y|
3aBUCHT OT paguyca R, a 3aBHCHT
TOJALKO OT BbIcOTHI H, nodtomy
10BEIMPY He npuaetca A06aBaAsTh
30510TA. R
6.13. a) S=4/3; 6) V=n/2.
Pewenne. a) Ocp abcumce
ABASCTCA OCbIO JaHHBIX mapabon. P
OueBuano, 13 ypasueuuii mapa6on T
NOJTyHaeM, YTO AMA NEpBOMl M3 HHMX d
3p2=1-x20, nosroMy x<1; aua- i 3 . -
JIOCHYHO, 1S BTOPOH mnapabonnt -5 f x
nmeem x<0. Hafinem gononuute-
JIbHO HECKONBEO TOYEK rpadHKoB H
DOCTPOHM HX 1 puc. 250,4). - Otpa-
34M  CUMMETPHYHO  NOJIyYEHHbIE

rpadHkH  OTHOCHTEALHO  LpAMOIL R
y=Xx. Mbl no: yuusnu rpaducu dyH- 7
Kt y=1-3x% wu  p=-2¢2
(puc. 250,6). A3 ypasuenus
1=ix?= -2y
Puc. 249

Hafiniem abcuiccbl TOYCK mepeccuc- _ .
HUS nonyuenHeIx rpaguron: x= +1. Bocnonsiosaswmch cummerpueit
napa6os otnocutensHo oci Oy, Haflaem miowaas S HCKOMOR Gurypst
(oHa passia nnowaan ¢urypsl, usobpaxkeunoli na puc. 250, 6, caMMeT-
PHYHOH € OTHOCHTENBHO NpPAMOM y = x): :
1

- - x: 1 4
S= f [(1-3x%) — (-2x%)] ¢\'=2j(l~xz)dx=2[x—' ?] =3
°
-1 0

6) Haiinem abcumccy Touek -nepeceyeHus JaHHBIX. rpabuxos (cm.

x=1-3y3,
x==2
O6BeM HCKOMOro TEAa MOXKHO HAHTH Kak passocts ofnemos Tea,
TIOJIyMEHHLIX B PE3yJIbTaTe BPAHICHHA son(:)%yr ocH OXx ABYX KPHBOJIN-
HeliHBIX Tpaneuuit. Ilepsas u3 Tpaneumit oOpasosana wacThio napalo-
aet x=1-3y% pacnonoxeHnoii Hag ocbio Ox, ypaBHCHHCM 3JrOTO

1—x ‘

KycKa y= T a Takxe NpaMbIMi x= —2, x=1 H ocblo Ox. Bropas

puc. 250,a) u3 cucteMbl ypasHeHuit HMEEM x= —2,

x .
Tpaneuns obpasoBaHa mapabosoil y= [ — 7 npAMBIME x= —2, x=0

H oceio Ox. Haxonum obbem:
1

() [
~[(5-%)

1 ~ 6.14. 2) S=1; 6) V=n%4.

-, 4
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Puc. 250

Pewenne. a) Ilockonbky cos?(x/2) —sin®(x/2)=cos X, manHas
(urypa — KpuBOAMHNEHHAA TPANEUMsA, OrPAHUYCHHAA JHHHAMH y=COS X,
y=0, x=0, x=mn/2 (puc. 251). HaiineM ec mnowans:

x/2 =/2
S= { cosxdx=sinx| =1
[ 4]

6) BoruuciuM oO6beM Tena BpallleHus:

/2 ®/2
1 +cos 2 »2
V=nr | cos?xdx=n IHCOS X yx=x| X]. +
2 2],
) 0
x/2
1
+§ cos2xdx].

°
Jns HaxOKACHMA TOCNCAHETO HHTErpana MOXHO CACHATh 3ameny
nepemcHHoit no Qopmyne x—l/2 Torna .
=/2
1B |
cos 2xdx== | cosrdr=—sint
. 2 2
0 Q -

6.15. L=8/27(10/10 —1).
Pewcnue. Bocnonniyemcs ¢opmynoii L= j\/1+(y)2dx rae

=0,

4]

3
L—nnuHa Ayru kpusoit y=f(x), a<x<bh. Tax xax. y—ix”2 T0

S+ ) = l+ it Onuna nyru

4

9x
L='[ ,l+-—dx.
4

0
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9x
IMocae 3ameubl l+T=I. T. C.

4¢—1
X= , nonydaem
10 10
4 4
L= t—dt=— | ¢V3dr=
Jvisasi ]
1 1
Puc. 251
4 ’JII 10 8
=-—1 =—(10/10-1).
9372}, 27( )

) . 32
6.16. a) S‘=2¢1\/t_1—/3; 6) V=na2/2; B) S=43—n[(a+ %) —%]

Pewenue. a) Nlaunan ¢urypa 3awrpuxosana Ha puc. 252,d. Ona

orpasuucHa csepxy napabonodt y=./x. Hailzem nromaas ‘burypu;
. .

32

X
S=j\/:\:—dx=3/—2
0

Cox
6) Haxonum o6wmeM Tena spawenns V-

a _Za\/;

0 3

Z'MZ

a e
V=nf(ﬁ)zdx=nf.rdx=ni =—
[} 0

2|, 2°

) Ilycts b>0. Haiinem cHadana mnomwans S, NOBCPXHOCTH,
TONYICHHOA B pPE3yAbTATE BPAIUEHHR KPHBOJHHEHHON Tpaneums,

orpanuyenno#t napabonodi y=./x, npambmu x=b, x=g, y=0

(puc. 252,6). Tax xax y'=1/2/3) ‘10 /T+ () = /133/(4),
b

Coraacho: ¢obmyne S=2x{f(x)/1+ (S (x))? dx, r.cle S —mrowmans

TIOBEPXHOCTH T€/Ia, NOJYYEHHOrO B PE3y/IbTATEe BPALICHHS KPHBOJIMECH-
Hoil Tpameuun O0<y<f(x), a<x<b, moxpyr ocu Ox, nnomanms
paccMaTpHBaeMoil* NOBEPXHOCTH S, MOXHO HaiiTH TaK: :
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y }”
R ala R
//0
Ve
v
Ve
Puc. 253

S0

Verpemus Tenmeps b x 0, nomyunm

_4x +1 n 1
BEY A 8|
6.17. yc=

Pewenne. Jlyra cHMMETpHYHA OTHOCHTEJILHO pajivyca, POXOAs-
LIEro 4epe3 e¢ CepeAnHy, NO3TOMY LECHTP THAXCCTH JIGKMT HAa 3TOM
pamuyce. Beeaem cHCTeMy KOOpAWHAT, KaK IIOKa3aHO Ha pHC. 253;
nmycTh myra Bpamaercs Boxpyr otH Ox. Tlpn 3rom ayra onmuer
MOBEPXHOCTL 1apoBoro mosica (cM. mpumep 13, § 11), ee nnowans
paBHa 2nRH, rae H—BricoTa nosca, paBHas B JIaHHOM CiiyYae HJIMHE
XOpabl, CTATHBaIOWIEH AaHHYIO AYyry; oueBHAaHo, H=2Rsina. Tak kak
JUTHHA [JaHHOM AyrH paBHa -2Ra, TOo, 0G03HaYMB OpJAMHATY LEHTpa
TAKECTH Yepe3 yc, B CHIYy mnepBoii Teopemnl ['ynbaena, nonyunm

' 2. Rsina

4nR*sin a=2nyc-2Ra, oTkyaa yc=——;»—.

Rsina

3aMewanune. M3 nonydeHHOro oTBeTa Clemyer, 4TO UEHTP
TAKECTH NOayoXpyxHocTh y=./R%—x? Haxogutcs B Touke (0; 2R/x).

3a

Pewenune. Bsenem cHcTeMy xoopaMHaT, Kak MNOKa3aHO Ha
puc. 254, B

B cuay CHMMETDHM CEKTOpa OTHOCHTENLHO ocH Oy, HEHTP TAXECTH
JIEKHT Ha JTodl ocH. Bocnosb3zyemcsa O peuicHHA 3aAavd BTOPOM
Teopemoii I'yangena. Hailimem cHayana of6beM Tenma, monyd4eHHOro B
pe3y/ibTaTe BpalleHHs JAHHOTO CexTopa BOKpyr ocH Ox. YpaBHeHHe
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Puc. 255

myrH cexTopa y= JR —x3%; a6cuuccu €c KOHIOB, .OYEBHIHO, pasHbl
iRsma, 2 OpAMHATH XOHUOB paBHbl Rcos®. O6beM HCKOMOro Tena

'Gyness mcxaTh xax pazaocts _ofbema BOTO_CAOf, O6PasOBAHHOIO,

B PC3YALTATE BPAILCHAN KDMBOJIMMEHHON Tpameuws, OrpaHutieHHON
ayro#i y=./R*~x?, npampiMu x=+ Rsina u ocsio Ox, H obbemoB

ABYX OHKHAKOBLIX KOHYCOB, NMONYYCHHBIX NPH BDAIUCHMH KOHUEBBIX
paauycoB CexTOpa (pHc. 254) .

. Rsina . ’ ; Rsina
Ver f (R?—x?)dx—2- —xlABl |04]=2x f (R?—x?)dx—

- Rsina )

2 : ; 3 7] Rsina 2 RJ

- snkzcos’aRsin a=2n[R’x- fs—] _u—smsuc_os_g_
: 3,

4 .
=-nR’sina.
N 3 .
Tax xax mnnomwan, NaHHOrO CeXTOopa paBHa R2a, To, obGo3HauuB

OPAMHATY HCHTPA TRAKCCTH 4CPE3 yc, -B CHIYy BTOPOil Teopemnl
Iynbnena, HOAYIHM

- 2Rsina
—nR’sma—R’a 21tyc, oTRYna ye= .
3 3
3aMmeuanue. U3 =n HHOTO OTBETA CHAGAYET, 4YTO NEHTp

 TSKeCTH no.nyxpyra 0<y< Rz-x saxoaurca B Touke (0; 4R/(3x)).

6.19. a) V=4r% 6) S=8x>.

Pemenue. a) Bocnonbsyeucx BTOpOii reopeuou I'ynbaena.
Ilnowans . ARHHOrO Kpyrd paBHA X, UERTP €ro THAKECTH — TOUKA
(2; 0)— onucwiBaeT npi’ BpAILEHHM oxpyxuoc’rb JUIHHL 4R, NO3TOMY
obseM Topa F=n-4x=4n’,

6) Bocnonbiyemcs nepsoit ‘reppeuoﬁ I'ymbaena. Hailinem caauana
IWIowans S, MOBEPXHOCTH, - oﬁpasosaxmoﬁ BPBIUICHHEM (@PaBOH» MOJy-
OXPYXHOCTH x=2+,/ —y? Bokpyr -ocu Oy (puc. 255). Tax xax pmna
:noii NOJYOKPYXHOCTH PaBHA <, & €C I THXCCTH — TO4Ka (24 2/rw;
0)"— onucrBacT OKpYXROCT AMMHH 2% (2+42/x) (puc. 255), TO
mwromansk

Si=n -21t‘(2+ %)=41: (m+1).

Y Cm. 3ameuanne x samave 6.17.
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AHQJIOTHYHO  HAXO/MM  MJIOWAAL S, nosepxxoctd, o6pazosanHOl
BpAlICHHCM «1CBOI» TNOJNYOKPYXXHOCTH (€¢ HEHTP THKECTH— TOYKA
(2=2m; 0)): S,=4n(r—1). Takum obpasoM, MIOWAkb MOBEPXHOCTH
3aaHHOTO TOp&

S=Sl+SZ=8n2.

6.20. A=0,125 krm.

Pewecnue. Halinem cHavana 3Hauenue kodpHimeHTa npornop-
uxoHatsHocTH K. Tak xak, B cuny ycnosusi 3agayd, nmpu x=0,01 M
F(0;01)=1xr, 1. e. 1 =K-0,01, T0o xo3pduunent nponopuuouanbnocm

K=——=100. CnenosaTe;IbHO, €Haa, PpacTArHBalOmas NPYXHHY OT

3

r=0 no x=0$05 M, Bipaxaercs Qopmynoit F(x)=100-x. Cornacio

Gopmyne A=| F(x)dx, rne A4 —pabota, cosepaemas cunoi F(x),

a
a€x<b, nckomyro paboTty MOXHO HalTH Tax:

0.05

a

2

b
A =JF(.\~) dx= f 100xdx = loox7
[v)

0,05 (0 05)2

=100—"1-=0,125 xrm.

0

NPEJIMETHBIN YKA3ATENb

AbcomoTHas BeMYMHA uucna 19
A6cumcca 38

AKCHOMBI  BCHIECTBEHHBIX HHCEJ
10—14

Ananutnyeckuit cnoco6 3ananus
dyuxkumn 157

AprymedT 153

ApudmeTuueckas nporpeccus 111
Acumnrora 321

AcuMmnToTsl runepbonbl 84, 85

BeckoHeunas, npou3BogHas 242,
243

Beckoneuno Oonblias nocnenosa-
TenbHOCTL 115

— ~—¢ynxuna 200, 201
——6M3..r1an nocnenoBaTeaLHOCTD
11

— —dynkuus 198
Beckoneannlt npenen 127, 200
— npoMexyToK 15

Bepruyssu A. 144
?nuomnanbme xo3pPuLHeHTH
5

470

CopepxxaHue

Boasyano 5. 225
Bonsiias och ummnca 80

Beiiepuwmpace K. 228

Besgnuuna Hanpamenﬂoro orpea-
xa 30

BeprukanbHas acummrora 321
?;pxauu npezesl KHTErPUHPOBAHKEA
BepxHis rpaHh MHOXECTBA 15
— — pyuxumun 155

Bepuinna napaGonm 93
Bepumnsl runepboust - 86

— ananunca 80

Bewecteennsle 4ucna 8
B3aumuo ofpatHhe QyHKIHR 240
— OIHO3IHA4YHOE COOTBETCTBHC 32
Bo3spacraromias  NOCHEAOBATENIb~
HocTh 141

— ¢ynxuna 239

lBgTé)poii 3aMevaTeIbHBA  npcaes
Buinyknocts Bpepx 317

— pHH3 317



Teiine I'. 185
I'eoMeTputcckas nporpeccml 113
I'unepbona 81, 82,
l‘opnaonraﬂbnau acummora 322
l"pa$mc 156 -
Ipaduqecknit - cnoco6
yBxuuu 159

yavoen IT. 422

3a/iaHHS

Jeitctutentnas och runepboms-
6 :

Hexapm P. 29
.Henenue orpesxa B namiou OTHO-
mersn 4042, 98 - -
8-oxpecTHOCTh TOWKH 33
Jupextpuca napabomm 91
Hdupextpucyt rumepbosrst 88
— annmnca 88
Hupuxse . 157

s HIHAN 253 .
— smicuero mopsaxa 283, 284

—, TeoMeTpHdcCkuii cmuicn 253,

— ayru 411

—, NpHMEHCHHE B

HBIX BBITHCJICHHAX 254

— cnoxHoM ¢yHxumn 269, 270

}.In%epenunponanne 250
paTHo#t ¢ynxumm 262

—_— ocnoaauc npamma 255

: . 3MIEMEHT.

g: u 257——261 263—-265

;?n_énnxm-

— cnoxnoii Qpynxumu 266
7,5 Tabnuna ppoussBoaunx 274,

— ¢yBxung, aanauﬂoﬁ ‘mapamer-.

ﬁmq;o;xeu 287, 6 249
. pemmpyeman ymlul 4
HAmua nyru kpusoit 406—409
— HaCTHYHOro OTpesxa 374
{16,:]06;?4paunonanmas ¢ylmmn

3apucumas mnepemenHas 153
3ramMenarens reoMeTpHIecKoit
nporpeccun 113

3uavenue Qynxumu 153

HMusapuaHTHOCT, MIOmaAei OT-
HOCHTEJILHO nepeMetienuit 399
— ¢opMH  mepBoro mid)d)epeﬂ-
‘umana 270

HHTerpan ¢ nepeMeHHBM Bepx-,

HHUM npcaesnioM 387
Unterpansbuas cymma: 374

CopepxxaHue

. Muterpuponanue 340

— HENOCPEACTBEHHOE 345—347
— nonm‘aﬂosxou 349355, 357,
358

— no wactam -358—365

— palKOHANBLHLIX (yHKIME
366—372
Idigrerpnpyemaa (bylmxux 375,
Hurepsan 15

Hppaunonanbras cbylmmx 161
Hppamuonanshuie wucna 9, 10

Kanormqecxoe ypaBHCHHC THNCP-
Gonu 83, 100

— —-napaﬁonu 92—94, 100

— —onamnca 78, 79, 100

" Kanumop T. 234

Kacatenbnas 244
Ksaapanr 38

.Komnozuuns (byunmﬁ 159

Koucunas mpouspognas 243
Koneunwt#® npepen 127

— mpoMexyTtox 15
Koopmuxata Toukn 32

. Koopaunatnas mnnocxocrs 37

~ npamas 31
Koopaunatustii yron 38
Kowwu O. 185
Kpathocts xopus 367

‘Kpusonunedinas Ttpaneuns 396,

397
Kpusosnuuehinsifi cextop 404
Kpuriiecxas. Touxa 319

Jazpanxc. XK. 292

Jlesas npomnssoanas 248
Jlesniit npenes 185, 186
Jeiibuwy I'. 280 -

JIuueitnaa ¢yuxuns 161

Jlunus BTOpOro mopaaxa 76
— mEpBOro nopsagka 56
£I7olrapn¢unqecxaa TIPOH3BORHAN

.— ¢ynxuua 160, 260, 261

Jloxanbubiit MaxcumyMm 211
— MHHEMYM 211
— akcTpeMyM 211
Jlonumans I'. 296

Manas ocp smmnca 80 -
Maxaopen K. 306
MakcHMallbHOE 3HAYCHHE (byux-
uun 231

MrHoBeHHAS CKOPOCTh 245, 246

MCTO}I mn'erpuponaﬂnu no qac-

47



Tam 358365, 395, 396
— KOOPIHMHAT, 62—76

—- HCOMPCACNCHHbIX xoa(b(buuu-
enros 367—369 . -

— MaTeMaTH4YeCKkoi uH.uyxuuu
22, 23
— MOACTaHOBKM ‘(3aMEHH nepe-
meHnoH) 349—355, 357, 358,
392—394

lz\gllmumanbuoe 3Ha4cHHE QYHKUMH
Muumas® och runepbonsr 86
Muoroanen 161, 213 -

— Tefinopa 304

Muoxectso 7

— 3xavennit Gynxumn 153
Monayns nepexona 148

— yhcna 19

" MOHOTOHHaS
HOCTL 141
— q)ynxunn 238

nocniefoBaTeNb-

Haxnounaa acumnrtora 322, 323

Hanpasnennsiii  otpesox. 30

Hartypanbumii - norapupm 148

Havano xoopawnar 31, 37 -

Heso3spacrariomas nocnenosa-~

TenbHocTs 141 ;

— ¢ynxuns 238

HeaaBucumad nepeMeHHas 153

Heorpanuiensas nocnenosarens-

Hoctn 114

Heonpenenennuiid um‘crpan 340

— —,OCHOBHBIE METO/ALI HHTEr-

gu panus 345—347, 349—354,
57—365 .

— —,—cBoiicTBa 342, 343

— —,Tabnuua OCHOBHLIX HHTer-

o8 344

€NPEPLIBHOCTH

aucen 11, '12,

— ¢synxunu B HHTEpBane 216

— ——Touxe 209—211

— ———cnesa, - cnpasa 210,
211

Hepasencrao 11

— bepuynnu. 144 :
HeyGbiBalomas  nocneaoBaresib-
HOCTL 141

— ¢yaxuus 238

Huxuuit npeen mrrerpnponanm~

375

HuxHas rpaHs MHoxectsa 15
— —¢yuxnun 155

Homep obuwero :memema nocne-
noBaTeIbHOCTH 106

412

CopepxxaHue

BCIUCCTBCHHAIX °

Hi,romou H. 26
Ob6aacts  onpenenicHus d)yuxuuu
153

O6parnas QyHKUHS 159 160

O6paTHblE TPHTOHOMETPHYCECKHE
yHk# 160, 161, 264, 265
LK 3NEMEHT ' NOC/e 0BaTE b~

HocTu 106

O6bem Tena 415

— —ppaueHus 417, 418

OrpaHuvenHan - mOCnenoBaTeNb-
nocts 114 :
— CBCpXY, CHH3y NocCaeaO0Ba-
TENBHOCTh 114

— —,—dynxuus 154

— Q)yumuﬂ 154

OI])aHH‘ICHHOC MHOXECTBO 15
— CBEpXy, CHM3y MHOXecTBO 15
Ogg-locropouuuc npenenant 185,
18

o Manoe 205
Onpenenennblii
376

- — reomeTpuqecxue NpRAOXKE-
nus 396—418

— —,METOABI BLIMHCICHHA
392—396

— -, 0CHOBHble cBoiicTBa 378,

unterpan 375,

379

— —,ouenxu 380, 381

— —-, yc.nonml MHTCTPHPYEMOCTH
383,

—_— cbmwiecxue npunoxcumi
419—428 -

Opaunara 38

_ OcHosHoc TOXAecTBO 31
OCHOBHOiT  NPSMOYTONILHUK  TH-
nepbonan 86

Ocu runepGonbr 86

= anaunca 80

Ocratounntit wien 8 dopme Jlar-
panxa 305, 306
— ———Teano 306

~ Ocy 29

— abeumce 37

— opaunat 37
— napaGonsr 93
Otnowmenne 40
Orobpaxenne 154
Orpesox 15, 31

Orpmxarenwue gucna 11

l'lapa60na 91
Napamerp 285
— mnapa6osant 91



Mapamerpuyeckoe 3ananme (ﬁyux- '

uun 285

Heano . 306

Tepsoobpasnas 338

ll'l;‘pnuﬁ JaMmeuaTeNIbHEIR npeaen

INepemennas uHTerpuposanus 375

Inowans rpunonuﬂei‘moro cex-

Topa 404 o

— xpunonuucnmoﬁ Tpancuru

397,.

— mlocloi'l drrypu 400

— nonepxnocm BpamcHus . 411,

414, 415

- TpeerJleHla 39, 98

INoamuoxecTBO

NonwuTterpansHas dynxuns 375

Moxazarenvnas ¢yuxuua 160,

263, 264 »

Tonoxurtenvhre uncna 11

TMonyunreppan 15

HMonyock annunca 80

TNomoc 42

HNonspran oce 42

TonspHbie xoopmmam TOUKH 42

Honspuuiii paauyc 4

— yron 42

Mocnenosatensiocts 106

— BJIOXCHHBIX OTpe3koB 149

NMocTroanuas 154, 213, 257

Ilparas nmpomssogHas 248

Tpasuna TNOCTPOCHHS rpaduxos

dyHkukil No_yxe H3IBECTHHIM rpa-

duxam 162, 163, 165, 167, 168,

172—175

Mpapnno Jlonurana 295—299

Ipaswiit npeaen 185, 186

INpenen nepumerpos AamMH JOMa-

Hbix 406

1—26nocnenosarcnbno¢:m 121, 122,

— QYHKIHH TIPH X — X, 180, 182

— ——Xx> 0, X— +00,

x— —oo 188, 189

Tpupautenue apryucn'ra 211

— ¢yHxumun 211

TMpon3iBencHne BEIIECTBEHHBIX -

cen 10

— nocaegosarensHocTelk 110

~— MOCNC/I0BATENBHOCTH HA HHC:

no 110

Npoussonnas 242

—— BLICIICTO TOpAMKA 276, 277
,sreomcrpmecxun cMuicn 244,

—, dusmveckuit cMuicn 246, 247

CopepxxaHue

‘Touxn 37, 38
MNycroe . MHoXecTBO 8

Cm. maxxce InddepeHunponanue

Npomexytox 15

IMpomexyroynas nepeMeHHas 159

- Mpocrefiuine anemMeHTapHbBIC

byuxuun 160, 161

IIpaMoyronbHas cHCTEMa. KOOp-

[HHAT Ha naockoctH 37 .
PAMOYIOJILHbIE KOOpAMHATEI -

PaGota nepemenHoit cuam 427
Pasromepno Henpepunnau (bym(-
uus 232

PaBHOCTOPOHHASA nmcp60.na 86
PaguxansHas och 69 -
Pasnoxenne paunoHasibHOM
YHKIIHR Ha 3jIEMEHTapHbIC -Apo-
n 367, 368

— 3neMeHTapHbX (QyHEUMEE TIO
dopmyne Maxnopena 306, 307
Pa3xocts apnqme'm-lecxou npo-
rpeccun 111

— BEIICCTBEHHLIX w4Hcen 12

— nocneposarenbHocrei 110 .
PacxpbiTie Hcoupcneneﬂnocreil
206—209, 216—220, 296—303
PaccTosHne MexIy AByMs TOUKa-
MH 36, 38, 98

— OT ‘TouKH po npsmoi 60, 99
Pacxopsmuascs nocnenoBaTENb-
HocTs 121

PaunoHanbHas dyHxums 161 214
Paunonamsusie wncna 9,
Pexyppeutnas ¢opmyna 365
PexyppenTHuili cnocob 3aparns
nocnenosarensioctn 108

Posass M. 290

Cermenr 15

Cnoxuas ¢yuxuma 159 .
Cosnanaomne MHOXeCTBa 8
Conpoxennsie runepbomu 86
Cnupans Apxumena 45, 46
CpaBHeHHe 6eCKOHEYHO Maibix.
204

— BelecTBeHHbIx gucen 11
Cpennee 3naveHHe 383

Cpennsas cxopocts 246
Cratnyeckue MoMeuTul 419, 421,

" 424

CraunonapHad Touxa 312
Crenennas ¢pyuxuus 160, 213, 257
CTporo MOHOTORHas nocneaosa-
TenbHOCTL 141

— —dyuxuns 239

473



Crporoc uepanencTso 11
Cymma GeckoiieyHo yObisarouici
recomerprueckoit nporpeccun 131
. — BELUECTBCHHBIX uucen 10

— mnocnacpoBaTeabHocTeit 110

— YICHOB apudMeTHHecKoit npo-
rpeccuit 112

—' —reoMeTpUYecKoil  Tporpec-
cun 113

Cyuepniosuuus dyuxumnit 159
Cxema wuccncaoBanus rpaduxa

dyukuuun 325, 326
Cxonsiuasics nocjiefoBaTeNb-
wocte 121

Tabauua OCHOBHBIX
344 .
— TNPOH3BOAHBIX NpoCTERILMX
aneMeHTapHbIX QyHkuui 274, 275
Tabauuuplii uHTErpan 344

— cnocob 3aNaHKA byukuun 158,
159

Tetiaop 5. 303

Teopema Boabuano — Kown Bro-
pas 226

— —nepBas 225
— Beifepurpacca

HHTErpanoB

sTopaa 229,

— —mnepsan 228, 229

— Tynbgena BTOpas 425

— —uecpsas 422

— Kantopa 234—236

— Kommu 294

— Jlarpauxa 292, 293

— Jlonurans 296, 297

— O BJIOXEHHLIX oOTpe3kax 149,
150

- — KBajpatTax paccroaHuii 73

— — MOHOTOHHOCTH.  (byHKUNH
310, 311
— — HenpepbiBHOCTH  0OpaTHOI

bynkuun 239, 240

— ——CnoxHOH QyHkunu 223
— —NPOHU3BOJHONK HHTErpana c
MEpeMEHHBIM BEPXHHM TPEACIOM
387, 388

— ——ob0paTHoil ¢GyHxkuum 262,
263

— ——cnoxHoit ¢yuxkuun 266,
267

— —cBH3M  MeXay OecKOHEeuHO
Goabwo#t u OGeckoHedHO Maoit
nocnenosarciabHocTaMH 117

— —cpeancm 382, 383

— — CyLIECTBOBAHUH TOYHBIX
rpaseil y OrpaHHYCHHOrO MHO-

474

CopepxxaHue

xccTBa 18

— —CXO/JMMOCTH  MOHOTOHHOMH
OrpaHUYEeHHOMN nocnenosarenb-
HocTH 143

—5 06 obuem ypanuemm npaMoit
5

— — YCTOHYHMBOCTH 3HaKa Hempe-
peiBHOl ¢yHkuMm 224, 225

— OCHOBHaA WHTErPANLHOTO HC-
uyucnenus 389

— Ponns 290, 291

— Teiinopa 303—305

— Qepma 289

Teopembt 0 6eckOHEYHO MaBIX
nocnegosareabHoctax 117—119
— — ——dynxuuax 198, 199
— — mudbepeHuHpyemMbix  bynx-
uusax 249—251, 255—257.

~— —METOAaX BHLIYHCJIEHHA OMpe-
131€JICHHI>I)\ uHTerpanos 392, 393,
95

~— —— HaMpaBJICHHH BLHTYKSIOCTH
H Toykax mepernba rpaduxa
¢yuxuun 317—319 :

— — HENpPEpBIBHKX = . QYHKIUAX
212, 223—226, 228—230, 234—
236, 239, 240
gs—nepsowpmm /339, 340,

— —npeaenax  MOCHEAOBATEb-
Hocteit 128—132, 138, 139, 143,
149, 150

— ——¢yuxuuit 182—184, 186,
187, 191, 192 _

— — CBOWCTBaX JJUIANCA H THIEp-
6omet 89—91

— 06 abcomoTHbIX BenHIHRAX 20
— —umerpupyeuoc-m bynxumit
383—385

— —o3kcTpemymax 312—314
Toxnectso 44

Top 431 i

Touka BO3MOXHOTO 3KCTpEMyMa
312

-~ JIOKANLHOTO MakcuMyma 311
— —mMuHuMyMma 311

— —oaxkcTpemyma 311

— MHOXecTBa 7

— neperuba 318

— pa3Gbuenus 374 -

— pa3speipa 222

— —BTOporo poza 222

— —nepsoro popa 222

— unucnosoi npamo# 32
Tounas BepxHas rpaHb MHO-
xecTBa 16, 18



— ——dynxkuun 158, 227

- HHXHSA FpaHb MHOXeCTRa 16,
18

— ——¢yuxkuun 155, 227
TpancuenneHTHas ¢byukuua 162
Tpuronomerpuycckine  GyHKUHH
160, 214, 215, 258, 259

V6biBarouas MoCICAOBATCb-
HocTh 141

— ¢yuxuus 239

Vrnosoii ko3ddument 52
Yron Mexay np amimu |, 58

—— HBakJIoHa npam i1 x ocu Ox 52
VrnopsinoycHHoe M:0XecTBO §
YpasscHne rpaguxa ¢ym<um| 156
— nBHHn 4

— MHOKECTBA TOuek 44

— okpyxHoct 45, 47, 00

— mnpsmMoii «B oTpesakax» 57, 99
— —Henoaoe 56, 57

— —obwee 56, 99

— —,npoxonfiucH Yepea aaH-
HYIO TOYKY, C JAHHBIM YIJIOBBIM
ko3dduumenTom 54, 99

~— —,—— JiB€ AaHHble TOUKH 55,
99

— —C yrnosbiM Ko3hHIHeHTOM
53

— —C ABYMA nNEepeMEHHLIMH 44
VYcnoene mnapamnensHOCTH  mps-
meix 58, 59, 99

—n 9gnemmxympnocm NPAMBIX

®daxTopuan 24

Qepma I1. 289

QoxanbHbie panMychl ToukH 77,
82

doxyc napaboant 91

®doxycnt runepbonn 82

— anmnca 76

®opmyna 6uHoma HbloToHa 26

— 3aMCEHbl NEepeMeHHON B Heon-

penenesHoM wuHTerpaine 349, 350

~— —-——OIIpelieJIECRHOM HHTeT-

pane 392, 393

-— HMHTEIPHPOBAaHHA WO JACTAM B

ueonpezlenelmou HHTerpane 358
-~ —-—-—-—ONpEACNCHHOM HH-

Terpane 395

— Koun (06061mennas ¢popmyna

KOHEYHBIX MNpHpalieHnit) 294

CopepxxaHue

— Jlarpanxa (¢opMyna KoHeu-
HBIX TpupatneHnit) 293

— Jleitbnnua 279, 280, 282

— Makaopena 306

— Hbsiorona — JleiiGuuua 389
— obiuero 3neMeHTa NociaeAoBa-
TeabHocT 106

~— CPEAHCTO 3HaYeHus 382

— Tefinopa 303, 305, 306
Oynxuua 153 .

— Hupuxne 157, 158

— y=sgnx 157

CM. makxce COOTB. Ha3BaRHA

Henas péunonanmax dyuxung
161

— vactb 4ucna 116

Lenrp runepbonm 86

— TAXECTH KPHBOJMHEHHOHR 'rpa-
neunn 425 .

— ——KpHBOH 422

— — CHCTEMBI MaTepHAJIbHLIX
Toyex 419, 420 -
— anaunca 80

Huxnonna 402

YacTHOe BeUlECTBEHHBIX WHcen 12
~— mnocnenosarenbHocrelt - 110
Yereepts 38

Yucna dubonasum 109

Yucno ¢ 147, 310

;lov:scnonau NOCNIENOBATENLHOCTD
— npamas 32

Maposoii noac 414
— cermeHT 430

— cextop 430

— cnoit 430

IxBUBANEHTHLIC ' GeCKOHEYRO Ma-
nule 204
83_;:cuempucmc'r renepGom 86,

— a3anunca 80, 8F
OnemenT MHOXecTBa 7

— mnocieposaTensHocTH 106
OneMeHTapHBE MHOXHTENH
— ¢ynkunn 161

Oanunc 76, 91



OI'TABJIEHUE

TIPEAMCIOBYE .......covevierieceeeeees ettt e st

Ta6a 1. BemIECTBEHHBIC MUCARA .....cooovvvieeiieeeciiiieeeeceniiiieeeiirnreee e

\

T T3 3 L3 1 LT

. MHOXecTBa B OCHOBHBIE O0O3HAYEHHA ............, ¥

. HauGonee ynotpeGurenbHble YHCIOBbIE MHOKECTBE

. Meton maremaTuuecKOH HHAYKUHM .......... .
. ®aktopuan u popmyaa duomMa HbrOTOHA ...,

§ 8.

NonALN—

BetuecTBeHHbBIE YHCIA M KX OCHOBHbBIE CBOWCTBA .....
Cpanl YHCHOBBIX MHOMKECTB .....cccvvvviireiinenirinnenn
AGconoTHas BEIMYMHA YHCAA .......

1. daxkropuan (24). 2. ®opmyna H6udoma HurotoHa (23).
KOHTPONBHBIE 3aJ8UH ......vveeiiiiriecinir e een e

[aasa 2. AnanuTu4ecKas reOMETPHS HAa MOCKOCTH .............oceeveee

§ 1.

§ 2.

§ 3.

§ 4.

§ 5.
§ 6.

METOA KOOPAMHAT ..ooeiiiiiiiiiieiecce et
1. Hanpabnaentuvle oTpeskn M ux bennuuHni. OCHoOBHOE
ToxaecTBo (29). 2. Koopaunarsi Ha npamoit. Yucnosas
npamas (31). 3. [IpaMoyrosbHas (MM ACKAPTOBA) CHCTEMaA
koopauHat Ha miockoctH (37). 4. Tlpocteifuxe 3azadu
aHaauTHYecKO#M reomerpun Ha muockoctu (38). 5. Moasp-
Hble KkoopauHaTht (42).
MHO)KCCTBa TOYEK HA TUTOCKOCTH U HX YPABHEHUSA ................
. Onpenesenne ypaBHeHHs JMHumM (44). 2. I‘[pwwepu Ha
Haxoxnelme MHOXeCTB To4ek (47).
[TpAMBIC M JTHHEHHBIC YPABHEHHS ...ovveerverereennreraerineeerarnrennnes
I. YpasHeHue npamod c yriosbiM KodpduuueHTom (52).
2. YpaBHeHHe NMpAMO#, MPOXOAsLIEi Yepe3 HAHHYIO TOHKY,
C JaHHBIM YFNOBBIM Kodbduumuentom (54). 3. YpasueHue
npaMoi, npoxoaxsuied dvepe3 aBe JaHHbIE ToukH (54).
4. Obuwee ypapHenue npamoit (55). 5. Henonnoe ypaBHeHue
neppoit creneHu. YpaBHeHue nNpAMoOM «B orpedkax» (56).
6. Yroa mexny asyms npameimu (58). 7. Ycnosus napan-
NCABHOCTH M TNCPNEHAUKYASAPHOCTH ABYX nNpaMbIx _ (58).
8. Paccrosune oT Toduku mo npsmoit (59). 9. Baammuoe
pacno lokeHue AByX NpsMbIXx Ha mockoctd (61). 10. IMpu-
MEpbl PELUCHUA TEOMCTPUYECKHUX 334a4 METOAOM KOODIH-
Har (62).
JIMHMH BTOPOTO MOPAAKA ..ovvveverireunrrerieieniveeeeaiaeessnresanneeennne
I. Qnaunc (76). 2. TunepGona (81). 3. Hupektpucnt ai-
munca B runepbonst (88). 4. TIMapaGoaa (91).
OcHostble GopMynbl ¥ (aKTBl AaHATHTHYECKOW TEOMETPHU
HA TTOCKOCTH .ooiueiiiiio et ieeete ettt e eae st e e et e s e emreneeenenranne s

T'1a6a 3. TeOPUR RPERETOB ........c..oooiriviiienieicecienreeie e eeen

§ 1.

476

CopepxxaHue

Yucaosble 10CAEHOBATENBHOCTH ...oooveleriennieieienieneinieieees
1. Usucnossle NocnefoBaTeNbHOCTH U apudMeTHUIECKHE Aeii-
creust Hag HumH. [Iporpeccuu (105). 2. OrpaHuucHHbie ©
HCOrpaHMYCHHLIC nocnenosatenbHocTH (114). 3 Beckoneu-
HO Boapime v Beckoncyno Manme fociaeaosateisnocrn (115)

52

76

98
100

105
105



4. Ocaopunie CBOHACTRA G'ecxoue-mo MATHIX NOCACAOBATENL-
_ mocreil (117).

§ 2. Cxonsumecs nocnenoaarenbnoau ........................................ 120
1. TIoHSTHe CXOAMNEACH NIOCIEAOBATEILHOCTH (121) 2. Oc-
HOBHEIC CBOIICTBA CXOARWMXCA nocneaosarennuocred (127).

3. IpenensHulii nepexoa B HepaeeHcTBax (138).

§ 3. MOHOTOHHBIE MOCTEHOBATENBHOCTH .voevencecerencacncssncnesesnenne 141
1. Onpenencune H NMPH3HAK CXORMMOCTH MOHOTOHEBIX “TO~
cnenopatensHocTeir (141). 2. Uncno e (146).

§ 4. TeopemMa O BJIOKCHHBIX OTPEIKAX ......iveererrerines ereirenes evereneee 149
§ s. KoHTponbHBIE 331a%H ....... e eee 151
T1080 4. OYMEIBE .............cooeevereenirreirerrcssresesesssonssessesssssssesasassss . 153
§ L ﬂouamc DYHELHE «...ooooooteeneriecvenaenseesrmssseresserassonsarsssasossssns 153 |

1. Onpenenenne ¢GyHKUHH H OCHOBHBWIE NOHATHS (153).
2. Cnocobu sananns Qyuxunit (156). 3. INonsTus cnoxuoit
B obparnoli ¢Qymxmmi (159). 4. Knaccaduxauus Pynx-
unii (160). S. Iloctpoenme rpaduxor dymxumil (l62) )
§ 2. TIPCACT PYHKIEHE ....coovenririiverranroriacsesmariasossssessesssosssssssngasans 1719
- 1. Ipenen ¢yuxumn npu x - x, (179). 2. Ipenen :
npH x - x;~ W mph x - X4 (185). 3. Ilpenen .
NpH X —+ 00, UPH X— —00 W OPH X~ + 0 (188

- § 3. Teopemnl 0 npeaenax Gynxumii - 191
§ 4. /lsa 3aMESATCABHBIX MPEACHA .....ocvvvvernrmnirrisnessssinsesnssnssens 194
1. lim E—‘;—-—l (nepsuiit umcqarenbuuﬁ npeaen) (194)
x—o
‘ x
2. lim (l + -) =e (BTOpOIi 3aMevaTenbHbI mpeaen (196).
X—* o
§ 5. Becxoneuno masbie  GeckoneyHo bonbiHe PYHKUHA .......... - 198
1. Becxoneuro manste pynxunn (198). 2. Becxoneqno Gons- ’
e ¢$ynxuun (200).
§ 6. Cpapneune OGecxonedno Mansix M OeckoHeyHo Gompummx
DYHKIRE ..ol sttt cnstonss s s s e snas 203
§ 7. Buruucrienne npenenoB GYRKOMK ... : 206
§ 8. Hom!mc HenpepHBHOCTH GYHKIHK 209

1. OnpeneneHue HeMPEPLIBHOCTH (pyHKLHMH (209). 2. Apripme-
THYECKHE [ICHCTBHA HAX .HEMPEPHIBHBIMH (PyHKIMAMA (212).

§ 9. HenpephiBHOCTL HEKOTOPBIX 3JEMEHTAPHLIX GyRxumif ......... 213
1. HenpeprisrocTs paunoHanbaeix ynkumift (213). 2. He-
NPEPLIBHOCT TPHTOHOMCTPHYCCKHX d)y}m.mﬂ (214). 3. He-
npepbiBROCTs ynxumn f(x)=|x] (215). 4. Tiponomxeunue
BLIUMCJICHHA mNpenenos ¢yuxmuit (216).

§ 10. Onpenenenue ¥ xnaccuuxanus Touex paspuisa GyHxuwm . 222

§ 11. Teopema O HENPEPBLIBHOCTH CHOXKHOA DYHKIHH ........ccccneune 223

§ 12. OcHopuuie CBOACTBA HENMPEPLIBHBIX DYHKIAHR oo 224

1. Teopema 06 ycroliumBoCcTH 3HaKa Henpepuaﬂoii yux-
unn (224). 2. TpoxokcHHE HenmpepbiBHOH (QYHKLHH uepe3
moboe npoMexyrouHoe 3Hauende (225). 3. Teopema o6
OrpasMYeHHOCTH HENpepLBHOi GyHkmmn Ha oTpeske (227).
4. TeopeMa O HOCTHXEHHH (pynxuneu HEnpepbIBHOH “Ha
OTPE3KE, CBOHX TOYHBIX rpaueit (229). 5. [oHsTHe paBHO-
MepHoit  HenpepbiBHOCTH -QyHxuun (231). 6. Teopema o
PaBHOMCPHO#l HENpepHIBHOCTH QyRKuHu (234).

§ 13. Teopema o HenpephIBHOCTH oGpaTHO# (bymcunu ................. 238

CopepxxaHue



Frase. 5™ Ruidhepentmanbioe HCIHCACHNE ... ... ettt teiene s 242

§ 1. TMoHATHE MPOUIBOMHOM w.oovvvievririeeiine vttt 242
" 1. Onpeacncuue npoussonnoit (242). 2. FeoMmerpiucckui
cMBICT mpou3BoaHoil (244). 3. PU3HHCCKHH CMBICT NPOU3-
pogHoil (246). 4. Ilpapas W Jnesas npoussoaubic (248).
§ 2. Nousrue mupdepeHIUPYEMOCTH PYHKIMH ...oovevvvnrninnnrinnne 249
. 1. Toustue muddepeHUMPyeMOCTH QYHKIMH B NAHHOH TOu-
ke (249). 2. Ces3b Mexiy NOHATHAMH AH(OepeHunpyc-
MOCTH H HenpepsiBHocTH (251).
§ 3. IMousTne DUGPEPEHUHANA ...covveneereiieicereer e 252
1. Onpenenenne u reomerpudeckuit cmbica audrepenuna-
na (252). 2. MpabAuXKEeHHBIC BLIYHCICHHA C NOMOLIbIO A1-
peHuuaia (254). -
§ 4. IlpaBuna muddepeHMpoBaHHS CYyMMBI, PA3HOCTH, NPOHU3BE-

JEHUA B HACTHOTO ..ecorirreriiaeerseinrrnerirnntenssnteosnnsssssessstesinnsonses 255
§ 5. BoiuucreHBE NPOH3BOLHBIX NMOCTONHHOMN, CTENCHHOM, TPUIO-
HOMETpH4eckHX (yHKURA U norapupmuteckoil Gpyuxuuu ... 257

1. [Mpoussoauas nocrosuHoli dyuxumu (257). 2. [pomnsson-
Has crenerHoil ¢ynxkuua (257). 3. [Mpoussoxnsie TPHUroHo-
meTpudeckux dynkunit (258). 4. MNpoussoanas norapupmu-
yeckoit Qynxumu (260).

§ 6. Teopema o npou3BoAHOM OOPATHOH PYHKIHH .....cecevernrenene.. 262
§ 7. BuludciieHne NPOM3BOAHBIX TMOXazaTenpHod QYHKUUH H 06-
PAaTHLIX TPUTOHOMETPHHECKHX QYHKUMHE .ooovvvinniiiinicn, 263

1. IMpoussoaxas noxasatensHoi dynkunu (263). 2. MMpous-
‘BOAHKE OOpAaTHBLIX TPUTOHOMETPHYECKHX byHkuul (264).

§ 8. [Mpasuno nuddepeHHpoBaHRL croknoit Gyrkuuu. Judde-
PCHLHAIT CIIOKHON DYHKIMH ...oovivenrinrieterceneresinetecsnssesssanas 266
1. Ipasuno auddepenunposanus croxHoit pyrxuun (266).

2. [Muddepenuman cnoxsoil Gynxuun (269).

§ 9. NorapudmMuucckas npoussoaxad. [Ipoussonnas crencuHoit
yukuun ¢ o6LIM BellecTBEHHBLIM NOKa3aTenem. Tabnnua
NPOM3BOHLIX NPOCTEHILMX INEMEHTAPHLIX QyHKIH ........... 270
1. MousTue norapupmuveckoii Npou3BoaHOH QyHKIHH (270).

2. Mpoussoanas crenenHoi GyHKUME C NOOLIM BEILECCTBEH-
- HeIM noxazatesniem (272). 3. Tabamua npousBognbx npo-

-~ crefiuMx sNeMcHTapHLIX yuxuuii (274).

§ 10. IMpon3ssoaHsic ¥ AxddepeHIHANE BLICILHX NOPAAKOB ........ 276
1. MoustHe npoussoaHoii n-ro mopsaxa (276). 2. nw<e
npoussoansic HekoTophix ¢Qynkuuit (277). 3. dopmyna
Jleiibuuua ana n-it NPOM3BOAHON TPOH3IBEACHHUA JBYX
?lym(um‘fl (279). 4. Anddepenunanst BLICLUKMX NOpAaKoB (283).

§ 11. Ilapamerpudeckoe 3afanune Gyuxunu u ce aupdepenunpo-

BAHHC ..coooveiincniienieecsnte e raesmecssassassnenssnssnns peeeereeeeeeiereene 285
1. Mapamerpuyeckoe 3anauue dyukunn (285). 2. dud-
depenuuposanre GYHKUHM, 3aJaHHOH  NapaMeTpiuuc-

- cxku (287). . .
§ 12. OcuosHble TeopeMbl aAuddepeHUHANLHOrO HCHHCTEHAA ... 289
§ 13. PackpuiTue HeonpencsncHHocteil. Ipasuno Jlonurang ... 295

0
1. PackpuiTHe HeOnpeACACHHOCTH BHAA 3 (296). 2. Packpsi-

. 0 )

THe HeompejeneHHocTH Buaa — (299). 3. [lpyrue Biabl
0

HeonpeAencHHocTet M ux packpsitie (300).

478

CopepxxaHue



§ 14, <Dopmy.na TERIOPA .o ieiici et s 303
‘®opmyna Tehnopa (303) 2. Jipyrasa 3amuch d)opMym:l :
Tumopa u ocTaTtoyHoro 4aena (305). 3. dopmyna Makno-
pera (3006). 4. PasnoxeHHE HEKOTOPBIX 3JIEMEHTAPHBIX
¢yukumii no ¢opmyne Maknopena (306). 5. Hcnonsso-
paHne ¢opMynsl Makjopena IS BLIYHCHEHHSA . npcAe-
nos (308). 6. Briumcienue uucaa e (309).
§ 15. Uccnerosauune’ noncneﬂux JyHKIHH H noc*rpoe}me rpacdu- 310
xon ........................................................................................
. Mpu3HaK MOHOTOHHOCTH q)ymcmm (310). 2. OThickanue
Toqex nokanbHoro 3kcrpeMyma ¢ynknuu (311). 3. 3apaun
Ha. MakCUMyM B MHHHMYM (314), 4. Hanpannenne Bbl-
NYKIOCTH ¥ Toukd nepernba rpadika (bym:uvm 317,
5. Acumntorsl rpaduxa dynkimu (321). 6. Cxema nccne-
nopanua rpaduxa ¢ynxuuu (325). .

§ 16. KoHTponbHbie BALBH oot eeeeitonen 336
T'iasa 6. VinTerpansnoe ACHMCIERHE .............ooeee, i erspneshsnes 338
§ 1. Hepsooﬁpaaﬂas M HEONPEAENCHHBIN HHTCIPAT ..oovviitiinaninns 338

1. Mouarue nepsoobpasHoil yHKLMU (338) 2. Hconpczxe~
JCHHBIA | HHTCrpan (340

§ 2. OcHoBHBIE CBOHCTBA Heonpenenennoro mlTerpaJla ............. - 342
§ 3. Tabimua OCHOBHGLIX HHTEI'PAJIOB ....... . 343
§ 4. OcnoBHbIE MECTOABI HHTCIDHPOBAHHA .. 345

1. HenocpéncraenHoe uurerpupoaaml X

noacraHosku (349). 3. Me'ron Hmerpuponanun no yac-

Tam (358).

§ 5. Unrerpuposanne paunouanbﬂbrx GYHKIHH cooorieeen, - 366
§ 6. OnpeaeneHHbIH MHTCTPAI ....ovtriveintiviiinniniisisiisesissseienions e 374
1. Onpenencuue ONpeAeNEHHOro HHTErpana (374) 2. Ocnos—

_Hble CBOWCTBa onpenejeHnoro uurerpana (378). 3. Ouen-
ki MHTerpanos. - ®opmyna cpeauero 3Hadcuus  (380).
-4, YcnoBus CylecTBOBaHRS ONpeaelicHHoro nurerpana (383).
§ 7 Onpeuene}mbm HHTErpajl ¢ TMEPEMEHHBIM BEPXHHM TIPEMC- '
JIOM . oo et s cie e veaesseeemeesaafoe e s e saesachmnesn catsbresbberes - 386
§ 8. ®opmyna wamHa—JIeMBmma ......................... - 388
§ 9. 3aMeHa nepeMeHHOIl B ONpefieICHHOM MHTerpae 392
§ 10. ®opmyna MHTErpHpPOBAHHR MO 4acTAM B onpeneneHHOM o
HHTETDAME . ooeveievrionecinneenseraertbessetesnasesseessessabiacaeesnneionsessersness 395
§ 11. Hexotopsic (H3nvecKHe H T€OMETPHYECKHE TPHJIOKEHHUA
OTIPEACNICHHOTO METEFPANR «.ovvermincrimmereemsertsssessrnnssesisitorssl 396
1. Tinowaas KpuBOAMHERHOH Tpaneunn (396). 2. Ilxo-
WaAs kpHBOMMHEHHOrO cexTopa (404). 3. Jlmuna gyrH
.xpnpok (406). 4. [Lnowage AOBEPXHOCTH BpALIEHHS 41n).
* 5. ObveMm Tena (415).. 6. LicHTp TaxecTn KpHBOH H XpH-
Bosmpeiinoll  Tpaneuun (419). 7. Pabora nepemeHHOH
cunsl (427). - . :
§ 12. KoHTpONBABIE 33J84H ....loeeininennees Sesrevrerqrenssieiseseenensasievsanes 429
OTbeThl, peilicHHS, yKa3anus K KOHTPONILHEIM 3anadaM ..... 432
l'lpemuc'muu YRAIATEND ..ovvbe bl sl s 470

CopepxxaHue



Yuebnoe uzoanue

[Munaues Bukrop Cemenomy

OCHOBBbI BbICLLE MATEMATUKIA
VUEBHOE [TIOCOBUE JUISI BY30B

[ox pen. A. H. Tuxonosa

@opmar 84x108 1/.,.
Tapuurypa «PetersburgC». ITeuars odcernas.
Ve mew. 1. 25,20. Tupask 1500 ak3. 3akaz Ne

00O <«Bpicuee oGpa3oBanue>

140004, Mockosckas 061, r. JIrobepisl, 1-it [TankoBckuii nmpoess, a. 1.
Teu.: (495) 744-00-12. E-mail: izdat@urait.ru. www.urait.ru



	Предисловие
	Глава 1. Вещественные числа
	§ 1. Множества и основные обозначения
	§ 2. Вещественные числа и их основные свойства
	§ 3. Наиболее употребительные числовые множеств»
	§ 4. Грани числовых множеств 
	§ 5. Абсолютная величина числа
	§ 6. Метод математической индукции 
	§ 7. Факториал и формула бинома Ньютона 
	1. Факториал  
	2. Формула бинома Ньютона 

	§ 8. Контрольные задачи 

	Глава 2. Аналитическая геометрия на плоскости Глава 2. Аналитическая геометрия на плоскости 
	§ 1. Метод координат 
	1. Направленные отрезки и их величины. Основное тождество 
	2. Координаты на прямой. Числовая прямая
	3. Прямоугольная (или декартова) система координат на плоскости 
	4. Простейшие задачи аналитической геометрии на плоскости 
	5. Полярные координаты 

	§ 2. Множества точек на плоскости и их уравнения 
	I. Определение уравнения линии 
	2. Примеры на нахождение множеств точек 

	§ 3. Прямые и линейные уравнения
	1. Уравнение прямой с угловым коэффициентом 
	2. Уравнение прямой, проходящей через данную точку с данным угловым коэффициентом 
	3. Уравнение прямой, проходящей через две данные точки 
	4. Общее уравнение прямой 
	5. Неполное уравнение первой степени. Уравнение прямой «в отрезках»
	6. Угол между двумя прямыми
	7. Условия парал¬лельности и перпендикулярности двух прямых
	8. Расстояние от точки до прямой 
	9. Взаимное расположение двух прямых на плоскости
	10. Примеры решения геометрических задач методом координат 

	§ 4. Линии второго порядка 
	1. Эллипс 
	2. Гипербола 
	3. Директрисы эллипса и гиперболы 
	4. Парабола 

	§ 5. Основные формулы и факты аналитической геометрии на плоскости 
	§ 6. Контрольные задачи 

	Глава 3. Теория пределов 
	§ 1. Числовые последовательности
	1. Числовые последовательности и арифметические действия над ними. Прогрессии 
	2. Ограниченные и неограниченные последовательности 
	3 Бесконечно большие и бесконечно мачые последовательности
	4. Основные свойства бесконечно малых последовательностей 

	§ 2. Сходящиеся последовательности 
	1. Понятие сходящейся последовательности 
	2. Основные свойства сходящихся последовательностей
	3. Предельный переход в неравенствах 

	§ 3. Монотонные последовательности 
	1. Определение и признак сходимости монотонных последовательностей 
	2. Число е

	§ 4. Теорема о вложенных отрезках
	§ 5. Контрольные задачи

	Глава 4. Функция
	§ 1. Понятие функции
	1. Определение функции и основные понятия
	2. Способы задания функций 
	3. Понятия сложной и обратной функций 
	4. Классификация функций
	5. Построение графиков функций 

	§ 2. Предел функции
	§ 3. Теоремы о пределах функций
	§ 4. Два замечательных предела
	1. Первый замечательный предел 
	2. Второй замечательный предел 

	§ 5. Бесконечно малые и бесконечно большие функции
	1. Бесконечно малые функции 
	2. Бесконечно большие функции 

	§ 6. Сравнение бесконечно малых и бесконечно больших функций
	§ 7. Вычисление пределов функции
	§ 8. Понятие непрерывности функции
	1. Определение непрерывности функции 
	2. Арифметические действия над непрерывными функциями

	§ 9. Непрерывность некоторых элементарных функций
	1. Непрерывность рациональных функций 
	2. Непрерывность тригонометрических функций 
	3. Непрерывность функции f(x) = \x\ 
	4. Продолжение вычисления пределов функций

	 § 10. Определение и классификация точек разрыва функции 
	§11. Теорема о непрерывности сложной функции
	§ 12. Основные свойства непрерывных функций
	I. Теорема об устойчивости знака непрерывной функции 
	2. Прохождение непрерывной функции через любое промежуточное значение
	3. Теорема об ограниченности непрерывной функции на отрезке
	4. Теорема о достижении функцией, непрерывной на отрезке, своих точных граней 
	5. Понятие равномерной непрерывности функции
	6. Теорема о равномерной непрерывности функции 

	§ 13. Теорема о непрерывности обратной функции

	Глава 5: Дифференциальное исчисление
	§ 1. Понятие производной
	1. Определение производной 
	2. Геометрический смысл производной 
	3. Физический смысл производной 
	4. Правая и левая производные 

	§ 2. Понятие дифференцируемости функции 
	1. Понятие дифференцируемости функции в данной точке 
	2. Связь между понятиями дифференцируемости и непрерывности

	§ 3. Понятие дифференциала
	1. Определение и геометрический смысл дифференциала 
	2. Приближенные вычисления с помощью дифференциала

	§ 4. Правила дифференцирования суммы, разности, произведения и частного
	§ 5. Вычисление производных постоянной, степенной, тригонометрических функций и логарифмической функ
	1. Производная постоянной функции 
	2. Производная степенной функции 
	3. Производные тригонометрических функций
	4. Производная логарифмической функции 

	§ 6. Теорема о производной обратной функции
	§ 7. Вычисление производных показательной функции и обратных тригонометрических функций
	1. Производная показательной функции 
	2. Производные обратных тригонометрических функций 

	§ 8. Правило дифференцирования сложной функции. Дифференциал сложной функции
	1. Правило дифференцирования сложной функции 
	2. Дифференциал сложной функции 

	§ 9. Логарифмическая производная. Производная степенной функции с любым вещественным показателем. Та
	1. Понятие логарифмической производной функции 
	2. Производная степенной функции с любым вещественным показателем 
	3. Таблица производных простейших элементарных функций

	§ 10. Производные и дифференциалы высших порядков
	1. Понятие производной п-го порядка
	2. п-е производные некоторых функций 
	3. Формула Лейбница для п-й производной произведения двух функций 
	4. Дифференциалы высших порядков

	§ 11. Параметрическое задание функции и ее дифференцирование 
	1. Параметрическое задание функции 
	2. Дифференцирование функции, заданной параметрически

	§ 12. Основные теоремы дифференциального исчисления
	§ 13. Раскрытие неопределенностей. Правило Лопиталя
	1. Раскрытие неопределенности вида 
	2. Раскрытие неопределенности вида
	3. Другие виды неопределенностей и их раскрытие 

	§ 14. Формула Тейлора
	1. Формула Тейлора 
	2. Другая запись формулы Тейлора и остаточного члена 
	3. Формула Маклорена
	4. Разложение некоторых элементарных функций по формуле Маклорена
	5. Использование формулы Маклорена для вычисления, пределов 
	6. Вычисление числа е

	§ 15. Исследование поведения функций и построение графиков
	1. Признак монотонности функций 
	2. Отыскание точек локального экстремума функции 
	3. Задачи на максимум и минимум 
	4. Направление выпуклости и точки перегиба графика функции
	5. Асимптоты графика функции 
	6. Схема исследования графика функции 

	§ 16. Контрольные задачи

	Глава 6. Интегральное исчисление 
	§ 1. Первообразная и неопределенный интеграл
	1. Понятие первообразной функции 
	2. Неопределенный, интеграл 

	§ 2. Основные свойства неопределенного интеграла
	§ 3. Таблица основных интегралов
	§ 4. Основные методы интегрирования
	1. Непосредственное интегрирование 
	2. Метод подстановки 
	3. Метод интегрирования по частям 

	§ 5. Интегрирование рациональных функций
	§ 6. Определенный интеграл
	1. Определение определенного интеграла 
	2. Основные свойства определенного интеграла
	3. Оценки интегралов. Формула среднего значения 
	4. Условия существования определенного интеграла

	§ 7. Определенный, интеграл с переменным верхним пределом
	§8. Формула Ньютона—Лейбница
	§ 9. Замена переменной в определенном интеграле
	§ 10. Формула интегрирования по частям в определенном интеграле
	§ 11. Некоторые физические и геометрические приложения определенного интеграла
	1. Площадь криволинейной трапеции
	2. Площадь криволинейного сектора 
	3. Длина дуги .кривой
	4. Площадь поверхности вращения 
	5. Объем тела 
	6. Центр тяжести кривой и криволинейной трапеции 
	7. Работа переменной силы 

	§ 12. Контрольные задачи

	Ответы, решения, указания к контрольным задачам 
	Предметный указатель

	NEXT 13: 
	Page 1: Off
	Page 3: 
	Page 5: 
	Page 7: 
	Page 9: 
	Page 11: 
	Page 13: 
	Page 15: 
	Page 17: 
	Page 19: 
	Page 21: 
	Page 23: 
	Page 25: 
	Page 27: 
	Page 29: 
	Page 31: 
	Page 33: 
	Page 35: 
	Page 37: 
	Page 39: 
	Page 41: 
	Page 43: 
	Page 45: 
	Page 47: 
	Page 49: 
	Page 51: 
	Page 53: 
	Page 55: 
	Page 57: 
	Page 59: 
	Page 61: 
	Page 63: 
	Page 65: 
	Page 67: 
	Page 69: 
	Page 71: 
	Page 73: 
	Page 75: 
	Page 77: 
	Page 79: 
	Page 81: 
	Page 83: 
	Page 85: 
	Page 87: 
	Page 89: 
	Page 91: 
	Page 93: 
	Page 95: 
	Page 97: 
	Page 99: 
	Page 101: 
	Page 103: 
	Page 105: 
	Page 107: 
	Page 109: 
	Page 111: 
	Page 113: 
	Page 115: 
	Page 117: 
	Page 119: 
	Page 121: 
	Page 123: 
	Page 125: 
	Page 127: 
	Page 129: 
	Page 131: 
	Page 133: 
	Page 135: 
	Page 137: 
	Page 139: 
	Page 141: 
	Page 143: 
	Page 145: 
	Page 147: 
	Page 149: 
	Page 151: 
	Page 153: 
	Page 155: 
	Page 157: 
	Page 159: 
	Page 161: 
	Page 163: 
	Page 165: 
	Page 167: 
	Page 169: 
	Page 171: 
	Page 173: 
	Page 175: 
	Page 177: 
	Page 179: 
	Page 181: 
	Page 183: 
	Page 185: 
	Page 187: 
	Page 189: 
	Page 191: 
	Page 193: 
	Page 195: 
	Page 197: 
	Page 199: 
	Page 201: 
	Page 203: 
	Page 205: 
	Page 207: 
	Page 209: 
	Page 211: 
	Page 213: 
	Page 215: 
	Page 217: 
	Page 219: 
	Page 221: 
	Page 223: 
	Page 225: 
	Page 227: 
	Page 229: 
	Page 231: 
	Page 233: 
	Page 235: 
	Page 237: 
	Page 239: 
	Page 241: 
	Page 243: 
	Page 245: 
	Page 247: 
	Page 249: 
	Page 251: 
	Page 253: 
	Page 255: 
	Page 257: 
	Page 259: 
	Page 261: 
	Page 263: 
	Page 265: 
	Page 267: 
	Page 269: 
	Page 271: 
	Page 273: 
	Page 275: 
	Page 277: 
	Page 279: 
	Page 281: 
	Page 283: 
	Page 285: 
	Page 287: 
	Page 289: 
	Page 291: 
	Page 293: 
	Page 295: 
	Page 297: 
	Page 299: 
	Page 301: 
	Page 303: 
	Page 305: 
	Page 307: 
	Page 309: 
	Page 311: 
	Page 313: 
	Page 315: 
	Page 317: 
	Page 319: 
	Page 321: 
	Page 323: 
	Page 325: 
	Page 327: 
	Page 329: 
	Page 331: 
	Page 333: 
	Page 335: 
	Page 337: 
	Page 339: 
	Page 341: 
	Page 343: 
	Page 345: 
	Page 347: 
	Page 349: 
	Page 351: 
	Page 353: 
	Page 355: 
	Page 357: 
	Page 359: 
	Page 361: 
	Page 363: 
	Page 365: 
	Page 367: 
	Page 369: 
	Page 371: 
	Page 373: 
	Page 375: 
	Page 377: 
	Page 379: 
	Page 381: 
	Page 383: 
	Page 385: 
	Page 387: 
	Page 389: 
	Page 391: 
	Page 393: 
	Page 395: 
	Page 397: 
	Page 399: 
	Page 401: 
	Page 403: 
	Page 405: 
	Page 407: 
	Page 409: 
	Page 411: 
	Page 413: 
	Page 415: 
	Page 417: 
	Page 419: 
	Page 421: 
	Page 423: 
	Page 425: 
	Page 427: 
	Page 429: 
	Page 431: 
	Page 433: 
	Page 435: 
	Page 437: 
	Page 439: 
	Page 441: 
	Page 443: 
	Page 445: 
	Page 447: 
	Page 449: 
	Page 451: 
	Page 453: 
	Page 455: 
	Page 457: 
	Page 459: 
	Page 461: 
	Page 463: 
	Page 465: 
	Page 467: 
	Page 469: 
	Page 471: 
	Page 473: 
	Page 475: 
	Page 477: 
	Page 479: 

	PREV 13: 
	Page 1: Off
	Page 3: 
	Page 5: 
	Page 7: 
	Page 9: 
	Page 11: 
	Page 13: 
	Page 15: 
	Page 17: 
	Page 19: 
	Page 21: 
	Page 23: 
	Page 25: 
	Page 27: 
	Page 29: 
	Page 31: 
	Page 33: 
	Page 35: 
	Page 37: 
	Page 39: 
	Page 41: 
	Page 43: 
	Page 45: 
	Page 47: 
	Page 49: 
	Page 51: 
	Page 53: 
	Page 55: 
	Page 57: 
	Page 59: 
	Page 61: 
	Page 63: 
	Page 65: 
	Page 67: 
	Page 69: 
	Page 71: 
	Page 73: 
	Page 75: 
	Page 77: 
	Page 79: 
	Page 81: 
	Page 83: 
	Page 85: 
	Page 87: 
	Page 89: 
	Page 91: 
	Page 93: 
	Page 95: 
	Page 97: 
	Page 99: 
	Page 101: 
	Page 103: 
	Page 105: 
	Page 107: 
	Page 109: 
	Page 111: 
	Page 113: 
	Page 115: 
	Page 117: 
	Page 119: 
	Page 121: 
	Page 123: 
	Page 125: 
	Page 127: 
	Page 129: 
	Page 131: 
	Page 133: 
	Page 135: 
	Page 137: 
	Page 139: 
	Page 141: 
	Page 143: 
	Page 145: 
	Page 147: 
	Page 149: 
	Page 151: 
	Page 153: 
	Page 155: 
	Page 157: 
	Page 159: 
	Page 161: 
	Page 163: 
	Page 165: 
	Page 167: 
	Page 169: 
	Page 171: 
	Page 173: 
	Page 175: 
	Page 177: 
	Page 179: 
	Page 181: 
	Page 183: 
	Page 185: 
	Page 187: 
	Page 189: 
	Page 191: 
	Page 193: 
	Page 195: 
	Page 197: 
	Page 199: 
	Page 201: 
	Page 203: 
	Page 205: 
	Page 207: 
	Page 209: 
	Page 211: 
	Page 213: 
	Page 215: 
	Page 217: 
	Page 219: 
	Page 221: 
	Page 223: 
	Page 225: 
	Page 227: 
	Page 229: 
	Page 231: 
	Page 233: 
	Page 235: 
	Page 237: 
	Page 239: 
	Page 241: 
	Page 243: 
	Page 245: 
	Page 247: 
	Page 249: 
	Page 251: 
	Page 253: 
	Page 255: 
	Page 257: 
	Page 259: 
	Page 261: 
	Page 263: 
	Page 265: 
	Page 267: 
	Page 269: 
	Page 271: 
	Page 273: 
	Page 275: 
	Page 277: 
	Page 279: 
	Page 281: 
	Page 283: 
	Page 285: 
	Page 287: 
	Page 289: 
	Page 291: 
	Page 293: 
	Page 295: 
	Page 297: 
	Page 299: 
	Page 301: 
	Page 303: 
	Page 305: 
	Page 307: 
	Page 309: 
	Page 311: 
	Page 313: 
	Page 315: 
	Page 317: 
	Page 319: 
	Page 321: 
	Page 323: 
	Page 325: 
	Page 327: 
	Page 329: 
	Page 331: 
	Page 333: 
	Page 335: 
	Page 337: 
	Page 339: 
	Page 341: 
	Page 343: 
	Page 345: 
	Page 347: 
	Page 349: 
	Page 351: 
	Page 353: 
	Page 355: 
	Page 357: 
	Page 359: 
	Page 361: 
	Page 363: 
	Page 365: 
	Page 367: 
	Page 369: 
	Page 371: 
	Page 373: 
	Page 375: 
	Page 377: 
	Page 379: 
	Page 381: 
	Page 383: 
	Page 385: 
	Page 387: 
	Page 389: 
	Page 391: 
	Page 393: 
	Page 395: 
	Page 397: 
	Page 399: 
	Page 401: 
	Page 403: 
	Page 405: 
	Page 407: 
	Page 409: 
	Page 411: 
	Page 413: 
	Page 415: 
	Page 417: 
	Page 419: 
	Page 421: 
	Page 423: 
	Page 425: 
	Page 427: 
	Page 429: 
	Page 431: 
	Page 433: 
	Page 435: 
	Page 437: 
	Page 439: 
	Page 441: 
	Page 443: 
	Page 445: 
	Page 447: 
	Page 449: 
	Page 451: 
	Page 453: 
	Page 455: 
	Page 457: 
	Page 459: 
	Page 461: 
	Page 463: 
	Page 465: 
	Page 467: 
	Page 469: 
	Page 471: 
	Page 473: 
	Page 475: 
	Page 477: 
	Page 479: 

	NEXT 12: 
	Page 2: Off
	Page 4: 
	Page 6: 
	Page 8: 
	Page 10: 
	Page 12: 
	Page 14: 
	Page 16: 
	Page 18: 
	Page 20: 
	Page 22: 
	Page 24: 
	Page 26: 
	Page 28: 
	Page 30: 
	Page 32: 
	Page 34: 
	Page 36: 
	Page 38: 
	Page 40: 
	Page 42: 
	Page 44: 
	Page 46: 
	Page 48: 
	Page 50: 
	Page 52: 
	Page 54: 
	Page 56: 
	Page 58: 
	Page 60: 
	Page 62: 
	Page 64: 
	Page 66: 
	Page 68: 
	Page 70: 
	Page 72: 
	Page 74: 
	Page 76: 
	Page 78: 
	Page 80: 
	Page 82: 
	Page 84: 
	Page 86: 
	Page 88: 
	Page 90: 
	Page 92: 
	Page 94: 
	Page 96: 
	Page 98: 
	Page 100: 
	Page 102: 
	Page 104: 
	Page 106: 
	Page 108: 
	Page 110: 
	Page 112: 
	Page 114: 
	Page 116: 
	Page 118: 
	Page 120: 
	Page 122: 
	Page 124: 
	Page 126: 
	Page 128: 
	Page 130: 
	Page 132: 
	Page 134: 
	Page 136: 
	Page 138: 
	Page 140: 
	Page 142: 
	Page 144: 
	Page 146: 
	Page 148: 
	Page 150: 
	Page 152: 
	Page 154: 
	Page 156: 
	Page 158: 
	Page 160: 
	Page 162: 
	Page 164: 
	Page 166: 
	Page 168: 
	Page 170: 
	Page 172: 
	Page 174: 
	Page 176: 
	Page 178: 
	Page 180: 
	Page 182: 
	Page 184: 
	Page 186: 
	Page 188: 
	Page 190: 
	Page 192: 
	Page 194: 
	Page 196: 
	Page 198: 
	Page 200: 
	Page 202: 
	Page 204: 
	Page 206: 
	Page 208: 
	Page 210: 
	Page 212: 
	Page 214: 
	Page 216: 
	Page 218: 
	Page 220: 
	Page 222: 
	Page 224: 
	Page 226: 
	Page 228: 
	Page 230: 
	Page 232: 
	Page 234: 
	Page 236: 
	Page 238: 
	Page 240: 
	Page 242: 
	Page 244: 
	Page 246: 
	Page 248: 
	Page 250: 
	Page 252: 
	Page 254: 
	Page 256: 
	Page 258: 
	Page 260: 
	Page 262: 
	Page 264: 
	Page 266: 
	Page 268: 
	Page 270: 
	Page 272: 
	Page 274: 
	Page 276: 
	Page 278: 
	Page 280: 
	Page 282: 
	Page 284: 
	Page 286: 
	Page 288: 
	Page 290: 
	Page 292: 
	Page 294: 
	Page 296: 
	Page 298: 
	Page 300: 
	Page 302: 
	Page 304: 
	Page 306: 
	Page 308: 
	Page 310: 
	Page 312: 
	Page 314: 
	Page 316: 
	Page 318: 
	Page 320: 
	Page 322: 
	Page 324: 
	Page 326: 
	Page 328: 
	Page 330: 
	Page 332: 
	Page 334: 
	Page 336: 
	Page 338: 
	Page 340: 
	Page 342: 
	Page 344: 
	Page 346: 
	Page 348: 
	Page 350: 
	Page 352: 
	Page 354: 
	Page 356: 
	Page 358: 
	Page 360: 
	Page 362: 
	Page 364: 
	Page 366: 
	Page 368: 
	Page 370: 
	Page 372: 
	Page 374: 
	Page 376: 
	Page 378: 
	Page 380: 
	Page 382: 
	Page 384: 
	Page 386: 
	Page 388: 
	Page 390: 
	Page 392: 
	Page 394: 
	Page 396: 
	Page 398: 
	Page 400: 
	Page 402: 
	Page 404: 
	Page 406: 
	Page 408: 
	Page 410: 
	Page 412: 
	Page 414: 
	Page 416: 
	Page 418: 
	Page 420: 
	Page 422: 
	Page 424: 
	Page 426: 
	Page 428: 
	Page 430: 
	Page 432: 
	Page 434: 
	Page 436: 
	Page 438: 
	Page 440: 
	Page 442: 
	Page 444: 
	Page 446: 
	Page 448: 
	Page 450: 
	Page 452: 
	Page 454: 
	Page 456: 
	Page 458: 
	Page 460: 
	Page 462: 
	Page 464: 
	Page 466: 
	Page 468: 
	Page 470: 
	Page 472: 
	Page 474: 
	Page 476: 
	Page 478: 
	Page 480: 

	PREV 12: 
	Page 2: Off
	Page 4: 
	Page 6: 
	Page 8: 
	Page 10: 
	Page 12: 
	Page 14: 
	Page 16: 
	Page 18: 
	Page 20: 
	Page 22: 
	Page 24: 
	Page 26: 
	Page 28: 
	Page 30: 
	Page 32: 
	Page 34: 
	Page 36: 
	Page 38: 
	Page 40: 
	Page 42: 
	Page 44: 
	Page 46: 
	Page 48: 
	Page 50: 
	Page 52: 
	Page 54: 
	Page 56: 
	Page 58: 
	Page 60: 
	Page 62: 
	Page 64: 
	Page 66: 
	Page 68: 
	Page 70: 
	Page 72: 
	Page 74: 
	Page 76: 
	Page 78: 
	Page 80: 
	Page 82: 
	Page 84: 
	Page 86: 
	Page 88: 
	Page 90: 
	Page 92: 
	Page 94: 
	Page 96: 
	Page 98: 
	Page 100: 
	Page 102: 
	Page 104: 
	Page 106: 
	Page 108: 
	Page 110: 
	Page 112: 
	Page 114: 
	Page 116: 
	Page 118: 
	Page 120: 
	Page 122: 
	Page 124: 
	Page 126: 
	Page 128: 
	Page 130: 
	Page 132: 
	Page 134: 
	Page 136: 
	Page 138: 
	Page 140: 
	Page 142: 
	Page 144: 
	Page 146: 
	Page 148: 
	Page 150: 
	Page 152: 
	Page 154: 
	Page 156: 
	Page 158: 
	Page 160: 
	Page 162: 
	Page 164: 
	Page 166: 
	Page 168: 
	Page 170: 
	Page 172: 
	Page 174: 
	Page 176: 
	Page 178: 
	Page 180: 
	Page 182: 
	Page 184: 
	Page 186: 
	Page 188: 
	Page 190: 
	Page 192: 
	Page 194: 
	Page 196: 
	Page 198: 
	Page 200: 
	Page 202: 
	Page 204: 
	Page 206: 
	Page 208: 
	Page 210: 
	Page 212: 
	Page 214: 
	Page 216: 
	Page 218: 
	Page 220: 
	Page 222: 
	Page 224: 
	Page 226: 
	Page 228: 
	Page 230: 
	Page 232: 
	Page 234: 
	Page 236: 
	Page 238: 
	Page 240: 
	Page 242: 
	Page 244: 
	Page 246: 
	Page 248: 
	Page 250: 
	Page 252: 
	Page 254: 
	Page 256: 
	Page 258: 
	Page 260: 
	Page 262: 
	Page 264: 
	Page 266: 
	Page 268: 
	Page 270: 
	Page 272: 
	Page 274: 
	Page 276: 
	Page 278: 
	Page 280: 
	Page 282: 
	Page 284: 
	Page 286: 
	Page 288: 
	Page 290: 
	Page 292: 
	Page 294: 
	Page 296: 
	Page 298: 
	Page 300: 
	Page 302: 
	Page 304: 
	Page 306: 
	Page 308: 
	Page 310: 
	Page 312: 
	Page 314: 
	Page 316: 
	Page 318: 
	Page 320: 
	Page 322: 
	Page 324: 
	Page 326: 
	Page 328: 
	Page 330: 
	Page 332: 
	Page 334: 
	Page 336: 
	Page 338: 
	Page 340: 
	Page 342: 
	Page 344: 
	Page 346: 
	Page 348: 
	Page 350: 
	Page 352: 
	Page 354: 
	Page 356: 
	Page 358: 
	Page 360: 
	Page 362: 
	Page 364: 
	Page 366: 
	Page 368: 
	Page 370: 
	Page 372: 
	Page 374: 
	Page 376: 
	Page 378: 
	Page 380: 
	Page 382: 
	Page 384: 
	Page 386: 
	Page 388: 
	Page 390: 
	Page 392: 
	Page 394: 
	Page 396: 
	Page 398: 
	Page 400: 
	Page 402: 
	Page 404: 
	Page 406: 
	Page 408: 
	Page 410: 
	Page 412: 
	Page 414: 
	Page 416: 
	Page 418: 
	Page 420: 
	Page 422: 
	Page 424: 
	Page 426: 
	Page 428: 
	Page 430: 
	Page 432: 
	Page 434: 
	Page 436: 
	Page 438: 
	Page 440: 
	Page 442: 
	Page 444: 
	Page 446: 
	Page 448: 
	Page 450: 
	Page 452: 
	Page 454: 
	Page 456: 
	Page 458: 
	Page 460: 
	Page 462: 
	Page 464: 
	Page 466: 
	Page 468: 
	Page 470: 
	Page 472: 
	Page 474: 
	Page 476: 
	Page 478: 
	Page 480: 



